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ANTIPLANE PROBLEM FOR AN INTERFACE CRACK  
IN A PIEZOELECTROMAGNETIC BIMATERIAL 

Аntiplane problem for piezoelectromagnetic bimaterial with a tunnel crack at the material 
interface is considered. The presentations of mechanical, electrical, and magnetic factors via a 
sectionally-analytic vector function are constructed. The problems of linear relationship corresponding 
to electrically and magnetically conducting conditions on the crack faces are formulated and solved in 
an analytical form. The variations of mechanical, electrical and magnetic factors along the crack and it 
continuations are presented. 

Key words: piezoelectromagnetic material, interface crack, antiplane problem. 

Introduction. Piezoelectric and piezoelectromagnetic materials are widely used in 
modern micro electronics. Generally, piezoelectrics are encountered in a combination 
with other materials and the adhesion fracture has a significant influence to the 
construction's strength. In some cases the stress-strain state can be characterized as the 
anti-plane state. In such cases, the mathematical models of the problems under 
consideration are greatly simplified and analytical solutions of the associated problems 
can often be obtained. In [1; 2; 5; 6] an antiplane problem for a piezoelectric material was 
studied in the cases of moving and curved motionless electro-conductive interface crack 
and also for an interface crack in magneto-electro-elastic bimaterial. 

In the present paper a practically important case of electro-magneto-conductive 
crack is explored. Such model is eligible, when a crack is covered with electrodes or 
filled with conductive grounded liquid which has a magnetic field evenly distributing 
along the crack. 

The constitutive relations for the piezo-electro-magnetic material are  

ij ijks ks sij s sij sc e E h H     ,    i iks ks is s is sD e E d H     , 

i iks ks is s is sB h d E H      

where ,ij ij  – components of stress and strain tensors; iD , iB – the components of the 
electric and magnetic inductions; iE , iH – intensities of the electric and magnetic fields,  

ijksc – elastic,  ikse – piezoelectric, iksh  – piezomagnetic, isd – electromagnetic con-
stants, is , is – electric and magnetic permeability. 

The equilibrium equations in the absence of body forces and free charges are: 
 , 0ij j  ,    , 0i iD  ,    0i,iB .  

The expressions for the deformation, electric and magnetic fields have the form: 

  , ,1 2ij i j j iu u    ,    ,i iE   ,    ,i iH     

where iu  – the components of the displacement vector,  ,   – the electric and magnetic 
potentials. 

                                                
1 О. Д. Онопрієнко, Ю. М. Лапуста, В. В. Лобода, 2017 
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In an antiplane case we have  

1 2 0u u  ,    3 3 1 2( , )u u x x ,    1 2( , )x x   ,    1 2( , )x x   . 

Then, the constitutive relations take the form 

3 3,

,

,

R
i i

i i

i i

u
D
B

   
       
      

, 

where 1, 2i  ; 
44 15 15

15 11 11

15 11 11

c e h
e d
h d


 
   

   

R . 

Introducing the vectors 

   3, , Tu  u ,           32 2 2, , TD B t , (1) 

one can write 

  ,2t Ru . (2) 

As the functions 3u ,   and   are harmonic, then, taking into account (2), the fol-
lowing presentations are valid: 

  (z) (z) Ф Фu ,          ' '(z) (z) Ф Фt B B  (3) 

where  1 2 3Ф Ф Ф T(z) (z), (z), (z)Ф – an arbitrary analytical vector-function of the 

complex variable 1 2z x ix  , iB R . 
The solution of the problem for electrically and magnetically conducting 

crack. Suppose that there is a crack 1x a , 2 0x   with free faces in a bonded interface 
between two half-spaces (Fig. 1). 

 
Fig. 1. – A crack between two piezoelectromagnetic materials 
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The crack is covered with electrodes or filled with conductive fluid, which is 
grounded and the magnetic field has constant distribution along the crack faces. Then, the 
boundary conditions on the interface can be written in the form: 

    1 2
23 23 0    ,       1 2

1 1 0E E  ,       1 2
1 1 0H H  for  1x a   (4) 

  32 0  ,  2 0D  ,  2 0B  ,  31 0  ,  1 0E  ,  1 0H  for 1x a  (5) 

It is also assumed, that the vector 32 1 1, ,E H      P  at infinity is given. 
Introducing the vectors 

  3 2 2, T' = u ',D B ,       32 , , T' '   P  (6) 

(the derivatives in (6) are implicit in 1x ), then, on the basis of (3), we have            

     ' ' z ' z Ф ФM M  (7) 

     ' z ' z Ф ФP N N   (8) 

where, the matrixes M  and N  have the structure 

21 22 23

31 32 33

1 0 0
B B B
B B B

 
   
  

M ,       
11 22 33

0 1 0
0 0 1

B B B 
   
  

N  

and kl klB iR , where klR are real. 
Using now the representations of the form (7), (8) for the upper and lower half-

planes and performing the transformations similar to [5], we obtain 

      1 1 1' x x x      (9) 

      (1)
1 1 1, 0x x x  P S S   (10) 

where  z  – an arbitrary vector-function analytic in each half-plane; (1) 1S N E ,  

  1(1) (2) (2) (1)
 E M M N N . From the last relations it follows that 

 
   

11 1(1) (1) (2) (2) .
     

S M N M N
 

(11) 

The upper indexes (1) аnd (2) are related to the upper and lower half-planes, re-
spectively. Transform further the relation (10) according to the method of the work [3]. 
Consider the matrix  1 2 3, ,L L LL  and the composition 

      (1)
1 1 1, 0x x x  LP LS LS    (12) 

Denoting  1 2 3, ,Y Y Y Y = LS , we introduce the function 
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    F z zY  (13) 

Let assume that -LS = LS  and transpose last equation for convenience. It gives 

    0T T T  S S L
 

(14) 

This is an eigenvalue problem for finding an eigenvalue   and an eigenvector TL . 
The eigenvalues are the roots of the equation 

  det 0T T  S S
  

(15) 

Denote them as 1 2 3, ,   . Eigenvectors 1 2 3, , TT
j j jj L L L   L  1, 2,3j  , 

which correspond to the eigenvalues j , are found from the system (14). 
Denoting 

 j jY L S , (16) 

we obtain from (12)  

     (1)
1 1 1, 0j j j jx x x  L P Y + Y   

or, taking into account (13), one gets 

       (1)
1 1 1, 0j j j jx F x F x  L P +   (17) 

where 

    ωj jF z zY  (18) 

Because      F x F x F x    for  ,x a a  , we obtain from (17) the fol-
lowing condition at infinity 

  
   1 2 332 1 1

1
1j j j jz j

F z L L E L H  


   
    

(19) 

Consider the system (10) in an expanded form    

         
         
         

(1)
1 11 1 12 1 11 1 1 12 2 1 13 13 332 1 2 3

(1)
1 21 1 22 1 21 1 1 22 2 1 23 23 31 1 2 3

(1)
1 31 1 32 1 31 1 1 32 2 1 33 33 31 1 2 3

,0

,0

,0

x is x s x is x s x is is

E x s x is x s x is x is is

H x s x is x s x is x is is

     

     

     

            
             


               

(20) 

Here is taken into account that the matrix S  has the following structure 

11 12 13

21 22 23

31 32 33

is s s
s is is
s is is

 
   
  

S , 
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where all kls  ( , 1, 2,3k l  ) are real. Then for the presentation (10) the system (14) takes 
the form 

 

11 21 31 1

12 22 32 2

13 23 33 3

( 1) is ( 1) ( 1)
( 1) ( 1) ( 1) 0
( 1) ( 1) ( 1)

s s L
s is is L
s is is L

        
                        

(21) 

and equation (15) is reduced to the relation 

 
11 12 13

21 22 23

31 32 33

( 1) ( 1) ( 1)
det ( 1) ( 1) ( 1) 0

( 1) ( 1) ( 1)

T T

is s s
S S s is is

s is is

     
         

     
. 

The last equation gives the following roots 1 1  , 2
1
1

 
 

 
, 3

1
1

 
 

 
, where 

2 1/t t  ,    1 21 32 13 12 23 31 31 22 13 12 21 33t s s s s s s s s s s s s    , 

2 11 22 33 23 32 11t s s s s s s  . 

For the eigenvalue 1  we get the following eigenvector  1 13L 0,1, m , and for 

2 –  2 22 23L 1, ,im im , 
where 13 21 31m s s  ,  22 12 23 13 32 0m m s s s s D  ,  23 22 13 23 12 0m m s s s s D  , 

   2 21 1m      , 0 22 33 23 32.D s s s s   

It should be noted, that for the eigenvalue 3  the eigenvector is  3 32 33L 1, ,im im , 

where 32 22m m  , 33 23m m  .  
Then the relation (17) takes the form 

       

         

21(1) (1)
1 1 1 1 11 1 1

31
(1) (1) (1)

1 22 1 23 1 1 2 2 132 1 1 2

, 0 , 0

,0 ,0 ,0

sE x H x F x F x
s

x im E x im H x F x F x

 

 

   

       
Satisfying the boundary conditions (4), one gets 

     1 1 0, 1, 2.j j jF x F x j      
 (22) 

The conditions at infinity have a form  

  

21
1 1 1

31

1( )
2z

sF z E H
s

 


   
   

(23) 

  
 2 22 2332 1 1

2

1( )
1zF z im E im H  

   
   

(24) 

The solution of the problems (22), (24) is obtained by the method [4] in the form 
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   
2 2

2
( )

ji
j

j j z
z i a z aF z F z

z az a




       

 (25) 

where 
ln
2

j
j


 

  
( j=1,2). 

The stress, electric and magnetic fields on the interface can be easily found from 
the system 

   

     
2

21 21 31 1(1) (1) 1 1
1 11 1 2 231 1

(1) (1) (1)
1 22 1 23 132 1 1

22 23 1 2 132 1 1
2 22 11

, 0 , 0 ,
2

,0 , 0 , 0

2 ,
1

i

s E H s s xE x H x
s x a

x im E x im H x

im E im H x i a x a
x ax a

 

  

 
 



   


             

 

and to avoid cumbersomeness they are not written out here. 
Define further the displacement jump. It follows from (18) 

          
3

1 1 1 1
1

j jk kj k
k

F x F x Y x x   


     1, 2,3j  , (26) 

where  

  SLY  (27) 

and 
13

22 23

32 33

0 1
1
1

m
im im
im im

 
   
  

L . 

The analysis of (27) shows that for the considered class of material 11 0Y  , jkY  
are real and 1 1,k jY Y  are pure imaginary. Therefore, introducing the following designa-
tions 1 1k kn iY  , 1 1j jn iY  , jk jkn Y  ( , 2, 3j k  ) and taking into account (9) the 
Eq. (26) for 1, 2j   can be written in the form 

       12 2 1 13 2 1 1 1 11,0 ( , 0)i n D x i n B x F x F x     (28) 

         21 3 1 22 2 1 23 2 1 1 2 12,0 ,0 ( ,0)in u ' x n D x n B x F x F x      (29) 

Then from (29) we obtain 

   

 
2

21 3 1 22 2 1 23 2 1

2 1 2 1
22 2332 1 1 2 22 11

,0 , 0 ( , 0)

1 2 .
i

in u ' x n D x n B x

x i a a xim E im H
a xa x


  

  

              
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Integrating and selecting the imaginary part, we obtain an expression for the dis-
placement jump 

   
2

2 1 2 2
3 1 22 2332 1 1 1

2 11 1

1,0 Im
ia xu x im E im H a x

n a x


  

                 
.

  

(30) 

The jump in the components of the electric and magnetic induction vectors on the 
base of (28), (29) can be found from the system 

   

     

1
12 2 1 13 2 1 322 2

1

2
22 2 1 23 2 1 2 1 2

2 2
2 1

2, 0 ,0 ,

1,0 ,0 A cos sin ,

xn D x n B x
a x

n D x n B x x B
a x

    
       
  

 

where 

1
2 2

1
ln a x

a x
      

,        2 22 2332 1 12A a m E m H       ,    

 2 22 2332 1 12B a m E m H       . 

Finally we obtain 

   1 32
2 1 13 2 12 212 1

1 2,0 ,0xD x n B x
n a x

   
  

, 

   12 2 22 1 32
2 1 2 22 2 2 223 12 13 22 122 1 1

1 2,0 cos sinn n xB x A B
n n n n na x a x

   
     
     

. 

Numerical realization. The numerical realization was carried out for 
5

32 1 10 Pa,    5
1 3 10 A/ m, 0, 02H l m    . The results of the calculations for 

5
1 3 10 /E V m    (curve 1), 5

1 4 10 /E V m    (curve 2), 5
1 6 10 /E V m    

(curve 3), 5
1 8 10 /E V m    (curve 4) are shown in Fig. 2 – 5. The materials with the 

following characteristics were chosen 

(1) 9
44 43,7 10с Pa  ,   (1)

15 217 Ce
m

 ,   (1) 9
11 15,1 10 C

V m
  


,  

(1)
11 0d  ,   (1)

15 165 Nh
а m

 ,   
2

(1) 6
11 2180,5 10 N s

C
 

   , 

(2) 9
44 42, 47 10с Pa  , (2)

15 20, 48 Ce
m

  ,   (2) 9
11 0, 0757 10 C

V m
  


, 

(2)
11 0d  ,    (2)

15 385 Nh
а m

 , 
2

(2) 6
11 2414,5 10 N s

C
 

   .  
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In particular, the displacement jump  3 1,0u x  is shown in Fig. 2. Variations of the 
electric field intensity value E1 are shown in Fig. 3. Variations of the magnetic field in-
tensity value H1 are shown in Fig. 4. 

 
Fig. 2. – The displacement jump  3 1,0u x  for different values of 1E   

 
Fig. 3. – The electric field intensity value 1E  for different values of 1E   

 
Fig. 4. – The magnetic field intensity H1 for different values of 1E   
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Variations of the stress value (1)
32  on the continuation of the crack are shown in Fig. 5.  

 
Fig. 5. – The stress value (1)

32  for different values of 1E   

It is seen from the results that the magnitude of the electric field intensity 
applied at infinity significantly affects the voltage, the magnetic field intensity and 
also the electric field intensity (Fig. 3 – 5). The change in the sign of the dis-
placement jump which is not very clearly manifested in Fig. 2 is connected with 
the phenomenon of oscillations. 

Conclusion. Аntiplane problem for piezoelectromagnetic bimaterial with a 
tunnel crack at the material interface has been considered. The presentations (9), 
(10) were formulated for mechanical, electrical, and magnetic factors via a 
sectionally-analytic vector function. The variations of mechanical, electrical and 
magnetic factors along the crack and it continuations are presented. The displacement 
jump, the electric and magnetic fields intensity and the stress are calculated along 
the corresponding parts of the material interface and presented in a graphical form. 
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Розглянуто антиплоску задачу для пьєзоелектромагнітного біматеріалу з тунельною 
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