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ANTIPLANE PROBLEM FOR AN INTERFACE CRACK
IN A PIEZOELECTROMAGNETIC BIMATERIAL

Antiplane problem for piezoelectromagnetic bimaterial with a tunnel crack at the material
interface is considered. The presentations of mechanical, electrical, and magnetic factors via a
sectionally-analytic vector function are constructed. The problems of linear relationship corresponding
to electrically and magnetically conducting conditions on the crack faces are formulated and solved in
an analytical form. The variations of mechanical, electrical and magnetic factors along the crack and it
continuations are presented.
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Introduction. Piezoelectric and piezoelectromagnetic materials are widely used in
modern micro electronics. Generally, piezoelectrics are encountered in a combination
with other materials and the adhesion fracture has a significant influence to the
construction's strength. In some cases the stress-strain state can be characterized as the
anti-plane state. In such cases, the mathematical models of the problems under
consideration are greatly simplified and analytical solutions of the associated problems
can often be obtained. In [1; 2; 5; 6] an antiplane problem for a piezoelectric material was
studied in the cases of moving and curved motionless electro-conductive interface crack
and also for an interface crack in magneto-electro-elastic bimaterial.

In the present paper a practically important case of electro-magneto-conductive
crack is explored. Such model is eligible, when a crack is covered with electrodes or
filled with conductive grounded liquid which has a magnetic field evenly distributing
along the crack.

The constitutive relations for the piezo-electro-magnetic material are

Cij = Cijks€hks — Csijlls —hgjH ¢ ,  D; = ejje&ps + Qb +disH
Bi = hiksgks + disEs + YisHs
where G , €;;— components of stress and strain tensors; D;, B;— the components of the
electric and magnetic inductions; E;, H;— intensities of the electric and magnetic fields,
Cijks — elastic, e, — piezoelectric, h;, — piezomagnetic, d;;— electromagnetic con-

stants, OL;s, Y ;s — electric and magnetic permeability.
The equilibrium equations in the absence of body forces and free charges are:

G,’j,j:O, D,’JZO, Bi,i:()'
The expressions for the deformation, electric and magnetic fields have the form:
ey =12-(ui;+u;;), Ei=—¢,;, Hi=-y,

where u; — the components of the displacement vector, ¢, y — the electric and magnetic
potentials.
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In an antiplane case we have

up=uy =0, uz=uz(x;,x2), O=0(x1,x2), W=y(x,x2).

Then, the constitutive relations take the form

G3; Uz
D =R<-0,; ¢,
B; -V,

Ca4 €15 his
where i=1,2; R=|¢es —oq; —di
his —diin =y

Introducing the vectors

u=[us,0,9]",  t=[c32.D2,B:], (1)
one can write
t=Ru,. ©)

As the functions u#3, ¢ and y are harmonic, then, taking into account (2), the fol-
lowing presentations are valid:

u=®z)+dz), t=B®'(z)+ B®'(z) 3)

where ®(z) = [@1(2),®2(z),®3(z)]T— an arbitrary analytical vector-function of the
complex variable z = x| +ix;, B=IiR.

The solution of the problem for electrically and magnetically conducting
crack. Suppose that there is a crack|x1| <a, x, =0 with free faces in a bonded interface

between two half-spaces (Fig. 1).
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Fig. 1. — A crack between two piezoelectromagnetic materials
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The crack is covered with electrodes or filled with conductive fluid, which is
grounded and the magnetic field has constant distribution along the crack faces. Then, the
boundary conditions on the interface can be written in the form:

ot =c% =0, EN=EP =0, HY=HP =0for |x)|<a @)
<G32>:Oa <D2>:0= <Bz>=0, <831>=0, <E1>=0, <H1>=0for|x1|>a (5)

It is also assumed, that the vector P* = [G%OZ,E H f”} at infinity is given.

Introducing the vectors
! ! T ! ! T
v'=[u3,D2,B,]", P=[03,0,y] (6)

(the derivatives in (6) are implicit in x ), then, on the basis of (3), we have

V'=M®'(z)+ MD'(z) (7)
P=N®'(z)+ N®'(z) (8)
where, the matrixes M and /N have the structure
1 0 0 By By Bs3
M = Bz] B22 323 ) N: 0 1 0
B31 B3, Bs; 0 0 1

and Bj; =iRy;, where Ry are real.
Using now the representations of the form (7), (8) for the upper and lower half-
planes and performing the transformations similar to [5], we obtain

(') =0 (x)-0 () ©)
PO (x1,0)=Sw* (x1)- S0~ (x1) (10)
where a)(z) — an arbitrary vector-function analytic in each half-plane; S = NOE-!,

_ _ -1
E=M®D_M? (N (2)) N O From the last relations it follows that

-1
-1 _ -1
§= [Ma) (VO) ' - (N@) } _ (1)
The upper indexes (1) and (2) are related to the upper and lower half-planes, re-

spectively. Transform further the relation (10) according to the method of the work [3].
Consider the matrix L = [L1 , Ly, L3] and the composition

LPY (x1,0)=LSo»* (x1)- LSo™ (x1) (12)

Denoting ¥ = [Y1 , Yo, Y3] = LS , we introduce the function
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F(z)=Yo(z) (13)
Let assume that LS = -yLS and transpose last equation for convenience. It gives
(vST+8T)LT =0 (14)

This is an eigenvalue problem for finding an eigenvalue y and an eigenvector L7 .
The eigenvalues are the roots of the equation

det(yST+§T):0 (15)

. T /..
Denote them as yi,v2,Y3. Eigenvectors L§ = [le,sz,ng] (] = 1,2,3),
which correspond to the eigenvalues v ;, are found from the system (14).
Denoting

Y;=L;S, (16)
we obtain from (12)
L;PO(x,0)=Y;0" (x1)+vy Y0 (x1)
or, taking into account (13), one gets
L;PO(x1,0)=F;* (x1)+7,F; (x1) (17)
where
Fi(z)=Y,0(z) (18)
Because F*(x)=F~(x)=F(x) forx &(—a,a), we obtain from (17) the fol-
lowing condition at infinity

j(2)

Consider the system (10) in an expanded form

1 o0 o0 o0
. :1+Yj (Ljo%y+ LpEP +LH ) (19)

0(312) (xl, 0) =1is] 1(1)1+ (xl) +S12(0§ (xl) +1is110] (X1 ) — 51207 (xl) + iS]g(i); +is1303

—El(l) (X], 0) = S21(1)1+ (xl) +l'S22(03 (xl) —852101 (xl) +18570) (xl) + Z.Szg(,l); +isy3m3 ¢ (20)
—Hl(l) (X], O) = S31(1)1+ (xl) +ZIS32(05 (X1 ) — 83101 (xl) +1i53,00; (X]) + Z.S33(,0§ +1533003
Here is taken into account that the matrix .§ has the following structure

Is11 S12 813
S =52 sy isy|,

§31 1S3 1833
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where all s4; (k,/=1,2,3) are real. Then for the presentation (10) the system (14) takes

the form

(y=Disy (y+Dsar (y+Ds3i || L

(y+Dsi2 (y=Disaa (y=Dissz [{La =0 1)
(y+Ds1iz (v—Disys  (y—Dissz || L3
and equation (15) is reduced to the relation
isp(y=1  sp@y+D  si3(y+1D)
det(yST+S8T)=|(y+Dsar  (y—Diszy (y—Disas[=0.
(y+Ds31 (y—Disza (v—1is33
1 -1
The last equation gives the following roots y; =1, vy, = 2+1 , Y3 = Z 1 where
- +

d=\/ta/t;, 11 =521532513+ 512523531 — 531522513 — $12521533

1) = 811522833 — 523532811 .

For the eigenvaluey; we get the following eigenvector L = [0,1,m1 3], and for

v2— Ly =[l,ima;,ima3]

9

where m3 =—S21/S31 ) m22:m(s12sz3—s13S32)/D0, m23=m(S22S13—S23512)/Do,

m=(y2+ 1)/(Y2 —1), Do = 522533 — 523532

It should be noted, that for the eigenvalue 7y3 the eigenvector is L3 = [l,im32,im33] ,

where Mmszp = —nlpy, M33 =—My3.
Then the relation (17) takes the form

E® (x1,0) —iin” (x1,0) = F* (1) + F (x1)
31

0(312) (xl,O) — iMQzEl(l) (xl,O) — ingHl(l) (xl,O) = F2+ (x1 ) + Y2F2_ (x1 )
Satisfying the boundary conditions (4), one gets

Fj+(x1)+ijj‘(x1):0, j=1,2.
The conditions at infinity have a form

1
sz—(Ef—Sﬂlej
2 831

F](Z)

1

FQ(Z) Zﬁwzl—(cgoz—iMQzElw—l’mBHloo)
2

(22)

(23)

24)

The solution of the problems (22), (24) is obtained by the method [4] in the form
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—Dig 1aq\®
Fj(2)=Fj(2)] s 322 ’_;‘j (E_Z] (25)

ll'l'YJ

where € ; = (7=1,2).

The stress, electric and magnetic fields on the interface can be easily found from
the system

B (1.0)- 22 () (1, 0) = B o5
531 2 \/xlz—az

o4y (xl,o)_im22E1(1) (xl,O)—ingHl(l) (x1,0)=

. . . i€y
o5 +impEP +imysHYP x; —2igsa (xl +a]
- b

I+ys \/xlz—a2 xX1—a

and to avoid cumbersomeness they are not written out here.
Define further the displacement jump. It follows from (18)

3
Fjr (.x1)—Fj_ (x1): zyjk {(DZ (X1)—(D]; (xl)} (]:13233): (26)
k=1
where
Y=LS (27)

0 1 mis
and L=|1 imyy imys3|.
1 imsp ims3
The analysis of (27) shows that for the considered class of material Y11 =0, ¥
are real and Yy, Y are pure imaginary. Therefore, introducing the following designa-
tions ny, =—iYy, nji=—i¥;,n; =Y (j,k=2,3) and taking into account (9) the
Eq. (26) for j =1,2 can be written in the form

ini <D2 (x1,0)>+in13 (Ba(x1,0)) = Fy* (x1) = Fr (x1) (28)

iny <u3'(x1,0)>+ nn) <Dz (X1,0)> +n323 <BQ(X1,0)> = F2+ (x1 ) - Fy (xl) (29)
Then from (29) we obtain

inyi <u3'(x1,0)>+ nap <D2 (X1,0)> + N33 <Bz(x1,0)> =

. £3)

+1 . . x1—2igra(a+x

=27 (0‘3"2 +imypE " —zngHl‘”) 1 2 1 .
Y2 \/az—xlz a—x
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Integrating and selecting the imaginary part, we obtain an expression for the dis-
placement jump

1 i€y
<u3 (X1,0)> = 12}:1 -Im {(0?2 +imypEP —ingle)-(Z tii] a? —xlz} . (30)

The jump in the components of the electric and magnetic induction vectors on the
base of (28), (29) can be found from the system

2X1

l’l12<D2 (x1,0)>+n13<32 (X1,0)> :ﬁG?z,
a*—xi

Y2 +1

Noo <D2 (x1,0)>+n23 <Bz (xl,0)> Zm

where

[Acos®; +x; Bsino,],

a—+ X
Wy =€ 11’1( ] , A:Ggoz +2g7a (m22E1°°+m23H1°°),
a—Xi

B= 030228261 —(n’IzzElw —I’Yl23H1°O).

Finally we obtain

<D2 (X1,0)>:i 2;621—1;%212_”13<Bz (X1,0)> ,

. nyo 2X10w
[Acoscoz +Bsinw, |-—=—-32_
n \Ja?—xt

’Y2+1

n2
<Bz (X1,0)> = > >
na3ni2 —N13n22 yz\/a — X

Numerical realization. The numerical realization was carried out for
G5 = 1-10° Pa, H = 3-10° A/m, [ =0,02m. The results of the calculations for
Er =310V /m (curvel), E”=4-10V/m (curve 2), E”=6-10V/m
(curve 3), E;” =8-10°V /m (curve 4) are shown in Fig. 2 — 5. The materials with the

following characteristics were chosen

() =43,7-10°Pa, e1(15)=17%, a§11>=15,1-10-9—VC :
m -m

C44 =

a0 =0, hl(ls):165%, y§11>=180,5-10-6NC'§2,

c3 =42,47-10°Pa, e :—0,48%, al?=0,0757-107° %
d® =0, hfg):385%,Yﬁ):414,5-10‘6NC'—‘;2.
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In particular, the displacement jump <u 3 (x1 , 0)> is shown in Fig. 2. Variations of the

electric field intensity value £, are shown in Fig. 3. Variations of the magnetic field in-
tensity value H, are shown in Fig. 4.

X, m

-5 y .
(2,(x,,0))-10°,m

Fig. 2. — The displacement jump <u3 (x 1, 0)> for different values of £|°

EA0%V/m

4950
3950
2950
1950

950

-50 X.m

0.01 0.012 0.014 0.016 0.018 0.02

Fig. 3. — The electric field intensity value £ for different values of £°
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Fig. 4. — The magnetic field intensity H, for different values of £°
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Variations of the stress value Gglz) on the continuation of the crack are shown in Fig. 5.

a-107, Pa

X.m
_‘wdli 12 0.014 0.016 0.018 0.02
-1300
-2200
3100
-4000

Fig. 5. — The stress value Gglz) for different values of £|°

It is seen from the results that the magnitude of the electric field intensity
applied at infinity significantly affects the voltage, the magnetic field intensity and
also the electric field intensity (Fig. 3 — 5). The change in the sign of the dis-
placement jump which is not very clearly manifested in Fig. 2 is connected with
the phenomenon of oscillations.

Conclusion. Antiplane problem for piezoelectromagnetic bimaterial with a
tunnel crack at the material interface has been considered. The presentations (9),
(10) were formulated for mechanical, electrical, and magnetic factors via a
sectionally-analytic vector function. The variations of mechanical, electrical and
magnetic factors along the crack and it continuations are presented. The displacement
Jjump, the electric and magnetic fields intensity and the stress are calculated along
the corresponding parts of the material interface and presented in a graphical form.
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YIK 539.3

AHTHUILIIOCKA 3AJTAYA JJISI MIDK®A3HOI TPIIIMHA
B IPE€30EJIEKTPOMATHITHOMY BIMATEPIAJIL

O. JI. Ononpienko', ¥O. M. Jlanycra®, 1-p di3.-Mat. Hayk,
B. B. JIoGoxa', 1-p ¢is.-Mar. Hayk.

! Muinponemposcoxuii nayionansruii ynisepcumem imeni Onecs I'onvapa,
Ininpo, Ykpaina
?Vuisepcumem SIGMA Kaepmon,
Dpanyis

Po3riisiHyT0 aHTHIUIOCKY 3aJa4dy /IS NbE30eJIEKTPOMATrHiTHOro OiMarepiajly 3 TYHEJIbHOIO
TpimyHOI0 B 00JacTi po3ainy martepiajiis. [lo0ynoBaHo npeacraBjieHHSI MeXaHIYHMX, €JIeKTPHYHHX i
MATHITHUX ()aKTOpiB 4epe3 OAHY KyCOKOBO-aHAJNITHYHY BeKTop-pyHkniro. CdopmynaboBani i
poB’si3aHi 3amadi JiHIHHOIO CNpsiKeHHs] B aHAMITHYHIA (opmi, 0 BiANMOBIAAIOTHL €JIEKTPHYHO- Ta
MATHITHONPOBiTHAM yMOBaM Ha Oeperax Tpimunu. [Ipeacrasieni Bapianii MexaHiqYHNX, eJIeKTPHIHAX
Ta MATHITHUX GAKTOPIB Y310B:K TPIIUMHA Ta il MPOXOBKEHHS.

KurouoBi c1oBa: 1’ e3oeeKTpoMarniTHui MaTepian, MixkdasHa TpilnHa, AHTHILIOCKA 321244,
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AHTHUILTIOCKAS 3ATAYA JJISI MEXK®A3HOM TPEIIVHBI
B ITBE30O2JIEKTPOMAT'HUTHOM BUMATEPHUAJIE

O. JI. Ononpuenko', ¥O. H. Jlanycra® , 1-p (u3.-Mar. HayK,
B. B. JloGoxa', 1-p dus.-mar. Hayk

! Tuenponemposcruii nayuonansnwii ynusepcumem umenu Onecs I'onuapa,
Inenp, Yxpauna,
Vuusepcumem SIGMA Kaepmon,
DPpanyus

PaccmoTpena anTHIIOCKAs 32242 JJIS NTbE303JIEKTPOMATHATHOI0 OMMAaTepHaJia ¢ TYHHeJIbHOM
TpemmHoOi B o0nacTu pasgena MarepuajoB. IlocTpoeHbl INpeAcCTaB/IeHHT MeXaHUYECKHX,
3JIeKTPUYECKUX M MArHUTHBIX (paKTOpPOB 4epe3 OAHY KYCOYHO-AHAJUTHYECKYI0 BEeKTOP-QyHKUHIO.
CdopmympoBaHbl M pelleHbl 32a4M JIMHEHOr0 CONpsIKeHHsl B aHAJUTHYeCcKOil ¢opme, KOoTOpBIE
COOTBETCTBYIOT JIEKTPO H MATHMTONPOBOASIIIMM YCJOBHSIM Ha Oeperax TpemmHbl. IlpeacraBieHbl
BapHAallMM MeXaHWYeCKHX, JJIEKTPHYECKHX W MATHHTHBIX ()AKTOPOB BIOIb TpPeIIMHbBI H ee
TIPOAOJIZKEH NS,

KiioueBble €/10Ba: Mbe303JIEKTPOMATHHUTHBINA MaTepuas, Mex(a3Hasi TpellHA, AHTHIIOCKAsI
3ajaua.
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