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YK 517.968.519.6
T.C. IIOJTAHCKAA

HUHTEI'PAJIBHOE YPABHEHUME HA [-1,1] C JJOTAPU®MHUYECKUM AAPOM

Po3risiHyTO iHTErpajibHe PIBHSAHHS MEPLIOrO POy 3 JIOrapu(MIUHUM SPOM, 10 SKOT0 HaBOJMTH psij 3axa4 audpaxuii xsuik. [IpoBenena auckperu-
3allist bOT0 PIBHSAHHS HA OCHOBI METOJY JMCKPETHUX 0COOIMBOCTEN. BBeeHI napy rins0epToBUX MPOCTOPIB i ONEpaTOpH Y HUX, BiINOBIIHI 3a/aHiit
1 IMCKpeTHOT 3a1auaM. 3 iX JOMOMOTOI0 TOBEJAEHa OHO3HAUYHA PO3B’A3HICTh AMCKPETHOI 3a4a4i i JaHO CTpore OOTPYHTYBAaHHS OL[IHKH IIBHIKOCTI 30i-
JKHOCTI pIlIeHHs TMCKPETHOI 3a/1a4i 0 TOYHOTO PIlIeHHS iHTErpalbHOTO PiBHSHHS.

Ku11040Bi cj10Ba: iHTerpaibHi piBHAHHS, JJOrapu@MidHe 51po, METO AUCKPETHUX OCOOIMBOCTEIH.

PaccMOTpeHO MHTErpanbHOE ypaBHEHHE MEPBOTO POJa C JIOTapUPMUUECKUM AAPOM, K KOTOPOMY MPUBOIMT pAA 3a4a4 audpaxuun BoiH. [IposencHa
JIUCKPETU3ALMs 3TOT0 YpaBHEHUS HA OCHOBE METOJa JUCKPETHBIX 0COOCHHOCTEH. BBeieHb! naphl riib0epTOBEIX MPOCTPAHCTB M ONEPATOPHI B HHUX,
COOTBETCTBYIOIIME 3aaHHOM U AUCKPETHOH 3anayaM. C MX MOMOMLIBIO JOKA3aHA OJHO3HAYHAs PA3pPEIIMMOCTh AMCKPETHOM 3a1a4u U JaHO CTPOroe
000CHOBaHME OLIEHKH CKOPOCTH CXOAMMOCTH PEMICHHS AUCKPETHOI 3a4a4l K TOYHOMY PEIICHUIO HHTETPAIBHOTO yPaBHEHHS.

KroueBsie c/10Ba: MHTErpanbHbIC ypaBHEHHUS, JOrapu(MUIecKoe SaApo, METO JUCKPETHBIX 0COOEHHOCTEH.

We consider an integral equation of the first kind with a logarithmic kernel, which arises in a number of problems of wave diffraction. The equation is
discretized using the method of discrete singularities. We introduce a pair of Hilbert spaces and operators in them, corresponding to the given and th
discrete problems. With their help, we prove the unique solvability of the discrete problem and justify rigorously the rate of convergence of the solu-
tion of the discrete problem to the exact solution of the integral equation.

Key words: integral equations, logarithmic kernel, the method of discrete singularities.

Beenenue. Psij 3a1au MmateMaTuueckoi (M3UKHU MPUBOAUT K HEOOXOIMMOCTH peliaTh HHTErpalibHble YPaBHEHUS U
CUCTEMbI MHTETPaIbHBIX YpaBHEHHUI MEePBOro poja ¢ jorapupmuueckumu ocodbeHtoctamu [1]. B cratbe paccMoTper u
000CHOBaH YUCJIEHHbIN METO AUCKPETHBIX 0COOEeHHOCTEH [2, 3] pellieHns: TAKMX CUCTEM UHTETPAbHBIX YpaBHEHUI Ha
otpeske [-1,1].

OcHoOBHas ujest MeTofia TUCKPETHBIX OCOOCHHOCTEH 3aKIII0YaeTcsl B CIEAYIONIEM: PEllieHHe MHTErpalbHOTO YpaB-
HEHUS UILIEM B CMEUATbHO BHIOPAHBIX TOYKAX, KOTOPbIE COOTBETCBYIOT y3JiaM KBaApaTYPHBIX (GOPMYIT Uil HHTETPaIoB
¢ sorapudmuueckumu sapamu.[Ipuuém NpUMEHsIIOTCS IBE pa3vvHbie KBaJApaTypHbie (JOpMyIibl: OHA [T UHTErpaja ¢
JorapupMUYecKUM SIpOM, Opyras AJs peryJiaipHOi yacTH ypaBHeHHs (C TeMH e caMbIMH y3yiamu). B pesynbrate mno-
JIydaeM CUCTEMY JIMHEWHbIX anreOpandyeckux ypaBHEHHi, KOTOpas anmnpoKCUMUPYET 3aJaHHOe MHTErpajibHOe ypaB-
HEHUE.

IMocTanoBKa 3a1a4n. PaCCManI/IBaeTCH MHTErpalibHOe ypaBHeHHe

_[\/__Xln|x Yo dx+= J. % )9\/— f( %) %l <1

OTHOCHUTENIbHO Heu3BecTHOW (yHkumu U(X) . [pennonaraetcs, 4yTo f(Xo)inl,:] , K%, )0 q’flyj] Mo Kaxmoit w3

@)

MEPEMEHHBIX PABHOMEPHO OTHOCUTEIBHO APYTrOii MEPEMEHHOM.

Mycrs  CHY. 1) ©OOo3Hauaer Kkmacc f/ pa3 HenpepbiBHO au¢pdeperumpyembix Ha [-11] dynkumit, p-e

TPOM3BOIHBIE KOTOPHIX YAOBIETBOPSIOT ycnosuio I'énvdepa ¢ mokazatenem y (0<y<1).

© T. C. Ilonauckas, 2016
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HHTepnossiunoHHbIe MOJMHOMBI H KBaJipaTHbIe (opMyJibl. O003HAUUM:

{tlﬂ}: {cos%tﬂ}:_l

— Hymun nonunoma Yebwiuesa mepsoro poma T, (t) =cos(n arccos ; (Fﬂ_1 0)(X) — MHTEPNONAUMOHHBIN nOTUHOM
n

Jlazpansica hydkuun g(X) ¢ y3JaMu MHTEPIIOJINPOBAHUSA {t,?} -
IMyctb V,_(X) —anrebpanueckuii MOJMHOM cTeneHn N—1, Toraa MMET MecTo KBaapaTypHsie GopMybl [4]

—JV—l \/—2 =13 wa(8), @

N

ol 22 gm0 ") | .

Nz p=1 p

npraéM pomyrna (2) octa&Tcesi BEpHOM AJIs MOJTMHOMORB CTETIeH! He Bbimre 2n—1.

Juckperusauusi ypaBHeHusi. [IpnOmmkéHHoe penieHue ypaBHeHus (1) wmem B Buae nonumHoma (N-—1)-if

creneHn U,_;(X) =( P'_1 U,_1)( ¥ 13 nprOImKEHHOro ypaBHEHHU
1 1
2 158 o 32 e g ol @
-1V1- -1 -
( Pr-1 f) (%)-

n
PaccmarpuBas 3T0 ypaBHEHHE B TOUKax {ti”}_ |+ TIOTTyaeM SKBHBANCHTHYIO eMy CHCTEMY WHTErpailbHbIX ypas-
i=

rue Kn—1(X01 X) = ( Fr%—l,xg Fin—1,>< K)( X )9’ fn—l(xo)

HEHUuM

j | n|x- x+_j Ko (1 )7;_(;) de= fo f), i=1n. )

Beruucnss B (5) uHTErpasbl ¢ MOMOLIBIO KBaapaTypHsix Gopmya (2) u (3) n neperpynnupoBbiBas ciaraemble, Mo-
JTydaeM, ¢ y4eTOM TOTO, YTO

Kaea (11 10) = (Pase PraxK) (8 ) = K6 t8), fos (17) = (R F) () = £(1), ik =1,

CIIEIYIOILYI0 CHCTEMY JIMHEWHBIX anreOpandyeckuX ypaBHEHHI OTHOCHTENBHO 3HAYCHUN MPHOIMKEHHOTO pPeIleHHs
u,(X) B y3max HHTEPHOIUPOBAHUS

n n-1 T, (t _
%kZ:lun-l(tE) —In2—2§lTp(ti“) p(pk)+ K(ti”,ti?) = f(ti“), i=1n. (6)

OnHO3HAYHas pa3peIlMMOCTh CHCTEMBI (6) SKBHBaJICHTHA OTHO3HAYHOM Pa3peIliMMOCTH ypaBHeHH (4).

OcHOBHbIE POCTPAHCTBA U onepaTopbl B HUX. O003HAUYMM: L[2_1]] — eunbhepmoso NPOCMpPancmeo yHKyuil Ha

[-1,1] co ckansipHbIM NpOU3BEAECHUEM
1

= ul XV dx .
(6:9)= [0V}

||X|| — HOPMAa, MOPOXKIAEHHAS 3TUM CKaJSIPHBIM MPOU3BEACHUEM; I'Il]_l d L[Z_“] — N—MepHOe MOJNPOCTPAHCTBO BCEX

anreOpandecKkrx MOJIMHOMOB CTENeHH He Bbile N—1. BBeném omepaTopsl:

__j\/__xln|x— %| dx, (Ku)()%)_;i-le(&)’ %) li(_X)zz dx
(Kn—lun—l)(xo) = 7_];_:1[1 Kn_]_( Xor X) ur;-_i(x);) dx
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Torna ypaBHenust (1) u (4) MOXKHO 3aMCaTh,COOTBETCTBEHHO, B BHIE
(B+K)u=f, @)

(B + Kn—l) Up-1 = fn—l' (8)
B paccmarpuBaembIx 3agadax onepatop B+ K HempepbIBHO 00paTiM B mape NpOCTPaHCTB (L[Z_M] ) L[2_ 11) .

HmeroT MecTo cooTHOIEHN [4]

B:To (1) - (-In2) (k). B:T,(1) - Ta(t)

n

, n=12, ... ©)

N3 (9) crnenyer, uto omnepatop B oToGpakaer I'I:1 B I'IL. Iostomy, B cuny onpenenenus omeparopa K, 4,

onepatop B+ K,_; oto6paxaer M}, B M.

Jloka3aTeJIbCTBO OJHO3HAYHOI pa3pemmnMoctu cucremsbl (6). JJokaxem, uro oneparop B+ K, _; HempepsiBHO
00pa-TuM B Iape NpoCTPaHCTB
[ [
(|_| n-1 M n—1) (10)

U, CliefioBatelibHO, ypaBHeHue (8) u cuctema (6) 0JHO3HAYHO pa3pelvMbl. J[jis 3TOro BOCMOJB3YeEMCS ClieIyIOLIM
pesynbraToM [5].

[ycts X u Y — juHelinble HopMupoBaHHble mpoctpanctBa, X 0 X um YOY — uX KOHEUHOMEpHbIE
MOAMPOCTPAHCTBA OJMHAKOBOI pa3MepHOCTH. PaccMOTpuM 1Ba ypaBHEHUs:
TOYHOE
Kx=y (xOX,ydY) (11)
U NpUOIAKEHHOE
Rx=y (x0X,y079), (12)
rae K u K —nuueiinsie oneparops, K: X - Y, K: X - Y.

Teopema 1. [Iycmv einonnenwl yciogust.

a) onepamop K nenpepwieno obpamum 6 nape npocmpancme (X, Y) ;
—|l-2 _K
o) p=|k?, [x-K[; ;<
Toeoa npubnusxcénnoe ypasuerue (12) umeem eduncmeennoe peuienue £ O X npu n06oii npasoti wacmu YOV

npuuém, ecnu X O X —mounoe pewsenue ypasnenus (11)u & = ||y— §l||Y , Mo
b =%l sl o oAk ]
YTto6bI BOCTOB30BAThCS TEOPEMOI 1, Hy>KHO OLIEHUTh ||(K - Kn)un" n || f- fn" .

Jdemma. I[lycmo E, — smo naunyvwee npubnuxcenue gynkyuu 9(X) wna [-1, 1] arcebpauueckumu nonunomamu

cmenenu He gviuie N . Toeoa

Rlg-g<2E 7.

Ouenkn E, nmna pasnuusblx kiaccoB (yHKUMH narotcs meopemamu [owcexcona [6]. B wyacTHOCTH, mis

(¥ DC[‘_"{]] npu N> U

C 2ﬂ+y

E, < ﬁ/ﬂy M(g),

2

[None3ysack 3Toi IEMMOIA, mosyyaeMm mpu N—1> 4 ciepyroliue OLEHKH:

.y y
rae C, =1267'L|1('u—+1j ; M(g) —xoHcTanTa B yciouu ['énbaepa ajist g (x) .
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D(f) D(K)
= foal " IK=Knaly, -t < (-1

roe D(f) u D(K) —koHcTanTsl, He 3aBucsinue oT N. Torma npu N—=1> y:

|(B+K)=(B+Kys)

Bribepem N > f/+1 takoe, 4ToObI ipH T060M N = N BBIMOJIHAIOCH HEPABEHCTBO
_ -1
Pn _H( B+ K)

Torna u3 Teopemsl 1 cnenyer, uto npu mo6om N= N oneparop B+ K,_; HempepslBHO oOpaTuMm B mape mpo-

a e = IK = Kl < D(K)(n=2)77

<1.

2.2 " K- Kn—1"|‘|:,_l N [

crpanctB (10), To ecTb NpUOMIKEHHOE ypaBHeHHe (4) IMeeT eMHCTBEHHOe pemeHne U,_;(X) . Kpome Toro, eciir U(X)
— TOYHOE pelleHue ypaBHeHHs (7), TO UMeEeT MECTO OLEHKa CKOPOCTH CXOIUMOCTH TPUOIIKEHHOTO PElIeHUS K

TOYHOMY

1 D(f
B,
r-1c1 pn (n—l)

Jlu-wl<]e+ k)

o(K) _

L CRUl M el

a, :Q(n_”_y) opu N — oo,
Otciona crentyet, uto |u—u,| <o, , rae g, =Q(n_”_y) npu N - .

BriBoabl. Ha ocHOBE 4MCIIEHHOTO MeTOa JUCKPETHBIX 0COOEHHOCTEl MPUOIMIKEHHOTO PelleHUs UHTerpaibHbIX
YpaBHEHU MOCTPOEHa CUCTeMa JIMHEeHHBIX ajaredpanyeckix ypaBHEHHH, annpoKCUMUPYIOLIAs 3alaHHOE UHTErpaibHOe
ypaBHEeHUe ¢ JorapupmMuueckuM AApoM. J[0kazaHO,4TO MPH HEKOTOPBIX MPEAION0KEHUAX ITaKOCTH sapa peryisapHoit
Y4acTU U MPaBOil YaCTU UHTErPaJbHOIO YPaBHEHMS COOTBETCTBYIOLIAs CUCTEMA JIMHEHMHBIX anreOpauueckux ypaBHEHUI
WMeeT eMHCTBeHHOe pelneHue. KpoMe Toro, mojyueHa OLEHKa CKOPOCTH CXOAMMOCTH HPHOIMKEHHOTO pelIeHHs K
TOYHOMY B CPEIHEM.
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VK 621.224
A.B. PYCAHOB, O. H. XOPEB, ]I. 0. KOCbAHOB, C. A. PABOBA, I1. H. CYXOPEBPBIH

BJUSAHUE OCEBOI'O HABAJIA JIOITACTEM PABOYEI'O KOJIECA OCEBOM 'MIPOTYPEUHbBI
HA XAPAKTEPUCTUKU TEUEHUS B MIPOTOYHOM YACTHU

[pencraBieHo pe3yNbTaTH YUCETFHOTO JOCTIPKEHHS BIUTUBY CKJIATHOTO OCHOBOTO HaBaly Jomareit po6ouoro kojeca ocboBoi riapotypoinu [1J120 Ha
XapaKTEePUCTHKU TIOTOKY B MPOTOUHII YyacTuHi. MoenoBaHHs Teuil BUKOHAHO HAa OCHOBI YMCENBHOTO iHTErpyBaHHs PiBHAHb PeifHonbaca i ABomapa-
MeTpuuHoi MoJeli TypOyneHtHocTi Mentepa (SST). Po3paxyHku npoBeZeHi 3a gonoMororo nporpamtoro kommiekcy IPMflow. Haseneno ananiz
CTPYKTYpH TIOTOKY B PO3paxyHKOBIif 00J1acTi, [0 BKJIIOYAE HANPABJISIOUMIT arapar, podoye Kojeco i BIACMOKTYBAJILHY TPYOY; NMpeCTaBIICHI 3aIex-
HocTi 3Hauenb KKJI, HOTy)KHOCTI i Harmopy Bij BeTMYMHH HaBaTy IPH ONTHMATIEHOMY PeXHUMi poOOTH.

Ku04oBi cjioBa: ockoOBa rigpoTypOiHa, TPOTOYHA YACTHUHA, MPOCTOPOBE MPOQIMIOBaHHA, OCHOBHI HaBajl, poOoUe KOJeco, BiJICMOKTYBalbHA
TpyOa, ripoHaMiuHe BIOCKOHAJICHHS.

[TpencTaBieHsI pe3yabTaThl YUCIEHHOTO UCCIIENI0BAHNS BIMAHUA CI0XKHOTO OCEBOTO HaBasa JomacTeii padouero koneca oceBoit ruapotyp6ounst [1J120
HA XapaKTEePUCTHKU MOTOKA B NPOTOYHON YacTH. MoJeIpoBaHUE TEUEHHs BBIIOIHEHO HA OCHOBE YUCIEHHOIO MHTErPUPOBAHMS ypaBHEHUil Peii-
HOJIbJICA U JIByXIIApaMEeTPHYECKOil Mojenu TypOynenTHocTn MeHtepa (SST).PacueTsl mpoBeieHb! ¢ IIOMOLIBI0 NporpaMMHoro komruiekca [PMflow.
[TpuBeneH aHanu3 CTPYKTYpbl MOTOKA B PAacyeTHOM 007acTH, BKIIOHAIONICH HAMpaBIAIONMil anmapar, pabodee KOJECO M OTCACHIBAIOILYIO TPYOy,
TpecTaBiIeHsI 3aBucuMocTH 3Ha4eHuit KI1J1, MOmHOCTH 1 cpadaThiBacMOT0 Hamopa OT BETUYMHBI HABasa PH OMTUMATBEHOM PEXUME PaboTHI.

KimnoueBblie c¢j10Ba: oceBas rupoTypOUHa, IPOTOYHAS YaCTh, IIPOCTPAHCTBEHHOE NPOMUIMPOBAHKE, OCEBOI HaBall, padoyee KOJIECO, OTCAChI-
Baromas Tpyoa, ruapoIMHAMHUYECKOE COBEPIIEHCTBOBAHME.

The results of numerical investigation of the iefige of the complex axial offset of the runner bfadf the Kaplan turbine PL20 upon flow charac-
teristics in the flow part are presented. The feimulation has been carried out on basis of nurakiitegration of the Reynolds equations and the
two-parameter turbulence model of Ment86{). The calculations have been conducted with the bfethe software systet®MFlow. The analysis
of the flow pattern in the computational regionlirting guide vanes, runner and draft tube is prteskrthe dependences of the values of efficiency,
capacity and actuated head on the offset valuptahom operating condition are shown. As a restibeestigations it is established that the applica
tion of peripheral axial offset: 1) has little ingtan the flow pattern in the area behind the gwiges and in front of the runner and significamt i
pact behind the runner at the entrance to the tilaé; 2) leads to changes of the form of presdimgrams on the surfaces of the runner blades; espe
cially in the area of the inlet edges; 3) makemisible to align the distribution of total pregsacross the channel width of the runner; 4) ingpant
the flow pattern and energy loss in the draft tt#)@mpacts on integral parameters of flow parficefncy, capacity, head; 6) makes it possibleto i
crease the maximum values of efficiency and capatithe optimum operating condition of modern Rginformance flow part of the Kremenchug
HPP.
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Benenue. [loBbimenne 3¢¢ekTuBHOCTH TUAPOTYpOMHHOrO obopynoBanust ['DC sBiseTcs BaXHOW HAy4HO-
TEXHUIECKOW Mpo0iieMoii, pemeHne KOTOpoi MPUBOANT K HEOOXOANMOCTH COBEPIICHCTBOBAHMS CYIIECTBYIOIINX METO-
IIOB pacyeTa u aHajm3a pabovero mpoiecca ruapotypouH [1]. TlepcrneKTHBHBIM CIOCOO0M MOBHIIICHHUS Y()(HEKTHBHOCTH
npoTouHbIX yacTeit (ITY) rugpomainyH sBIsSeTcs MX TMAPOANHAMUYECKOE yCOBEPLICHCTBOBAHHUE 3a CYET MPOCTPAHCT-
BeHHOTo npodumposanus JonacTHeIX cucteM. B U[IMam HAH YkpanHbl HakorieH OOJIbIION OIBIT M0 TPOCTPAHCT-
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