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ON PHOTON KINETICS IN EQUILIBRIUM PLASMA MEDIUM

The photon Kkinetics in equilibrium plasma is investigated on the basis of the Bogolyubov reduced
description method. A starting point of the analysis is a kinetic equation which takes into account the
Compton and the bremsstrahlung photon processes. The photon polarization, electron spin phenomena
and plasma ion effects are neglected. It is assumed that all processes in the system can be considered in
quasi-relativistic approximation. In this approximation change of a photon (an electron) energy in the
Compton process is small that is described by small parameter . . The states of the system are consid-
ered as spatially weakly non-uniform that is described by small parameter g . The situation is investi-

gated in which contribution of the bremsstrahlung processes is small compared to the Compton proc-
esses (for simplicity this is described by the small parameter g too). Reduced description of photons in

the plasma by photon energy distribution is investigated. The consideration is based on the Bogolyubov
functional hypothesis that leads to a generalization of the Chapman-Enskog method. The kinetic equa-
tion for the photon energy distribution that describes the photon diffusion similar to the known neu-
tron diffusion equation is obtained.

Keywords: photon diffusion, completely ionized plasma, Compton scattering, bremsstrahlung process,
reduced description method, functional hypothesis.

Ha ocHoBi meTona ckopouyeHoro onucy boro/sro0oBa gociaifkyeTbes KiHeTnka (pOTOHIB y piBHO-
BaJKHOMY ILIa3MOBOMY cepeqoBuIli. CTapTOBOI0 TOYKOI aHAJI3Y € KiHeTHYHe PIBHAHHS, fIKe BPaxo-
BY€ KOMITOHIBCbKI Ta TopMo3Hi ¢oToHHI mpouecu. Ilossipuzaniero ¢poroHa, cmiHOM eleKTPoOHAa Ta
BILUINBOM iOHiB HexTyeMo. BBaxka€eThcesl, 1110 Bei mpoueci B cucTeMi MOXKYTh PO3rJisiiaTucs y KBa3ipeJisi-
THBicTCKOMY Ha0au:xkeHHi. B nbomMy HaOauKeHHi 3MiHa eHeprii (poTOHA (e1eKTPOHA) B KOMITOHIBCh-
KOMY mpoleci MaJia, 0 OMUCYEThCS MAJINM napaMeTpoM A . CTaHH CHCTeMH BBaKAaIOThHCSI MPOCTOPO-
BO €1a0K0 HEOJHOPITHUMH, L0 ONMHMCYEThCS MAJUM NapameTpoMm ¢ . BuByaerhes curyanis, B sKii

BHECOK TOPMO3HHX MPOLECIB € MaJINii MOPIBHSIHO 3 BHECKOM KOMNTOHIBCHKHX MPOLECiB (1151 MPOCTOTH
1le OMUCYETHCS TAKOK MaJIuM napamerpom ¢ ). Jocaimkyerbes ckopodeHuii onuc ¢poToHiB y niiasmi 3a

aonomorow ¢QyHkuii posnoainy ¢orona 3a enepriero. Po3rusin IpyHTyeThCs Ha igei QyHKIiOHAIBHOI
rinore3u boro/so6oBa, 110 Beje 10 y3arajabHeHHs: MeToa Yenmena-Enckora. OTpumMyeThbesi KiHeTHYHE
piBHsiHHA 1Js GyHKUii po3noainy ¢oroHa 3a eHepriero, sike onucye qudysiro ¢oroHis i nogidHe 1o Bi-
JIoMoro piBHAHHSA Au(y3ii HelATPOHiB.

KirouoBi cioBa: audysis ¢GoToHIB, MOBHICTIO 10HI30BaHa TUIa3Ma, KOMOTOHIBCEKE PO3CISIHHS, TOPMO-
3HUH TPOIIEC, METOJ] CKOPOUCHOTO ONNUCY, (DYHKIIOHAIBHA TilloTe3a..

Ha ocHoBe MeTona coxkpamieHHoro onucanusi borono6oBa uccienyercsi KuHeTuka GOoTOHOB B
PaBHOBeCHOH M1a3MeHHOM cpene. CTapTOBOIl TOYKOH aHANN3A ABJIAECTCH KHHETHYECKOE YPAaBHEHHUE,
KOTOpPO€ YYHMTHIBAeT KOMITOHOBCKHE M TOpMO3Hble mnpouecchl. Ilonasipusanmeii ¢oToHOB, cMHOM
3JIEKTPOHOB M BJIMSIHHEM MOHOB npeHedperaem. CUuMTaeTcsi, 4T0 Bce MPOIECCHl B CHCTEME MOKHO pac-
CMATPHUBATH B KBA3UPEJIATHBUCTCKOM NPUOIM:KeHHU. B 3TOM npubam:keHun usmenenue sneprum ¢o-
TOHA (3JIEKTPOHA) B KOMITOHOBCKOM IpoIlecce MaJjio, YTO OMHCHIBAeTCsl MaabIM napamerpom A . Co-
CTOSIHUSI CHCTEMbI CUYMTAIOTCS MPOCTPAHCTBEHHO €JIA00 HEOAHOPOAHBIMHU, YTO OMHCHIBAETCS MAJbIM
napamerpom ¢ . M3yuaercs cutyanusi, B KOTOPOi BKJIaJl TOPMO3HBIX NPOLECCOB SIBJISETCS MAJbIM 10
CPaBHEHHUIO € BKJIAI0OM KOMITOHOBCKHUX MPOIECCOB (IS MPOCTOTHI 3TO ONMHCHIBAETCS TAKKe MAJIbIM
napamerpom ¢ ). Hccienyercsi coxkpaiieHHoe onucaHue (OoToOHOB B IJIa3Me ¢ NMOMOLIbIO (PYHKLIHH
pacnpenesienus ¢porona no Heprusim. PaccMorpenue ocHoBbIBaeTcsi Ha ujaee GyHKIMOHAIbLHON rMmo-
Te3bl boroJiio6oBa, uro Beger Kk 0000menn0 Merona Yenmena-Jduckora. Ilonyyaercss kuHernueckoe
ypaBHeHHUe Ui GyHKIMHU pacnpejejienust (OTOHA 1O IHEPTUsiM, KOTOpoe onucbiBaeT Audgysuio ¢o-
TOHOB M NMOJ00HO U3BECTHOMY YpPaBHEeHH IO U] Py3un HeHATPOHOB.

KiroueBbie cioBa: muddysus GoToHOB, MOTHOCTHIO HOHU3UPOBAHHAS IUIa3Ma, KOMIITOHOBCKOE pac-
cesiHe, TOPMO3HOM MPOLIECC, METO/] COKPAIIEHHOTO ONUCAHHs, QyHKIIMOHAIIbHAS THIIOTE3a.

© G. G. Orlovsky, A. I. Sokolovsky, A. O. Pevzner, 2014
42



G. G. Orlovsky, A. I. Sokolovsky, A. O. Pevzner

1. Introduction

The study of kinetics of electromagnetic field in a medium is an actual problem. It
has several areas of focus. A number of fundamental problems of the quantum theory of
electromagnetic field is under active discussion now (see, for example, review [1]). An
important direction of the studies is the radiative transfer theory, in which the problem of
choice of parameters describing the radiation and of consistent parameters of the medium
is still under consideration [2, 3]. Many problems of the electromagnetic field kinetics are
considered in quantum optics revealing the complexity of the quantum electromagnetic
field even at low energies [4]. In this direction the paper by Kompaneets [5], in which
kinetics of photons in a plasma medium was investigated with taking into account brem-
sstrahlung and Compton processes, deserves attention.

It is important to conduct mentioned studies in terms of the modern theory of non-
equilibrium processes and, in particular, on the basis of the Bogolyubov method of re-
duced description of nonequilibrium states (see a review of this method in [6]). Kinetic
equation for photons in such medium on the basis of the reduced description method was
obtained by Akhiezer and Peletminsky [7].

In this paper the reduced description of the photon gas kinetics in equilibrium plasma
is investigated taking into account the Compton scattering and the bremsstrahlung in the
quasi-relativistic approximation. It is assumed that the system evolution is determined by
the Compton scattering with small corrections related to the bremsstrahlung. In spatially
non-uniform states the proposed theory describes diffusion of photons in plasma. The men-
tioned photon processes are widely discussed in the literature (see, for example, [8]).

The plan of the paper is as it follows: in the Sec. 2 the basic equations of the reduced
description of nonequilibrium states of the system and small parameters of the theory are
introduced; in Sec. 3 the perturbation theory is constructed and the kinetic equation for
photon energy distribution is obtained.

2. Basic equations of the theory

We assume that the evolution of the photon system in rarefied completely ionized
equilibrium plasma is determined by photon bremsstrahlung processes and Compton scat-
tering of photons. lon dynamics is neglected. The kinetic equation for the distribution of
photons f (X,t) in the medium has the form [5, 7]

of, (X,1t) _ P of, (X,1)
ot p 0X

+ 12 (F(X0) + 15 (F(x,1)) (1)
with the Compton | g(f ) and the bremsstrahlung | f(f ) collision integrals
15(f)=[d* p,d’pid* pPW (p, py; P, P { £, (1+ £, )Wy, —F, (1+ £ )w, } x
x5(p+p—p - p)e, +E, —&, —Ey), (2)
I (F)=—(f,—n, )/, . (3)

1/2

Here E = c[(mc)* + p*]’?, and €, =Cp are electron and photon energies; n, =[eT —1]"

is the Planck distribution; TsBp is a characteristic time). Polarization phenomena are ne-
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glected, it is assumed that the Wigner distribution function of photons f,(X,t) does not

depend on polarization indexes and is normalized by the condition
2
[, (60 =ny (x0) (4)

where N, (X,t) is the total number density of the photons. Similarly, we assume that the

equilibrium distribution function of electrons does not depend on the spin indexes and is
given by a Maxwell distribution

nh’ —E, /T
Wy=————& " 5
p 2(27z,mT)3/2 ( )

(n is the total number density of the electrons). In this case, W(p, p,; p, p;) can be con-

sidered as the probability of the scattering process of a photon by an electron per unit of
time, summed over the final polarizations and averaged over their initial values.

The problem is investigated in quasi-relativistic approximation. In this situation one
may formally consider the inverse light velocity 1/c as a small parameter and build the
corresponding perturbation theory. With this end in view let us consider photon energy
change at a collision &' =F(g, p,,n,n) (p=en/c, p'=¢n'/c; n, n' are unit vectors).
Energy and momentum conservation laws in (2) give an equation

o
€+ Epl =&+ E(s’n'—sn)/c—p1 (6)

from which the expression follows

2
€

~(1-nn")+0(1/c?). (7)
mc

! 8 ! 8 ! !
€' =&+~ (W' =)+ —o ()P, (N~ 1) -
mc m-c

So, in the Compton process photon energy change is small in the quasi-relativistic ap-
proximation. The electron momentum enters the Maxwell distribution and can be esti-

mated as P, < (MT)"?. Therefore, dimensionless small quantity of the presented theory
is A =(T/mc*)"?. The forth term in (7) can be estimated as a second order contribution at
photon energies €<MC’A° =T under consideration. In this case & —g<AT,
|E; —E, AT (E,,E, <T) and the Compton collision integral (2) can be approxi-
mated on the basis of expansion
8(e, —¢g,+E, —E, )= Oz %6(5)(%, —-g,)E, —E,) +O(\™). (8)
e S!

The corresponding series expansion of the Compton collision integral can be written in
the form

160 =D 1,0, 1,0~

1y (5) = [d* P {W, (. P)f, (1+£,) + (=)™ W, (p', ), (1+,) 18 (e, —£,); ©)
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1A 1 ! ! ! ’ S
W, (p, )= [d"p,d"PW (P, p;; P P)W,8(p -+ P, = P~ P))(E,, — ;)" (10)

Here it was taken into account that due to the detailed balance relation

W(p,p;; P, p)) =W(p', p; P, p,) holds.
Further it is convenient to express momenta of photons through their energy and in-
troduce notations

£ (60 [ponere= XD, 15 () [poe= 15 (D), 15 (D) o= 1, (0D,

12(F) |ponere=12(n, ) . (11)

The most simple expression is obtained from (9) and (10) for the functions

&€

Ly, (n, 1) :i—szQn,d)O(g,g,nn’){fg(n’)—fg(n)}, 12(n,f)=—[f,(M-n]/® (12)
where

@, (e,e,nn) =W, (p\p) oo (13)
The function IOS(n,f ) has the property

[de,1,(n.H)=0. (14)

Let us consider the relation

d < of.(n,x,t) o = 6 =
adenfS(n, Xt)=—c[dQn qugn[lg (nEoL )+ 12 f(xt)]  (15)

following from (1), (2), and (11). In this paper the situation is considered in which the
Compton process is slower than the bremsstrahlung one. From this point of view,
12 (n,f(x,t)) contribution to (15) is small. In the present paper weakly non-uniform states

of the photon system are investigated. In order to take into account the last two ideas, the
additional small parameter g is introduced by estimates

oL (nxt/ox ..o ~g°, 12nf)~g'. (16)

The first estimate introduces the parameter g in a standard manner as the value of the

order of the ratio of the mean free path of a photon to the characteristic distance at which
the function varies significantly. The second estimate is made for simplicity. In paper [5]
it was argued that this corresponds to photons with > ®, where ®, is a frequency de-

fined by relation Tfm(, =1.. Here 1. =(mc’/T)(l/c) is the Compton process charac-

teristic time (| is photon free path defined by the Compton scattering). According to [5]
‘ts’w is an increasing function of the frequency . Therefore, at times t>> 1, = Ttho all

photons with @<, will be in an equilibrium state and for ®w> o, the relation
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‘L'sm > 7. s true. So, in this situation photon evolution is determined by the Compton
processes with small corrections from the bremsstrahlung processes.

Introduced small parameters of the theory show that the quantity denf‘g(n,X,t)

changes slowly with time in weakly nonuniform states, when parameters A, g are small.

This result suggests that the reduced description of the system is possible by the photon
energy distribution ¢,(X,t). The corresponding theory can be based on the Bogolyubov
idea of the functional hypothesis in the form

xd—oTnxe®),  p.00=2[daf0xe) (a7)
0 7z-

where 7, is a characteristic time defined above by the formula t, =1, (functional
f;(n,x,(p) does not depend on f;(n,x,O)). In this situation the distribution function

f‘g(n,x,(p) is a functional of the photon energy distribution ¢ (X). The functional hy-
pothesis (17) and the equations (1), (2) lead to the following kinetic equation for ¢, (X,t)

0, (x,1) _
ot - LS(X, (P(t)) )
L, (X, ¢) s%njdgzn {—cn, W+ 1S(n,£(x, )+ If(n,f(x,cp))}- (18)

The functional f‘g(n, X,¢) according to (1), (17), and (18) satisfies the equation

of, (N, X,¢) L. (X, ¢) = —cn, of, (n, X, )
8([)5'()(') aXl
which should be solved with taking into account the second formula in (17) as an addi-

tional condition. This equation is nonlinear integro-differential one and its solution can be
found only approximately.

[d*xde +1E(n,F(x,0)+ 12(n,f(x,9) (19)

3. Perturbation theory

The basic equations of the theory should be solved in a double perturbation theory in
parameters g and A. An important role is played by arguments of rotational invariance

and based on them relations

ISE(n’(P) = Isg((P) s
1.(9)=[dee? [ F.(e.2)(1+0.)o, + (1) F.(.2)o. (1+0,) [ (e~ 2),

L

1
F (s,s') = = den,Qs(s,s',nn') = (:1—3] dud,(e,€',u) (20)
-1

S

derived from the definitions (9), (10), and (13).
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The solution of Eq. (19) and calculation of the right-hand side of Eq. (18) are based
on expansions of the distribution function f;(n, X,@) in parameters g and A

f.nxe) =" +f"+0(g*), £ ="+ +0(g"\*);

Lxe)=L"+L"Y+0(g*), L"W=L"+L"™+0(g™). (21)

In the zero approximation in the gradients the distribution function f,(n,X,) and the
right-hand side of Eq. (18) have the structure

£ (0, %,0) =h,(n,p(x)), L (X.0) = M, (¢(x)) (22)

where h.(n,p), M_(¢) are some functions. In the considered case the integral equation
(19) and the second relation (17) give the following equation for h (n,¢) with the addi-
tional condition

,oh,(n,) _ _ 1
jds WME,(@)— I.(n,h(9)), 0, —EIdthg(n,cp) (23)

€

where according to (18)

M.(0)=- [d2,1.00.h(e). (24)

The solution of Eq. (23) is sought in the form of a power series A . Simple consideration
shows that

£O(n,%,0)=,(X) (25)

because solution of the equation 0=1,,(n,h) is an arbitrary function of €.

At the same time, according to (20), (22), and (24), the right side of Eq. (18) in the
zero order approximation in gradients is given by the formula

LOxp)= 3 1, (@) (26)

1<s<co

In other words, in a spatially uniform case the right side of the time equation for 0., (x,1)

is given by substituting this function into the collision integral (2).

Thus, in the zero approximation in the gradients (in other words, in the spatially uni-
form case) the distribution function of the photon after a transition process with duration T,
(17) ceases to depend on the direction of the photon momentum. This justifies the initial
assumptions of [5], where the author is limited to consideration of an isotropic distribution
of photons in a spatially uniform case without the discussion of this view generality.

We limit calculations in the first order in the gradients to the main contributions of
the perturbation theory in A, that is by £"”(n,¢). To do this, we first note that, accord-

ing to (18) with (12) and (14)

T

1 € €

, 1 oo, Z10y P, N, ¢, —n,
L(S'O’:Ej.dQn{—cn,ax+Iog(f“°’)— . }=— —. (27)
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Taking into account (26) and (27), the integral equation (19) and the additional condition
(17) give the equation for £ (n,e)

0=—cn, ?ﬁa +1,,(n.EM), [do, £ (n,9) =0 (28)

Arguments of rotational invariance show that their solution can be sought in the form

99, (X)
£49(n, x, @) =a_n, —=
. (X,@)=a,n, ox (29)
where @, is a function. Really, according to (12) the formula
82
- [dQ,@,(e,8,nm)(m-n) = —n, /x, (30)

with a function t, is true (according to (10) and (13) 1, >0). So, Eq. (30) gives

a, =—Cr, and therefore

£ (n, x, ) =—ct,N,

99, (X)

According (14) and (17) the corresponding contribution to the function L (X,¢) from (18)

£(1,0) 72,00
of, f, T

1, (F*) ——B} = A0, (X) (33)

L = LJ. dQ, {—cn,
47 3

Giving the final results, we restrict ourselves by calculation of L (x,) on the basis
of (26) up to the second order in A . Taking this and contribution (27), (33) into account,
gives the following kinetic equation for the photon energy distribution function ¢, (X,t)

| €

op, 10

ot & oe

{s“ [(gf°(s>+gi°(e)—g§l<a))cpc(1+cps)+ gé”(e)%}}

—(9,—n.)/ 1% +D(e)A,(X)+O(g°%>, g"A!, g 1)) (34)
where denoted

9™ (€)= 0™"F. (c,¢')/ 0™ | D(e)=1,/3 (35)

g'=g

Equation (34) can be called the photon diffusion equation. It is an analogue of the neutron
diffusion equation (see, for example, [6]). The contribution of zero approximation in the
gradients in Eq. (34) does not coincide with the expression obtained in [5]. This is a con-
sequence of an assumption made in this paper that it should vanish by substitution the

Planck distribution ¢, —n,_, n_ =(e*" —1)"". However, substitution f p =N, reduces
to zero only the full collision integral (2). This property is connected with full o -function
entering (2) and is absent in finite sum of the series (8). For investigating the processes

close to the equilibrium it is more convenient to use an equation of the type (34), but ob-
tained from the linearized kinetic equation (1).
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5. Conclusions

The photon kinetics in equilibrium plasma medium is investigated on the basis of
the Bogolyubov reduced description method. The analysis is based on kinetic equation
for the photon Wigner distribution function f(x,t) which takes into account the Comp-

ton and the bremsstrahlung photon processes. The photon polarization, electron spin phe-
nomena and plasma ion effects are neglected. It is assumed that all processes in the sys-
tem can be considered in quasi-relativistic approximation. In this approximation change
of a photon (an electron) energy in the Compton process is small quantity of the order

L =(T/mc*)"?. The states of the system are considered as weakly non-uniform in the
space and gradients of the distribution f (X,t) are estimated by small parameterg. A

situation is investigated in which contribution of the bremsstrahlung processes is small
compared with the Compton processes. It takes place at photon frequencies > o,

where the characteristic frequency ®, was estimated by Kompaneets [5]. For simplicity
of the consideration as the corresponding small parameter the parameter g is chosen.
Reduced description of photons in the plasma by photon energy distribution ¢, (X,t) is

investigated. The consideration is based on the Bogolyubov idea of the functional hy-
pothesis that leads to a generalization of the Chapman-Enskog method. The characteristic

time T, in the functional hypothesis is chosen in the present paper following to non-

trivial arguments that give T, = T.. The kinetic equation for the photon energy distribu-

tion is obtained that describes the photon diffusion similar to the known neutron diffusion
equation (see, for example, [6]). The calculation is conducted in perturbation theory in
small parameters g and A .
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