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Ïîëó÷åíî êîíå÷íîå íåëîêàëüíîå èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâà-
íèå, ëèíåàðèçóþùåå òåëåãðàôíîå óðàâíåíèå utt−∂x(−u−1+u−2ux) = 0. Ïîñòðîåíû
ôîðìóëû íåëèíåéíîé ñóïåðïîçèöèè è ðàçìíîæåíèÿ åãî ðåøåíèé. Íàéäåíû íî-
âûå ðåøåíèÿ ýòîãî óðàâíåíèÿ. Äëÿ óðàâíåíèé, ñâÿçàííûõ ñ óêàçàííûì ïîñðåä-
ñòâîì ïîòåíöèàëüíîé ñèñòåìû, èññëåäîâàíû ëèåâñêèå ñèììåòðèè è ïîëó÷åíû
òî÷íûå ðåøåíèÿ. Ïîòåíöèàëüíûå ñèììåòðèè ëèíåéíîãî óðàâíåíèÿ èñïîëüçîâà-
íû äëÿ ïîñòðîåíèÿ íîâûõ ïîòåíöèàëüíûõ ñèììåòðèé íåëèíåéíîãî òåëåãðàôíî-
ãî óðàâíåíèÿ è ðàçìíîæåíèÿ åãî ðåøåíèé.

Êëþ÷åâûå ñëîâà: òî÷å÷íûå ñèììåòðèè Ëè, çàêîí ñîõðàíåíèÿ, ïîòåíöèàëüíàÿ ñèììåòðèÿ,
íåëîêàëüíîå ïðåîáðàçîâàíèå, ðàçìíîæåíèå ðåøåíèé, íåëèíåéíàÿ ñóïåðïîçèöèÿ.

1. Ââåäåíèå

Â ýòîé ðàáîòå ìû ïðîäîëæàåì íà÷àòîå â [1] èññëåäîâàíèå íåëîêàëüíûõ
ñèììåòðèé íåëèíåéíîãî òåëåãðàôíîãî óðàâíåíèÿ

utt − ∂x(−u−1 + u−2ux) = 0. (1.1)

Çàïèñàâ ýòî óðàâíåíèå â ôîðìå çàêîíà ñîõðàíåíèÿ, Áëþìàí è Äîðàí-Âó â
ñòàòüå [2] ñâåëè ñîîòâåòñòâóþùóþ ïîòåíöèàëüíóþ ñèñòåìó òî÷å÷íûì ïðåîá-
ðàçîâàíèåì ïåðåìåííûõ ê ëèíåéíîé ñèñòåìå. Èñêëþ÷èâ ïîòåíöèàëüíóþ ïåðå-
ìåííóþ â ýòîì ïðåîáðàçîâàíèè, ìû ïîñòðîèëè êîíå÷íîå èíòåãðî-äèôôåðåí-
öèàëüíîå ïðåîáðàçîâàíèå, íåïîñðåäñòâåííî ëèíåàðèçóþùåå óðàâíåíèå (1.1).
Ýòî ïîçâîëèëî íàì â ïåðâîì ðàçäåëå ïîñòðîèòü ïðèíöèï íåëèíåéíîé íåëî-
êàëüíîé ñóïåðïîçèöèè ðåøåíèé è îñóùåñòâèòü ðàçìíîæåíèå ðåøåíèé èñõîä-
íîãî óðàâíåíèÿ. Â ðàçäåëå 2 èç ëèíåàðèçóåìîé ïîòåíöèàëüíîé ñèñòåìû âû-
âåäåíî ñîîòâåòñòâóþùåå ëèíåàðèçóåìîå óðàâíåíèå äëÿ ïîòåíöèàëüíîé ôóíê-
öèè, èññëåäîâàíà åãî ëèåâñêàÿ ñèììåòðèÿ, ïîñòðîåíû òî÷íûå ðåøåíèÿ. Êëàñ-
�����������������
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ñè÷åñêîå ãðóïïîâîå èññëåäîâàíèå ëèíåéíîé ïîòåíöèàëüíîé ñèñòåìû ïîçâîëè-
ëî îïèñàòü ïîòåíöèàëüíûå ñèììåòðèè ñîîòâåòñòâóþùåãî ëèíåéíîãî óðàâíå-
íèÿ è ñ èõ ïîìîùüþ îòûñêàòü íîâûå ïîòåíöèàëüíûå ñèììåòðèè óðàâíåíèÿ
(1.1), âûïîëíèòü ðàçìíîæåíèå åãî ðåøåíèé.

2. Êëàññè÷åñêèå ñèììåòðèè óðàâíåíèÿ (1.1) è ñâÿçàííûõ
ñ íèì óðàâíåíèé. Íåëîêàëüíàÿ ëèíåàðèçàöèÿ

2.1. Ëèåâñêèå ñèììåòðèè óðàâíåíèé

Êëàññè÷åñêèé ìåòîä Ñ. Ëè ïîçâîëèë â [1] íàéòè ìàêñèìàëüíóþ àëãåáðó
èíâàðèàíòíîñòè óðàâíåíèÿ (1.1), ñîñòîÿùóþ èç îïåðàòîðîâ

X1 = ∂t, X2 = ∂x, X3 = t∂t + u∂u,
X4 = e−x∂x + e−xu∂u.

(2.1)

Ïîíÿòèå ïîòåíöèàëüíîé ñèììåòðèè äèôôåðåíöèàëüíîãî óðàâíåíèÿ áûëî
ââåäåíî Áëþìàíîì (è äð.) [3,4]. Â ðàáîòå [5] áûëî, â ÷àñòíîñòè, óñòàíîâëåíî,
÷òî óðàâíåíèå (1.1) ïîìèìî óêàçàííûõ âûøå ëèåâñêèõ ñèììåòðèé îáëàäàåò
òàêæå ïîòåíöèàëüíîé ñèììåòðèåé, ñîîòâåòñòâóþùèé îïåðàòîð äëÿ êîòîðîé
áûë ïîëó÷åí â óïîìÿíóòîé ðàáîòå.

Â ðàáîòå Áëþìàíà è Äîðàí-Âó [2], ïîñâÿùåííîé ðàçâèòèþ ìåòîäà ïîñòðî-
åíèÿ çàêîíîâ ñîõðàíåíèÿ, áûëî, â ÷àñòíîñòè, óñòàíîâëåíî, ÷òî äëÿ óðàâíåíèÿ
(1.1) ñóùåñòâóåò îòëè÷íàÿ îò ðàññìîòðåííîé íàìè â [1] ïîòåíöèàëüíàÿ ñèñòå-
ìà

vx − ut = 0,
vt − u−2ux + u−1 − 1 = 0.

(2.2)

Îíà îáëàäàåò øèðîêèì íàáîðîì ëèåâñêèõ ñèììåòðèé, îïèñûâàåìûõ ñëîæíîé
ñèñòåìîé îïðåäåëÿþùèõ óðàâíåíèé, êîòîðóþ ïîëíîñòüþ ðåøèòü íå óäàåòñÿ.
Ñîîòâåòñòâóþùàÿ àëãåáðà èíâàðèàíòíîñòè âêëþ÷àåò, â ÷àñòíîñòè, îïåðàòîðû

X1 = ∂t, X2 = ∂v, X3 = t∂t + u∂u + t∂v. (2.3)

Äðóãîé õàðàêòåðíîé ÷åðòîé ïîòåíöèàëüíîé ñèñòåìû (2.2) ÿâëÿåòñÿ âîçìîæ-
íîñòü ñâåäåíèÿ åå ê ëèíåéíîé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé.

2.2. Íåëîêàëüíàÿ ëèíåàðèçàöèÿ

Â ðàáîòå [2] áûëî íàéäåíî òî÷å÷íîå ïðåîáðàçîâàíèå

x = r + lnp(r, s), t = s + q(r, s), u(x, t) = p(r, s), v(x, t) = q(r, s), (2.4)

êîòîðîå ïåðåâîäèò ïîòåíöèàëüíóþ ñèñòåìó (2.2) â ñèñòåìó ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé

qr − ps = 0,
qs − pr − p + 1 = 0,

(2.5)
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ãäå r, s è p(r, s), q(r, s) � íîâûå íåçàâèñèìûå è çàâèñèìûå ïåðåìåííûå, ñîîò-
âåòñòâåííî. Îáðàòíûì äëÿ (2.4) ÿâëÿåòñÿ ïðåîáðàçîâàíèå

r = x− lnu(x, t), s = t− v(x, t), p(r, s) = u(x, t), q(r, s) = v(x, t). (2.6)

Ñèñòåìà (2.5) äîïóñêàåò áåñêîíå÷íóþ àëãåáðó èíâàðèàíòíîñòè

X1 = ∂r + a(r, s)∂p + (b(r, s) + s)∂q,
X2 = ∂s + a(r, s)∂p + (b(r, s) + s)∂q,
X3 = a(r, s)∂p + (b(r, s) + s + 1)∂q,

X4 = (p + a(r, s))∂p + (b(r, s) + 2s + q)∂q,
X5 = s∂r + r∂s + (−1

2q − 1
2ps + a(r, s))∂p+

+(b(r, s) + s− 1
2(p + r + sq + 1

2s2))∂q,

(2.7)

ãäå (a(r, s), b(r, s)) � ïðîèçâîëüíîå ðåøåíèå ñèñòåìû (2.5).
Ïîëîæèì â (2.7) a(r, s) = 0, òîãäà â ñèëó (2.5) b(r, s) = −s è àëãåáðà

îïåðàòîðîâ èíâàðèàíòíîñòè ëèíåéíîé ñèñòåìû ñòàíîâèòñÿ êîíå÷íîé

X1 = ∂r, X2 = ∂s, X3 = ∂q, X4 = p∂p + (s + q)∂q,
X5 = s∂r + r∂s − 1

2(q + ps)∂p − 1
2(p + r + sq + 1

2s2)∂q.
(2.8)

Ïîêàæåì, ÷òî ñèñòåìà (2.5) ïðåäñòàâëÿåò ñîáîé àâòîïðåîáðàçîâàíèå Áýê-
ëóíäà (ÀÏÁ) íåêîòîðîãî ëèíåéíîãî óðàâíåíèÿ. Â ñàìîì äåëå, èñêëþ÷àÿ èç
óðàâíåíèé ñèñòåìû ïåðåìåííóþ q, ïðèõîäèì ê óðàâíåíèþ

pss − prr − pr = 0, (2.9)

à, èñêëþ÷àÿ ïåðåìåííóþ p, ïîëó÷àåì:

qss − qrr − qr = 0. (2.10)

Íåòðóäíî çàìåòèòü, ÷òî ëèøü îïåðàòîð X5 àëãåáðû (2.7) îïðåäåëÿåò ïîòåíöè-
àëüíóþ ñèììåòðèþ óðàâíåíèÿ (2.9). Îïåðàòîðû ìàêñèìàëüíîé àëãåáðû èí-
âàðèàíòíîñòè óðàâíåíèÿ (2.9) òàêîâû:

X1 = ∂r + a(r, s)∂p, X2 = ∂s + a(r, s)∂p, X3 = (p + a(r, s))∂p,

X4 = s∂r + r∂s + (a(r, s)− 1
2
ps)∂p. (2.11)

Çäåñü a(r, s) � ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ (2.9).
Òàêèì îáðàçîì, (2.5) ÿâëÿåòñÿ îäíîâðåìåííî ïîòåíöèàëüíîé ñèñòåìîé äëÿ

äâóõ îäèíàêîâûõ óðàâíåíèé (2.10) è (2.9). Íàëè÷èå ÀÏÁ (2.5) ïîçâîëÿåò îñó-
ùåñòâèòü ðàçìíîæåíèå ðåøåíèé óðàâíåíèÿ (2.10) (ñèñòåìû (2.5)) è, ñëåäîâà-
òåëüíî, óðàâíåíèÿ (1.1) (ñèñòåìû (2.2)), ÷òî áóäåò ñäåëàíî íàìè â ñîîòâåò-
ñòâóþùåì ðàçäåëå äàííîé ñòàòüè.
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Â ïðîñòðàíñòâå íåçàâèñèìûõ ïåðåìåííûõ r, s è çàâèñèìûõ ïåðåìåííûõ
p(r, s), q(r, s) âîñïîëüçóåìñÿ ðàâåíñòâîì qr = ps è çàìåíèì â ôîðìóëàõ ïðå-
îáðàçîâàíèÿ (2.6) ïåðåìåííóþ q(r, s) èíòåãðàëîì

∫
ps(r, s) dr. Òåïåðü ïðå-

îáðàçîâàíèå ñâÿçûâàåò ïåðåìåííûå x, t, u(x, t) ñ ïåðåìåííûìè r, s, p(r, s),∫
ps(r, s)dr

x = r + lnp, t = s +
∫

ps(r, s)dr, u(x, t) = p, (2.12)

ñòàíîâÿñü èíòåãðî-äèôôåðåíöèàëüíûì.

Òåîðåìà 2.1. Èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâàíèå (2.12) ïåðåâîäèò
óðàâíåíèå (1.1) â âûðàæåíèå, îáðàùàþùååñÿ â íîëü íà ìíîæåñòâå èíòåãðî-
äèôôåðåíöèàëüíûõ ñëåäñòâèé óðàâíåíèÿ (2.9).

Äîêàçàòåëüñòâî òåîðåìû 2.1. Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ ïðè-
ìåíèì ïðåîáðàçîâàíèå (2.12) ê óðàâíåíèþ (1.1). Ïåðåõîäÿ â ïîëó÷åííîì ðå-
çóëüòàòå íà ìíîãîîáðàçèå, êîòîðîå çàäàíî èíòåãðî-äèôôåðåíöèàëüíûìè ñëåä-
ñòâèÿìè óðàâíåíèÿ (2.9) è ñàìèì óðàâíåíèåì

∫
psssdr = ps + pprs,

∫
pssdr = −1 + p + pr, pss = prr + pr, (2.13)

ïîëó÷àåì íîëü.

2.3. Óðàâíåíèå äëÿ ïîòåíöèàëüíîé ïåðåìåííîé

Äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ïîòåíöèàëüíîé ïåðåìåííîé v(x, t), ñî-
îòâåòñòâóþùåå ñèñòåìå (2.2), ïîëó÷àåì èñêëþ÷åíèåì èç íå¼ ïåðåìåííîé u.
Ïðîèíòåãðèðîâàâ ïåðâîå óðàâíåíèå ñèñòåìû (2.2) ïî t è ïîäñòàâèâ ðåçóëüòàò
u =

∫
vx dt âî âòîðîå óðàâíåíèå ñèñòåìû, íàõîäèì:

(vt − 1)
(∫

vx dt

)2

−
∫

vxx dt +
∫

vx dt = 0.

Ïðîäèôôåðåíöèðîâàâ ïîëó÷åííîå âûðàæåíèå ïî ïåðåìåííîé t, ïîëó÷àåì êâàä-
ðàòíîå óðàâíåíèå äëÿ èíòåãðàëà

∫
vx dt:

vtt

(∫
vx dt

)2

+ 2(vt − 1)vx

∫
vx dt− vxx + vx = 0. (2.14)

Ðàçðåøèâ (2.14) îòíîñèòåëüíî èíòåãðàëüíîé íåèçâåñòíîé è ïðîäèôôåðåíöè-
ðîâàâ ðåçóëüòàò ïî t, ïîëó÷àåì äâà äèôôåðåíöèàëüíûõ óðàâíåíèÿ äëÿ ïî-
òåíöèàëüíîé ïåðåìåííîé:

vx + ∂t


(vt − 1)vx ±

√
(vt − 1)2vx

2 + vtt(vxx − vx)

vtt


 = 0. (2.15)
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Îòûñêàòü òî÷å÷íûå ñèììåòðèè ýòèõ óðàâíåíèé íåïîñðåäñòâåííî íå óäàåòñÿ â
ñèëó èõ èððàöèîíàëüíîãî õàðàêòåðà. Èçáàâèâøèñü â êàæäîì èç ýòèõ óðàâíå-
íèé îò èððàöèîíàëüíîñòè, ïîëó÷àåì (îäíî è òî æå) óðàâíåíèå, êîòîðîå ââèäó
ãðîìîçäêîñòè çäåñü íå âûïèñûâàåì. Ýòî óðàâíåíèå äîïóñêàåò ìàêñèìàëüíóþ
àëãåáðó èíâàðèàíòíîñòè, ñîñòîÿùóþ èç îïåðàòîðîâ

X1 = ∂t, X2 = ∂x, X3 = ∂v X4 = x∂x − 1
2 t∂t − 1

2 t∂v. (2.16)

2.4. Ðåøåíèÿ, ïîñòðîåííûå íà îñíîâå ñèììåòðèé Ñ. Ëè

Ïî îïåðàòîðàì àëãåáðû Ëè èíâàðèàíòíîñòè (2.1) óðàâíåíèÿ (1.1) êëàññè-
÷åñêèì ìåòîäîì Ëè � Îâñÿííèêîâà [6] ïîëó÷åíû ñëåäóþùèå ðåøåíèÿ [1]:

1) u = ex(c1t + c2), 2) u = t
c1e−x−c2

,

3) (c2
1 − 1)ln|1 + c1u|+ c1u− c2

1ln|u|+ c2
1(x− t− c2) = 0.

(2.17)

Çäåñü è äàëåå ci, i = 1, 2, 3, ..., � ïðîèçâîëüíûå ïîñòîÿííûå. Òðåòüå ðåøåíèå
óðàâíåíèÿ (1.1) ïîëó÷åíî â íåÿâíîì âèäå.

Ïîäñòàâèâ êàæäîå èç íàéäåííûõ âûðàæåíèé 1) è 2) äëÿ ôóíêöèè u(x, t)
â óðàâíåíèÿ ïîòåíöèàëüíîé ñèñòåìû (2.2) è ðåøàÿ ðåçóëüòàò îòíîñèòåëüíî
v(x, t), íàõîäèì ñîîòâåòñòâóþùèå âûðàæåíèÿ äëÿ ïîòåíöèàëüíîé ôóíêöèè
v(x, t):

1) v = c1ex + t + c3, 2) v = c2 ln|t| − c−1
2 (ln|c1e−x − c2|+ x) + t + c3.

(2.18)
Íåÿâíîå ðåøåíèå 3) â îáùåì ñëó÷àå íå ïîçâîëÿåò íàéòè ñîîòâåòñòâóþùåå

çíà÷åíèå v(x, t). Ïîëàãàÿ c1 = 1, c2 = 0, íàõîäèì:

u(x, t) = −LambertW(−ex−t).

Ïîäñòàâëÿÿ íàéäåííîå u(x, t) â óðàâíåíèÿ ïîòåíöèàëüíîé ñèñòåìû è ðåøàÿ
ïîëó÷åííóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî v(x, t), ïðè-
õîäèì ê ðåøåíèþ:

v(x, t) = LambertW(−ex−t) + 2t + c1.

Ðåøàÿ ñèñòåìó (2.5) ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, â îñíîâå êîòîðîãî
òàêæå ëåæèò ïðèíöèï ñèììåòðèè, ïîëó÷èì ñëåäóþùèå ðåøåíèÿ ëèíåéíûõ
óðàâíåíèé íà ïåðåìåííûå p(r, s) è q(r, s):

p = 2c1(2c1 + 1)−1e
2c1(2c1(r+s)+s)

(1+4c1) + 1 + c2 e−r,

q = e
2c1(2c1(r+s)+s)

(1+4c1) .
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Ïðèìåíÿÿ ê ýòîìó ðåøåíèþ ïðåîáðàçîâàíèå (2.6), íàõîäèì â íåÿâíîé ôîðìå
ðåøåíèå

−4 ln |u|c2
1e

x − (1 + 2c1)2(ex − c2)u− (1 + 4c1)ex ln
∣∣∣∣
(1 + 2c1)(u− ex)(ex − c2)

2c1

∣∣∣∣

+(1 + 2c1)2ex(1 + x) + 2(1 + 2c1)c1tex = 0,

v =
1

2c1
(u(1 + 2c1 − 2c1c2 − c2)ex − (1 + 2c1)).

Ðåøàÿ æå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ óðàâíåíèå (2.9), ïîëó÷àåì:

p = e
2c1(2c1(r−s)+s)

(1−4c1) (2.19)

è, ñëåäîâàòåëüíî,

q = −2c1 − 1
2c1

e
2c1(2c1(r−s)+s)

(1−4c1) − s + c2.

Îòñþäà íàõîäèì:
u =

2c1(c1 − t)
2c1 − 1

,

v =
(1− 2c1)2 ln |u|+ 4c2

1(t− x)− 2c1t

2c1(2c1 − 1)
.

3. Ñóïåðïîçèöèÿ ðåøåíèé

Äëÿ ïîñòðîåíèÿ àëãîðèòìà ñóïåðïîçèöèè ðåøåíèé óðàâíåíèÿ (1.1) ââå-
äåì íåîáõîäèìûå îáîçíà÷åíèÿ. Ïóñòü uI(x, t), uII(x, t) � èçâåñòíûå ðåøåíèÿ
óðàâíåíèÿ (1.1). Èñêîìîå íîâîå ðåøåíèå ýòîé ñèñòåìû îáîçíà÷èì uIII(x, t) =
u(x, t).

Àëãîðèòì 3.1. Ïåðåïèøåì èçâåñòíûå ðåøåíèÿ, çàìåíèâ â íèõ èñõîäíûå
àðãóìåíòû ïàðàìåòðàìè uJ(τJ, ηJ), J=I, II, è âûïîëíèì ïðåîáðàçîâàíèå

τJ = r + lnpJ(r, s), ηJ = s +
∫

pJ
s(r, s)dr, uJ(τJ, ηJ) = pJ(r, s). (3.1)

Ðàçðåøèì ïîëó÷åííîå óðàâíåíèå îòíîñèòåëüíî èíòåãðàëà
∫

pJ
s(r, s)dr. Ñóùå-

ñòâóåò äâå âîçìîæíîñòè çàïèñàòü äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ pJ(r, s).
Ïåðâàÿ � ïðîäèôôåðåíöèðîâàòü îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâà ïî r. Âòî-
ðàÿ âîçìîæíîñòü çàêëþ÷àåòñÿ â òîì, ÷òîáû âûïîëíèòü äèôôåðåíöèðîâà-
íèå ïî s è çàòåì âîñïîëüçîâàòüñÿ ðàâåíñòâîì

∫
pJ

ss dr = −1 + pJ + pJ
r . (3.2)

Ðåøèâ êàæäîå èç ïîëó÷åííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, íàéäåì ñîîò-
âåòñòâóþùèå ðåøåíèÿ pI(r, s) = P I(r, s), pII(r, s) = P II(r, s), çàâèñÿùèå îò
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ïðîèçâîëüíîé ôóíêöèè fJ(r, s). Äëÿ óòî÷íåíèÿ ýòèõ ôóíêöèé ïîäñòàâèì
êàæäîå pJ(r, s) = P J(r, s) â ñîîòâåòñòâóþùåå ëèíåéíîå óðàâíåíèå (J=I, II)

pJ(r, s)ss − pJ(r, s)rr − pJ(r, s)r = 0. (3.3)

Â ñèëó ïðèíöèïà ëèíåéíîé ñóïåðïîçèöèè óðàâíåíèÿ (3.3) ïîñòðîèì äëÿ íåãî
íîâîå ðåøåíèå

p(r, s) = P I(r, s) + P II(r, s). (3.4)
Äëÿ ïîëó÷åííîãî ðàâåíñòâà âîñïîëüçóåìñÿ îáðàòíûì ïðåîáðàçîâàíèåì

r = x− lnu(x, t), s = t−
∫

ut(x, t) dx, p(r, s) = u(x, t), (3.5)

â ðåçóëüòàòå ÷åãî ïîëó÷èì âûðàæåíèå, ñîäåðæàùåå
∫

ut(x, t) dx. Ðàçðåøèì
ïîëó÷åííîå óðàâíåíèå îòíîñèòåëüíî èíòåãðàëà. Îáîçíà÷èì

∫
ut(x, t) dx = H(x, t, u...).

Âíîâü ñóùåñòâóåò äâå âîçìîæíîñòè ïîëó÷èòü äèôôåðåíöèàëüíîå óðàâíå-
íèå äëÿ u(x, t). Ïåðâàÿ � ïðîäèôôåðåíöèðîâàòü îáå ÷àñòè ïîëó÷åííîãî ðà-
âåíñòâà ïî x. Âòîðàÿ � âûïîëíèòü äèôôåðåíöèðîâàíèå ïî t è çàòåì âîñ-
ïîëüçîâàòüñÿ ðàâåíñòâîì

1− u−1 + u−2ux = ∂tH(x, t, u...). (3.6)

Ðåøèâ ñîîòâåòñòâóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî u(x, t),
íàõîäèì àíçàö äëÿ óðàâíåíèÿ (1.1), óòî÷íåíèå êîòîðîãî îñóùåñòâëÿåì íåïî-
ñðåäñòâåííîé ïîäñòàíîâêîé åãî â ýòî óðàâíåíèå.

Äëÿ äåìîíñòðàöèè ðàáîòû îïèñàííîãî Àëãîðèòìà 3.1 âûïîëíèì ïîñòðîå-
íèå ðÿäà íîâûõ ðåøåíèé óðàâíåíèÿ (1.1) ïî äâóì çàäàííûì:

1. uI(x, t) = ex(at + b), uII(x, t) =
t

k e−x − h
→

u(x, t) = 1
2c21

(
−2 e2x + (c2 − t)c1 ex ± (

(2 e2x − (c2 − t)c1 ex)2 − 16c2
1e

2x
)1/2

)
.

Ïàðàìåòðû a, b, k, h èñ÷åçàþò ëèáî â ïðîöåññå äèôôåðåíöèðîâàíèÿ, ëèáî
çà ñ÷åò âûáîðà íóëåâûì çíà÷åíèÿ ïàðàìåòðà c4, âîçíèêàþùåãî â ïðîöåññå
èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé.

2. uI(x, t) = ext, uII(x, t) =
t

k e−x − h
→

u(x, t) = ex

2c21

(
c5((1−c3)ex+c1t)

c1
+ c6 ±

(
( c5((1−c3)ex+c1t)

c1
+ c6)2 − 4c2

1(1− c2
3)

)1/2
)

.

Ïàðàìåòð c2 èñ÷åçàåò â ïðîöåññå âû÷èñëåíèé, à c4 âûáðàí íóëåâûì.
3. uI(x, t) = c1, uII(x, t) =

t

k e−x − h
→

ln |hu− kue−x − h(c1 − c3)|h2(c1 + c3) + (c1 + c3) ln |u|+
u(h2 − khe−x) + h(t− c4)− (c1 + c3)x = 0.
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4. uI(x, t) = c1, uII(x, t) = t ex →
u(x, t) =

1
2

(
c1e2x + (t− c2)ex ± (

(c1e2x + (t− c2)ex)2 − 4c2
1e

x)
)1/2

)
.

Ïîëàãàÿ çäåñü c1 = 1, c2 = 0, ïðèõîäèì ê ðåøåíèþ, ïîëó÷àþùåìóñÿ èç
èñõîäíûõ ïî ôîðìóëå íåëèíåéíîé ñóïåðïîçèöèè ðåøåíèé ïîòåíöèàëüíîé ñè-
ñòåìû (2.2):

u(x, t) = ex
(
ex + t± (

(ex + t)2 − 1)
)1/2

)
.

Çäåñü âñå ci ïðîèçâîëüíûå ïîñòîÿííûå.

4. Ïîòåíöèàëüíûå è íåëîêàëüíûå ñèììåòðèè

Ëèíåàðèçóþùåå ïîòåíöèàëüíóþ ñèñòåìó òî÷å÷íîå ïðåîáðàçîâàíèå (2.4)
ïîçâîëÿåò ïîñòàâèòü â ñîîòâåòñòâèå îïåðàòîðàì àëãåáðû (2.7) îïåðàòîðû àë-
ãåáðû Ëè ñèñòåìû (2.2):

X1 = u+a(x−ln |u|,t−v)
u ∂x + (t− v + b(x− ln |u|, t− v)) ∂t+

a(x− ln |u|, t− v) ∂u + (t− v + b(x− ln |u|, t− v)) ∂v,

X2 = a(x−ln |u|,t−v)
u ∂x + (1 + t− v + b(x− ln |u|, t− v)) ∂t+

a(x− ln |u|, t− v) ∂u + (t− v + b(x− ln |u|, t− v)) ∂v,

X3 = a(x−ln |u|,t−v)
u ∂x + (1 + t− v + b(x− ln |u|, t− v)) ∂t+

a(x− ln |u|, t− v) ∂u + (1 + t− v + b(x− ln |u|, t− v)) ∂v,

X4 = u+a(x−ln |u|,t−v)
u ∂x + (2t− v + b(x− ln |u|, t− v)) ∂t+

(u + a(x− ln |u|, t− v)) ∂u + (2t− v + b(x− ln |u|, t− v)) ∂v,

X5 = (t−v)u−v+2a(x−ln |u|,t−v)
2u ∂x+

(x−u−ln |u|
2 + b(x− ln |u|, t− v) + t− v − t2−v2

4 ) ∂t+
(a(x− ln |u|, t− v)− u(t−v)

2 − v
2 ) ∂u+

(t− v − x+u−ln |u|
2 − t2−v2

4 + b(x− ln |u|, t− v)) ∂v.

(4.1)

Çäåñü (a(r, s), b(r, s)) � ïðîèçâîëüíîå ðåøåíèå ñèñòåìû (2.5).
Â îáùåì ñëó÷àå âñå îïåðàòîðû ýòîé àëãåáðû îïèñûâàþò ñîîòâåòñòâóþùèå

ïîòåíöèàëüíûå ñèììåòðèè óðàâíåíèÿ (1.1). Ëþáàÿ òàêàÿ ñèììåòðèÿ ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ñîîòâåòñòâóþùåé ôîðìóëû íåëîêàëüíîãî ðàçìíî-
æåíèÿ ðåøåíèé.

Ïîëàãàÿ â (4.1) a = 0, b = −s, ïîëó÷àåì ïðîñòåéøèé ñëó÷àé êîíå÷íîé
àëãåáðû èíâàðèàíòíîñòè íåëèíåéíîé ïîòåíöèàëüíîé ñèñòåìû (2.2):

X01 = ∂x, X02 = ∂t, X03 = ∂t + ∂v, X04 = ∂x + t ∂t + u ∂u + t ∂v,

X05 = (t−v)u−v
2u ∂x + 1

4

(
2x− 2u− 2ln|u| − t2 + v2

)
∂t + 1

2((−t + v)u− v)∂u−
1
4(2x + 2u− 2ln|u|+ t2 − v2)∂v.

(4.2)
Çàìåòèì, ÷òî òîëüêî ïîñëåäíèé îïåðàòîð ýòîé àëãåáðû îïðåäåëÿåò ïîòåíöè-
àëüíóþ ñèììåòðèþ óðàâíåíèÿ (1.1).
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5. Ðàçìíîæåíèå ðåøåíèé ñ ïîìîùüþ íåëîêàëüíîãî
ïðåîáðàçîâàíèÿ

Ïîñòðîèì ôîðìóëó ðàçìíîæåíèÿ ðåøåíèé óðàâíåíèÿ (1.1) èñõîäÿ èç ïðî-
èçâîëüíîãî îïåðàòîðà, îïðåäåëÿþùåãî åãî ïîòåíöèàëüíóþ ñèììåòðèþ. Äëÿ
îïåðàòîðà X1 àëãåáðû (2.7) ëåãêî ñòðîèòñÿ ïðåîáðàçîâàíèå ñîîòâåòñòâóþùåé
ãðóïïû Ëè:

r = R + ε, s = S, p(r, s) = a(R + ε, S)ε + P (R, S),
q(r, s) = b(R + ε, S)ε + Sε + Q(R,S). (5.1)

Âûïîëíèì äëÿ îáîèõ êîìïëåêòîâ ïåðåìåííûõ (x, t, u, v) (X,T, U, V ) ïðåîáðà-
çîâàíèå (2.6):

x = ln |a(X − ln |U |+ ε, T − V )|ε + U + X − ln |U |+ ε,
t = b(X − ln |U |+ ε, T − V )ε + ε(T − V ) + T ,
u(x, t) = a(X − ln |U |+ ε, T − V )ε + U,
v(x, t) = b(X − ln |U |+ ε, T − V )ε + ε(T − V ) + V .

(5.2)

Ëåãêî ïðîâåðÿåòñÿ, ÷òî ýòî ïðåîáðàçîâàíèå ïåðåâîäèò ñèñòåìó (2.2) â ñåáÿ.
Èñêëþ÷èâ èç ýòîãî ïðåîáðàçîâàíèÿ ïåðåìåííóþ v(x, t) è çàìåíèâ V (X, T )
èíòåãðàëîì

∫
UT dX, ïðèõîäèì ê èíòåãðî-äèôôåðåíöèàëüíîìó ïðåîáðàçîâà-

íèþ:
x = ln |a(X − ln |U |+ ε, T − ∫

UT dX)|ε + U + X − ln |U |+ ε,
t = b(X − ln |U |+ ε, T − ∫

UT dX)ε + ε(T − ∫
UT dX) + T ,

u(x, t) = a(X − ln |U |+ ε, T − ∫
UT dX)ε + U.

(5.3)

Ïîëó÷åííîå ïðåîáðàçîâàíèå ïåðåâîäèò èññëåäóåìîå óðàâíåíèå â èíòåãðî-
äèôôåðåíöèàëüíîå âûðàæåíèå, îáðàùàþùååñÿ â íîëü íà ìíîãîîáðàçèè, çà-
äàííîì óðàâíåíèåì è åãî èíòåãðî-äèôôåðåíöèàëüíûìè ñëåäñòâèÿìè. Ïðè
ýòîì äëÿ ôóíêöèé a(., .), b(., .) äîëæíû âûïîëíÿòüñÿ óñëîâèÿ (2.5).

Âûáåðåì ÷àñòíîå ðåøåíèå ëèíåéíîé ñèñòåìû, äëÿ íåçàâèñèìûõ ïåðåìåí-
íûõ êîòîðîãî âûïîëíåíî ïðåîáðàçîâàíèå (5.3):

a(X − ln |U |+ ε, T − ∫
UT dX) = c1e

2(ln |U|−X+T−∫
UT dX)

3 eX−ln |U |,
b(X − ln |U |+ ε, T − ∫

UT dX) = −1− T +
∫

UT dX+

2c1e
2(ln |U|−X+T−∫

UT dX)

3 eX−ln |U |.

(5.4)

Ïîäñòàâèâ ôóíêöèè (5.4) â ôîðìóëû ïðåîáðàçîâàíèÿ (5.3), ïðèõîäèì ê
ïðåîáðàçîâàíèþ Ëè � Áýêëóíäà ñ èíòåãðàëüíîé ïåðåìåííîé:

x = ln
∣∣∣∣c1e

2(ln |U|−X+T−∫
UT dX)

3 eX−ln |U |
∣∣∣∣ ε + U + X − ln |U |+ ε,

t = (−1− T +
∫

UT dX + 2c1e
2(ln |U|−X+T−∫

UT dX)

3 eX−ln |U |)ε+

ε(T − ∫
UT dX) + T ,

u(x, t) = (c1e
2(ln |U|−X+T−∫

UT dX)

3 eX−ln |U |)ε + U,

(5.5)
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îñòàâëÿþùåìó óðàâíåíèå (1.1) èíâàðèàíòíûì. Ïîäñòàâëÿÿ â (5.5) èçâåñòíîå
ðåøåíèå U(X, T ) óðàâíåíèÿ (1.1) è ðåøàÿ ýòó ñèñòåìó îòíîñèòåëüíî u(x, t),
ïîëó÷àåì äëÿ íåãî íîâîå ðåøåíèå.

Ïðèâåäåì ïðèìåð. Ïðåîáðàçîâàâ ïî ôîðìóëàì (5.5) ðåøåíèå óðàâíåíèÿ
(1.1)

uI(x, t) = t,

ðàçðåøèì ðåçóëüòàò îòíîñèòåëüíî èíòåãðàëüíîé ïåðåìåííîé. Äèôôåðåíöè-
ðîâàíèåì îáåèõ ÷àñòåé ïîëó÷åííîãî ðàâåíñòâà ïî x ïîëó÷èì äèôôåðåíöèàëü-
íîå óðàâíåíèå, ðåøàÿ êîòîðîå, íàõîäèì íåëîêàëüíûé àíçàö äëÿ (1.1). Ïîëàãàÿ
â ýòîì àíçàöå ïðîèçâîëüíóþ ôóíêöèþ ðàâíîé íóëþ, ïðèõîäèì ê ðåøåíèþ:

u(x, t) =

((
9(t + ε) +

√
3
√

1 + 27ex(t + ε)2e−x/2
)2/3

e4x/3 − 31/3ex

)3

e−4x

18
(
9(t + ε) +

√
3
√

1 + 27ex(t + ε)2e−x/2
) .

6. Çàêëþ÷åíèå è îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ

Â ðàáîòå ïîñòðîåíî êîíå÷íîå íåëîêàëüíîå èíòåãðî-äèôôåðåíöèàëüíîå ïðå-
îáðàçîâàíèå, ëèíåàðèçóþùåå íåëèíåéíîå òåëåãðàôíîå óðàâíåíèå

utt − ∂x(−u−1 + u−2ux) = 0.

Íà îñíîâå ýòîãî ïðåîáðàçîâàíèÿ ïîñòðîåí àëãîðèòì íåëèíåéíîé ñóïåðïîçèöèè
åãî ðåøåíèé. Ïîñòðîåíû åãî íîâûå òî÷íûå ðåøåíèÿ. Ïî íàéäåííûì ïîòåíöè-
àëüíûì ñèììåòðèÿì ëèíåéíîãî óðàâíåíèÿ âû÷èñëåíû íîâûå ïîòåíöèàëüíûå
ñèììåòðèè íåëèíåéíîãî òåëåãðàôíîãî óðàâíåíèÿ. Íàéäåííîå ïðåîáðàçîâàíèå,
áóäó÷è ïðèìåíåíî ê ôîðìóëàì ðàçìíîæåíèÿ ðåøåíèé, ïîðîæäåííûì ïîòåí-
öèàëüíîé ñèììåòðèåé ëèíåéíîãî óðàâíåíèÿ, ïîçâîëèëî çàïèñàòü ñîîòâåòñòâó-
þùèé àëãîðèòì ðàçìíîæåíèÿ ðåøåíèé íåëèíåéíîãî óðàâíåíèÿ (1.1). Êðîìå
òîãî â ðàáîòå âûâåäåíû íåëèíåéíûå óðàâíåíèÿ íà ïîòåíöèàëüíóþ ïåðåìåí-
íóþ, ñâÿçàííûå ñ èññëåäóåìûì óðàâíåíèåì ïîñðåäñòâîì ïîòåíöèàëüíîé ñè-
ñòåìû êàê ïðåîáðàçîâàíèåì Áýêëóíäà. Ýòè óðàâíåíèÿ, â ñâîþ î÷åðåäü, ìîãóò
áûòü ëèíåàðèçîâàíû ñîîòâåòñòâóþùèì íåëîêàëüíûì ïðåîáðàçîâàíèåì.
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