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REPRESENTATION OF REAL NUMBERS BY FIBONACCI SEQUENCE

The paper deals with imaging of real numbers by the Fibonacci sequence. An algorithm for changing from decimal representation of a number to its
F — image is developed. The application of the algorithm is demonstrated by considering several specific examples. The correlation between binary
numbers and numbers given as their F — images is analyzed.
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I.A. TOKMAKOBA _ .
30BPAKEHHSA JIMCHUX YUCEJ 3 JOITOMOTI'OIO ITIOCJIAJOBHOCTEU ®IBOHAYYI

V naniii po6oTi onHcaHo 300paXkeHHs AICHUX YHCeN 3a AOMOMOroro mociigoBHocTi PiboHayyi. 3anponoHOBaHO aJrOPUTM MEPEXOAY Bif AECATKOBO-
r0 IPEACTaBICHHS 4ncna 10 F — 300paxeHHs. [IpoaeMOHCTPOBAHO Aif0 aIrOPUTMY Ha JCKLIBKOX KOHKPETHHX MpHKIanax. [IpoaHami3oBaHO 3B 530K
IBiiiKOBOTO 300paxceHHs 3 F — 300pa)keHHsIM AIfCHOrO Yncia.

Kurouosi cioBa: nocnifnoBHicts @iboHaYUi, peKypeHTHI criBBigHOIICHHS, O - 300pa)KeHHsI TIHCHOTO YMCIa, AECIATKOBA CHCTEMa YHCIICHHS,
JIBIKOBA CHCTEMa YHCIICHHS.

H.A. TOKMAKOBA
M30BPAKEHME JIEUCTBUTEJBHBIX UACEJ C IOMOIIBIO NOCJEJIOBATEJIBHOCTEN
OUBOHAYYHN

B nannoit pa60Te OIMCaHO H306pa>|<eﬂue JIEHCTBUTEIBHBIX YKCEI C MOMOIIBIO TTOCIIeI0BATEIbHOCTH PHOOHAYYH. Hpeunome]—[ AJITOPUTM IIEpexoaa ot
JACCATUYHOIO NPEACTAaBJICHUSA YUCIIa K F- H306pa)KCHPHO. Pa6ora JIroOpuT™Ma MPOACMOHCTPHUPOBAHA HAa HECKOJIBKUX KOHKPETHBIX IPUMEpPax. HpO—
aHaJIM3MpoOBaHa CBA3b IBOUYHOI'O U F- I/I306pa)KCHI/I${ JICHCTBUTENILHOTO YHCIIA.

KarwueBble c10Ba: mociae10BaTeIbHOCTh CDI/I6OH21‘I‘II/I, PEKYPPCHTHOEC COOTHOIICHUE, D - I/1306pa)KCHI/Ie JIEHCTBUTEIBHOTO YWCTa, JECATHIHAS
CUCTEMA CUYHUCIICHUA, IBOUYHAsA CUCTEMA CUUCIICHUA.

Introduction. Nowadays a vast diversity of number representation systems is used in mathematics and its applica-
tions. There are systems exploiting either finite of infinite sets of digits, as well as systems based on a single number or
infinite number sequence.

Among the number representation systems the two-symbol systems (systems with binary alphabet) are numerous
and are supposed to be convenient from the technical point of view. Some of the two-symbol systems are of zero redun-
dancy, like the classical 0—1 based binary system. Hence, the interest to the systems of non-zero redundancy is natural.
The systems with comparatively simple geometry are of interest as well since they are more convenient when dealing
with mathematical objects of complicated structure, in particular those with fractal properties.

In order to obtain simple and convenient for applications number representation system we propose using the Fibo-
nacci sequence, i.e. the sequence which terms starting from the third one equal the sum of the two preceding terms of the
same sequence. We consider the representation of real numbers by the number series which terms are reciprocal to the
terms of the Fibonacci series.

Analysis of the previous results. The representations of real numbers using the Fibonacci sequence were studied
by mathematicians at different times. In particular, the irrationality of the sum of the number series with terms reciprocal
to the Fibonacci numbers was studied by M. Prevost [1], the Fibonacci imaging of real numbers and its geometry was
discussed by M. V. Pratsovytyy and N. M. Vasylenko [2, 3, 4], the generalized Fibonacci sequences were studied by
D. M. Kravatskyy [5, 6].

In recent decades the theories of imaging of real numbers using positive or alternating series have been developed
by various scientists. Thus imaging of real numbers by the Ostrogradsky-Serpinskyy-Pierce series were studied in the
papers by S. Albeverio, J. V. Baranovskyy, M. V. Pratsovyty, G. M. Torbin [7, 8], the 2-nd kind Ostrogradsky series
were used by M. V. Pratsovyty [9], the applications of Engel expansions were discussed by M. V. Pratsovyty and
B. I. Getman [10], the positive Liroth series were used by Yu. I. Zhyhkhareva, M. V. Pratsovyty [11], the alternating
Luroth series were considered by S. Kalpazidou, A. Knopfmacher [12], Yu. V. Khvorostina [13].

Purpose of the paper. The purpose of the paper is to explore the theoretical knowledge on the transition from
F — image of a real number to its decimal representation and backwards, to develop an algorithm for transiting from the
decimal representation of a number to its F — image, and to study the connection between the binary representation of a
number and its F — image.

Main results. Let u, =1, u; =1,
U, =U,_;+U,», N2, (1)

Recurrent formula (1) determines the classical sequence of the Fibonacci numbers. Consider the number series with
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the terms reciprocal to the respective Fibonacci numbers (1) (see [14]):

Zi:i+i+...+i+.... )
ioUi U U Un
Series (2) was studied by different mathematicians (M. Laisant, P. Erdos and R. L. Graham [15]); in particular, the
French mathematician Mark Prevost proved that the sum of the series is irrational. In 1978 he computed the sum to be
approximately equal to 2,35988566.... Due to this fact the sum of series (2) is sometimes referred to as Prevost constant
[14].

Theorem 1. [16]. An arbitrary real number x e [0; S] , where S =2,35988566..., admits the following expansion:

= 1
X=> —, (3)
keL Uk
where Lc N.
Proof. Let x be an arbitrary real number from the interval [0; S]. If x=S5,then L =N and equality (3) is obvi-
ously true.
Let 0 < x < S. Then there exists k; € N such that
1 1
—<X<—;
Uy, U1

and the following inequality holds:

1 1 1
O<Xx——=x<———.
Uy, Uga Uy
Hence,
1
X=—+X, 4)

u k

for some x e{o; L—i] .If x =0, then x _ L and equality (3) is true. If x, >0, then there exists k, e N such

Ug-1 Ui Uy,
that;
1 1
—<Xx< ,
Uy, Uy, 1

. 1] . .
and k, >k; (since x; < x and the sequence {—} is monotonously decreasing). Then
un
1 1 1
0<x——=X%X< -
Uy, U1 U,

which implies x1:i+x2, for x, €|0; 1 1 )
Uk, Ug,-1 Uy,

Substituting x; in (4) we get

If x, =0, then we arrive at (3), which in this case becomes: x = I

U, Uy,
If x, >0, then there exists k3 >k,, k; € N such that

1 1

—<X <

Uq Ug,-1
Arguing as above, we compute Xs, X4, ...
If at some n—th step we get

1
Xg =X, ——=0,
n n-1 uk

then expansion (3) has finite number of non-zero term:
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1 1 1
X=—+—+...+—.
Ug U U,
In case there is no such integefor which x, =0, then
1 1 1

0<x, :xn_l—u—< TR
Ky kgl kg

and there ix,,; >k, k,,; ON such that

1 <x < 1
Kn+1 ukn+l_l
Hence,
~ 1 1
0<x,- = X1 < v
ukn+l ukn+l_:L ukn+1
and
NETE I O X,
-_—— T e 1
Ug U Ut '
Since—r— -1, 0, thenX,,; — 0(n - ). Thus Theorem 1 is proved.

ukn+1_l ukn+l

Corollary. [4]. For an arbitraryx(J[0; S] there exists a sequen¢é,}, f, 0{0,3 such that

o+, (6)

Lemma 1. [16]. Givena sequencyq f.}, f, 0{0,3, thesenesZ— convergeso a numberx0[0; S| .
k=1 Uk
The statement of Lemma 1 follows from the ineqyalit

_OOO o0

where f, 0{0,3 .
Definition 1.The F - representationor F — expansioi of a numberxD[O; S] is the representation of the num-
ber x be the series:

X = i, f.0{0, % . (7
k=1 Uk
Here and below the symbol:
x=0% ., (8)

is used to denote thE — expansion of the number. Aflmfkm is also referred to as & — imageof x, the numberf,

is called thek —th number of thé= — image ofx.
Lemma 1 suggests the algorithm of transiting fone F — imageof a real number to its decimal representation.
The natural problem which thus arrises is the dnth@ backwards transition: from the decimal reprgation to the
F —image. That is why we now deal with developing lyoathm of constructing arF — image of a real number given
its decimal representation.
Using the corollary of Theorem 1 and Lemma 1, wadit from theF — image of a real number to its decimal rep-
resentation.
The corollary of Theorem 1 implies that
x=ttetey ey
f, 0{0,3 , f, = 0, x0[0; §], with S=1,35988566..,
=1L u=2,u=3u= 5. 4=y 1+ y,. k

Example 1Find the decimal representation of the numbemgouq.

Afl e

By the definition of theF — image of a real number (7) we write:
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11 5
=0+=+=-+0+...+0=—==0, .
N +2+3+ +.+ 5 g3

Thus x = ASOIZ(Q = 0,8(3) .

Until recently no recurrent algorithm for trasitifigm decimal representation of a number to its-image ex-
isted. We describe it below.

Let x be an arbitrary real number from the inter[,@;IS] and
f,=[x], x=x-f,
where[x] stands for the integer part @f, i.e. the greatests integer less than or equal.to
We set by recurrence:

1
fn+1 =[un+1xn]r Xn+1:(un+1xn_ fr+1) :
+1

Up,

The termination step of the algorithm is when=0, it is infinite otherwice.

Example 2Find the F - image of the decimal number=0,8(3).
f,=[08(3]=0, x= 0,8 - & 0B)

f,=[20,83]=1, x2=( 232— }%:—;;
aofod]en o=t 4=
Hence,x =0,8(3 =g, -

Example 3Find theF — image of the decimal number=0,7.

Hence,x=0,7,, =A%,0,.
When applying the algorithm for finding df — image of a real number it is not always possiblgabthe F — im-
age with the least number of terms.

Example 4Find the F-image of the numbam%.

15 15 15
P I N T S
15 15 2 30
fy= 3[.& =0, x3=(3]£— O)_l:_l
30] 30 3 30
30 30 )5 30
fg = 8[—!l =0, x5=(8]£— Oj—1=—1;
|~ 30 30 /)8 30
f = 13055 | = 0, x6=(1335— %—1=—1;
30 30 13 3C
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30 30 )21 3cC
f= 3408 | =1, x=| 34m- 12=_L.
30 30 )34 25t

X = 8. AP
- — £0100000100001 *
15

On the other hand the numbagf,,, also equalsg5 since

AF O+ 9+ 1+ 1_8
01712 3 5 15

Nevertheless, this representation has less termtkigaone obtained by the algorithm (see Example 4)

Let us compare now the binary representation afrabe with itsF — image.

Lemma 2. [4]. Given a fixed sequence of zeroes and ongy\e have

F 2
ACJ_Cz...Cn... >AC1C2...Cn... b

Proof. Apparently any sequence of zeroes and alesrmines two numbers (possibly different) onevbich is
given in its binary representation and anotheramis F —image. Letx and y be two such numbers:
2

C1€2...Cp--- "

x=A" y=A

C2...Cp--- 1

By the definitions of these representatlons we have

2 C
X = Z—ul L, =240 = ¥ Yy, YD o0
—1n n=1
Thus for allnON
GG
u, 2"

Hence,z& > z&n . The equality is possible only &, =0,0nON . Lemma 2 is now proved.
n=1un n=1

Lemma 3. Given a fixed sequence of zeroes and ongy\e have

2
AOCJ_Cz...Cn... - Aclcz...cn... b
Proof.Let x and y be two real numbers such that:
X:AOFclcz...cn...' y= Aclcz...cn...'
By the definition of the binary an# - representation of a real number we have:
- Cpy
X = Z— =L =2 Uep= b+ Yoy, V=)
n=1n =12
Noting thatu, =2, uz;< 2, ..., U4, < 2",... we deduce that for all numbeng]1N the following estimate holds:
Gy G
u, 2"

Hence,zc—”zzz—cnn. The equality is possible only in the cage=0,0n0ON, or ¢, =1, 6, =0,0n= 2. Lem-
n=1 U n=1
ma 3 is thus proved.

Let X =0, 80 Y= D50, 6

Theorem 2. [3]. Assume
X =Doopr Xo SDoe,p s ANd  Y=DZ, , %=DCc, - 9
Thenx >y for a<p,andx <y for a>p, 0i0{1 3.
Proof. From Lemma 3 it follows that itr < 5 in (9) thenx, >y, DiD{l,Q . Consider the case > 3, which is
only possible ifa =1, = 0. Then

1) )(1:&’ C-I-

5 +71 and x, < y;,0¢; 0{0,3, which is obvious;
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2) X, :&+C—2, Yy :&+C—2+1 and since 83<M
2 3 2 4 8 24 24

Thus Theorem 2 is proved.

, Ve, ¢, €{0,1}, then X, <y, .

Conclusions. In the paper the examples of transferring from the F —image of a real number to its decimal repre-

sentation are presented. The algorithm for transferring from the decimal to F — representation of a real number is devel-
oped. Several examples of the algorithm applications are proposed. The correlation between binary numbers and num-
bers given as their F — images is analyzed.
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VJIK 519.6
N. V. CHEREMSKAYA

DEPENDENCE OF PROGNOSIS AND FILTRATION FAILURE ON DIFFERENT VALUES OF
PARAMETERS FOR SOME CLASSES OF NON-STATIONARY RANDOM SEQUENCES

The article continues the study of estimates of random functions at a future moment of time, linear with respect to the values of pre-histories of pro-
cesses. The article considers the dependence of the mean square of the forecast error of a random sequence on the last value at different values of the
parameters. For non-stationary random sequences, even with correlation functions of the simplest form, such studies haven’t been conducted. To ob-
tain representations of correlation functions, a Hilbert approach is used to calculate correlation functions as scalar products in the corresponding Hil-
bert space. Investigations of the dependence of the mean square of the prediction error of a random sequence on the last value at various values of the
parameters discussed in the article can be used to simulate filtration and prognosis processes in real systems in the case of non-stationary random sig-
nals.

Key words: correlation function, mathematical expectation, prognosis and filtering of non-stationary random sequences and processes, mean
square error.

H. B. YEPEMCBKA )
3AJIEXHICTb HOMUWJIKY IIPOTHO3Y I ®LILTPALII BIJI PI3HUX 3HAYEHB [IAPAMETPIB JUIs1
JESIKMX KJIACIB HECTALIIOHAPHUX BHIIAIKOBHX IIOCJIIJOBHOCTEM

ITpoJOBXKYIOTBCS JOCII/KSHHSI OLIHOK BUIAJKOBUX (DYHKI[ii B MaiOyTHI MOMEHT uyacy, JIHIHHMX BIJHOCHO 3HA4YeHb IepemicTopiil mpouecis. Y
CTaTTi PO3IIIAAAETHCS 3aTIEKHICTD CEPEAHBOr0 KBAJAPATy MOMHJIKU IPOTHO3Y BHIIAAKOBOI MOCIIJOBHOCTI 32 OCTAHHIM 3HAUCHHSIM IIPH PI3HHUX 3HAYCH-
HSX IapameTpiB. [l HecTalioOHAPHUX BUIIAJKOBHUX IIOCIIJOBHOCTEH, HaBiTh 3 KOPEIANITHUMY (QYHKIIIMI HAUTIPOCTINIOr0 BUTIISAY, TaKi JOCHIIKEH-
HsI HE TIPOBOIMINCH. J{JIsl OTpHMAaHHS 300paykeHb KOpEIAiHHuX QYHKLi BUKOPUCTOBYEThCS TiNbOEPTIB MiXif, SIKUil 103BOMIsIE OOUHCITIOBATH KOpe-
JsnidHl QyHKUIT SK CKaIspHi JOOYTKM Y BIANOBIIHOMY riibOepTOBOMY HpOCTOpi. JJOCHiKEHHS 3a1€KHOCTI CepeTHbOT0 KBAaJApaTy NOMHJIKH ITPOTHO-
3y BHIAJKOBOI IOCIIIIOBHOCTI 32 OCTAHHIM 3HAYCHHSIM IPH Pi3HUX 3HAYCHHSIX IapaMeTpiB, sika Oysia pO3IIISIHyTa B CTaTTi, MOXKe OyTH BUKOPHCTAHO
IUIS MOJICITIOBaHHSI IPOLECiB (GibTparlii Ta MPOrHO3Y B PEAUIBHUX CHCTEMAaxX Yy BUIAJIKY HECTAIllOHAPHUX BUIAJKOBUX CUTHAIIB.

Kurouosi cinoBa: xopensiiiiHa (yHKIsI, MaTeMaTHYHE OYiKyBaHHS, IPOTHO3 Ta (DiNbTPAIlis HECTAlliOHAPHHUX BHUIAJKOBHX HOCTITOBHOCTEH i
HPOLECIB, Cepe/H KBaAPAaTHYHA TOMUIIKA.

H. B. YEPEMCKAA

3ABUCUMOCTbD OLLIMBKHU [TPOTHO3A U ®UJIBTPAILIMA OT PA3HBIX 3HAYEHUM
IMAPAMETPOB JIJISI HEKOTOPBIX KJIACCOB HECTALIMOHAPHBIX CJOYYAMHBIX
MOCJEJIOBATEJIBHOCTEN

[IpomosmkaeTcs UCCAEA0BAaHUE OLEHOK CIyYalHbIX (YHKLHN B OyAyIINii MOMEHT BPEMEHH, JUHEIHBIX OTHOCUTENIBHO 3HAUCHHUH MPEIBICTOPHIA MPO-
neccoB. B crarbe paccMaTpuBaeTcsl 3aBUCHMOCTD CPEIHETO KBaJpaTa OMHUOKH IPOTHO3a CITydaifHOH IOCIeJ0BATENbHOCTH MO IIOCNISTHEMY 3HAUCHHIO
IPH Pa3iIMYHBIX 3HAYEHUSIX HapameTpoB. [l HECTAlIMOHAPHBIX CIIYYaifHBIX MOCIENOBATENBHOCTEH, Naxe ¢ KOPPEIMHOHHBIMA (YHKIMSAMH IIPO-
CTEHIIIero BU/a, TAKHE MCCICAOBAHHS HE MPOBOAMINCE. JIIs MOMydeHHs MPECTABICHNH KOPPEISIMOHHBIX (yHKIHI HCIONB3YeTCsl THILOEPTOB 110~
XOJI, HO3BOJISIFOIINH BBIYHUCIISTE KOPPEIALMOHHBIE (DYHKIUH KaK CKAJISIPHBIC NMPOU3BEACHUS B COOTBETCTBYIOLIEM I'MIILOEPTOBOM HpocTpaHCTBe. Mc-
CJIEZIOBAaHKE 3aBUCHMOCTH CPEJJHETO KBaJpaTa OMIMOKM MPOTHO3a CIIy4ailHOM MOCIe0BaTeIbHOCTH O MOC/IeJHEMY 3HAYCHHIO TP PA3IMYHbIX 3HaYe-
HHSIX [TapaMeTPOB, PACCMOTPEHHOE B CTAaThe, MOKET OBITh HCIIOIb30BAHO I MOAEIHPOBAHMS MPOIECCOB (DMIBTpAlM U IIPOTHO3a B PEANbHBIX CH-
cTeMax B CIyuae HECTAI[HOHAPHBIX CITydalHBIX CUTHAJIOB.

KuioueBble ¢J10Ba: KOPPETAIHOHHAS (yHKIMS, MATEMAaTHYECKOE OXHIAHUE, IIPOTHO3 U (UIBTPALNs HECTAIMOHAPHBIX CIIyYallHBIX MOCIEI0-
BaTENIBHOCTEH M NIPOLIECCOB, CPEAHSS KBaJpaTHIecKasl OMOKa.

Introduction. The tasks of predicting the values of random processes (sequences) for known values in the past or
the allocation of a signal on the background of random noise are partial but very important tasks of the general theory of
linear transformations of a random signal. Solving the extrapolation problem with partial views of the correlation func-
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