ISSN 9125 0912. Bicuuk /JIainponerpoBcbkoro yHiBepcutery. Cepist: Maremaruka. 2013, pum. 18

YK 517.5

O npubam>KeHnn HelpepbIBHBIX
repuoanYecknx PyHKIUIA
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Jomenkuit manuoHaJbHBI YHUBEPCHTET,
Honenk 83001. E-mail: butkot83@mail.ru

Orpumana Bigmosins Ha nutaHHa B.I. IBaHoBa mpo TOYHUI MOPSAAOK HaOJIMXKEHHS
nosainomamu Creukina ipu s = 3 ta s = 4 (s — He NOPAZOK MOy riankocri). Bukopucro-
BYETHCS METOJ MyJBTUILIIKATOPIB psaaiB Pyp’e ta coenianabHi pisuicui onmeparopu. Buna-
JIOK § = 2 JIOCJIZI>KEHO paHirire.

Kirouosi ciioa: mopyab raankocti, K-dpyHkmionas, cnuaiin, reopema @yp’e-Bromauna,
myabTuiLiikarop ®yp’e , nepersopennuss ®yp’e mipu, reopema Bepainra.

Ilony«en orBetr Ha Bonpoc B.U. IBaHoBa 0 TOYHOM MOPSAKE NPUOIIUKEHUS ITOJINHOMA-
vMu Creukuna npu s =3 u § = 4 (s — 3T0 MOPAZOK Moxydasi raankocru). Mlcnoab3yercs
MEeTOJ MyJbTUIINKATOPOB psamoB Pypbe u crnemuanbHbie pa3sHOCTHBIE onepaTopbl. Cury-
yail s = 2 uccJjieioBaH paHee.

Kirouesnie ciaoBa: momyas raankoctu, K-dpyHknmuonasa, cmniaiii, reopema ®ypne-Bio-
nana, myabruniaukatTop ®@ypwe, npeobpaszosanne Pypne mepsbl, Teopema Bepaunra.

The answer to the V.I. Ivanov’s question about the exact order approximation by
Stechkin’s polynomials where s = 3 and s = 4 is obtained (s — is the order of the modulus
of smoothness). We use the method of Fourier multipliers and special differencing
operators. The case where s = 2 was studied previously.

Key words: modulus of smoothness, K-functional, spline, Fourier-Budan’s theorem,

Fourier multiplier, Fourier transform of measure, Beurling’s theorem.
1. BBenenue

[Mopst ok pub/iuzKeHus HEIPEPBIBHO 27-1Ieproinaeckoil (pyHkimu (Gy1em nucaTh:
f e C(T), T = |[—m 7n|) TPUTOHOMETPUIECKIMHU TIOJMHOMAME MOPSIJIKA 7. TIPU POCTE
. T -
M 9ACTO BBIPAKAIOT Hepe3 MOJLYJIb LIaIKOCTH ws(f; 5)7 KOTOPBIN OIPeJIe/IgeTCs CaeTy-
oM o6pasom (|| - || — nopma B C(T)):

ws(f:h) = sup. IASFCL Asf(z) = f2) — flz +0)

0<6<

B Teopnuu HpH6JIH)KeHHﬁ JacTO HUCIIOJIB3YIOT IIOJIMHOMBI BHIa

) = Tonlfi0) = 5o [ o+ 0Dy
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e

sin(n + 1)t 1 [

SRR~ [ Drndt
o= 5 [ D310

Dy,(t) = —
sin =
2
(r € N, 1ops10K 7,.,, paset rn). YTo0bl HOPSIOK T, ObLI He BBIIIE 7, HY2KHO N 3aMe-
HUTH Ha [ﬂ]
T
Kak gokasamno B |9], upu r > 3

I = Ten (Dl = w2 (£:7)

(JIByCTOpOHHEE HEPABEHCTBO C 1OJIOXKHUTEJIbHBIMU KOHCTAHTAMME, 3aBUCSIUME JIMIIb
or r). Takie ABofiHEIe (HOPAIKOBLIE) HePaBEHCTBA ¢ NPaBOil dacThio Buda w(f; ™) u
wy(f:T) moxazamel B 9] Ay cBePTOK (hyHKIMIL ¢ A1paMu JOBOILHO OOIIETo BIIA.

O1ieHKY TPUGIMKEHUS CBEPXY HA3BBIBAIOT IIPAMBIME T€OPEMaMHU, a TaKHe ¥Ke OIeHKN
CHU3Y, KOTOPBIC NMoABUINCH B paboTax P.M. Tpuryba emie B 60-¢ TOJIbI MPOILIOTO BEKAa,
ceifaac HasbBaroT «strong converse theorems (cm., wamnpumep, |1| u 6ubanorpadnio
TaM XKe).

IIpumep [10, 8.2.5, ¢.362-363]. Ecin npu vernom s ¢q(x) = (1 — |x|*),, a upu
HedeTHOM S (1) = (1 — ||t +d]z)*(1 — |z|)4sign z, TO

IS (B =e(2)

Brech e, = e a fk — k03 punument Pyproe.

Amnasnoruynele JBOHBIE HEPABEHCTBA MOy Y€Hb! U IS CIIEITATBHBIX MOJTY/Iel T1a/1-
KOCTH @y Heres1oro nopsaka s (em. [10, 8.3.1].

C.B. Creuxnn 8| n0cTPOMII HOTMHOMBI ¢ HOPAIKOM MPHOIIZKEeHNs He XyKe w(f; 1)

IIPU JIFOOOM IIEJIOM S > 3 U 1 > S + 2:
1 s s
~ . _ _1\v+1 T ~ . —
Tsrn(fim) = Srorn /;( 1) (l/)f(x +vt)D; (t)dt, Ts,a(l;x) = 1.
77T -

Ha xoudepentuun B Mockse (2010) mpodeccop B.W. VBanos mocraBu 3amady 10-
Ka3aTh CITPaBE/JINBOCTD MOIOOHBIX TTOPSI/IKOBBIX HEPABEHCTB B CIydae TTPUOINKEHIS
HepUOIMIecKnX (DYHKIMH MOIHHOMAME Ts ., (pasigen «Bumeoreka» moprama Math-
Net.Ru, em. takxe [2]).

Harma mesib: HA#TH TOYHBINA IOPSI0K TPUOINKEHUS TePUOINIECKIX (DYHKIIH Ta-
kuMu rioauHOMaMu. OTaudme STUX MOJMHOMOB OT JPYTHX B TOM, 9TO HE TOJILKO
KOHCTAH-ThI SBJISIOTCS HEIOJABIZKHBIMI TOUYKAMI ONEPATOPOB Tg yp-

[TostovkuTeIbIbIe KOHCTAHTHI a0COII0THBIE Oy 1eM 0003HavaTh OYKBOM €, a 3aBUCS-
e suiib ot — y(r) (¢ uHIeKcaMn).
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Teopema 1. Jlisa mo0bvix mamypasoroir S > 2, wemnolx v > S+ 4 u s = s + %(1 +
(=1)*™) cywecmeyem seaununa yo(r) maxas, wmo npu n > S tlulN= [WOT(T)n]

(ueaas wacmov) das aoboli gynrkuyuu f € C(T)

~ ~ 1
”f - Ts,r,N(f)H + ||f - Ts.r,n(f)“ = Wsy (f7 ﬁ)

(IBYCTOpOHHUE HEPABEHCTBA ¢ KOHCTAHTAME, 3aBUCSIIUME JIUIIb OT T).

ITO/IMHOMBI Ty, MOYKHO IPEICTAaBUTD B Buie (¢y(2) =0 mpu |z| > r + 1)

kN - .
7ts,?",n(f) - Z Pn <%)fkek7 Cr = Ck(flf) - 61]61:7 9971(0) - 17

a fk — koapdunmertor Pypoe f.

Panee 1o106mub1i Teopeme 1 pesyabTar nosyder npu GyHKIMA-MHOKUTEIE (0, He
saBucsied ot n |3, Teopema 1.2]. Jlns orneHkn mpub/ImKeHusT CHU3Y OCTABUTH OJTHO
U3 JIBYX CJlaraeMbIX HeJib3sd. B 3TOM cjlydae HYXKHO BBOJUTDH CIeIUaJbHbIH MOJLY/Ib
DA IKOCTH (PA3HOCTHBIN O1IepaTop).

[TostokuM (3T0 yepeHeHHasI TIepBas PA3HOCTh, CBsi3aHHast ¢ TOUKO# ¢ € (—27m,0) U
(0,27)), crenyst [3; 4]:

1
AL fla) = / (AL f(2) = AAZ, f(2)] du,
0
riie
B o 2it+1—€")
A=A(t) = 2it + 3 — 4eit + e2it

(BemecTBennas JacTh 3HaMenarens 2(1 — cost)? > 0), a

1
AL o f(z) = / AL f(a)du.

Pacemorpum corydan (s,7) = (3,5) u (s,r) = (4,6) (cayuait (s,7) = (2,4) ectb B
[4]).

Ecrb Hekas pa3HUIla IPH 9eTHOM U HedeTHOM § (¢M. Tepembl 2 u 3). Kak jokazano
HuKe (CM. JleMMbl 5 1 7), deTHas dbyHKIus o, () paBHa ejauauie npu x > 0 1 11060M
n JIMIIL B OJHON TOYKe T, Korjua (s,7) = (3,5), U B JABYX TOYKaX X1, U Tg,, KOTJa

(s,r) = (4,6).

Teopema 2. Ilpu (s,7) = (3,5) u aobom n € N das 6ot dynxyuu f € C(T)
If = Fasn(Pll =< 1A% AL, AL £

(ﬂBYCTOpOHHI/Ie HepaBeHCTBa C ITIOJIOZKHUTeJIbHBIMU abCOIIOTHEIMHI KOHCT&HT&MI/I).
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Teopema 3. IIpu (s,7) = (4,6) u a0bom n € N dasn aobot gynkyuu f € C(T)

If = Fron(f |A||HAMA£_% Ol

(,ZLBYCTOpOHHI/Ie HepaBeHCTBa C IIOJIO2KUTe/IbHBIMHA abCOIIOTHBIMA KOHCT&HT&MI/I).

Jlnst mokasaTesbCTBa HPHUBEIEHHBIX TEOPEeM HCIOJIb3YyeTcsl, KaK 1 paHee, MeTO,
MYJIbTHILTUKAaTOPOB Pypbe, OCHOBaHHBIN, B ciIydae npocTpaHcTBa C', Ha MpejcTaBie-
HUM HEKOTOPBLIX (DPYHKINN ¢, B BUJIC

gnlz) = / eV djin(y),

e i, — KoHedHast Ha R KoMILIeKCHO3HaIHasT OOpe/IeBCKasi Mepa, P OrPaHUICHHO
0 N TIOJTHOM Bapuarun i, (cum. |7]). B ciaydae Teopembr 3, Hampumep,

1 — ()
gn\T) — )
R P T Py
e
e —1 | 2(it +1 — ")
) =1—-X+(2\—1 - A A= At) = A - (1
V(1) + ) i 2ix *) 2it + 3 — 4eit + e2it ()

U HY2KHO IIPOBEPUTD IIpeJcTaB/JIeHusd g, U gin B YKa3aHHOM BHUJE.

U3 911X TeopeM cireflyeT Takue XKe JIBYCTOPOHHNE HepaBeHCTBa 1 110 HopMe B L, (T),
1 <p< oo (cm. HUKE 3) B temme 2).

2. JlokazarejabCTBO TeopeMbl 1

Kak BuaHO U3 onpe/e1eHIsA TOTHHOMOB Ty p p,

Tsrn § )\knfkek:

[k|<rn

17 |
Ao =1 — 1—e")’Dr()dt, Men = Mton
. Sror / (1—e™) " Dr(t)dt, A, ,

s mokazaresnbeTBa Teopembl 1 mosoxkum 1pu |z < r

onle) = 1= 5 /(1—mt>Dr<>d=

2Ty,

S

1
- (—1 ”“( )/cosz/nxtD;(t)dt.
Tty 4 v)J
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JIemma 1. ITyemv 2 < s < 7 — 4 u r wemnoe. Cywecmeyem nosoHCUMEALHOE YUCAO
Yo = Yo(r) makoe, wmo npu scexn € N u 0 < |z| < v ¢n(x) # 1. Boaee moeo, npu
lz| < o u wemmom s

Y1(r)a® < |1 — pp(2)] < 7alr)e®; (3)
a npu HEYEMTMHOM S
Ya(r)z* T < |1 — pp(a)] < qalr)zt. (4)

HoxkazareabctBo. [lycTh cHadana s — deTHOe.
¥)

xr=

Kax Bugno u3 (2), (1 —¢u(2)) " =0mpu0<v <s—1, a

s—1

zv, (V)
(@) = > Treon(0)
1 — V! () — 1
s! z—0 s z—0 s
s 1 4
— (C)Ee / £ ()t
T J g

[TosToMy, yuuTBIBad eme, 9To # € [%, 1] (em. 9], memma 1),

CORO e Foew el e e (as D
> o 2y dt
s! m(2n 4 1)7—! (sin i) w(2n+ 1)t {rs

0 0

[lIocne 3ameHbl B uHTerpajte u = (n + %)1‘ nojydacM, 4To mpu Bcex n € N

|o(0)] > 75(r).
C apyroit cTOpOHBI, U3 TOH ke (HOPMYJIBL (2) BUIHO, ITO

™

1 /s | sin” (n + l)1E|
(s) S8 s 2
|y ()| < p— E (V)V n /t s L dt,
0

v=1

a 1oCJle IIPHMEHeHNs elle I HepaBeHCTBa sin £ > 1t, (¢ € [0,7])

12
2

r—1,,s /A 1 t
() () < T / sin” (0 +3)t
|g0n (T)| = (2n+ 1)T_176(T) fr—s :
0

[Toce 3amenbr (n + %)t = U ToJIy4JaeM, 4TO IIPU BCeX N

o ()] < e (r).

[ToBTOpSsist 5TO paccyXkjaeHue npu s < r — 3, MoaydaeM

™ ()] < s(r).
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Tenepn
1
l—pu(x)) 1 s=1,,(5) vrlr)
- i ookl <
0
” e vs(7)
1o - (3)0‘:‘— (s+1) ‘< s+1
‘ <p(x)+8!§0n() (8+1)!@n (0z) _(S+1)!|a;|
orcioga mpu |x| < 4o(r) = 128

1 gule)l 2 o)) = 2 g > BE (- 2801y 5 oy

s+1

1 HEPABEHCTBO (3) JTI0Ka3aHO.

[Ipu HeUeTHOM S TPUMEHSIEM Te YKe HepaBeHCTBa ¢ 3aMeHoil s Ha s+ 1 u JobaB/ieHrIeM
ycnoBug s < r — 4.

Jlemma 1 1oKazana.

Kowmitekcnosnadnass — 9uCJI0Basi — [OCJEOBATENBHOCTh  {A\g}>,  sIB/IsieTcst
myabraiuin-Katopom w3 C(T) B C(T), ecom aua moboit dbyskmun [ €  C(T)

pAL

Z Mefeer ~ Af

k€eZ

apigerca pagoMm Pypbe vHekoropoit Gyukiuu Af € C(T) u

1 H],, = Sup ||Af|| < 0.

Taxune onepaTopsl 11epecTaHOBOUYHBI CO C/IBUI'OM U ABJIAIOTCA CBepTKaMU (QYyHKIUN
f ¢ HEKOTOpBIMU MepaM¥ Ha OKPYZKHOCTH.

Anamornano omnpenensiercss mynbruiinkatop n3 Ly(T) B Ly(T), 1 < p < o
({\e} € M) u Bcerma ”{)‘k}HMp < ||{)\k}||M (em., manpumep, |7, . I u VI|).

Jlemma 2. (mpunIiun cpaBHenus, |7, 7.1.11]

1) Hyemow
Af~ D Mefrers A~ Mefren

keZ kez

Ecau uz N\, = 0 caedyem, wmo u Xk =0 (2mo u neobrodumo), mo

1Af| < K|Af]. K = me{ 1.,

, a0
(nudtcnas 2pans ommuocumces K 6vbopy dpobet 6uda g ).
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2) Ecau x momy oice (I — A) — womnaxmmnwi onepamop ¢ C(T), 2de I — edunurnvii
onepamop, mo

IAf] < K]A7l (5)

dan scex f € C(T) mozda u moavko mozda, xozda

{5, < w

3) Us ycaosuti ymeepoicdenus 2) u nepasencmea (5) caedyem makoe sice Hepasencmeo
no nopme 6 Ly(T), 1<p < 0.

inf
0

BanaxoBy anre6py B(R) (0THOCHTETBHO TOTOYETHOIO YMHOMKEHUs) ONPEIEISOT
CJIeIyIONUM 006pa30M:

[e.9]

BE) = {y:9(0) = [ du(t), lglls = var < oo},

—00

rie /¢ — KoHedHad Ha R KoMILTeKcHO3HAUHAsS OOpeTeBCKas Mepa, a var [i — ee MOJTHas
Bapualus. VI3BecTHO, 4TO /T HenpepblBHBIX dyHKImH g (eMm. [7; 10] )

sup ||{(](€k>}”1\[ - ||G’||B
e>0

Ecnm mepa p abcosroTHO HemrpepbiBHA OTHOCUTEILHO Mephl Jlebera, 1. e. dy = hdx,
To noayunm nogaretpy A(R) abeomorHO cxofsimxest uHTerpasios Pypre ¢ HOPMOii

lglls = llglla = llAll:-
Bocmoabsyemest toctarounbiv yeaosueM npunaiiexkaoctu A(R), ykazanasivm Bep-
quaroM. CM., HaIp., 0630PHYIO CTAThIO [5].

JIemma 3. Ecau g : R — C nokanvro abcoaromno nenpepviena na R, g u g € Ly(R),
mo

lglla < c(llgll2 + llg'll2)-

Hepexomle K JOKa3aTeJbCTBY TEOpPEMDI. HyCTB CHa4vaJla S 4YeTHOe. OL[eHK‘d apu-
OJIMKeHus B TeopeMe 1 CBepXYy cJjieJlyeT U3 TeopeMbl CTquI/IH&, HpI/IBeﬂeHHOﬁ B Ha4daJle
CTaTbH.

15 = Ferad (O 15 = O < m0lr) (2 (£ ) +(£:3)):

OCT&HOCB BOCIIOJIB30BaThCd U3BECTHBIM CBOMCTBOM MOLYJIA TVIaJKOCTN
s
ws(fv )‘h) S (1 + )‘) ws(fv h’)

r _n r T r )2
(cwm., mampumep, [10]) mpu n > S tlui=f%c¢€ [—, L+ (L) ]
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HoxkazkeM, 94TO I JII000r0 TPUIOHOMETPUYIECKOr0 IoInHOMa, 1y HOopsiaKa He Boiiie [N

1 s N
—ITVI < ()T = Fara( Tl (6)
B cuity teMMBI 2 HY2KHO JIOKa3aTh, 9TO (OYHKITUS

2o (%) v

on (22) — pu(@)on (22) 1 pa(2)

gn(T) = (Jz] < 70)

JIOIyCcKaeT npojio/kenre Ha R ¢ ycsoBuem sup ||g,|la < oo.
n

B cuty siemmnt 1 ipu |x| < 7 918 DyHKINS OrpaHIYeHa [0 1, KaK U ee TPOU3BOIHA

1 !/
G
gn - i)Q
gn
K senpepbiBHON (QYHKIWHU ¢,, PABHON HYJIHO IpH |a:| > 7 + 1 um ymHe#HON! Ha
(=7 — 1, =] u [y0,70 + 1], npumensem jsemmy 2. Hepasercrso (6) gokasaHo.

XoporIro u3BecTHO, 9To B ciydae dyHKnonaxa Peetre (cm., manpumep, [10], 8.3)
K5 = nf {1f =gl + W91} = wn(F.h).

[Tosromy, ucnonssys eie (6),

1 1 1 1 (s
w,(f.-) S wi(fi) € AK(f ) <@ If = Fen (A + 7N (A} <

< o (M {IIf = Forn (O 175 0 (f = 7L} <
< s {If = Fern (O +11F = 72D

rax waxc eme 730 (7, (£)) = 7050 (70 (). & 177wl < malr).
Taxum ke 06pa3zoM 1oJyUYaeM OLEHKY CHU3Y Wgt1 (f ; %) 1IpA HEYETHOM S C (DYHK-

nuemn

.T}S—H

1 — @u(x)
A 714 10Ka3aTeIbeTBa TaKoil »Ke OleHKH CBEPXY JIOKa3blBaeM CPaBHEHHEM CJIely-
101Iee HePaBEHCTBO (CM. IPUMep BO BBEJICHUH):

||f - Ts,r,n(f)” < 715(71)”*]0 - Tg+1,r,n(f)”'

Qn(x)

B sTom ciydae
gn() = T

u npumenseM (4). Teopema 1 n1okazana.
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3. loka3aTreabCTBO TeOpeMbI 2.

g nokazarenbcTBa TeopeM 2 u 3 OYHKIUIO (o, ONpPEIe/ MM THade.

y

/ (1—e™)°Dr(t)dt.

—T

1

2wy

Men =1 —

Kosdurmenter D], Borauciens B [9] (emma 1):

2rn

T - _Wnt Z Bme t: Brn = Oy p,
mpu 0 < m < 2rn
[2n+1

JZ

anupum > 2rn 3, =0.
Pacemorpum ciyuait (s,r) =
IOJINHOMA T35, PABHBI

r—1

B
m—v(2n+1)+r—1)! (—1)¥
1/' T _ y)l( _ V(QTL + 1))' =T ZO m H(m—l/(?ﬂ—l—l)‘l—l),

(3,5). Muoxureu upu koaddunuenrax Pypbe ﬁ y

1 m ) ‘ ) 1
Mo = / [3¢™ — 3e®™ 4 M DI (t)dt = ——(3Bjk45n — 3Bofki+5n + Bajkl5n)-

’ 27Tﬁfm - 5 5n

[Tonaraem, 4To YeTHast U HenpepbiBHas Ha R dbyukus mpu || < 5

5
on(r) = 52— 350 —3sg7 4 50,
rae qia o = {0,1,2}, j={1,2,3}
g (_1)1, r—1
S = _ -7 — (2 1 7
7= L= bl vtz 1) 40, @

¢n(z) =0, korga |z| > 5+ 2, nomneiinana [—5— 2, —5] u [5,5+1] Ay, = n(lkl).

n

/:[Hﬂ yILO6CTBa, 3alliulIeM 3Ha4YeHud ImapaMeTpOoB (v; Ha MHTEPBaJlaX B BUJIE Ta6IH/HU)I 1.

Tabruuya 1

{0

n+1

)

n—1 3n+42

3n+2 3n+1

|

)

|

3n+1 5n+3

)

7 3n 3n n n ? 3n 3n 7 2n 2n 7 3n
o 2 2 2 1 1 1
9 2 2 1 1 1 0
s 2 1 1 1 0 0
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Ho 222 222) 5y — 0oy =1, ap = 0 ma | %22,3) 8, = S = 0w oy = 1

Ha [3,5) Sy=535=0uaq =0.
Yerras Gynrmus @p,(x) = agsn(pn(x) — 1) mpu x > 0 1 n > 2 umeer crenyommii
BUJI, €CII (035, = Psn = %R‘L—}—%ng—}—%ﬁ—{—%n—l—l
x) = 92*n* mHa mHTCpBaTC [O, n3_41;1)7
= 5 (—297n'z* + 27003 (2n + 1)2® — 45n? (6 n + 6n? — 1)2? + 30n(2n+

(
(

+1)(n*+n—1)z —5n(n —1)(n+2)(n+ 1)) Ha naTepBane [”3—J;1, %),
(

®,(2) = 55 (= 57nt2 +30n3(2n + 1)2* + 15n2(6n + 6n? — 1)2? — 30n(2n + 1)(n®+

+n—1)z+10n(n —1)(n+2)(n+1)) Ha mHTepBaIC [%, "T_1>,

P, (x) = 5 (= 72n*a* + 60n*(2n + 1)2® —5n(n—1)(n+2)(n + 1)) Ha unTepBase

+1)(9n* +9n+ 1)z +5n(n+1)(79n? + 79n + 22)) Ha naTepBasE [%, %),
P, (z) = 57 (21n*a* 4+ 300 (2n + 1)2® — 15n2(11 + 54 n + 54n?)2? + 90 n(2 n+

2n 7 3n
®,(2) = 57 (— 60ntz* + 300n3(2n + 1)z — 240n2(3n + 2)(3n + 1)2? + 120 (2 n+
+1)(13n* + 13n + 2)x — 1445n* — 2890n* — 18551 — 410n — 24) Ha uHTepBae

5n+3 5n+2 ).
3n 7 2n ’

®,(x) = 5 (= 6n*at +30n3(2n + 1)2® — 30n*(1 + 6 + 61%)z® +30n(2n + 1)(n’+

+n —1)x + 24 + 170n + 215n* + 430> + 385 n2) Ha HHTepBaJe [52:2, 3);
®,(z) = 5 (3n'a* — 30n3(2n + 1)2* + 15n2(30n? + 30n + 7)a? — 150 n(2n + 1)(5n’+

+5n 4 1)z + 48 + 610n + 1645n* 4+ 3290 n® + 2255 nQ) 1a uHITepBaJe [3, 5);

)
(

+1)(9n2 +9n+ 1)z —20n(n + 1)(41n? + 41n + 8))) Ha MHTepBaJe [3”“ 5””);
(

L —

O, (r) = —3nx + 15n + 3 — a3 5, Ha UHTEpBAJIE [5, 5+ %)

Jna okazaTebcTBa TeopeM 2 W 3 TOHA100uTcd uH(OpMaIusa 0 HYyJIdX (DYHKITT
D, = as,n(pn — 1). [Ipumernm kiaccuteckyio Teopemy Pypoe-Brogana, KoTopyio 3a-
MUIIeM B BUJIE JIEMMBI.

Jlemma 4. [6, ctp. 38] IHycmo N(z) — wucao nepemen 3Haka 6 nocaedoGamenvo-
emu f(2), f'(x), f/(x), ..., f™(x), 2de f — muozounen emenenu n. Tozda wucio xop-
nett Muozo-waena f (¢ yuwemom ux Kpammocmu), 3axmovenHur meocdy a u b, 2de
fla) # 0, f(b) # 0 ua < b, ne npesocrodum N(a) — N(b), npuuem wucro xopnet
mootcem omauvamocs om N(a) — N(b) auws va wemmoe wucao.

Jlemma 5. B cayuae (s,7) = (3,5) n(0) =1, npuxz >0 @,(z) =1 na (0,5 + %)

0dun pa3 6 mouke x, € [g, 2.85].
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Kpome mozo, npu |x| <5+ %

1= pale)] < catle] -

at|x] — | < |l = (@)

lim z, =1.9792...

n—oo

JlokazaTeabCcTBO. gpn(x) - 9TO YeTHBIN HENPEePBIBHBIN CILTAWH, «CKJICeHHBbIHy u3 18
aJaredpandecKux MOJTUHOMOB YeTBEPTOl CTEITeHH.

Ha unrepaste <07 "S—J:) upu n > 2 dyuknua ,(r) = 9 x'n? e nmeer mysteit. Ipn-

MEHHM JIEeMMY 4, BBIYHUCJ/Idd Ha KOHIIaX KazKJ0I'0 MHTepBaJla OJHOCTOPOHHME 1IPE/IeJIbI.
Mirepsar %2, 4]: @, (550) = 50 > 0; @), (BEL) = 2(8n° + 240 4 247+ 23) > 0;
(%) = (802 + 160 +13) > 0 @ (%52) = 9n¥(8n —T) > 0

o (5] = =594t < 0. @, (L) = 3,(1030 + 20n% + 200 - 80) > 0

o (%) = n(31n® + 1502 + 100 — 20) > 0; & (%) = 30(91p2 4 30n + 10) > 0;

@Z’(%) = —-2Tn*(n—5) <0 (n > 6); oY (%) = —594n* < 0.

Vmrepsas [%, 1— %]: o, (%) — 2(103n® + 201 + 20n — 80) > 0;
§) = 2(31n® + 1502 4 100+ 20) > 0; @} (1) = % (6302 + 900 — 10) > 0;
o %) = —3n*(9n — 5) < 0; oY <%) = —114n* < 0.
(1 %) — n1(43p% 4 2102 — 2260 + 132) > 0 (n > 2);
o (1 - %) = 3n(4p3 | 18n% — 480+ 21) > 0 (n > 2);
( %) — (2402 — 2280 + 149) < 0 (n > 9);

oy (1-1) = =3n3(28n - 43) < 0 (n > 2); @ (1-1) = —114n* < 0.

Mntepsar [1 Ly %] o, (1 - %) = n=1(4303 4 21n? — 226n + 132) > 0 (n > 2);
o (1 . 3n(n—1)2(2n+13) > 0 (n > 2);

o = —6(n—1)n%*2n—17) <0 (n >9);

i’ — —6n(14n — 29) < 0 (n > 3); B (1 - %) — —144n* < 0.

S =

S
—_
|
3=
N SN——

KA

/
—_
|
S

n

d, (1 + %) = 15:(387n* 4 882 1% + 837 n? + 362 n + 32) > 0;
o (1 + %) —lp6n—1)(3n+2)2>0; @ (1 + %) — —2(3n+ 2)n%(2n + 3) < O;
o (14&) = —6n(1n+11) < 0; o7 (1+ 2 ) = —144n* < 0,

—_
—_
[N
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Mirepsan [1+ 2, 35| @, (1+ 2 ) = 7k(387n* + 882n° + 837 n? 43621+ 82) > 0;

@ (1 +2) = 2(216n° + 25202 + 48n — 61) > 0;

n

<1>"(1 + lﬂ) — (4802 + 104n + 63) < 0; <1>;;'(1 + l) — 1 (56p, — 1) < 0;

(I)n(3n+1) %(154177 + 3568 n° + 273402 +1232n + 141) > 0;

2n
@;(32:;1) = —32(27n*+12n2+9n—4) < 0; (I)"(‘mﬂ) = —%2(57”2"‘88”‘*'33) <0;
@;;/(33:1) — 3% (31, — 28) > 0 @24)(3’;—:1) = 261n* > 0.
NurepBad [3’;:1, 52:3}
@, (%551) — 5t (15410t 4 8568 0 + 2734n? + 12820 + 141) > 0;
@, (L) =~ (81n%+36n%+27n+28) < 0; @) (13) = ~2(171n?+264n+59) < 0;
@;;/(3331) (31 4+ 12) > 0; @Y (%) =21n" > 0.
@, (2252) = (188514 4 20100 + 855 0% — 8107 — 648) > 0;
@, (22£2) = —535(860n° + 153002 + 1260n + 207) < 0;
@ (%252) = — 5 (16072 + 600 — 51) < 0

oy (2242) = 2 (100 + 57) > 0; - 0L (%2E2) = 210t > 0,

3n

Vnreprat [5”+3 2] @, () = (188501 4+ 201008 + 8550 — 8100 — 648) > 0;

8673+ 15302+ 1260+ 27) < 0; @"(5"+3) — 52 (8p243n—3) < 0

10n+3) > 0; o (32) = —60n* < 0,

KA
33
/N

ot
w|3
S+

w
N——
I

C)"
w

—~ ~— / —~

<I>n(52f) % 455n* 4 730n° + 64002 4 320n + 96) < 0;
@, (2522) = —32(120° 4 2102 + 120+ 4) < 0 @ (%5E2) = (302 4 30 4 2) > 0

oy (%522) = 150* > 0; @Y (%22) = —60nt < 0.

WuTepsan [% 3]: o, (5g;2> — — L (455n" + 730n® + 640n2 + 320n + 96) < O;

@ (M) — —(60n* + 10502 + 60n + 16) < 0; @//(5n+2> = (150 + 150+ 8) > 0;
q)///(ferQ) — 3n3 > 0: @514) <5n+2> _ _12n4 <0

’ 2n '
®,(3) = —55(91n*+110n* —25n?—80n—24) < 0; ®/,(3) = —2(8n*+30n>+35n+5) < 0;
®”(3) = n2(6n%+15n—5) > 0; ®”(3) = —3n3(2n—>5) < 0(n > 3); B (3) = —12n < 0
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Unrepsar [3,5]: ®,(3) = —5(91n* + 110n* — 2502 — 80n — 24) < 0;
@ﬂgﬁz—ﬂMn+5ﬂ®ﬁ+ﬁﬂn+5)<O; d(3) = 2(24n> + 60n + 35) > 0;
®"(3) = =3 (4n 4+ 5) < 0; ®L)(3) = 3n* > 0.

P, (5) = ——ﬂﬁn+ﬂ%n+&%n+7%fﬂ®<0 Pl (5) = -2 < 0;
®1(5) = B2 5 0, @(5) = —1° 0. BLY(5) =30t > 0.

[Tomyuennsle nanawie npu n > 10 3aneceM B Tab/HILy 2.

Tabaruya 2

() | Phlx) | O (x) | ()

S
KA

f\
S

N—

22
=
=

3n

N EaEs B Es R ER L

e Ba e Ea e ER S ERES EA RS ERE

|
|

] ]+
|

w
|
|

| WO DO W N DO DO DO | = = =] =] ] OO

w

|

|
| 4]+

|

|

5 — —

Hnsg n € [1,9] mafinensl yucjieHHble 3HAYEHUS T, (TPUOJINIKEHHO ).

n 1 2 3 4 5 6 7 8 9
Ty | 2.8408 | 2.4354 | 2.2907 | 2.2159 | 2.1701 | 2.1392 | 2.1169 | 2.1 | 2.0869

Taxum obpazoM, npu n € N, n > 10 na unTepBaic [M 5"”} C [5 13

3n 0 on 3 ?} ynxima
©n(x) — 1 umeer omuH (IPOCTO) HYIb Xy, a ipu 1 € [1;9] 9Ta GYHKIMS UMeeT TOJbKO
pOCTOii Hy/b X, € [2.08,2.85]. Ha npyrux unrepBajiax Hy/eil Her.

DyHKIUA (p,, Ha KayKJIOM U3 IPOMEKYTKOB ABJISIETCA [OJTMHOMOM YeTBEPTON cTere-
HU ¢ OPpaHUYeHHBIME 110 1 Koaddunumentamu, a Touku 0 U x, OTAeIeHbl abCOMOTHOM
KOHCTaHTO#. [109TOMY BBINIOTHSIETCST HEPABEHCTBO

L= pul)] < catla] — 2.
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Jl1st ToKa3aTeILCTBA IPOTUBOIOIOKHOTO HEPABEHCTBA JOCTATOYHO IPOBEPUTD, ITO
npu |z| <5+ % u mekoTopom ¢ > 0

11— pn(2)] > cmin {2, ||z] — @]}

Cuuraem faiee, uto n > 2. OyHKIUA @), MOXKET NMeTh Pa3pPbIBbl TOJIBKO 1 poja
(ckaukn). IIpumensieM HUXKHIOWO OlEHKY B HepaBeHcTBe (3) semMbl 1. [Tosyuaem, aro
1
pn x| <542 [1— g, (x)] = ca’.

5Sn+3 5n+2

Ha orpeske |22, 20+

] (n > 2) MuaIMYM DYHKITHH

on

203 5n

¢l (z) = — (4n*2® =150 (2n+1)2°+8n(3n+2)(3n+1)x—2(2n+1)(13n* +13n+2))

30n+15—v/36n2+36n+33

JOCTUTaeTCd B TOYKe . KpOMe TOrO,

12n
) 5n(86m3 + 153n? + 126n + 27 5n+ 3
;<5n+3+0)_w( n?® + 153n* 4+ 126n + )<07 ;(nJr —|—0)‘20.7674;
3n 5403 5p, 3n
,n(5n +2 O) _ 5n(12n° 4-21n* 4-12n + 4) <0, go,n(5n +2 0)‘ > 0.6824;
2n 8013 5m, 2n
_ 2 _ 2
¢;(30n+ 15 — /36n +36n+33) <0, ¢;(30n+ 15 — v/36n +36n+33)’ > 0.8538.
12n 12n
Tora Ha [5223, 53:2] (n>2)
1
1—pnlz
‘ ‘ o (T +u(x — xy))du| = |g0nLn+u(L—Ln |du>06824
T — T,
0

Curenosarenbuo, npu |v| <5+ &
1 — pn(x)] > mm{cl:r Cg||T| :rn|}

Cayuait n = 1 paccMaTpuBaeTcst OTIEbHO.
JlemMma 5 J0Ka3aHAa.

[Tepexoaum x yuxuum (z,t) (em. (1)).
Jlemma 6. Ilput € [%,41} uzr eR

3

(e, )] < cla] - o — 1], (8)

min{L, lo] - o — 1]} < cli(a, 1) (9)
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HokaszarenscrBo. [lpu t € [1.386,2] sra nemma gokazana B [4|. lokasza-TeaneTBo
OCHOBAHO Ha TOM, YTO IPHU YKasaHHbIX © ¢(x,t) = 0 Toabko npu © = 0w & = t. A
JJIsl TOTO, 9TOOBI OBLIN TOJBKO 9TU JiBa KODHs, KaK JOKa3aHo B [3; 4] , HeoOX0o1uMo 1
JJOCTaTOYIHO, qTO6BI BBITIOJIHAJIOCH HEPABEHCTBO

(OAD = 1)
)

>~

(a(t)~a(1)) £

NI

e — e ",

AN — 1)

riae _ _

N - 2A(E)(A(t) — e ™ + 3A(t) + A(t)
0= D)~ 1 |

BBenem dynkImo

H(t) = ]m[Meit _ e%(a(t%@)]
A()(A(E) — 1)
t(2cost +tsint — 2) . 2sint — t(1 + cost)

2(cost — 1)+ t(2sint — t) - 1 —cost

(A(t)

u jokaxkeM, aro upu t € [0.5,3.5]  H(t) > 0. [lomamoburcs ornenka csepxy |H'(t)].

|H/(t)|<H t(2cost + tsint — 2) ]’ HQsint—t(lJrcost)]’
~ IL2(cost — 1) + t(2sint — t) 1 — cost
~ |(2cost +t* —2)(2tsint — t* cost + 2cost — 2) cos’t + 2cost + 2tsint — 3
B ’ [2(cost — 1) + t(2sint — t)]? ’ ‘ (1 — cost)?

OueBugno, aro ecmn H(ty) > 0 u |[H'(t)| < My mpu t € [t; — 01,11 + 1], rme
0 = TZH(tl), To u nipu t € (t; — 01, t1 + 01) 1O Teopeme Jlarpanxka

Ecmu ipu s > 0 H(t,) > 0, To nosaraeM tg,q = ts + 245, tae Hy = H(ts 4+ 05) > 0 u

max |H'(t)] < M.

tsStSterl

Eciu mpu sTom 6§ < Ai[; u I1(tsy1) > 0, o B ey (10) TI(t) > O ipu t € [tg, tsr1].
N rax naiee.
Ha unrepsase [0.5,1.386] |H'(t)] < M < 0,65; to=0,5, H(ty) > 0,003.

t1 = to + 20 t1 = 0,5+2%%8 = 0,509 u H(t;) > 0,0032

ty = t1+201; ts = 0,509 +2%%52 = 0,52 1 H(t2) > 0,0034 u tax gazee. Jenas

KOHEYHOE YUCJIO IIArOB, Mbl IIPOH/IEM BECh HHTEPBAL.
Ha wnrepsase [2,3,5] |H'(t)| < M < 0,2; to=2, H(to) > 0,1909.
ty = to + 200; t1 =2+ 2% =2095 n H(t;) > 0,2203.
Hanee samummeM wmapbl  suadenumit  (t;, H(t;)): (2.21,0.2585);  (2.33,0.31);

(2.49,0.3831): (2.68,0.4945); (2.93,0.6846): (3.27,1.0685); (3.8,1.8965).
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Jokazxem rerepnb nepasenctso (8). Ipu ¢ € (0,27), yunrsBas (1),

\)

|2Z fo — ™) du) - f(f 1 —e™|du f(stin Sdu  4(1 - cos §)

A(t = —
A®)] 2(1 —cost)2 = 4sin*l 4sin* L 4sin*f T sin

S
DO |+

[Tostomy ipu © € R

(e, )] < L= A+ 20(8) = 1]+ MOl S 4] +2 < 2(1+ sin’ rr)

Ho v(z,t) — nenasg GyHKINSA M0 2 SKCIOHEHIMATHLHOTNO THMA 2 U [0 HEPABEHCTBY
Bepnrmreiina, Hamnpumep,

|y (@, 8)] < 4(1 + %) " (x:)| < 8(1 + %)

[TosTomy 1ipu t € [% 4%]

sup | (z, )| + sup |0 (2, t)] + sup |V (z,t)] < 14(1 + %) = (3

zeR

U, cJeJI0BaTeIbHO, IpH ¢ € [% 4%]

“1/} wtt"/gﬁt—i—u@—t du’<c?,,
T—f r—1

(@, )] = [, 1) = (0, 8)] < sl

Hepagencrso  (8) jiokaszano. JJokazareabeTBo HepaBeHcTBa (9) aHAJIOIMYHO TIPH-
BeJIEHHOMY JToKazaTeabeTBY B 4] (temma 6). Jlemma 6 nokazana.

[Tepexommm K g0KasaTeabcTBY TeopeMbl 2. O4UeBHIHO, 9TO

A oex(x) = ex(z) /01 (1 - eikhu) du,
1
A er(z) = eg(w) /0 [1 — e \(1— eikh“)Q] du, (t #£0).

[Tosromy

1 ) i _

w(a:,())—/ (l—c’z“)du:l—e —,
o i

/im_]_ /21’:}0_1

) =1— A+ -1 -\~

1T 2ix
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_ __ 2(it+1—e')
rie A = At) = gpa-garpen

Aj o f ~ > w(kh,t) frer.

keZ

B cwiy seMMbl 2 Hy>KHO TPOBEPUTH JIJIsT OTIEHKN TPUOJINKENNsT CBEPXY W CHH3Y,
COOTBETCTBEHHO, ITO

k 1
[ {on (G)}],, <o s {7z}l < ==

rae npu r € R

1 — @u(x) 1
gn\T 5 n | OO
&) = Sty = Toap
Hpnte[é,élé]
2|1 — ei)? 8sin?tf 12 .1
1= \t)| = . — > 2 > Zgin? =,
=M = s =g e 2 2evs 21350

Byznem nokasbBath (cM. teMmy 3), 9TO

< 0.
2

sup|lgn = ga(50)2 +sup [lg, 12 < o0, sup |
n n n

1 1 1/
il e | ()
In  gn(o0)ll2 5 l1\g,

Oyukrus P(x,0) =1 — el:—;l umMeeT (mpocToit) Hysb 2 = 0 U TOJIBKO.
Ilpu |z| <5

() = 1 x? 1) (e —z) z(z+a,)

Al P B P T P ey [ P R Pty
- (@) = o 01(0) - n®) - )
gn\T ))2gl,n Z): gGon\T)  gon x).

T et 2. (W(x,0

OueBuiHo, 9TO TP N € N

= [ ha@Pdet [ o <
e <5+7 2|25+

<12 sup |hn(x)|2+/ |hn ()2 dex.
|z[>5+

|lz|<5+1
[IpumennM 3T0 HEpaBEHCTBO K MYHKIUIM h, = ¢, — gn(oo) u h;, YYUTBIBasi, 9TO

sup [|gnll5 < sup|lgn — gn(oc)lla + suplgn(co)| < sup [lgn — gn(o0)[l4 + ca.
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Tak Kak ¢y, (r) — CIUTaliH, «CKJIEeHHDLIH» U3 HOJMHOMOB He BBIIIE 9eTBEPTON CTEleHN
¢ OrpaHU'IeHHBIME 110 1 KoadduimenTamu, To upu |x| < 5 + %

910 ()] + 910 ()] < 05,

K g2, () mpumensiem memmy 6: npu |z <5+ £

1
|92 ()] < cs, <er.
92.n ()
Ho m — neJjiagd QyHKIUA dKCIIOHeHIMa bHoro tumna 2. [lostomy 110 HepaseHcTBY
n
Bepmrmretina,

S 2677

GonlE)| 1 Y
;g,n(x)‘ B ‘(92,”(33))

Cuaenosarenbuo, npu |v| <5+ <

|gn(@)] + |9, (x)] < cs.

Ipu |z] > 5+ 2 gu(x) = m BHaqurT,

[ (lonle) = a0 + ) )i < o
|[>5+ -

Ornenka B TeopeMe TPUOINKEHUSI CBEPXY JI0Ka3aHa.
[Mpumensist temmbl 5 u 3 tipu || < 5+ %, oJIy4aeM

1 0))? — Ty) n) -
= (o] + @) - (0(2,0) \@*(lol =@ d} 2, 2n) || 9@ =) < c10.
gn(T) 22 1— pn(x (x —ap) | (e +x,)
I
1\72 1712
sup (—) +/ (—) dr < cq3.
|z|<5+L ' NI |z[>5+1 | \Gn

Teopema 2 nokasaHa.
4. /Ioka3zaTeJbCTBO TeOpeMbl 3

Pacemorpum caydait (s,7) = (4,6). Muoxkurenu nipu kosdbduimenrax Pypbe fi, y
HOJIMHOMA T4 6,, DABHBI

1
27T/86n

1
B — (4B +6n — 6Byl +6n + 4B3k|+6n — Bajk|+6n)-

)\k,n -

/ [4eikt . 662ikt + 4e3ikt . e4ikt] Dg(t)dt _
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[Monaraem, aro yetHasi u HenpepbiBHasg Ha R yuxiws npu || < 6

6
pulr) = 5 [457" — 6557 + 453 — 7).

rae as o = {0,1,2}, j ={1,2,3,4}, S’?j em. B (7), pn(x) = 0, korua |z| > 6 + %’ "
JIMHEHHA Ha [— 6 — %, —6] " [6,6 + %], Nem = ©Pn (M)

n
Mg yjiob6crBa 3anuineM 3Ha4eHus llapaMeTpoB (v Ha HHTepBaJ/ax B BUJe TaOJuIbl 3.

Tabaruua 3

WNurepBaynl | aq | an | as | ay WurepBasinl a1 | ag | ag | ay
1) fom) 22|22 7| [E+ta-2) 2|1]0]-
2| [m2z) Tof2faf1|s]la-to+d)[1]|1]0]-
3| =) 2l oflerde+t)[1]ofo]-
of Juied) Jefo]a]ufw]pets+d)1]o]-|-
sl i+ =)ol fo|u] [s+i4) J1[-]|-]-
6| |52,5+ %) 210|012 [4,6) 0 -1]-1-

Brak (-) B Tab/mIe 03HATAET, ITO COOTBETCTBYIONAs CyMMa S; paBHa HYIIO.
[Mosb3ysich 31oit HOPMYIIOH, HETPYIHO BhIUCcATh BUI (DYyHKIUT 0, ().

Jlemma 7. B cayuace (s,7) = (4,6) p,(0) =1, npux >0  pu(x) =1 na (0, 6+%) dsa
Pa3a 6 MOYKAT Tjn,J = {1,2}. Hpu smom npun € N x, € [0.5,0.9]; x,, € [2,3.45].
Kpome moezo, npu |x| < 6+ %
11— pu(@)| < ca'|fa] = x| - [J2] = 22,
5174||w| - x17n| . ||$| - x27n| < |1 — pu(z)].

JToKa3aTeIbcTBO JIEMMbI 7 aHAJIOTHYHO MPUBEJIEHHOMY JIOKa3aTebCTBY JIEMMbI 5.
[IpuBeieM TOJIBKO TabJIMILy 3HAKOB MPOU3BOIHBIX (DyHKIMH P, (2) = ayen(pn(x) — 1)
npu n > 18 u tabuiy 4 9HCIeHHBIX 3HAYCHUR X, (7 = 1,2) upn 1 <n < 17.

ry = lim 2y, = 0.6005...; 29 = lim 29, = 2.4164...

n—oo n—oo
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Tabauua 4

3 <

=
=4

S
—~

=

~—
1
3

) ()

=
S

H ]

An+2

+||+E

]

]

Wl wof pof| ro| || O] ro|| bo poledpoled

SN S R (SR S [N S [ <N | RS SRS | ST

S ESESER EX R R bl

]+

[ QO QO QO || QO| W] W Wl Q| W] W| W DN DNl M DN DN —| DD

Yucsienuble TpuOINZKEHHBIE 3HAYEHUS X, IpH 1 € [1,17] (eMm. Tabmuiy 5):

Tabauya 5

n

1

2

3

Tin

0.9

0.75

0.7

0.6749

0.6601

0.6502

0.6431

0.6378

0.6337

X2o.n

3.4466

2.9724

2.7993

2.7039

2.6485

2.6111

2.5840

2.5636

2.5476

IIpodorscernue mabauysr 5

10

11

12

13

14

15

16

17

Lin

0.6304

0.6277

0.6254

0.6235

0.6219

0.6205

0.6192

0.6181

Lon

2.5347

2.5242

2.5154

2.5079

2.5014

2.4958

2.4909

2.4866
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ﬂOKaBaTe.HI)CTBO TeopeMBI 3 aHAJIOTUYIHO IIpuBeJCHHOMY A0Ka3aTe/ILCTBY TEOPEMDI

2, TOJIBKO HY?KHO paccMoTperh 1pn |z| < 6 + % CJIEIYIONTY 10 (PYHKITUIO

10.
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