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tn íàéòè ðåøåíèå òåëåãðà�íîãî óðàâíåíèÿ

∂2 u(x, t)

∂x2
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· ∂

2 u(x, t)

∂t2
+D

∂u(x, t)

∂t
+B

∂u(x, t)

∂x
+ Cu(x, t) = 0, (2.1)óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, tn) = 0; ut(x, tn) = 0, 0 < x− xn < l (2.2)© Â. À. Îñòàïåíêî, 2009
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u(xn, t) = µ(t− tn); u(xn + l, t) = 0, t > tn. (2.3)3. �åøåíèå çàäà÷èÄëÿ ðåøåíèÿ ýòîé çàäà÷è, ïðåæäå âñåãî, ñòðîèòñÿ ïðîäîëæåíèå �óíêöèè

µ(t) íà âñþ îñü t:
M (t− tn) =

{
µ (t− tn) , t > tn;

0, t < tn.
(3.1)Êðàåâîå óñëîâèå (2.3) òàêæå ïðîäîëæàåòñÿ íà âñþ îñü t:

u (xn, t) = M (t− tn) . (3.2)Íà íà÷àëüíîì ýòàïå ðåøåíèå çàäà÷è îòûñêèâàåòñÿ â âèäå �óíêöèè
u0(x, t) = M0(t− tn − x− xn

a
)e

(Da−B)(x−xn)
2 +

+ ae
−B(x−xn)

2

∫ t−tn−
x−xn

a

0
[
B

2
J0(z) + c1

x− xn

z
J1(z)]e

Da2 (t−tn−η)
2 M0(η) dη (3.3)ñ íåèçâåñòíîé �óíêöèåéM0(t). Çäåñü J0(z), J1(z) - �óíêöèè Áåññåëÿ íóëåâîãîè ïåðâîãî ïîðÿäêà,

z =
√
c1[(x− xn)2 − a2 (t− tn− η)2]; (3.4)
c1 = C +

D2 a2

4
− B2

4
. (3.5)Ôóíêöèÿ (3.3) óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó óðàâíåíèþ (1) ïðè ïðî-èçâîëüíîé �óíêöèè M0(t).Ïîäñòàâèâ �óíêöèþ (3.3) â êðàåâîå óñëîâèå (3.2), ïîëó÷èì:

u0(xn, t) = M0(t− tn)+a

∫ t−tn

0

B

2
J0(z)e

Da2(t−tn−η)
2 M0(η) dη = M(t− tn). (3.6)Çäåñü íóæíî èñïîëüçîâàòü çíà÷åíèå z, ïîëó÷àåìîå èç (3.4) ïðè x = xn, òîåñòü

z = a(t− tn − η)
√−c1 (3.7)Âûïîëíèâ â ðàâåíñòâå (3.6) ïðåîáðàçîâàíèå

τ = t− tn , (3.8)ïðèâåäåì åãî ê âèäó
M0(τ) + a

∫ τ

0

B

2
J0(a(τ − η)

√−c1)e
Da2(τ−η)

2 M0(η) dη = M(τ). (3.9)



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 151Òàêèì îáðàçîì, îêàçûâàåòñÿ, ÷òî åñëè �óíêöèÿ M0(τ) ÿâëÿåòñÿ ðåøåíè-åì èíòåãðàëüíîãî óðàâíåíèÿ (3.9), òî �óíêöèÿ (6) óäîâëåòâîðÿåò êðàåâîìóóñëîâèþ (2.3). Ïðè ýòîì èç (3.1) è (3.9) ñëåäóåò, ÷òî �óíêöèÿM0(τ) îáëàäàåòñëåäóþùèì ñâîéñòâîì:
M0(τ) = 0 , τ < 0, (3.10)Òîãäà èç (3.3) ñðàçó ñëåäóåò, ÷òî u(x, tn) = 0, òàê êàê â ñèëó óñëîâèÿ

x−xn > 0 àðãóìåíò �óíêöèèM0(τ), à òàêæå âåðõíèé ïðåäåë èíòåãðèðîâàíèÿâ �îðìóëå (3.11) ñòàíîâÿòñÿ îòðèöàòåëüíûìè ïðè t = tn. Ýòî çíà÷èò, ÷òî�óíêöèÿ (3.3) óäîâëåòâîðÿåò ïåðâîìó íà÷àëüíîìó óñëîâèþ (2.2). Âû÷èñëèìïðîèçâîäíóþ �óíêöèè (3.3) ïî t. Ïîëó÷èì:
∂u0(x, t)
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e

Da2 (t−tn−η)
2 M0(η) dη. (3.11)Ïðè âû÷èñëåíèè �óíêöèè (3.11) ó÷òåíî, ÷òî

∂z

∂t
= −c1a

2(t− tn − η)

z
;

∂J0(z)

∂z
=
c1a

2(t− tn − η)

z
J1(z) ;

∂

∂t

(
J1(z)

z

)
=
c1a

2(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)
.Ó÷òåíî òàêæå, ÷òî, êàê ñëåäóåò èç (3.4), z = 0 ïðè η = t− tn − x−xn

a è
J0 = 1 ;

J1(z)

z

∣∣∣∣
z=0

=
1

2
.Ïðè t > tn â ñèëó óñëîâèÿ x − xn > 0 àðãóìåíòû �óíêöèé M0 è M ′

0,à òàêæå âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ â �îðìóëå (3.11) ñòàíîâÿòñÿ îò-ðèöàòåëüíûìè. À ýòî íà îñíîâàíèè ñâîéñòâà (3.10) �óíêöèè M0 îçíà÷àåò,÷òî ut(x, tn) = 0, òî åñòü �óíêöèÿ (3.3) óäîâëåòâîðÿåò è âòîðîìó íà÷àëüíîìóóñëîâèþ (2.2). Òàêèì îáðàçîì, �óíêöèÿ (3.3) â îáëàñòè 0 < x − xn < l; 0 >
t > tn óäîâëåòâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå âòî-ðîãî êðàåâîãî óñëîâèÿ (2.3). Ñ öåëüþ ïðîâåðêè âûïîëíåíèÿ ýòîãî óñëîâèÿ, ñïîìîùüþ (3.3) è (3.9) âû÷èñëèì
u0(xn + l, t) = M0(t− tn − l
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z =

√
c1[l2 − a2(t− tn − η)2]. (3.13)Èç �îðìóëû (3.12) è ñâîéñòâà (3.10) �óíêöèè M0 ñëåäóåò, ÷òî �óíêöèÿ (3.3)óäîâëåòâîðÿåò âòîðîìó êðàåâîìó óñëîâèþ (2.3) ïðè t − tn < l

a . Ïðè t −
tn >

l
a äëÿ óäîâëåòâîðåíèÿ âòîðîìó êðàåâîìó óñëîâèþ (2.3) ðåøåíèå çàäà÷èñòðîèòñÿ â âèäå

u(x, t) = u0(x, t) + u1(x, t), (3.14)ãäå
u1(x, t) = −

[
M1

(
t− tn +

x− xn − 2l

a

)
−

−M0

(
t− tn +

x− xn − 2l

a

)]
J0(zp1)e

−(Da+B)(x−xn)+2Dal

2 +

+ ae
−B(x−xn)

2

∫ t−tn+ x−xn−2l
a

0

[
B

2
J0(z)+

+c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 [M1(η) +M0(η)] dη. (3.15)Çäåñü

z =
√
c1[(x− xn)2 − (2l − (x− xn))2] .Ôóíêöèÿ (3.15) óäîâëåòâîðÿåò óðàâíåíèþ (2.1) ñ ïðîèçâîëüíûìè �óíêöèÿìè

M0 è M1.Ïîäñòàâëÿÿ �óíêöèþ (3.14) âî âòîðîå êðàåâîå óñëîâèå (2.3), ïîëó÷èì:
u0(xn + l, t) + u1(xn + l, t) =

[
2M0

(
t− tn − l

a

)
−M1(t− tn − l

a
)

]
e

(Da−B)l
2 +

+ ae−
Bl
2

∫ t−tn−
l
a

0

[
B

2
J0(z) − c1

l

z
J1(z)

]
e

Da2(t−tn−η)
2 M1(η) dη = 0. (3.16)Ïðè ïîäñòàíîâêå �óíêöèè (3.15) âî âòîðîå êðàåâîå óñëîâèå (2.3) ó÷òåíî,÷òî ïðè x = xn + l zp1 = 0 è ïîýòîìó J0(zp1) = 1. Âûïîëíèâ â ðàâåíñòâå (3.16)ïðåîáðàçîâàíèå,

τ = t− tn − l

a
, (3.17)ïðèâåäåì åãî ê âèäó

M1(τ) − ae
−Dal

2

∫ τ

0

B

2
J0(z)e

Da2(τ+ l
a −η)

2 M1(η) dη = 2M0(τ). (3.18)Çäåñü
z =

√
c1

[
l2 − a2(τ +

l

a
− η)2

]
. (3.19)Èç ñâîéñòâà (3.10) �óíêöèè M0(τ) è óðàâíåíèÿ (3.18) ñëåäóåò, ÷òî �óíê-öèÿ M1(τ) îáëàäàåò ñâîéñòâîì

M1(τ) ≡ 0, τ < 0 . (3.20)



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 153Èñïîëüçóÿ ñâîéñòâà (3.10) è (3.20) �óíêöèé M0(τ) è M1(τ), òàê æå, êàêè äëÿ �óíêöèè u0(x, t) ìîæíî ïîêàçàòü, ÷òî �óíêöèÿ (3.14) óäîâëåòâîðÿåòíóëåâûì íà÷àëüíûì óñëîâèÿì (2.2).Òàêèì îáðàçîì, â îáëàñòè 0 < x − xn < l, t > tn �óíêöèÿ (3.14) óäîâëå-òâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå ïåðâîãî êðàåâîãîóñëîâèÿ (2.3). Ó÷èòûâàÿ, ÷òî �óíêöèÿ u0(x, t) óäîâëåòâîðÿåò ïåðâîìó êðàå-âîìó óñëîâèþ (2.3), íóæíî, ÷òîáû �óíêöèÿ u1(x, t) óäîâëåòâîðÿëà êðàåâîìóóñëîâèþ
u1(xn, t) = 0, t > tn . (3.21)Èç �îðìóëû (3.15) è ñâîéñòâ (3.10) è (3.20) �óíêöèé M0(τ) è M1(τ) ñëåäóåò,÷òî óñëîâèå (3.21) áóäåò âûïîëíåíî òîëüêî ïðè t − tn <

2l
a . Äëÿ òîãî ÷òîáûóäîâëåòâîðèòü ýòîìó óñëîâèþ ïðè t− tn >

2l
a , ðåøåíèå çàäà÷è áóäåì ñòðîèòüâ âèäå ñóììû òðåõ �óíêöèé:

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t). (3.22)Ïðè âûáîðå �óíêöèè u2(x, t) ìû èñõîäèì èç ñëåäóþùèõ ñîîáðàæåíèé.Ôóíêöèÿ
w(x, t) = e

−B(x−xn)
2

∫ t−tn±
x−xn∓2nl

a

0
J0(z)e

Da2(t−tn−η)
2 Kn(η) dη (3.23)ÿâëÿåòñÿ ðåøåíèåì òåëåãðà�íîãî óðàâíåíèÿ (2.1) ïðè ëþáûõ Kn(η) è n. Ïî-ýòîìó è ïðîèçâîäíàÿ �óíêöèè (3.23) ïî x òàêæå áóäåò ðåøåíèåì óðàâíåíèÿ(2.1). Âû÷èñëèâ ýòó ïðîèçâîäíóþ, ïîëó÷èì:

∂w(x, t)

∂x
= ±1

a
e

−B(x−xn)
2 e

∓Da(x−xn∓2nl)
2 J0(zn)Kn

(
t− tn ± x− xn ∓ 2nl

a

)
+

+ e
−B(x−xn)

2 ×

×
∫ t−tn±

x−xn∓2nl
a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 Kn(η) dη. (3.24)Â �îðìóëå (3.24) zpn � ýòî çíà÷åíèå �óíêöèè z èç (3.4) ïðè η = t − tn ±

x−xn−2nl
a , òî åñòü

zn =

√√√√c1

[
(x− xn)2 − a2

(
(t− tn) − (t− tn ± x− xn ∓ 2nl

a
)

)2
]

=

=
√
c1
[
(x− xn)2 − (±(∓2nl + (x− xn)))2

]
. (3.25)Ñòàíåì â äàëüíåéøåì îáîçíà÷àòü âåëè÷èíó zn ñ âåðõíèìè çíàêàìè ÷åðåç

zpn, à ñ íèæíèìè çíàêàìè � ÷åðåç zmn. Îòìåòèì, ÷òî çíà÷åíèå âåëè÷èíû
zn çàâèñèò îò òîãî, ñ êàêèì çíàêîì âåëè÷èíà x−xn±2nl

a âõîäèò â àðãóìåíò�óíêöèè è â âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ â �îðìóëå (3.24).Â ÷àñòíîñòè, �óíêöèÿ u1(x, t) ïîëó÷åíà èç �îðìóëû (3.24) ïðè n = 1.Ôóíêöèÿ u0(x, t) òàêæå ïîëó÷åíà èç �îðìóëû (3.24) ïðè n = 0. Ôóíêöèþ
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u2(x, t) â ðåøåíèè (3.22) òàêæå ñòðîèì â �îðìå (3.24):
u2(x, t) = e

−B(x−xn)
2 e

Da(x−xn+2l)
2 J0(zm1)

[
M2

(
t− tn − x− xn + 2l

a

)
−

−
[
M1

(
t− tn − x− xn + 2l

a

)
−M0

(
t− tn − x− xn + 2l

a

)]]
−

− ae
−B(x−xn)

2

∫ t−tn−
x−xn+2l

a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 ×

× [M2(η) − [M1(η) −M0(η)]] dη (3.26) íåèçâåñòíîé �óíêöèåé M2(τ). Ôóíêöèÿ u2(x, t) óäîâëåòâîðÿåò óðàâíåíèþ(2.1) ïðè ïðîèçâîëüíûõ �óíêöèÿõ M0(τ), M1(τ) è M2(τ). Ñóììà �óíêöèé
u1(x, t) è u2(x, t) äîëæíà óäîâëåòâîðÿòü êðàåâîìó óñëîâèþ

u1(xn, t) + u2(xn, t) = 0 t > tn . (3.27)Ïîäñòàâëÿÿ â (3.27) çíà÷åíèÿ �óíêöèé u1(x, t) è u2(x, t) èç (3.15) è (3.26),ïîëó÷èì:
− J0(zm1b)e

Dal

[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)
−

−
[
M2

(
t− tn − 2l

a

)
−
[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)]]]
+

+ a

∫ t−tn−
2l
a

0

B

2
J0(z)e

Da2(t−tn−η)
2 [M1(η) −M0(η)+

+[M2(η) − (M1(η) −M0(η))]
]
dη = 0. (3.28)Çäåñü èç �îðìóëû (3.25) ïîëó÷åíî:

zm1b = zm1|x=xn
= 2l

√−c1. (3.29)Â �îðìóëå (3.28) z èìååò çíà÷åíèå (3.7).Òàêèì îáðàçîì, îêàçûâàåòñÿ,÷òî åñëè �óíêöèÿ M2(τ) áóäåò óäîâëåòâî-ðÿòü ïîëó÷àåìîìó èç (3.28) èíòåãðàëüíîìó óðàâíåíèþ
M2

(
t− tn − 2l

a

)
+

a

J0(zm1b)
e−Dal

∫ t−tn−
2l
a

0

B

2
J0(z)e

Da2(t−tn−η)
2 M2(η) dη =

= 2

[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)]
, (3.30)òî �óíêöèÿ (3.22) áóäåò óäîâëåòâîðÿòü ïåðâîìó êðàåâîìó óñëîâèþ (2.3) ïðèâñåõ t > tn. Ïîñëå âûïîëíåíèÿ ïðåîáðàçîâàíèÿ

τ = t− tn − 2l

a
(3.31)



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 155èíòåãðàëüíîå óðàâíåíèå (3.30) ïðèìåò âèä
M2(τ) +

a

J0(zm1b)
e−Dal

∫ τ

0

B

2
J0

(
a

(
τ +

2l

a
− η

)√−c1
)
×

× e
Da2(τ+2l

a −η)
2 M2(η) dη = 2[M1(τ) −M0(τ)]. (3.32)Èç óðàâíåíèÿ (3.41) è ñâîéñòâ (3.14) è (3.30) �óíêöèé M0(τ) è M1(τ)ñëåäóåò, ÷òî �óíêöèÿ M2(τ) îáëàäàåò ñâîéñòâîì

M2(τ) ≡ 0, τ < 0. (3.33)Èñïîëüçóÿ ñâîéñòâà (3.10), (3.20) è (3.33) �óíêöèé M0(τ), M1(τ) è M2(τ),òàê æå, êàê è äëÿ �óíêöèè u0(x, t), ìîæíî ïîêàçàòü, ÷òî �óíêöèÿ (3.26)óäîâëåòâîðÿåò íóëåâûì íà÷àëüíûì óñëîâèÿì (2.2).Òàêèì îáðàçîì, â îáëàñòè 0 < x − xn < l, t > tn �óíêöèÿ (3.22) óäîâëå-òâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå âòîðîãî êðàåâîãîóñëîâèÿ (2.3). Ó÷èòûâàÿ, ÷òî �óíêöèÿ u0(x, t) + u1(x, t) óäîâëåòâîðÿåò âòî-ðîìó êðàåâîìó óñëîâèþ (2.3), íóæíî, ÷òîáû �óíêöèÿ u2(x, t) óäîâëåòâîðÿëàêðàåâîìó óñëîâèþ
u2(xn + l, t) = 0, t > tn. (3.34)Ïîäñòàíîâêà �óíêöèè u2(x, t) â ëåâóþ ÷àñòü êðàåâîãî óñëîâèÿ (3.34) ïðèâîäèòê ðàâåíñòâó

u2(xn + l, t) = J0(zm1k)e−
B
2

le
Da
2

3l
2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)
+

+ ae−
B
2

l

∫ t−tn−
3l
a

0

[
B

2
J0(z) + c1

l

z
J1(z)

]
e

Da2(t−tn−η)
2

2∑

i=0

(−1)iMi(η) dη. (3.35)Ïðè t−tn < 3l
a , ââèäó îòðèöàòåëüíîñòè àðãóìåíòîâ �óíêöèéMi è âåðõíèõïðåäåëîâ èíòåãðèðîâàíèÿ, íà îñíîâàíèè ñâîéñòâ (3.10), (3.20) è (3.33) �óíê-öèé Mi çàêëþ÷àåì, ÷òî âûðàæåíèå (3.35) áóäåò ðàâíî íóëþ, òî åñòü �óíêöèÿ(3.22) áóäåò óäîâëåòâîðÿòü âòîðîìó êðàåâîìó óñëîâèþ (2.3). Ïðè t − tn >

3l
aâûðàæåíèå (3.35) áóäåò îòëè÷íî îò íóëÿ è ñ öåëüþ óäîâëåòâîðåíèÿ âòîðîìóêðàåâîìó óñëîâèþ (2.3) ñòðîèì ðåøåíèå â âèäå

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + u3(x, t), (3.36)ãäå ïî (3.24) ïðè n = 2

u3(x, t) = e
−B(x−xn)

2 e
−Da(x−xn−4l)

2 J0(zp2)×

×
3∑

i=0

(−1)i+1Mi

(
t− tn +

x− xn − 4l

a

)
−

− ae
−B(x−xn)

2

∫ t−tn+ x−xn−4l
a

0

[
−B

2
J0(z)−

−c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2

3∑

i=0

(−1)i+1Mi(η) dη (3.37)



156 Â. À. ÎÑÒÀÏÅÍÊÎñ íåèçâåñòíîé �óíêöèåé M3(τ). Ôóíêöèÿ u3(x, t) óäîâëåòâîðÿåò óðàâíåíèþ(2.1) ïðè ïðîèçâîëüíûõ �óíêöèÿõM0(τ),M1(τ),M2(τ) èM3(τ). Ñóììà �óíê-öèé u3(x, t) è u2(x, t) äîëæíà óäîâëåòâîðÿòü êðàåâîìó óñëîâèþ
u3(xn + l, t) + u2(xn + l, t) = 0 t > tn. (3.38)Çàìåòèì, ÷òî èç �îðìóëû (3.25) ñëåäóåò  ó÷åòîì ñäåëàííûõ âûøå îáî-çíà÷åíèé, ÷òî ñïðàâåäëèâî ðàâåíñòâî:

zp,n+1,k = zmnk, (3.39)òàê êàê
zpnk = zpn|x=l+xn

= l
√
c1[1 − (2n − 1)2];

zmnk = zmn|x=l+xn
= 2l

√
c1[1 − (2n− 1)2]. (3.40)Ïîýòîìó, ïîäñòàâëÿÿ �óíêöèè (3.26) è (3.37) â êðàåâîå óñëîâèå (3.38), ïîëó-÷èì:

− J0(zm1b)e
−B2

l e
Da
3

3l

[
3∑

i=0

(−1)i+1Mi

(
t− tn − 3l

a

)
−

−
2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)]
+ ae−

B
2

l

∫ t−tn−
3l
a

0

[
B

2
J0(z) + c1

l

z
J1(z)

]
×

× e
Da2(t−tn−η)

2

[
3∑

i=0

(−1)i+1Mi(η) +

2∑

i=0

(−1)iMi(η)

]
dη = 0. (3.41)Èç (3.41) ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ �óíêöèè

M3:
−M3

(
t− tn − 3l

a

)
+

a

J0(zm1b)
e

−3Dal
2

∫ t−tn−
3l
a

0

[
B

2
J0(z)

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2 M3(η) dη = −2

2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)
. (3.42)Â óðàâíåíèè (3.42)

z =
√
c1[l2 − a2((t− tn) − η)2]. (3.43)Òàêèì îáðàçîì, åñëè �óíêöèÿ M3 ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíå-íèÿ (3.42), �óíêöèÿ (3.36) áóäåò óäîâëåòâîðÿòü âòîðîìó êðàåâîìó óñëîâèþ(2.3) ïðè âñåõ t. Âûïîëíèâ â óðàâíåíèè (3.42) ïðåîáðàçîâàíèå
τ = t− tn − 3l

a
, (3.44)ïðèâåäåì åãî ê âèäó

−M3(τ) +
a

J0(zm1b)
e

−3Dal
2

∫ τ

0

[
B

2
J0(z)

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2 M3(η) dη = −2

2∑

i=0

(−1)iMi(τ). (3.45)
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z =

√
c1

[
l2 − a2(τ +

3l

a
− η)2

]
. (3.46)Èç ñâîéñòâ (3.10), (3.20) è (3.33) �óíêöèé M0(τ), M1(τ), è M2(τ), à òàêæåóðàâíåíèÿ (3.45) ñëåäóåò, ÷òî �óíêöèÿ M3(τ) îáëàäàåò ñâîéñòâîì

M3(τ) ≡ 0, τ < 0. (3.47)Â ñâîþ î÷åðåäü, èç ýòèõ ñâîéñòâ, òàê æå êàê è äëÿ �óíêöèè u0(x, t) ñëå-äóåò, ÷òî �óíêöèÿ (3.36) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2.2).Ïðîäîëæèâ ïîñòðîåíèå îòðàæåííûõ âîëí àíàëîãè÷íûì ñïîñîáîì, ìû íà-õîäèì, ÷òî ðåøåíèåì ðàññìàòðèâàåìîé êðàåâîé çàäà÷è áóäåò �óíêöèÿ
u(x, t) =

∞∑

n=0

{
e

−B(x−xn)
2 e

Da(x−xn+2nl)
2 J0(zmn)×

×
2n∑

i=0

(−1)iMi

(
t− tn − x− xn + 2nl

a

)
−ae

−B(x−xn)
2

∫ t−tn−
x−xn+2nl

a

0

[
−B

2
J0(z)−

−c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2

n∑

i=0

(−1)iMi(η) dη }−

−
∞∑

n=0

{
e

−B(x−xn)
2 e

−Da(x−xn−2nl)
2 J0(zpn)

2n−1∑

i=0

(−1)i+1Mi

(
t− tn +

x− xn − 2nl

a

)
+

+ ae
−B(x−xn)

2

∫ t−tn+ x−xn−2nl
a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 ×

×
2n−1∑

i=0

(−1)i+1Mi(η) dη

}
, (3.48)â êîòîðîéM0(τ) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ (3.9), à îñòàëü-íûå �óíêöèè Mi(τ) ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ èíòåãðàëüíûõ óðàâíå-íèé:

M2n(τ) +
a

J0(zmnb)
e−Danl

∫ τ

0

B

2
J0

(
a

(
τ +

2nl

a
− η

)√−c1
)
×

× e
Da2(τ+ 2nl

a −η)

2 M2n(η) dη = −2

2n−1∑

i=0

(−1)iMi(τ); (3.49)
M2n−1(τ) +

a

J0(zmnk)
e−Dal 2n−l

2

∫ τ

0

[
B

2
J0(z)+

+c1
l

z
J1(z)

]
e

Da2(τ+
(2n−1)l

a −η)

2 M2n−1(η) dη = 2

2(n−1)∑

i=0

(−1)iMi(τ). (3.50)



158 Â. À. ÎÑÒÀÏÅÍÊÎÂ óðàâíåíèÿõ (3.50) ñëåäóåò z áðàòü ïðè x = xn + l, òî åñòü çäåñü
z|x=l+xn

=
√
c1[l2 − a2(t− tn − η)2] =

=

√√√√c1

[
l2 − a2

(
τ +

(2n − 1)l

a
− η

)2
]
. (3.51)Ïàðàìåòð τ â óðàâíåíèÿõ (3.49) è (3.50) èìååò ñîîòâåòñòâåííî ñëåäóþùèåïðåäñòàâëåíèÿ: τ = t− tn − 2nl

a ; τ = t− tn − (2n−1)l
a . Ïðè ýòîì âñå �óíêöèè

Mn(τ) îáëàäàþò ñâîéñòâàìè
Mn(τ) ≡ 0, τ < 0, n = 1, 2, . . . (3.52)Â ñèëó ýòèõ ñâîéñòâ, ïðè êàæäîì �èêñèðîâàííîì t − tn = T â �îðìóëå(3.48) îòëè÷íûì îò íóëÿ áóäåò êîíå÷íîå ÷èñëî ñëàãàåìûõ. Â ñàìîì äåëå, âñóììàõ â �îðìóëå (3.48) êàæäîå èç ñëàãàåìûõ ïðè âûïîëíåíèè óñëîâèé (3.1),(3.52) ñòàíîâèòñÿ ðàâíûì íóëþ, åñëè àðãóìåíòû �óíêöèé Mn(τ) è âåðõíèéïðåäåë èíòåãðèðîâàíèÿ áóäóò îòðèöàòåëüíûìè. Äëÿ ïåðâîé ñóììû â �îðìóëå(3.48) óñëîâèå îòðèöàòåëüíîñòè âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ ïðè t−tn =

T èìååò âèä:
T − x− xn + 2nl

a
< 0, (3.53)îòêóäà ñëåäóåò:

n >
aT

2l
− x− xn

2l
(3.54)è, ïîñêîëüêó â îáëàñòè îòûñêàíèÿ ðåøåíèÿ x − xn < l , ïîëó÷àåì, ÷òî ïðèâñåõ n, óäîâëåòâîðÿþùèõ óñëîâèþ

n >
aT

2l
− l

2
, (3.55)âñå ñëàãàåìûå â ïåðâîé ñóììå �îðìóëû (3.48) áóäóò ðàâíû íóëþ. Èíûìèñëîâàìè, ñóììèðîâàíèå â ïåðâîé ñóììå �îðìóëû (3.48) íóæíî ïðîèçâîäèòüâ ýòîì ñëó÷àå íå äî áåñêîíå÷íîñòè, à äî N − 1, ãäå N � íàèìåíüøåå íà-òóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó (3.55). Àíàëîãè÷íî, óñëîâèåîòðèöàòåëüíîñòè âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ ïðè t− tn = T èìååò âèä:

T +
x− xn − 2nl

a
< 0, (3.56)îòêóäà ñëåäóåò

n >
aT

2l
+
x− xn

2l
. (3.57)Íî òàê êàê â îáëàñòè èíòåãðèðîâàíèÿ x− xn > 0, èç (3.57) ñëåäóåò, ÷òî ïðè

n >
aT

2l
(3.58)âñå ñëàãàåìûå âî âòîðîé ñóììå �îðìóëû (3.48) áóäóò ðàâíû íóëþ. Òî åñòü,ñóììèðîâàíèå âî âòîðîé ñóììå �îðìóëû (3.48) íóæíî ïðîèçâîäèòü â ýòîìñëó÷àå äî N1 − 1; N1 � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 159íåðàâåíñòâó (3.58). Âñå ñëàãàåìûå â �îðìóëå (3.48) ÿâëÿþòñÿ ðåøåíèÿìèóðàâíåíèÿ (2.1). À òàê êàê äëÿ êàæäîãî �èêñèðîâàííîãî t ÷èñëî ñëàãàåìûõ â�îðìóëå (3.48) êîíå÷íî, äè��åðåíöèðîâàíèå â �îðìóëå (3.48) ìîæíî âûïîë-íÿòü ïî÷ëåííî. Ïîýòîìó �óíêöèÿ (3.48) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.1).Èç �îðìóëû (3.48) íåïîñðåäñòâåííî ñëåäóåò, ÷òî ïðè t−tn = 0 è 0 < x−xn < làðãóìåíòû �óíêöèé Mn(τ) è âåðõíèå ïðåäåëû èíòåãðèðîâàíèÿ âñåõ èíòåãðà-ëîâ ñòàíîâÿòñÿ îòðèöàòåëüíûìè. Çíà÷èò, íà îñíîâàíèè ñâîéñòâ (3.1) è (3.52)�óíêöèéM(τ) èMn(τ) ïîëó÷àåì èç (3.48) u(x, tn) = 0. Òàêèì îáðàçîì, �óíê-öèÿ (3.48) óäîâëåòâîðÿåò ïåðâîìó íà÷àëüíîìó óñëîâèþ (2.2). Ïðîäè��åðåí-öèðóåì �óíêöèþ (3.48) ïî t. Ïîëó÷èì:
∂u(x, t)

∂t
=

=
∞∑

n=0

e
−B(x−xn)

2

{
e

Da(x−xn+2nl)
2 J0(zmn)

2n∑

i=0

(−1)iM ′
i

(
t− tn − x− xn + 2nl

a

)
−

− a

[[
−B

2
J0(zmn) − c1(x− xn)

J1(zmn)

zmn

]
×

×
2n∑

i=0

(−1)iMi

(
t− tn − x− xn + 2nl

a

)]
+

+

∫ t−tn−
x−xn+2nl

a

0

{
Da2

2

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
− B

2
a2c1

t− tn − η

z
J1(z)−

−a2c21
(x− xn)(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)}
e

Da2(t−tn−η)
2

2n∑

i=0

(−1)iMi(η) dη

}
−

−
∞∑

n=0

e
−B(x−xn)

2 ×

×
{
e

−Da(x−xn−2nl)
2 J0(zpn)

2n−1∑

i=0

(−1)i+1M ′
i

(
t− tn +

x− xn − 2nl

a

)
−

− a

[[
−B

2
J0(zpn) − c1(x− xn)

J1(zpn)

zpn

]
×

×
2n−1∑

i=0

(−1)i+1Mi

(
t− tn +

x− xn − 2nl

a

)]
+

+

∫ t−tn+ x−xn−2nl
a

0

{
Da2

2

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
−

− B

2
a2c1

t− tn − η

z
J1(z)−

−a2c21
(x− xn)(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)}
e

Da2(t−tn−η)
2 ×

×
2n−1∑

i=0

(−1)i+1Mi(η) dη

}
. (3.59)Èç ðàâåíñòâà (3.59) íåïîñðåäñòâåííî ñëåäóåò, ÷òî ïðè t−tn = 0 è 0 < x−xn < l
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i(τ) â íåì ñòàíîâÿòñÿ îòðèöàòåëüíûìè. Çíà÷èò, íà îñíîâàíèèñâîéñòâ (3.1) è (3.52) �óíêöèé M(τ) è Mi(τ) ïîëó÷àåì èç (3.58):

ut(x, tn) = 0.Òàêèì îáðàçîì, �óíêöèÿ (3.48) óäîâëåòâîðÿåò è âòîðîìó íà÷àëüíîìó óñëî-âèþ (2.2). Ñ öåëüþ ïðîâåðêè óäîâëåòâîðåíèÿ �óíêöèåé (3.48) êðàåâûì óñëî-âèÿì (2.3) âû÷èñëèì çíà÷åíèå ýòîé �óíêöèè ïðè x − x = 0. Ó÷òåì, ÷òî ïðèòàêîì çíà÷åíèè x ñïðàâåäëèâî ðàâåíñòâî
zmnb = zpnb.Ïåðâîå ñëàãàåìîå â ïåðâîé ñóììå �îðìóëû (3.48) çàïèøåì îòäåëüíî, à îñòàâ-øèåñÿ äâå ñóììû îáúåäèíèì â îäíó. Ïîëó÷èì:

u(xn, t) = M0(t− tn) − a

∫ t−tn

0
−B

2
J0(z)e

Da2(t−tn−η)
2 M0(η) dη+

+
∞∑

n=0

{
eDanlJ0(zmn)

[
2n∑

i=0

(−1)iMi

(
t− tn − 2nl

a

)
−

−
2n−1∑

i=0

(−1)i+1Mi

(
t− tn − 2nl

a

)]
+

+a

∫ t−tn−
2nl
a

0

B

2
J0(z)e

Da2(t−tn−η)
2 M2n(η) dη

}
. (3.60)Ñëàãàåìîå âíå çíàêà ∑ â �îðìóëå (3.60), â ñîîòâåòñòâèè ñ èíòåãðàëüíûìóðàâíåíèåì (3.6), ðàâíî M(t− tn). Â ñèëó èíòåãðàëüíûõ óðàâíåíèé (3.49) âñåñëàãàåìûå ïîä çíàêîì ∑ îáðàùàþòñÿ â íóëü.Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî

u(x− xn, t) = M0(t− tn),òî åñòü, ÷òî �óíêöèÿ (3.48) óäîâëåòâîðÿåò ïåðâîìó êðàåâîìó óñëîâèþ (2.3).Âû÷èñëÿÿ çíà÷åíèå �óíêöèè (3.48) â òî÷êå x = xn + l, âûïîëíèì âî âòîðîéñóììå çàìåíó èíäåêñà ñóììèðîâàíèÿ n1 = n− 1 è îáúåäèíèì ñëàãàåìûå ïîäîáùèì çíàêîì ñóììû. Ó÷òÿ ïðè ýòîì ðàâåíñòâî (3.39), ïîëó÷èì:
u(xn + l, t) =

∞∑

n=0

e−
B
2

l

[
e

Da(2n+1)l
2 J0(zmnk)

2n∑

i=0

(−1)iMi

(
t− tn − (2n+ 1)l

a

)
−

−
2n+1∑

i=0

(−1)i+1Mi

(
t− tn − (2n+ 1)l

a

)]
+ a

∫ t−tn−
(2n+1)l

a

0

[
B

2
J0(z)+

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2

[
2n∑

i=0

(−1)iMi(η) +

2n+1∑

i=0

(−1)i+1Mi(η)

]
dη.
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− e

Da(2n+1)l
2 J0(zmnk)

[
M2n+1

(
t− tn − (2n+ 1)l

a

)
−

−2
2n−1∑

i=0

(−1)i+1Mi

(
t− tn − (2n+ 1)l

a

)]
+ +a

∫ t−tn−
(2n+1)l

a

0

[
B

2
J0(z)+

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
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