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Mu npoaoBXKuJM BUBYEHHsI BJIACTUBOCTEM BEPXHBOTO IEHTPAJBHOIO DALY AOBLIBHOT
dazzi-rpynu. Tounimnre ka>Ky4n, GyJI0 OTPUMAHO JOCUTH SBHHUI OMWC YJIEHIB BEPXHLOI'O
[EHTPAJBHOI'O PALY.

Kirouosi ciioBa:  dassi-rpymna, BepxHill HEHTPAJIbHUN PAL, APYTUH rinepreHTp, BepXHiil
rimepoeHTp.

Mbl ODpomoJIKuJIin M3yUEeHUE CBOMCTB BEPXHErO IEHTPAJBHOIO PIASA IPOU3BOJIBHOM
daz3u-rpynmnsi. TouHee roBops, OBLJIO MOJYYUEHO JOCTATOYHO SBHOE OMNNCAHUE YJICHOB
BEPXHEro MEeHTPAJBbHOIO PsIA.

Kimrouesnie cioBa: ¢a33u-rpynmna, BEepXHUM IEHTPAJbHBIN psl, BTOPOIl TUIIEPIIEHTP,
BEPXHUH TUNEPIEHTP.

‘We continue the study of the properties of the upper central series for arbitrary fuzzy
group. More precisely, a quite explicit description of the members of the upper central
series has been obtained.
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Let G be a group with a multiplicative binary operation denoted by juxtaposition
and identity e. We recall that a fuzzy subset v: G — [0, 1] is said to be a fuzzy group
on G (see, for example, [[5], S. 1.2]), if it satisfies the following conditions:

(FSG 1) y(zy) 2 ~(x) Ay(y) forall w,y € G,
(FSG 2) y(x™') > y(x) for every x € G,

Here and everywhere we adopt the usual convention on the operator wedge A (and
on the operator vee V). If W is a subset of [0, 1], then denote by AW the greatest
lower bound of W and denote by VIV the least upper bound of W. If W = {a, b}, then,
as usual, instead of AW we will write a A b, and instead of VW we will write a V b. We
assume that the least upper bound of the empty set is 0, and the greatest lower bound
of the empty set is 1.

However we remark that we deliberately replace the standard expression a fuzzy
subgroup of G by a fuzzy group on G in order to avoid possible misunderstanding in
the sequel and to emphasize that a fuzzy group is in fact a function defined on a group
G. For example, if v, k are the fuzzy group on G and v C &, occurs, we will say that
v 18 a fuzzy subgroup of k and denote this by v < k. If v is a fuzzy subgroup of &,
then y(e) < k(e). Fuzzy subgroup 7 of k is called unitary, if v(e) = r(e). If 7 is an
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arbitrary fuzzy subgroup of x, then clearly v* = v U x(e, k(e)) is a fuzzy subgroup of
k. Moreover, v*(x) = y(x) for all x # e and v*(x) = k(e).

Fuzzy group theory, as well as other fuzzy algebraic structures, was introduced
very soon after the beginning of fuzzy set theory. Many basic results of the theory
were collected in the book [5]. From our point of view, these results are not always
systematized, and the methodology and the research tools seem to be at an initial
stage. The obtained results apply to the different fields but they are characterized by
initial almost everywhere. The development of complete theory of fuzzy groups has
not taken place yet. The first natural task here appears to be the description of all
fuzzy subgroups of a given fuzzy group, defined on G. The second main task is the
investigation of the structure of a fuzzy group on G based on its algebraic properties.
One of the important concept not only in group theory but also in the whole algebra is
the concept of nilpotency. It was introduced for fuzzy groups too ( see [5], Chapters 3.2,
and the papers [1], 2], [3]). This definition was given with use of the lower central series.
Meanwhile there are other definitions in abstract group theory. One of them, not less
important, is based on the concept of upper central series. In fuzzy group theory the
upper central series haven’t constructed before. The constructing of the upper central
series in arbitrary fuzzy group 7 was carried out only in the recent paper [4]. In this
paper we continue the study of the properties of the upper central series for arbitrary
fuzzy group defined on a group G. More precisely, a quite explicit description of the
members of the upper central series is given in the paper.

Recall the following definition. If X is a set, for every subset Y of X and every
a € [0, 1] we define a fuzzy subset x(Y, a) as follows:

a, fxey;
vV _ ) )
x(¥,a) {o,ifx¢}d

Clearly x(H,a) is a fuzzy group on G for every subgroup H of G. If Y = {y},
then instead of x({y}, a) we will write shorter x(y,a). A fuzzy subset x(y,a) is called
a fuzzy point (or fuzzy singleton).

Let L be a subgroup of G and v be a fuzzy subgroup on G. Denote the function
L|7 by the following rule:

y(x), ifxel;
LP@):{O ifogl

Let G be a group, v be a fuzzy subgroup on G. Then the center 3(v) of v is an
union of all fuzzy points x(z,a) C 7 such that x(z,a)©x(y,v(y)) = x(v,7(y)) ©x(z, a)
for every x(y,7(y)) € 7.

A fuzzy group 7 is called abelian, if 3(v) = 7.

We observed that in the theory of fuzzy groups the term "abelian" is used in different
senses. We will use it in the traditional aspect.

Lemma 1. Let G be a group, v be a fuzzy subgroup on G. Then the fuzzy points x(x, a)
and x(y,b) are permutes if and only if vy = yz.
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Proof. Suppose that x(z,a) ® x(y,b) = x(y,b) © x(x,a). By Proposition 1 of paper
[4] we have

X(.’I?, (]‘) @X(yv b) = X("I/”l @ N b)and X(y7 b) @X(.’L’,(]/) = X(yTv bA (]/),

so we obtain xy = yx.
Conversely, assume that xy = yx. Then

x(z,a) © x(y,b) = x(vy,a ANb) = x(yz,b A a) = x(y,b) © x(7, a).

Corollary 1. Let G be a group, v be a fuzzy subgroup on G. Then 3() is an union of
all fuzzy points x(z,a) such that z € ((G). In other words, 3(v) = ((Supp(¥))|”.

Proof. Suppose that x(z,a) € 3(7). Then x(z,a) ® x(v.7(y)) = x(v.7(v)) © x(2, a)
for every element y € Supp(v). By Lemma 1 it follows that zy = yz, since it is valid
z

for every element y € Supp(y), z € ((Supp(7)).
Conversely, assume that z € ((Supp(v)) and a < y(z). Then zy = yz for each
element y € Supp(7). Using again Lemma 1 we obtain that

X(z,a) © x(y,7(y) = x(y,7(y)) © x(2, a),
which follows that x(z,a) € 3(7).

Put ¢* = ((Supp(7))[". Then ¢* = U, c¢supp(y)) X(2:7(2))- By above proved, ¢* C
C(7). Conversely, let x(z,a) C ((v). By above proved, z € ((Supp(7)). Since x(z,a) C

v, a < v(2). It follows that x(z,a) C x(z,v(2)) C ¢*.

Corollary 2. Let G' be a group, v be a fuzzy subgroup on G. Then v is abelian if and
only if Supp(y) is abelian.

Let G be a group, z,y € G, a,b € [0,1]. Then a product x(z7 ', a) ® x(y~1,b) ®
xX(x,a) © x(y,b) is called a commutator of x(x,a) and x(y,b) and will denoted by

[x(x,a). x(y,b)].
Let G be a group, 7, n be the fuzzy subgroups of G. Then a fuzzy
commutator subgroup [v,n] is a fuzzy subgroup generated by all commutators

x(z,v(x)), x(y,n(y))] where x € Supp(y), y € Supp(n).

Corollary 3. Let G be a group, 7y be a fuzzy subgroup on G. Then 3(7) is an union of
all fuzzy points x(z,7(2)) such that [x(z,7(2)), x(y,0)] € x(e,v(e)).

Proof. Indeed, by Corollary 3 of Lemma 2 of paper [4] an inclusion

[xX(2,79(2), x(y, 0)] € x(e,v(e)) is equivalent to x(z,7(2)) @ x(y.0) = x(y.b) @
X(2,7(2)). Now we can apply Corollary 1.

We now are developing a criterion of being a fuzzy subgroup needed in the sequel.
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Lemma 2. Let G be a group and ~ be a fuzzy subgroup on G. If \,x C =, then
A® Kk C 7, in particular, v ® v C .

Proof. Let x be an arbitrary element of G. We have

Aer@) =\ Ay k)

y,2€G yz=x

The inclusions A\, £ C v imply A(y) A k(z) < v(y) A~(2). Since 7 is a fuzzy subgroup,
Y(y) Av(z) < (yz), thus

Cer@ =\ QwArs)<s \ ly2) =)

Y,2€Gyz=x Y,2€G yz=x

Proposition 1. Let G be a group and v be a fuzzy subset of G. Then ~ is a fuzzy
subgroup if and only if the following assertion holds:

(FSG 3) x(x,a), x(y,b) €~ imply x(z,a) @ x(y,b) C~ for all x,y € Supp(y),
(FSG 4) x(x,a) C v implies x(x~',a) Cv for every x € Supp(y).

Proof. Suppose first that v is a fuzzy group on G. Since v includes the functions
x(x,a) and x(y,b) for every elements x,y € Supp(y), using Lemma 2, we obtain that
x(z,a) © x(y,b) € 7.

Let x be an arbitrary element of Supp(y). Since x(z,a) C v, a < v(x). We have
(x(xz7 1, v(2)) (™) = v(x). Since v is a fuzzy group, y(z) < ~v(z1). We note that if
y# 2", then (x(a~ 77( ))(y) =0, so that (x(z™,7(x)))(y) < 7(y) for every y € G-
This means that y(x™!,v(z)) C v. By a < y(z), ( La)CH.

Conversely, suppose that v satisfies the both conditions (FSG3), (FSG4). Let x,y
be the arbitrary elements of G. If, for example, = ¢ Supp(7), then v(x) = 0. It follows
that v(z) A v(y) = 0, and hence y(xzy) > 0 = ~(x) A v(y). Therefore assume that
z,y € Supp(7). Then (FSG3) shows that x(z,v(z)) ® x(y,v(y)) C 7. By Proposition
1 of paper [4]

v(@) A(y) = (x(2,7(x)) © x(y, v()) () < ~y(wy),

thus we obtain ~(z) A v(y ) v(xy), and v satisfies (FSG1).
Let z € G. Since x(z71,v(z)) C v, (x(x7,v(x)))(y) < v(y) for every y € G. In
particular,

(e (@) (@) = y(2) < (™),
so that ~ satisfies (FSG2).

Proposition 2. Let G be a group and v be a fuzzy subgroup on G. Then the center
3(7) is a fuzzy subgroup of ~.
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Proof. Suppose that x(z1,a1), x(22,a2) C 3(7). Then

xX(z1, a1)@x(y,7(v)) = x(y,7(¥))@x (21, a1), x(22, a2)@x(y,7(v)) = x(v, 7(¥))©x (22, az)

for every element y € Supp(y). By proposition 1 of paper [4] x(21,a1) ® x(29,a2) =
X (2122, a1 A az). We have now

X(2122, a1 A az) © X(y,7(y)) = (x(z1, a1) © X(22, a2)) © X(y,V(y)) =
xX(21,a1) © (x(22, a2) © x(y,7(y))) = x(21,a1) © (X(¥,7(¥)) © X (22, a2)) =
(x(21,01) @ x(y,7(¥))) © x(22, a2) = (x(4,7(¥)) © x(21, 1)) © x(22, a2) =
X(:7(¥) © (x(21. a1) @ x(22, a2)) = x(y,7(y)) © X (2122, a1 A az).

Hence (2122, a1 A ag) C 3(7). In other words, x(z1,a1), x(22,a2) C 3(7v) implies that
X(z1,a1) © x(22,a2) C 3(7), so 3(7) satisfies (FSG3).

Suppose now that x(z,a) C 3(7). By Corollary 1 Supp(3(7)) = ((Supp(7)). Since
((Supp(7)) is a subgroup of Supp(7), 27! € ((Supp(7)). It follows that 2~y = yz~1.
Lemma 1 shows that x(z7 ', a) ®x(y,7(y)) = x(v,7(y)) ©®x(271, a), so that x(z7 !, a) C
3(7). Thus 3(v) satisfies (FSG4). Proposition 1 proves that 3(7) is a fuzzy subgroup
on G.

Corollary 4. Let G be a group and v be a fuzzy subgroup on G. Then the center 3(7)
1s a normal fuzzy subgroup of .

Proof. Indeed, 3(7) is a subgroup of v by Proposition 2. An application of Corollary
3 and Proposition 4 of paper [4] yields that 3(7) is a normal fuzzy subgroup of .

In the paper [4] has been constructed an upper central series of a fuzzy group 7.
Further we will need the construction of the second hypercenter, therefore we recall it.

Put 31(y) = 3(). Without loss of generality we may assume that Supp(y) = G.
Then Corollary 1 shows that Supp(3(7)) = ¢(G) = Z;. Consider a factor-group G/Z;
and let ¢: G — G/Z; be a natural epimorphism. We can extend ¢ to the mapping
® from the set F(G) of all fuzzy groups on G to the set F(G/Z;) of all fuzzy groups
on G/Z; (see, for example, [[5], 1.1.11]). Define the function v*: G/Z; — [0, 1] by the
following rule: v*(¢7;) = szC(G) v(gz). In other words, v* = ®(v). Then " is a fuzzy
group on G/Z; (see, for example, [[5], Theorem 1.3.13]). Put 3(v*) = X and define
the function 32(y): G — [0,1] in a following way. Consider a preimage Ay of A, that
is the function \y: G — [0, 1], defined by the rule: Ay (z) = AN(xZ1),x € G. Put now
32(7) = Ay Ny

Theorem 1. Let G be a group and 7 be a fuzzy subgroup on G. Then 33(y) =
C2(Supp(7))[.

Proof. Without loss of generality we can suppose that Supp(y) = G. Let g € G, u €
Supp(32(7)), and consider now a commutator [x(u,32(7)(w)), x(g,7(g))]. By Lemma
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2 of paﬁ@f 4] [x(u, 32(7)(w)), x(9,7(9))] = x([u, g], 52(7)(w) A v(g)). By Lemma 3 of
paper (4
D(x([u, 9], 32(7)(w) Av(9))) = x([u, 9] 71, 32(7) (w) Av(g))-

Using again Lemma 2 of paper [4], we obtain

X[, 9171, 32(7)(w) Ay(g)) = Ix(uZ1, 52(7) (W), x(971,7(9))]-

Since v"(9Z1) = V.cqoy7(92) and e € Zi, then 7*(9Z1) = (g), so
that x(971,7(9)) < x(9Z1,7*(971)). An inclusion ®(32(y)) € A shows that
Ix(uZ1,32(7)(w)), x(971,7(9))] € [N\, 7"]. The choice of X\ together with Corollary 4
of paper [4] shows that [\, 7] < x(eZ1,v*(eZ1)). In particular, x([u, g]Z1, 32(7)(u) A
v(g9)) € x(eZ1,v*(eZy)), which follows that 7y = [u,g]Z1 = [uZ1,97Z1]. In turn, it
follows that v € (5(G), the second hypercenter of G. This inclusion implies that
uZy € ((G/Zy). By Corollary 1 A(uZ1) = v*(uZy). On the other hand, by the definition
v+ we have v (uZ1) = V c¢@)v(uz). Since e € Zi, v (uZ1) > 7(u). An equation
32(7) = Ay N~ shows that

32 (7)) = Ay (u) Ay(u) = MuZy) Ay(u) = 7" (uZy) Ay(u) = y(u).

It follows that 35(7) < (o(Supp(¥))]”.

Conversely, let u € (o(G). Then uZ; € ((G/Z;). Since ¢ = Supp(7y), v(u) # 0.
Corollary 1 shows that a fuzzy point x(uZi,y*(uZy)) lies in the center A of v*. It
follows that A(uZi) = y*(uZi). An equation v*(uZi) = V ¢ 7(uz) shows that
v (yZ1) > ~v(y). We have now

32(7)(w) = Ay N ) (u) = A (u) Ay(u) = MuZy) Ay(u) = v (uZi) Ay(u) = v(w),

which shows that x(u,v(u)) C 32(7), and hence that ((Supp(7))]” < G(7).

zeC

The construction of the second hypercentre is the starting point for a construction of
the upper central series of a fuzzy group ~. Using for this transfinite induction. Without
loss of generality we may assume that Supp(y) = G. We have already constructed the
terms 31(y) = 3(7) and 32(7). Suppose that we have already constructed the terms
35(7) for all ordinals 8 < «. If « is a limit ordinal, then we put 34(v) = Us<ads(7)-
Suppose now that « is a not limit ordinal, that is @ — 1 = 7 exists. Let K = (,(G),
the n™® term of an upper central series of G. Consider a factor-group G//K and let
¢: G — G/K be a natural epimorphism. We can extend ¢ to the mapping ® from
the set F(G) of all fuzzy groups on G to the set F(G/K) of all fuzzy groups on G/ K
(see, for example, [|5], 1.1.11]). Define the function v*: G/ K — [0, 1] by the following
rule: 7 (9K) = V,cx 7(92). In other words, v* = ®(7). Then +* is a fuzzy group on
G/K (see, for example, [|5], Theorem 1.3.13]). Put 3(7*) = X and define the function
3a(7): G —[0,1] in a following way. Consider a preimage Ay of A, that is the function
Ay G —[0,1], defined by the rule: \y(z) = AMaK),x € G. Put now 3,(7) = Ay N 7.

Thus, for every ordinal o we constructed the o term 3,(7) of an upper central
series of . The building of an upper central series of v come to an end on some ordinal
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o. In other words, this means that if L = (,(G) and 7" (gL) = V., 7(g92), then the
center of v* is y(e,v*(e)). Then 3,(7) is called the upper hypercenter of ~ and will
denoted by 3oo(7)-

Repeating almost word for word the arguments from the proof of Theorem 1 we
prove the following result.

Theorem 2. Let G be a group and v be a fuzzy subgroup on G. Let

x(e;v(e)) =50(7) S 51(7) < - < 3(0) 3501 (V) < S 30(Y)
be the upper central series of v. Then 35(v) = (s(Supp())|? for every ordinal f5.

Corollary 5. /4], Theorem 1] Let G be a group, v be a fuzzy subgroup on G. Then ~y
is hypercentral if and only if Supp(7y) is hypercentral.
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