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UDC 519.6
N. V. CHEREMSKAYA

DEVELOPING ALGORITHMS OF OPTIMAL FORECASTING AND FILTERING FOR SOME
CLASSES OF NONSTATIONARY RANDOM SEQUENCES

The problem of forecasting and filtering non-stationary random sequences is solved in the article. Optimal forecasting and filtering are performed us-
ing linear estimates and minimizing the mean squared error. For non-stationary random sequences, even with the correlation functions of the simplest
form, such studies were not conducted. In this work, on the examples of non-stationary sequences, the problem of forecasting and filtering is solved
explicitly. The correlation function image is obtained using the Hilbert approach, which allows one to calculate correlation functions as scalar products
in a corresponding Hilbert space. The solution of the extrapolation problem with particular correlation function considered in the article can be used to
simulate filtration and forecasting processes in real systems in the case of non-stationary random signals.

Key words: correlation function, mathematical expectation, forecasting and filtering of nonstationary random sequences and processes, mean
square error.

H. B. HEPEMCbKA )
MNOBYJAOBA AJITOPUTMIB OIITUMAJIBHOI'O ITPOTHO3Y I (I)IJIlzTPAI_[II' JJIsI AEAKHUX
KJIACIB HECTAHIOHAPHUX BUITAAKOBHUX IMMOCJIIIOBHOCTEHN

Po3B’s3yeThes 3amaua mporHo3y i (inpTparii HecTaliOHAPHUX BUIMAIKOBHX MOCTIAOBHOCTEH. ONTUManbHi MPOrHO3 i (GinbTpaltis 3AiHCHIOIOTECS 3a
JIOTIOMOT'O1O JIIHIHUX OLIIHOK Ta MiHIMi3auil cepeiHbOl KBaJApaTUYHOI MOMMIIKU. J[J11 HECTALIOHAPHUX BUIAJKOBUX IOCIIJOBHOCTEN, HABITh 3 KOpe-
TSIIHAME QYHKIISIMA HAfMpOCTIIOro BUIILILY, Taki TOCTIDKEHHST HE MPOBOAMINCH. Y 1l poOOTi Ha MPHKIafax HEeCTaliOHAPHHUX MOCIIIOBHOCTE
3a7a4a MporHo3y Ta (inpTparii BUpIimIyeThest siBHO. J{s oTprMaHHs 300paXkeHb KOPETAMHNX (DYHKIIIT BUKOPUCTOBYETHCS TiNMbOSPTIB MiXij, KUt
JI03BOJIIE OOUNCITIOBATH KOPEIIALIMHI (yHKLUIT K CKaIApHI J00YTKU Y BiANOBIIHOMY ribOepTOBOMY IpocTopi. PO3B 5130k ekcTpanossiuiiiHoi 3axayi 3
YACTKOBUMH BHIAMU KOpENALiitHoi (yHKii, sikuit Oyl0 po3rISIHYTO B CTATTi, MOKe OyTH BUKOPUCTAHUI I MOJICMIOBAHHS MpoleciB (inpTpatii Ta
MPOTHO3Y B pealbHUX CHCTEMax Yy BUIMAJKy HECTAIliOHAPHUX BUMAIKOBUX CUTHAIIB.

KunouoBi ci1oBa: kopesiuiitHa (yHKIIsS, MaTEMAaTUYHE OYIKYBAHHs, NMPOTHO3 Ta (DiIBTPALlis HECTALIOHAPHUX BUIIAIKOBUX IMOCIIJIOBHOCTEH i
TMPOIIECiB, CEpeHs KBaAPATUYHA TOMUITKA.

H. B. HEPEMCKAA
NOCTPOEHUE AJITOPUTMOB ONITUMAJIBHOT'O ITPOI'HO3A Y ®UJIBTPALIMU IS .
HEKOTOPBIX KJIACCOB HECTALHMOHAPHBIX CJYYAUHBIX MOCJTEAOBATEJIBHOCTEU

Pemmaercs 3a1aua npor€o3a u (GUIBTpALMU HECTALMOHAPHBIX CITyYaiiHBIX MOCIeN0BaTeIbHOCTEN. ONTUMAIBHEIE TIPOTHO3 U (DUITBTPALMsS OCYIIECTB-
JIIOTCS C OMOIIBIO JIMHEWHBIX OLICHOK M MUHUMH3ALMK CPEIHEN KBaJpaTU4HON ommnoOKy. [ HeCTalMOHAPHBIX CIy4aifHbIX MOCIIEI0BATEILHOCTEI,
Jlake ¢ KOPPEAIMOHHBIMU (DYHKIMAMU MPOCTEHIIero BUAa, TaKHE MCCICAOBAHUA HE MPOBOIUINCE. B 3T0i paboTe Ha mpuMepax HeCTalMOHAPHBIX
oc/IeIOBaTeNIbHOCTEH 3a/1a4a MPorHo3a U QHIbTpauuy pemaercs BHO. [l noiy4eHus npeacTaBlIeHni KOPPEeIsSIMOHHBIX (YHKLHI HCIIONB3YEeTCs
THIILOEPTOB MOXOI, MO3BOJISIONINI BBIYUCIISATH KOPPEISALMOHHBIE (DYHKIMHM KaK CKA/IPHBIE MPOM3BEICHNS B COOTBETCTBYIONIEM I'MIIbOEPTOBOM IpPO-
CTpaHCTBe. Pelmenne SKCTPanoiAIHOHHOI 3a/1a4i ¢ YaCTHBIMU BUAMU KOPPEJISIIIMOHHOM (DyHKIIMH, PACCMOTPEHHOE B CTaThe MOXKET OBITh HCHOJB30-
BAHO YT MOZICJIMPOBAHNUS TIPOLIECCOB (DMIIBTPALIMH M TIPOTHO3A B PEATIEHBIX CHCTEMAX B CJIy4ae HECTALMOHAPHBIX CIy4aifHbIX CUTHAIIOB.

KunoueBble ¢/10Ba: KOppessLMOHHAs (yHKLHS, MATEMAaTHYECKOE OXKUJAHUE, TPOTHO3 U (pUIBTPALMs HECTALMOHAPHBIX CITyYaiiHBIX MOC/IEN0-
BAaTEIBLHOCTEH M MPOIIECCOB, CPEIHAA KBaApaTHUYECKas OIMOKa.

Introduction. The tasks of predicting the values of random processes (sequences) for known values in the past or
the allocation of a signal in the background of random noise are partial but very important problems of the general the-
ory of linear transformations of a random signal. Solving the extrapolation problem with particular correlation function,
which is calculated for various cases of the spectrum of a non-selfadjoint bounded operator, can be used to simulate the
filtration and prediction processes in real systems in the case of non-stationary random signals.

© N. V. Cheremskaya, 2018
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Analysis of recent research. A large quantity of works [1, 2, 4, 8 — 11] are devoted to forecasting and filtering of
non-stationary random sequences. In the main, these papers consider the prognosis and filtering of stationary random se-
quences on the basis of the theory of functions of a complex variable and some classes of functional spaces, or by the
approach proposed by Kalman, which leads to a rather complicated recurrence procedure. Construction of the optimal
filter on the finite number of values of random sequence encounters significant difficulties associated with the need to
calculate explicit determinants of the n -th order of a special form. Therefore, the complexity of such calculations and
the cumbersome nature of explicit formulas did not contribute to a significant advance in solving this problem. An ex-
ception is the work [8], where some explicit extrapolation formulas are obtained in the case of a stationary random se-
quence with a correlation function of the form:

N m__k, |k| <m;
B(k)=M&(n+k)&(n)=9 m
0, k| >m.

Formulation of the problem. The article is based on simpler estimates of random functions in the future moment
of time, linear with respect to the values of the prehistory of processes. For non-stationary random sequences, even with
the correlation functions of the simplest form, such studies were not conducted. This circumstance is explained, in par-
ticular, by the lack of meaningful examples of truly significant correlation functions that describe random processes with
complex, unlike stationary, spectra. The studies carried out in [5, 6] allow us to bridge this gap and construct simple
prognostic algorithms for non-stationary random functions.

Mathematical model. Consider a random sequence z(n) with mathematical expectation Mz(n) =0 and a known
correlation function K,,(n,m) . Suppose at times p;, p,, ..., Pr, the known values u(p,) (k=1 .., n;) are determined

by the expression:

u(p)=z(p)+<(Pe), @
where £(n) is discrete white noise with M&(n) =0 and a correlation function Kz (m, n) =S,y -
Let's look for a linear optimal estimate z(n), n=1,..., n;, such that z(n): z(n)= iG(n, p)u(p). Obviously, it
=]
is unbalanced, and its efficiency is ensured by the minimum of the mean square error: p
&% (G)=M|z(n)~2(n)| . %)

The standard procedure for finding the minimum of ¢ (G) leads to the following system of algebraic equations

for Gy (n,q) which provide mino?(G):

iGO(n'q)Kuu (q’ p)=Kzu (n, p)- 3

q=1
In the case when z(n) is a stationary sequence, G, (n, q) can be considered a function that depends on the differ-
ence between the discrete arguments and, if z(n) is uncorrelated with £(n) or permanently connected with it, then

equation (3) becomes the equation:
n+ny

ZGO(m)Kuu(n_p_m):Kzu(n_p)' (4)
m=n
which was considered in [1, 8, 9].

Let's turn to the consideration of non-stationary sequence z(n) of the form z(n)= 47z, (®) (/10 =y # il) with

a Hankel correlation function [6, 7] K., (n, m) = A0"™M |z, (e)[".

We will show that in this case the extrapolation problem is solved explicitly.
System (3) in this case takes the form:

n
> Gy (n,q)[45 "™ |z0 (a))|2 +5y6,m] =49 "M |zO (a))|2
gq=1

or
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Ll 2 2
%G (0,0)+ (3. Go (n.0) KM [20 (@) = 4" °M [z, ()]

g=1
We are looking for the solution Gy (n, q) of this problem such that G, (n, q) =AgL(p):

n

oL (P)+ 2 L(a) "M 25 (@) = M |z (@) ©

gq=1
where p=0,...,n,.

ny
Setting z L(q)4y = X , (5) can be written as

q=1
2 2
soL(P) = ASM |75 () = A XM |25 ()" (6)
Multiplying both sides of equation (6) by 4§ and summing in p, we get s,X + DX =D, where
2m+2 2
2 -A5 2
D=3 M [z (0)f =~ 2]z (o)
p=1 /10 -1
Thus,
(.. D _ (2™ =23 )M|zo (@) -
Sl +D 5 (2 1) +(A"7 -2 )M [z (@)
From equation (6) we obtain L(p)=i(l ~X)APM [z (@), where p=1, ..., n,.
So
Hence,
1 2
Go(n,p)=4"" —(1=-X)M|zo (@)
0
Thus, the unbalanced effective estimate takes the form:
2m+2 92 2
. 1 A" =25 )M [z ()| , I
z(n)=A4 —|1- 2( 2“2 > 5 M|zo(a))| Zﬂo’)u(p). (8)
So so(ﬂo —1)+(ﬂo A )M |zo(a))| p=1

In this case, the mean square error becomes:

02 (Gy)=M ‘z(n)—i(n)‘z =Ky (n,n) =K ; (n,n)=K;, (n,n)+K;; (n,n)=

Zz

= M [z () <2 (1 XM [z, () 3 AEA M [z (0)f ¢
0 p=1
+(i‘*(l—lizo(w)IzJ > 27 Mz (0)f +s08) =
0 p,g=1

2n 2 n 2
2 2 2 2
= 22"M [z ()| _2%0 =X)Y (M2 (@) +[i';(| ~X)M [z () J (Y2M fzg (@) + Y .
0 0
g
g-1
Let us now consider a more interesting case of non-stationary sequence, which after immersion in the Hilbert space
[1, 7] is presented by a sequence of the form z, = f (n)= A"z,, where A is a non-selfadjoint bounded operator.

where Y =

Let H, = L[ZO;l], and the operator A have the form:

Af (X)= Ao f (x)+ij'(p(x)Mf (y)dy, A # 4 (dim Im ALY =oo).

That is, consider the one-dimensional perturbation of the multiplication operator by a complex constant.
The choice of such an operator is also due to the fact that the theory of non-selfadjoint operators did not actually

concern the triangular and Fredholm operators of dimIm AH = [12].
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(A)' f=1f(n), f(n+1)=Af(n), f(n) _ =",

f(n+l, x)=4f(n, x)+ij‘¢>(x)%f (n,y)dy,

f(n+1 x)=4f (n, x)+ip(x)a,, 9)
Wherea_je u(n, y)dy, f(k x)=A (0, x)+ip(x) Zaﬂ(')‘ll

Tofind ¢, we multiply (9) by E(X) and integrate, then we obtain the recurrence ratio for ¢; :

1 —
Ony = /’loan +iyy,, an|n:0 =0 = J. fo (X)H(X) dx,
0

where y= J.(p 6(x)dx. Thus, o, = (4 +iy)" & Hence, f(n,x)=ﬂé‘f0(x)+¢(x)aow. Conse-
quently, A"f = A5 £ (x)+ (4 +iy)" £2(x), where £ (x) = fo(x)——(p(xy)%, £,V (x)=—(p(x}/)0(O :
In this case, the correlation function has the form:
K (n,m) = (£ (n), £ (m))=(A"to (x), A"t (x)) = %6 [ & (x) +(Jo +i9)" (Ao —i7)" |62 (0 +
420 (Zo=17)" (12 (x), 19 () + (Ao +i2)" 20 (2 (%), 12 (x))-
The relation K, (n, m)=K,, (n, m)+Kg: (n, m) implies that
550 (1, )+ 3 8o (n, @) AZE |10 (x) + (2o +i9)° (Fo —i7)” |2 () +
=1
+28 (Fo=i7)" (1 (%), 59 (x))+ (Ao +i7) 28 (12 (%), 12 (x))1 =
=020 ”f(l) ” (%o +i7)" (A0 —i7) ”f(l) ” +
28 (Zo=i7)" (1 (%), 10 (x)) + (%o +i7)" 20 (12 (x), 12 (x) (10)

We shall show that in the case under consideration, the solution of the system can be determined in explicit form.
Since the right-hand side is the sum of four terms, the solution of (10) is sought as a sum of four terms. Let
Gy =G, +G, +G; +G, , where G, is the solution of the following system

soeo(n,q)+ieo(n,q)[zg%’“fﬁ(x)”z+(zo+iy)q (20-i7)" & (x) ” +28 (Fo=i7)" (1O (), 19 (x))+

#(+i7) 28 (12 (x), 16 o =228 | 162 (] (1)

The supplements G,, G5, G, satisfy similar equations.

The solution of (11) admits the representation: G, (n, p) = 4 F; ()| (x| Hence, we receive:
SR (P +zpl WA (0 + (o +i)* (Bo-i7)° 1 (0 +
+45 (Z0=i7)" (1 (x). 12 (00) + (4 +i2)" 28 {19 (0, 10 (x)1 = 28
sopl(p){ia(qwjﬁgufgn i [za (+i7) J(zo_i;)px

[ 0o +[Za zg]( i7)" (12 (%), 19 (x))+
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(ZH ﬂo“?’j <f1(l)(x)vfo(l)(x)>=zg-

Let's introduce the notations: CN = z F N = Z F(a)(4+ |y . In these notations, the previous equa-
g=1
tion takes the form:

soF (p)+CY ( ”f(l) ” +(Zo—i;/)p<f0(1)(x), fl(l)(x)>j+
ol (Z0-i7)" |62 00 +28 {2 (), 19 (0} =38 12)

We multiply (12) by A; and sum up to obtain
1 2
I(\I)AN +CI(\I)BN =Fy,

where

Aq _zzg(zo 462 (0 +(70 -i7)" {1 (x). flﬂ)(x)}j;
By =§;2§((Zo—i})p” fl(l)(x)” 20 (1 (), fo(l)(x)>j, Fy =§:2§50F1(p).

q=1
We multiply (12) by (4, +iy)" and sum up to get
s,C2 +C@Dy +CPLy =H,,
where

Dy = il(zo +iy)" (Zé’ i (x)H2 +(Zo-i7)" (1 (x), 10 (x))j :
Ly = i(ﬂo +iy)? ((710 —i;/)p ” £, (x)”2 +20 < 10 (x), £ (x)>) Hy = i(ﬂo +iy) soF (p)-

g=1
Consequently, we obtain a system of two linear equations with two unknowns:
OrclPa, +clPBy =Fy,
5,C& +CPDy +CPLy =Hy.

Thus, the solution of system (10) reduces to the solution of systems of two linear equations with two unknowns and
can be found explicitly. Random sequences of the simplest form z(n)= Agz, (@), where 4, is in general a complex
number, are widely used in applications, in particular, in the theory of pulse systems [3]. This is explained by the fact
that if we consider the real and imaginary parts of the image z(n)=x(n)+iy(n), 4, =, +if,, then we obtain the fol-
lowing difference equation for x(n):

O ’

x(n+2)—20px(n+1)+(ag + 57 ) x(n)
with random initial conditions
X(M)], = %o (@), x(n)] ;=% (@)= Foyo (@),
where Ay =y +ify, 75 (@) =X, (@)+iy, (@), (for y(n) the situation is similar).
Let us turn to algorithms for predicting random non-stationary processes and sequences.
Consider the forecast by the last value f(n +86), >0 for arandom sequence (E(t +80) of arandom process), i.e.
a zero order extrapolation. In this case, the forecast error is equal to: g(n +6)=¢£(n), and the forecast error e is equal
to e(n+6)=&(n+6)-&(n+6)=&(n+6)—&(n). The average squared error o in this case has the form:
c®(n,8)=Me? =K (n+6,n+6)-2K(n+6,n)+K(n,n), (13)
where K (n, m) is the random sequence correlation function.

Formula (13) in the particular case of non-stationary random processes becomes the known formula [13]:
o?(6)=Me* =K (0)-2K (8)+K (0)=2(K (0)-K(8)), (14)
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besides, when =0 ¢%(6)=0,at 8 =co o (6)=2K(0) (assuming Jim K(6)=0).
—>o0

In the general case, from (13) it follows that when 6 =0, as in the stationary case, o> (n,6)=0, and

limK(n+6,n+6)=0, (15)
G—c0
then lim o (n, 8)=K (n,n), hence, lim o%(n,)=0.
f—co O—c0
N—oo

This distinguishes essentially the non-stationary case from the stationary one assuming (15) holds. (Note that (15)

implies lim K (n+6,n)=0 due to the known formula K (n,m)[* <K (n, n)K (m, m).)
oo

For non-stationary random processes &(t) (t—continuous parameter) we get the expression for the average square
of the last value forecast error similar to (13):
o2 (t,0)=K(t+6,t+8)-2K (t+6,1)+K(t,1).

Prospects for further research. The solution of the extrapolation problem with particular correlation function
considered in the article can be used to simulate filtration and forecasting processes in real systems in the case of non-
stationary random signals. The algorithm for finding the optimal estimate in form (8) is easy for hardware implementa-
tion. In relation to equation (10) we can say that the construction of an appropriate algorithm for finding an optimal
mean square estimate does not cause significant difficulties.

Conclusions. The obtained algorithm for finding the optimal estimate of random non-stationary processes and se-
quences can be used for the analysis of statistically non-stationary signals, which is promising when solving many ap-
plied problems for which the non-stationary data are significant.
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