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ON PHOTON KINETICS IN EQUILIBRIUM PLASMA MEDIUM  

The photon kinetics in equilibrium plasma is investigated on the basis of the Bogolyubov reduced 
description method. A starting point of the analysis is a kinetic equation which takes into account the 
Compton and the bremsstrahlung photon processes. The photon polarization, electron spin phenomena 
and plasma ion effects are neglected. It is assumed that all processes in the system can be considered in 
quasi-relativistic approximation. In this approximation change of a photon (an electron) energy in the 
Compton process is small that is described by small parameter λ . The states of the system are consid-
ered as spatially weakly non-uniform that is described by small parameter g . The situation is investi-
gated in which contribution of the bremsstrahlung processes is small compared to the Compton proc-
esses (for simplicity this is described by the small parameter g  too). Reduced description of photons in 
the plasma by photon energy distribution is investigated. The consideration is based on the Bogolyubov 
functional hypothesis that leads to a generalization of the Chapman-Enskog method. The kinetic equa-
tion for the photon energy distribution that describes the photon diffusion similar to the known neu-
tron diffusion equation is obtained.  

Keywords: photon diffusion, completely ionized plasma, Compton scattering, bremsstrahlung process, 
reduced description method, functional hypothesis.  

На основі метода скороченого опису Боголюбова досліджується кінетика фотонів у рівно-
важному плазмовому середовищі. Стартовою точкою аналізу є кінетичне рівняння, яке врахо-
вує комптонівські та тормозні фотонні процеси. Поляризацією фотона, спіном електрона та 
впливом іонів нехтуємо. Вважається, що всі процесі в системі можуть розглядатися у квазіреля-
тивістскому  наближенні. В цьому наближенні зміна енергії фотона (електрона) в комптонівсь-
кому процесі мала, що описується малим параметром λ . Стани системи вважаються  просторо-
во слабко  неоднорідними, що описується малим параметром g . Вивчається ситуація, в якій 
внесок тормозних процесів є малий порівняно з внеском комптонівських процесів (для простоти 
це описується також малим параметром g ). Досліджується скорочений опис фотонів у плазмі за 
допомогою функції розподілу  фотона за енергією. Розгляд ґрунтується на ідеї функціональної 
гіпотези Боголюбова, що веде до узагальнення метода Чепмена-Енскога. Отримується кінетичне  
рівняння для функції розподілу фотона за енергією, яке описує дифузію фотонів і подібне до ві-
домого рівняння дифузії нейтронів.   

Ключові слова: дифузія фотонів, повністю іонізована плазма, комптонівське розсіяння, тормо-
зний процес, метод скороченого опису, функціональна гіпотеза..  

На основе метода сокращенного описания Боголюбова исследуется кинетика фотонов в 
равновесной плазменной среде. Стартовой точкой анализа является кинетическое уравнение, 
которое учитывает комптоновские и тормозные процессы. Поляризацией фотонов, спином 
электронов и влиянием ионов пренебрегаем. Считается, что все процессы в системе можно рас-
сматривать в квазирелятивистском приближении. В этом приближении изменение энергии фо-
тона (электрона) в комптоновском процессе мало, что описывается малым параметром λ . Со-
стояния системы считаются пространственно слабо неоднородными, что описывается малым 
параметром g . Изучается ситуация, в которой вклад тормозных процессов является малым по 
сравнению с вкладом комптоновских процессов (для простоты это описывается также малым 
параметром g ). Исследуется сокращенное описание фотонов в плазме с помощью функции 
распределения фотона по энергиям. Рассмотрение основывается на идее функциональной гипо-
тезы Боголюбова, что ведет к обобщению метода Чепмена-Энскога. Получается кинетическое 
уравнение для функции распределения фотона по энергиям, которое описывает диффузию фо-
тонов и подобно известному уравнению диффузии нейтронов.  

Ключевые слова: диффузия фотонов, полностью ионизированная плазма, комптоновское рас-
сеяние, тормозной процесс, метод сокращенного описания, функциональная гипотеза. © 
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1. Introduction  
The study of kinetics of electromagnetic field in a medium is an actual problem. It 

has several areas of focus. A number of fundamental problems of the quantum theory of 
electromagnetic field is under active discussion now (see, for example, review [1]). An 
important direction of the studies is the radiative transfer theory, in which the problem of 
choice of parameters describing the radiation and of consistent parameters of the medium 
is still under consideration [2, 3]. Many problems of the electromagnetic field kinetics are 
considered in quantum optics revealing the complexity of the quantum electromagnetic 
field even at low energies [4]. In this direction the paper by Kompaneets [5], in which 
kinetics of photons in a plasma medium was investigated with taking into account brem-
sstrahlung and Compton processes, deserves attention.  

It is important to conduct mentioned studies in terms of the modern theory of non-
equilibrium processes and, in particular, on the basis of the Bogolyubov method of re-
duced description of nonequilibrium states (see a review of this method in [6]). Kinetic 
equation for photons in such medium on the basis of the reduced description method was 
obtained by Akhiezer and Peletminsky [7].  

In this paper the reduced description of the photon gas kinetics in equilibrium plasma 
is investigated taking into account the Compton scattering and the bremsstrahlung in the 
quasi-relativistic approximation. It is assumed that the system evolution is determined by 
the Compton scattering with small corrections related to the bremsstrahlung. In spatially 
non-uniform states the proposed theory describes diffusion of photons in plasma. The men-
tioned photon processes are widely discussed in the literature (see, for example, [8]).  

The plan of the paper is as it follows: in the Sec. 2 the basic equations of the reduced 
description of nonequilibrium states of the system and small parameters of the theory are 
introduced; in Sec. 3 the perturbation theory is constructed and the kinetic equation for 
photon energy distribution is obtained. 

2. Basic equations of the theory 
We assume that the evolution of the photon system in rarefied completely ionized 

equilibrium plasma is determined by photon bremsstrahlung processes and Compton scat-
tering of photons. Ion dynamics is neglected. The kinetic equation for the distribution of 
photons f ( , )p x t in the medium has the form [5, 7] 

f ( , ) f ( , )
(f ( , )) (f ( , ))p p B Cl

p p
l

x t x tpc I x t I
t p x

∂ ∂
= − + +

∂ ∂
x t  (1) 

with the Compton  and the bremsstrahlung collision integrals (f )C
pI (f )B

pI

{ }1 1

3 3 3
1 1 1 1(f ) ( , ; , ) f (1 f ) f (1 f )C

p p p pI d p d p d p W p p p p w w′ ′ ′′ ′ ′ ′= +∫ p p p− + ×

)

  

1 11 1( ) ( p p p pp p p p E Eδ δ ε ε ′ ′′ ′× + − − + − − , (2) 

(f )= (f ) /
p p

B B
p pI nε ε− − τ . (3) 

Here , and  are electron and photon energies; 2 2 1/[( ) ]pE c mc p≡ + 2
p cpε ≡ / 1[ 1]Tn eε −

ε = −  

is the Planck distribution; 
p

B
ετ  is a characteristic time). Polarization phenomena are ne-
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glected, it is assumed that the Wigner distribution function of photons f ( , )p x t does not 
depend on polarization indexes and is normalized by the condition 

3
3

2 f ( , ) ( , )p phd p x t n x t
h

=∫  (4)

where  is the total number density of the photons. Similarly, we assume that the 
equilibrium distribution function of electrons does not depend on the spin indexes and is 
given by a Maxwell distribution 

( , )phn x t

3
/

3/ 22(2 )
pE T

p
nhw e
mT

−=
π

 (5)

(  is the total number density of the electrons). In this case,  can be con-
sidered as the probability of the scattering process of a photon by an electron per unit of 
time, summed over the final polarizations and averaged over their initial values. 

n 1( , ; , )W p p p p′ ′1

The problem is investigated in quasi-relativistic approximation. In this situation one 
may formally consider the inverse light velocity 1/  as a small parameter and build the 
corresponding perturbation theory. With this end in view let us consider photon energy 
change at a collision 

c

1( , , , )F p n n′ ′ε = ε  ( /p n c= ε , /p n c′ ′ ′= ε ; ,  are unit vectors). 
Energy and momentum conservation laws in (2) give an equation 

n n′

1 1( ) /p n nE E ′ ′ c pε −ε −′ε + = ε +  (6)

from which the expression follows 
2

3
1 1 12 2 2( ) ( ) ( ) (1 ) (1/p n n p n p n n nn O c

mc m c mc
ε ε ε′ ′ ′ ′ ′ε = ε + − + − − − + ) . (7)

So, in the Compton process photon energy change is small in the quasi-relativistic ap-
proximation. The electron momentum enters the Maxwell distribution and can be esti-
mated as .  Therefore, dimensionless small quantity of the presented theory 

is . The forth term in (7) can be estimated as a second order contribution at 

photon energies  under consideration. In this case 

1/ 2
1 ( )p mT≤

2 1/ 2( / )T mcλ =
2 2mc Tε ≤ λ = T′ε − ε ≤ λ , 

1 1
| |p pE E T′ − ≤ λ  (

1 1
,p pE E T′ ≤ ) and the Compton collision integral (2) can be approxi-

mated on the basis of expansion 

1 1 1 1

( ) 1

0

1( ) ( )( )
!

s s
p p p p p p p p

s n

E E E E O
s

+
′ ′ ′ ′

≤ ≤

δ ε − ε + − = δ ε − ε − + λ∑ ( )n

p

. (8)

The corresponding series expansion of the Compton collision integral can be written in 
the form 

0

(f ) (f )C
p s

s

I I
∞

=

=∑ , (f ) ~ s
spI λ , 

{ }3 1(f ) ( , )f (1 f ) ( 1) ( , )f (1 f ) ( )s ( )s
sp s p p s p pI d p W p p W p p+

p p′ ′′ ′ ′= + + − + δ∫ ′ε − ε ; (9)
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1

3 3
1 1 1 1 1 1

1( , ) ( , ; , ) ( )( )
! 1 1

s
s pW p p d p d p W p p p p w p p p p E E

s p p′ ′′ ′ ′ ′ ′ ′≡ δ + − −∫ −

1

. (10) 

Here it was taken into account that due to the detailed balance relation 
 holds. 1 1 1( , ; , ) ( , ; , )W p p p p W p p p p′ ′ ′ ′=

Further it is convenient to express momenta of photons through their energy and in-
troduce notations 

/f ( , ) | f ( , , )p p n cx t n x= ε ε= /(f ) | ( , f )C C
p p n ct ,   I I n= ε ε= ,   /(f ) | ( , f )sp p n c sI I n= ε ε= ,  

/(f ) | ( , f )B B
p n cpI I n= ε ε= . (11) 

The most simple expression is obtained from (9) and (10) for the functions 
2

0 03( , f ) ( , , ){f ( ) f ( )}nI n d nn n
c ′ε ε nε ′ ′= Ω Φ ε ε −∫ ( , f ) [f ( ) ]/B BI n n nε ,   =ε ε ε ε− − τ  (12) 

where  

( ) ( )
/ , /

, , ,s s p n c p n c
nn W p p

′ ′ ′=ε =ε
′ ′ ′Φ ε ε ≡  (13) 

The function  0 ( , f )I nε  has the property 

0 ( ,f ) 0nd I nεΩ =∫ . (14) 

Let us consider the relation 

f ( , , )f ( , , ) [ ( ,f ( , )) ( ,f ( , ))]C B
n n l n

l

n x td n x t c d n d I n x t I n x t
t x

ε
ε ε

∂ ∂
Ω = − Ω + Ω +

∂ ∂∫ ∫ ∫ ε
 (15) 

following from (1), (2), and (11). In this paper the situation is considered in which the 
Compton process is slower than the bremsstrahlung one. From this point of view, 

 contribution to (15) is small. In the present paper weakly non-uniform states 
of the photon system are investigated. In order to take into account the last two ideas, the 
additional small parameter 

( ,f ( , ))BI n x tε

g  is introduced by estimates  

1
f ( , , ) / ... ~

s

s s
l ln x t x x gε∂ ∂ ∂ ,    1( ,f ) ~BI n gε .  (16) 

The first estimate introduces the parameter g  in a standard manner as the value of the 
order of the ratio of the mean free path of a photon to the characteristic distance at which 
the function varies significantly. The second estimate is made for simplicity. In paper [5] 
it was argued that this corresponds to photons with 0ω ω  where 0ω  is a frequency de-
fined by relation .  Here  is the Compton process charac-

teristic time ( l  is photon free path defined by the Compton scattering). According to [5] 
 is an increasing function of the frequency

0

B
Cωτ = τ 2( / )( /C mc T l cτ ≡ )

B
ωτ ω . Therefore, at times 

00
Bt ωτ ≡ τ  all 

photons with  will be in an equilibrium state and for 0ω≤ ω 0ω ω  the relation 
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B
Cωτ τ  is true. So, in this situation photon evolution is determined by the Compton 

processes with small corrections from the bremsstrahlung processes. 
Introduced small parameters of the theory show that the quantity  

changes slowly with time in weakly nonuniform states, when parameters ,

f ( , , )nd n xεΩ∫ t

λ g  are small. 
This result suggests that the reduced description of the system is possible by the photon 
energy distribution ( , )x tεϕ . The corresponding theory can be based on the Bogolyubov 
idea of the functional hypothesis in the form  

0
f ( , , ) f ( , , ( ))tn x t n x t⎯⎯⎯→ε ετ ϕ ,      1( ) f ( , , )

4 nx d n x≡ Ω∫ε εϕ ϕ
π

 (17)

where  is a characteristic time defined above by the formula  (functional 

 does not depend on ). In this situation the distribution function 

 is a functional of the photon energy distribution 

0τ 0 Cτ = τ

f ( , , )n xε ϕ f ( , ,0)n xε

f ( , , )n xε ϕ ( )xεϕ . The functional hy-
pothesis (17) and the equations (1), (2) lead to the following kinetic equation for  ( , )x tεϕ  

( , ) ( , ( ))x t L x t
t

ε
ε

∂ϕ
= ϕ

∂
, 

1 f ( , , )( , ) ( , f ( , )) ( , f ( , ))
4

C B
n l

l

n xL x d cn I n x I n x
x

ε
ε ε ε

⎧ ⎫∂ ϕ
ϕ ≡ Ω − + ϕ + ϕ⎨ ⎬π ∂⎩ ⎭

∫ . (18)

The functional f ( , , )n xε ϕ  according to (1), (17), and (18) satisfies the equation  

3 f ( , , ) f ( , , )( , ) ( ,f ( , )) ( ,f ( , ))
( )

C B
l

l

n x n xd x d L x cn I n x I n x
x x

ε ε
′ε ε

′ε

δ ϕ ∂ ϕ′ ′ ′ε ϕ = − + ϕ +
′δϕ ∂∫ ε ϕ  (19)

which should be solved with taking into account the second formula in (17) as an addi-
tional condition. This equation is nonlinear integro-differential one and its solution can be 
found only approximately.  

3. Perturbation theory  
The basic equations of the theory should be solved in a double perturbation theory in 

parameters g  and . An important role is played by arguments of rotational invariance 
and based on them relations  

λ

( , ) ( )s sI n Iε εϕ = ϕ , 

( ) ( )( ) ( ) ( ) ( ) ( )12 ( )

0

, 1 1 , 1s s
s s sI d F F

∞
+

′ ′ε ε ε ε ε
⎡ ⎤′ ′ ′ ′ ′ϕ ≡ ε ε ε ε + ϕ ϕ + − ε ε ϕ + ϕ δ ε − ε⎣ ⎦∫ , 

( )
1

3 3
1

1 1, ( , , ) ( , , )s n s sF d nn du
c c′

−

u′ ′ ′ ′ε ε ≡ Ω Φ ε ε = Φ ε ε∫ ∫  (20)

derived from the definitions (9), (10), and (13). 
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The solution of Eq. (19) and calculation of the right-hand side of Eq. (18) are based 
on expansions of the distribution function f ( , , )n xε ϕ  in parameters g  and λ  

(0) (1) 2f ( , , ) f f ( )n x gε ε εϕ = + +Ο ,    ( ) ( ,0) ( ,1) 2f f f (m m m mgε ε ε )= + +Ο λ ;  

(0) (1) 2( , ) ( )L x L L O gε ε εϕ = + + ,    ( ) ( ,0) ( ,1) 2( )m m m mL L L O gε ε ε= + + λ . (21) 

In the zero approximation in the gradients the distribution function f ( , , )n xε ϕ  and the 
right-hand side of Eq. (18) have the structure 

(0)f ( , , ) ( , ( ))n x h n xε εϕ = ϕ ,      (0) ( , ) ( ( ))L x M xε εϕ = ϕ (22) 

where ,  are some functions. In the considered case the integral equation 
(19) and the second relation (17) give the following equation for 

( , )h nε ϕ ( )M ε ϕ
( , )h nε ϕ  with the addi-

tional condition 

( , ) ( ) ( , ( ))h nd M I n hε
′ε ε

′ε

∂ ϕ′ε ϕ =
∂ϕ∫ ϕ ,        1 ( , )

4 nd h nε εϕ = Ω
π ∫ ϕ  (23) 

where according to (18) 

1( ) ( , ( ))
4 nM d I nε ε hϕ = Ω ϕ
π ∫ . (24) 

The solution of Eq. (23) is sought in the form of a power seriesλ . Simple consideration 
shows that  

(0)f ( , , ) ( )n x xε εϕ = ϕ  (25) 

because solution of the equation  is an arbitrary function of  00 ( ,I n hε= ) ε . 
At the same time, according to (20), (22), and (24), the right side of Eq. (18) in the 

zero order approximation in gradients is given by the formula 
(0)

1
( , ) ( ( ))s

s
L x I xε ε

≤ <∞

ϕ = ϕ∑  (26) 

In other words, in a spatially uniform case the right side of the time equation for ( , )
p

x tεϕ  

is given by substituting this function into the collision integral (2). 
Thus, in the zero approximation in the gradients (in other words, in the spatially uni-

form case) the distribution function of the photon after a transition process with duration  
(17) ceases to depend on the direction of the photon momentum. This justifies the initial 
assumptions of [5], where the author is limited to consideration of an isotropic distribution 
of photons in a spatially uniform case without the discussion of this view generality.  

0τ

We limit calculations in the first order in the gradients to the main contributions of 
the perturbation theory in , that is by λ (1,0)f ( ,nε )ϕ . To do this, we first note that, accord-
ing to (18) with (12) and (14) 

(1,0) (1,0)
0

1 (f )
4 n l B B

l

n nL d cn I
x
ε ε ε

ε ε
ε ε

⎧ ⎫∂ϕ ϕ − ϕ −
= Ω − + − = −⎨π ∂ τ⎩ ⎭

∫ ε ε⎬ τ
. (27) 
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Taking into account (26) and (27), the integral equation (19) and the additional condition 
(17) give the equation for (1,0)f ( ,nε )ϕ  

(1,0)
00 (l

l

cn I n
x
ε

ε

∂ϕ
= − +

∂
, f ) 0,            (1,0)f ( , )nd nεΩ ϕ =∫  (28)

Arguments of rotational invariance show that their solution can be sought in the form 

(1,0) ( )f ( , , ) l
l

xn x a n
x
ε

ε ε
∂ϕ

ϕ =
∂

 (29)

where  is a function. Really, according to (12) the formula aε

2

03 ( , , )( - ) /n l ld nn n n n
c ′ l ε
ε ′ ′Ω Φ ε ε = − τ∫  (30)

with a function  is true (according to (10) and (13) ). So, Eq. (30) gives 
 and therefore 

ετ 0ετ >
a cε = − τε

(1,0) ( )f ( , , ) l
l

xn x c n
x
ε

ε ε
∂ϕ

ϕ = − τ
∂

. (32)

According (14) and (17) the corresponding contribution to the function  from (18) ( , )L xε ϕ

(1,0) (2,0)
(2,0) (2,0)

0
1 f f(f ) ( )

4 3n l B
l

L d cn I
x
ε ε ε

ε ε
ε

⎧ ⎫∂ τ
= Ω − + − = Δϕ⎨π ∂ τ⎩ ⎭

∫ xε⎬  (33)

Giving the final results, we restrict ourselves by calculation of (0) ( , )L xε ϕ  on the basis 
of (26) up to the second order in λ . Taking this and contribution (27), (33) into account, 
gives the following kinetic equation for the photon energy distribution function ( , )x tεϕ   

( )4 00 10 01 00
1 2 2 22

1 ( ) ( ) ( ) (1 ) ( )g g g g
t
ε ε

ε ε

⎧ ⎫∂ϕ ∂ ∂ϕ⎡ ⎤= ε ε + ε − ε ϕ + ϕ + ε⎨ ⎬+⎢ ⎥∂ ε ∂ε ∂ε⎣ ⎦⎩ ⎭
 

0 3 1 1 2 1( ) / ( ) ( ) ( , ,Bn D x O g g gε ε ε ε− ϕ − τ + ε Δϕ + λ λ λ )  (34)

where denoted 

( ) ( , ) / |mn m n m n
s sg F+

′ε =ε′ ′ε = ∂ ε ε ∂ε ∂ε ,               ( ) / 3D εε = τ  (35)

Equation (34) can be called the photon diffusion equation. It is an analogue of the neutron 
diffusion equation (see, for example, [6]). The contribution of zero approximation in the 
gradients in Eq. (34) does not coincide with the expression obtained in [5]. This is a con-
sequence of an assumption made in this paper that it should vanish by substitution the 
Planck distribution nε εϕ → , /( 1)Tn eεε

1−≡ − . However, substitution f
pp nε→  reduces 

to zero only the full collision integral (2). This property is connected with full δ -function 
entering (2) and is absent in finite sum of the series (8). For investigating the processes 
close to the equilibrium it is more convenient to use an equation of the type (34), but ob-
tained from the linearized kinetic equation (1). 
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5. Conclusions 
The photon kinetics in equilibrium plasma medium is investigated on the basis of 

the Bogolyubov reduced description method. The analysis is based on kinetic equation 
for the photon Wigner distribution function f ( , )p x t  which takes into account the Comp-
ton and the bremsstrahlung photon processes. The photon polarization, electron spin phe-
nomena and plasma ion effects are neglected. It is assumed that all processes in the sys-
tem can be considered in quasi-relativistic approximation. In this approximation change 
of a photon (an electron) energy in the Compton process is small quantity of the order 

. The states of the system are considered as weakly non-uniform in the 
space and gradients of the distribution 

2 1/ 2( / )T mcλ ≡
f ( , )p x t  are estimated by small parameter g . A 

situation is investigated in which contribution of the bremsstrahlung processes is small 
compared with the Compton processes.  It takes place at photon frequencies 0ω ω  
where the characteristic frequency  was estimated by Kompaneets [5].  For simplicity 
of the consideration as the corresponding small parameter the parameter 

0ω
g  is chosen. 

Reduced description of photons in the plasma by photon energy distribution ( , )x tεϕ  is 
investigated. The consideration is based on the Bogolyubov idea of the functional hy-
pothesis that leads to a generalization of the Chapman-Enskog method. The characteristic 
time  in the functional hypothesis is chosen in the present paper following to non-

trivial arguments that give .  The kinetic equation for the photon energy distribu-
tion is obtained that describes the photon diffusion similar to the known neutron diffusion 
equation (see, for example, [6]). The calculation is conducted in perturbation theory in 
small parameters 

0τ

0 Cτ = τ

g  and .  λ
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