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Îñíîâíàÿ öåëü ðàáîòû ñîñòîèò â äîêàçàòåëüñòâå ðÿäà òåîðåì, îáîñíîâûâàþ-

ùèõ âîçìîæíîñòü ïðèâëå÷åíèÿ àëüòåðíàòèâíûõ ìåòîäîâ îïðåäåëåíèÿ èçìåðè-

ìûõ ïåðåñòàíîâîê äëÿ êîððåêòíîãî îïðåäåëåíèÿ ïðîñòðàíñòâ Ëîðåíöà.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíûå ïðîñòðàíñòâà, ïðîñòðàíñòâî Ëîðåíöà, èçìåðèìûå ïå-

ðåñòàíîâêè.

1. Âñòóïëåíèå

Îñíîâíàÿ öåëü äàííîé ðàáîòû ñîñòîèò â èçó÷åíèè êà÷åñòâåííûõ ñâîéñòâ
âåñîâûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ Ëîðåíöà Λq

ω, êîòîðûå òðàäèöèîííî
îïðåäåëÿþòñÿ êàê:

f ∈ Λq
w ⇔

(∫ µ(Ω)

0
w (t) |f∗ (t)|q dt

) 1
q

<∞;

w (x) ∈ L1 ((0;µ (Ω))) , w (x) > 0 ïî÷òè âñþäó â L1 ((0;µ (Ω))) ,

ãäå µ � ìåðà Ëåáåãà,

f∗ : [0;µ (Ω)] → R, (1.1)

f∗ (s) = inf ({t ∈ R : µ ({γ ∈ R : f (γ) > t}) ≤ s}) . (1.2)

Çäåñü ôóíêöèÿ f∗ íàçûâàåòñÿ ïåðåñòàíîâêîé (decreasing rearrangement) èçìå-
ðèìîé ôóíêöèè f . Òðàäèöèîííî (1.1)�(1.2) ÿâëÿåòñÿ îáùåïðèíÿòûì ñïîñîáîì
åå çàäàíèÿ. Îäíàêî, êàê áóäåò ïîêàçàíî äàëåå, ïåðåñòàíîâêó ìîæíî îïðåäå-
ëèòü â äðóãîé àëüòåðíàòèâíîé ôîðìå. À èìåííî,

f̃∗ (s) = d̃−1
f (s) ,

�����������������
c⃝ Ï. È. Òêà÷åíêî, 2013
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ãäå îïðåäåëåíèå ôóíêöèè d̃−1
f áóäåò äàíî íèæå. Ïîýòîìó îäíèì èç îñíîâíûõ

âîïðîñîâ, îáñóæäàåìûõ â äàííîé ñòàòüå, åñòü ïðîâåäåíèå ñðàâíèòåëüíîãî àíà-
ëèçà ïðè èñïîëüçîâàíèè äâóõ ìåòîäîâ îïðåäåëåíèÿ èçìåðèìîé ïåðåñòàíîâêè
äëÿ êîíñòðóèðîâàíèÿ ñîîòâåòñòâóþùèõ âåñîâûõ ïðîñòðàíñòâ Ëîðåíöà.

2. Àëüòåðíàòèâíûé ïîäõîä ê ïîñòðîåíèþ ïåðåñòàíîâîê

Ïóñòü Ω ⊂ R � îòêðûòîå ñâÿçíîå ïîäìíîæåñòâî è ïóñòü f : Ω → R �
èçìåðèìàÿ ôóíêöèÿ. Ââåäåì â ðàññìîòðåíèå ñëåäóþùóþ ôóíêöèþ:

df (x) = µ ({t ∈ Ω : f(t) > x}) .

Îïðåäåëåíèå 2.1. Àëüòåðíàòèâíîé ïåðåñòàíîâêîé ôóíêöèè f áóäåì íàçû-
âàòü îòîáðàæåíèå f̃∗ : [0;µ (Ω)] → R, çàäàííîå ïðàâèëîì

f̃∗ (s) = d̃−1
f (s) , (2.1)

ãäå

d̃−1
f (s) =



d−1
f (s), åñëè â òî÷êå s ñóùåñòâóåò îáðàòíàÿ

ôóíêöèÿ ê df (x) ;

inf
{
t ∈ R : d−1

f (s) = t
}
, åñëè â òî÷êå s ôóíêöèÿ d−1

f (s)

ìíîãîçíà÷íà;
C, ãäå C åñòü çíà÷åíèåì, êîòîðîå

ïðèíèìàåò f íà ó÷àñòêå ñâîåãî
ïîñòîÿíñòâà, à s åñòü òî÷êîé
ðàçðûâà ôóíêöèè d−1

f (s).

Êàê ñëåäóåò èç îïðåäåëåíèÿ ïåðåñòàíîâêè f̃∗, äëÿ ñòðîãî âîçðàñòàþùåé f
èìååì:

f̃∗ (t) = df
−1 (t) =

(
supΩ− f−1

)−1
(t) .

Â òî æå âðåìÿ, îáùåïðèíÿòûé ñïîñîá ïîñòðîåíèÿ ïåðåñòàíîâêè (ñì. (1.1)�
(1.2)) ìîæíî ïðåäñòàâèòü â âèäå [2, 3]:

f∗ (t) = ddf (t) ,

ãäå

f∗ (t) = ddf (t) = dsupΩ−f−1 (t) =
(
supΩ− f−1

)−1 − inf Dom
(
supΩ− f−1

)
.

ßñíî, ÷òî åñëè f � îãðàíè÷åíà, òî åå ïåðåñòàíîâêà f̃∗ � îãðàíè÷åíà è ïðè-
íèìàåò çíà÷åíèÿ f̃∗(0) = sup

x∈Ω
f (x) , f̃∗(µ (Ω)) = inf

x∈Ω
f (x). Â äàëüíåéøèõ ðàñ-

ñóæäåíèÿõ áóäåì ïîíèìàòü d−1
f (s) = d̃−1

f (s), åñëè èíà÷å íå îãîâîðåíî.
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Óòâåðæäåíèå 2.1. Ïóñòü f : Ω → R � ñòðîãî ìîíîòîííà è íåïðåðûâíà íà
Ω. Òîãäà f̃∗ : [0;µ (Ω)] → R � óáûâàþùàÿ è íåïðåðûâíàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Êàê ñëåäóåò èç îïðåäåëåíèÿ ôóíêöèè df (x), èìååì:

df (x) :

[
inf
x∈Ω

f (x) ; sup
x∈Ω

f (x)

]
→ [0;µ (Ω)] .

Ñâîéñòâî å¼ ìîíîòîííîñòè î÷åâèäíî, ïîñêîëüêó

c1 > c2 ⇒ {x ∈ Ω : f (x) > c1}  {x ∈ Ω : f (x) > c1}.

Äàëåå çàìåòèì, ÷òî

|df (x+ h)− df (x)| = µ ({t ∈ Ω : f (t) ∈ (f (x) ; f (x+ h))})

è ïîêàæåì, ÷òî ôóíêöèÿ df (x) íåïðåðûâíà. Äåéñòâèòåëüíî, òàê êàê Ω �
ñâÿçíîå ìíîæåñòâî, òî äëÿ âñåõ c ∈ ImΩ, â ñëó÷àå ìîíîòîííî óáûâàþùåé
ôóíêöèè f íà (−∞; b), èìååì: df (c) = f−1 (c) − inf Ω. Åñëè f âîçðàñòàåò íà
(a; +∞), òî äëÿ âñåõ c ∈ ImΩ âûïîëíÿåòñÿ df (c) = supΩ− f−1 (c). Ñëåäîâà-
òåëüíî, µ ({t ∈ Ω : f (t) ∈ (f (x) ; f (x+ h))}) = f−1 (x+ h)− f−1 (x).

Ïîñêîëüêó ôóíêöèÿ f : Ω → R íåïðåðûâíà íà Ω, òî îáðàòíàÿ ê íåé òîæå
íåïðåðûâíà. Ïîýòîìó

lim
h→0,x+h∈Ω

|df (x+ h)− df (x)| = lim
h→0,x+h∈Ω

∣∣f−1 (x+ h)− f−1 (x)
∣∣ = 0.

Îòêóäà íàõîäèì, df (x) � íåïðåðûâíàÿ ôóíêöèÿ.
Ïî ïîñòðîåíèþ df (x) ñòðîãî óáûâàþùàÿ ôóíêöèÿ. Èç ýòîãî ñëåäóåò ñó-

ùåñòâîâàíèå îáðàòíîé ê íåé ôóíêöèè

df
−1 (y) :

[
inf
x∈Ω

f (x) ; sup
x∈Ω

f (x)

]
→ [0;µ (Ω)] .

Ïîýòîìó
f̃∗ (b− x)

x∈Ω
= df

−1 (b− x) .

Òåì ñàìûì èñêîìûå ñâîéñòâà ïåðåñòàíîâêè f̃∗ ñòàíîâÿòñÿ î÷åâèäíûìè. Â ñëó-
÷àå, êîãäà df (c) = f−1 (c) − inf Ω, äîêàçàòåëüñòâî àíàëîãè÷íîå. Òàêèì îá-
ðàçîì, f̃∗ : [0;µ (Ω)] → R, êàê îáðàòíàÿ ê óáûâàþùåé, åñòü óáûâàþùåé è
íåïðåðûâíîé ôóíêöèåé.

Ñëåäñòâèå 2.1. Ïóñòü f : Ω → R � ñòðîãî ìîíîòîííàÿ íà Ω ôóíêöèÿ.
Òîãäà f̃∗ : [0;µ (Ω)] → R � äèôôåðåíöèðóåìà ïî÷òè âñþäó íà îáëàñòè îïðå-
äåëåíèÿ.

ßñíî, ÷òî åñëè f � ñòðîãî ìîíîòîííà íà Ω, òî îíà äèôôåðåíöèðóåìà
ïî÷òè âñþäó, è òàêèå æå ñâîéñòâà èìååò ôóíêöèÿ df .
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Óòâåðæäåíèå 2.2. Ïóñòü f : Ω → R � íåïðåðûâíàÿ ôóíêöèÿ, êîòîðàÿ íå
èìååò èíòåðâàëîâ ïîñòîÿíñòâà. Òîãäà df (c) � íåïðåðûâíàÿ ñòðîãî óáûâàþ-
ùàÿ ôóíêöèÿ.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì îáëàñòü çíà÷åíèé â âèäå ImΩ =
∪n

i=1 [ci; ci+1],
ãäå ci � ëîêàëüíûå ýêñòðåìóìû ôóíêöèè f . Òàê êàê èõ ìîæåò áûòü íå áîëüøå
ñ÷¼òíîãî ÷èñëà, òî áóäåì ñòðîèòü ôóíêöèþ df íà êàæäîì èç îòðåçêîâ [ci; ci+1]
â îòäåëüíîñòè.

Óïîðÿäî÷èâ ëîêàëüíûå ýêñòðåìóìû : b1 < b2 < ... < bn < ..., ãäå b1 � ãëî-
áàëüíûé ìèíèìóì (êîòîðûé ìîæåò ðàâíÿòüñÿ −∞), ðàññìîòðèì ôóíêöèþ f
íà ïðîèçâîëüíîì îòðåçêå [bk; bk+1] k = 1, n− 1. Â ñèëó ñäåëàííûõ äîïóùå-
íèé, ýêñòðåìóìû íà îòðåçêå [bk; bk+1] îòñóòñòâóþò. Ýòî çíà÷èò, ÷òî ïîëíûé
ïðîîáðàç îòðåçêà [bk; bk+1] îòîáðàæàåòñÿ â îáúåäèíåíèå ñ÷¼òíîãî ÷èñëà îòðåç-
êîâ â îáëàñòè îïðåäåëåíèÿ, êîòîðûå íå ïåðåñåêàþòñÿ. Äëÿ ïîñòðîåíèÿ ôóíê-
öèè df ìîæíî ðàçáèòü ãðàôèê f(x) íà êðèâûå, êîòîðûå îòâå÷àþò çà îòðåçêè
ìîíîòîííîñòè â îáëàñòè çíà÷åíèé. Äëÿ êàæäîãî èç îòðåçêîâ ìîíîòîííîñòè
ïðèìåíèìî óòâåðæäåíèå 2.1, òî åñòü ñóæåíèå ôóíêöèè df íà ýòîò îòðåçîê
ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé. Èç àääèòèâíîñòè ìåðû Ëåáåãà ñëåäóåò, ÷òî
µ (c) =

∑s
i µ ({x ∈ Ai : f (x) > c}), ãäå s � êîëè÷åñòâî íåïåðåñåêàþùèõñÿ îò-

ðåçêîâ èç ïîëíîãî ïðîîáðàçà [bk; bk+1], à Ai � ÷àñòü ãðàôèêà f(x), êîòîðàÿ
ñîîòâåòñòâóåò îòðåçêó ñ íîìåðîì i. Òàêèì îáðàçîì, ôóíêöèÿ df âî âíóòðåííèõ
òî÷êàõ [bk; bk+1] � íåïðåðûâíà, à å¼ ìîíîòîííîñòü ñëåäóåò èç ìîíîòîííîñòè
ìåðû Ëåáåãà. Ïîñêîëüêó

df (c)[b1;bk+1]
= df (c)[bk;bk+1]

+ df (c)[b1;bk], ãäå df (c) = C ∀c ∈ [bk; bk+1] ,

òî äëÿ îïðåäåëåíèÿ ôóíêöèè df èìååì ðåêóððåíòíîå ïðàâèëî. Òàêèì îáðà-
çîì, âî âíóòðåííèõ òî÷êàõ îòðåçêîâ [bk; bk+1] ñâîéñòâî íåïðåðûâíîñòè äîêà-
çàíî. Â òî÷êàõ ýêñòðåìóìà ðàññìîòðèì ëåâûå è ïðàâûå ãðàíèöû df . Èñõîäÿ
èç ïðåäûäóùåãî ðàâåíñòâà, îíè ñîâïàäàþò, òàê êàê ëåâàÿ ãðàíèöà ôóíêöèè
äëÿ âåðõíåãî êðàÿ ïðåäûäóùåãî ïðîìåæóòêà ðàâíà ïðàâîé ãðàíèöå ôóíê-
öèè äëÿ íèæíåãî êðàÿ ïîñëåäóþùåãî ïðîìåæóòêà. Òåì ñàìûì óòâåðæäåíèå
äîêàçàíî.

Ðàññìîòðèì ôóíêöèþ f : Ω → R, êîòîðàÿ íå èìååò ïðîìåæóòêîâ ïîñòî-
ÿíñòâà íà îãðàíè÷åííîì ìíîæåñòâå Ω. Åñòåñòâåííûì ÿâëÿåòñÿ âîïðîñ î òîì,
âñåãäà ëè îäíîé ôóíêöèè f̃∗ ñîîòâåòñòâóåò îäíà ôóíêöèÿ f , òî åñòü ÿâëÿåòñÿ
ëè èíúåêòèâíûì îòîáðàæåíèå f → f̃∗? Ñ ýòîé öåëüþ ðàññìîòðèì ñëåäóþùèé
ïðèìåð:

f (x) =

{
x;x ∈ (0; 1]

2− x, x ∈ (1; 2)
, g (x) = 1− x

2 ;x ∈ (0; 2) .

Êàê âèäíî èç ðèñ. 1, ðàçíûì ôóíêöèÿì f, g ñîîòâåòñòâóþò îäèíàêîâûå
ïåðåñòàíîâêè f̃∗ è g̃∗. Òàêèì îáðàçîì, f → f̃∗ � íå èíúåêòèâíîå îòîáðàæåíèå.

Â çàâåðøåíèå ýòîãî ðàçäåëà ðàññìîòðèì èëëþñòðàòèâíûå ïðèìåðû.
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Ðèñ. 1: Ãðàôèêè f (x) è g (x), df

Ðèñ. 2: f (x) = sin
(

π
2x

)
, å¼ df (c) è f̃∗

Ðèñ. 3: Êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ, df (c) è f̃∗

Ðèñ. 4: f (x) = 1
1+x , df (c) è f̃

∗
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1. Íà ðèñ. 2 ðàññìàòðèâàåòñÿ ôóíêöèÿ f (x) = sin
(

π
2x

)
;x ∈ (0; 1), äëÿ

êîòîðîé

df (c) = µ
({
x ∈ R : sin

( π
2x

)
> c
})

⇒ df (c) : [−1; 1] → [0; 1]

df (c) =
π − 2 arcsin c

2π − 2 arcsin c
+

2π − 4 arcsin c

16π

+∞∑
k=1

1(
k + arcsin c

2π

) (
k + 1

2 − arcsin c
2π

) =

=
π − 2 arcsin c

π − arcsin c

(
1

2
+

1

8π

∫ 1

0

x
arcsin c

2π − x
1
2
− arcsin c

2π

1− x
dx

)
.

Ëåãêî âèäåòü, ÷òî ôóíêöèè df è f̃∗ ÿâëÿþòñÿ ìîíîòîííî óáûâàþùèìè è
îáëàäàþò ñâîéñòâàìè, óêàçàííûìè â óòâåðæäåíèè 2.2.

2. Íà ðèñ. 3 ðàññìàòðèâàåòñÿ ôóíêöèÿ f (x) =
∑n

k=1 akχAk
(x), ãäå χAk

�
õàðàêòåðèñòè÷åñêèå ôóíêöèè ïðîìåæóòêîâ Ak.

3. Íà ðèñ. 4 ðàññìàòðèâàåòñÿ ôóíêöèÿ f (x) = 1
1+x ;x ∈ (0;+∞), è ïîêàçà-

íî, ÷òî â ýòîì ñëó÷àå df (c) =
1−c
c è f̃∗ (t) = 1

1+t .

3. Îáùåïðèíÿòûé ïîäõîä ê ïîñòðîåíèþ ïåðåñòàíîâîê

Ïóñòü Ω ⊂ R � îòêðûòîå ñâÿçíîå ïîäìíîæåñòâî è ïóñòü f, g : Ω → R �
èçìåðèìûå ôóíêöèè. Ââåäåì â ðàññìîòðåíèå ñëåäóþùåå ïîíÿòèå:

Îïðåäåëåíèå 3.1. Ôóíêöèè f (x) è g (x) íàçûâàþòñÿ ðàâíîèçìåðèìûìè [4],
åñëè

df (c) = dg (c) ∀c ∈ [0;µ (Ω)] .

Îïðåäåëåíèå 3.2. Ïåðåñòàíîâêîé èçìåðèìîé ôóíêöèè f íàçûâàåòñÿ óáû-
âàþùàÿ íåïðåðûâíàÿ ñïðàâà ôóíêöèÿ f∗, êîòîðàÿ ðàâíîèçìåðèìà ñ f . Ïðè
ýòîì (ñì. [2]):

f∗ (s) = inf ({t ∈ R : µ ({γ ∈ R : f (γ) > t}) ≤ s}) .

Â îòëè÷èå îò àëüòåðíàòèâíîãî ïîäõîäà
(
f̃∗(t) = d−1

f (t)
)
, ïåðåñòàíîâêà â

ñìûñëå îïðåäåëåíèÿ 3.2 äîïóñêàåò çíà÷åíèÿ f∗ (0) = sup
x∈Ω

f (x) − inf
x∈Ω

f (x) è

f∗ (µ (Ω)) = 0. Ñëåäîâàòåëüíî, f∗ ÿâëÿþòñÿ íåîòðèöàòåëüíîé ôóíêöèåé.

Óòâåðæäåíèå 3.1. [2, p. 46�47]. Ïóñòü Ω ⊂ R � îòêðûòîå ñâÿçíîå ïîäìíî-
æåñòâî è ïóñòü f, g : Ω → R � èçìåðèìûå ôóíêöèè. Ïóñòü 0 < t, t1, t2 <∞; è
k ∈ R � çàäàííûå âåëè÷èíû. Òîãäà [2]:

1. (kf)∗ (t) = |k| f∗ (t);

2. (f + g)∗ (t1 + t2) ≤ f∗ (t1) + g∗ (t2);
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3. (fg)∗ (t1 + t2) ≤ f∗ (t1) g
∗ (t2).

Ïðîâåäåì ñðàâíèòåëüíûé àíàëèç äâóõ ïîäõîäîâ ê îïðåäåëåíèþ ïåðåñòà-
íîâîê. Äëÿ íà÷àëà ïîêàæåì, ÷òî óòâåðæäåíèå 3.1 îñòàåòñÿ â ñèëå, åñëè ïåðå-
ñòàíîâêó îïðåäåëèòü ïî ïðàâèëó (2.1). Äåéñòâèòåëüíî, êàê ñëåäóåò èç ïðèâå-
äåííûõ ïðåîáðàçîâàíèé(

k̃f
)∗

(x) = y1; |k| f̃∗ (x) = y2 ⇔ x = df

(y2
k

)
dkf (y1) = x; dkf (y2) = dkf

(
|k| f̃∗ (x)

)
= µ

({
t : kf (t) > |k| f̃∗ (x)

})
=

= µ
({
t : f (t) >

y2
k

})
= df

(y2
k

)
= x⇒

(
k̃f
)∗

(x) = |k| f̃∗ (x) ,

ïóíêò 1 óòâåðæäåíèÿ 3.1 âûïîëíÿåòñÿ.
Âûïîëíåíèå ïóíêòà 2 äàííîãî óòâåðæäåíèÿ ñòàíîâèòñÿ î÷åâèäíûì, åñëè

çàìåòèòü, ÷òî íåðàâåíñòâî t1 + t2 ≤ df+g

(
f̃∗ (t1) + g̃∗ (t2)

)
âëå÷åò ñïðàâåäëè-

âîñòü òàêæå è íåðàâåíñòâà
(
f̃ + g

)∗
(t1 + t2) ≤ f̃∗ (t1) + g̃∗ (t2).

Ïðîâåðèì êîððåêòíîñòü ïóíêòà 3 óòâåðæäåíèÿ 3.1. Äåéñòâèòåëüíî, ïóñòü

èìååò ìåñòî íåðàâåíñòâî t1+t2 ≤ dfg

(
f̃∗ (t1) + g̃∗ (t2)

)
. Òîãäà

(
f̃g
)∗

(t1 + t2) ≤
f̃∗ (t1) g̃

∗ (t2), ÷òî è òðåáîâàëîñü óñòàíîâèòü.
Çàìåòèì òàêæå, ÷òî äëÿ êóñî÷íî-ïîñòîÿííîé ôóíêöèè

f (x) =
n∑

k=1

akχAk
(x),

ãäå χAk
� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïðîìåæóòêà Ak, ïåðåñòàíîâêà f∗

ñîâïàäàåò ñ ïåðåñòàíîâêîé f̃∗.

4. Âåñîâûå ïðîñòðàíñòâà Ëîðåíöà

Óêàçàííûå â ðàçäåëàõ 2 è 3 óòâåðæäåíèÿ áóäåì èñïîëüçîâàòü äëÿ äîêà-
çàòåëüñòâà áàçîâûõ ñâîéñòâ âåñîâîãî ïðîñòðàíñòâà Ëîðåíöà, êîòîðîå ìîæíî
îïðåäåëèòü êàê ìíîæåñòâî ôóíêöèé f : Ω → R, äëÿ êîòîðûõ(∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt) 1
q

<∞;w (x) ∈ L1 ((0;µ (Ω))) , w (x) > 0 ïî÷òè âñþäó.

Çäåñü èíòåãðàë ðàññìàòðèâàåòñÿ â ñìûñëå Ëåáåãà. Ïóñòü w (t) � âåñîâàÿ
ôóíêöèÿ. Ââåäåì ñëåäóþùåå ïîíÿòèå:

Îïðåäåëåíèå 4.1. Ïóñòü 0 < p, q < ∞ � çàäàííûå ÷èñëà. Îñîáûì ïðî-
ñòðàíñòâîì Ëîðåíöà áóäåì íàçûâàòü ôóíêöèîíàëüíîå ïðîñòðàíñòâî L (p, q)
èçìåðèìûõ ôóíêöèé f : Ω → R ñ ìåðîé (Ëåáåãà), äëÿ êîòîðûõ

∥f (x)∥L(p,q) =

∫ µ(Ω)

0

(
t
1
p

∣∣∣f̃∗ (t)∣∣∣)
t

q

dt


1
q

< +∞.
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Òîãäà èìååò ìåñòî òàêîé ðåçóëüòàò:

Óòâåðæäåíèå 4.1. Ïðîñòðàíñòâî L (p, q) ëèíåéíî äëÿ ëþáûõ p > 0, q > 0 è

òåõ f, g, äëÿ êîòîðûõ t ≤ df+g

(
f̃∗
(
t
2

)
+ g̃∗

(
t
2

))
.

Äîêàçàòåëüñòâî. Ïîñêîëüêó∫ µ(Ω)

0

(
t
1
p

∣∣∣(f̃ + g
)∗∣∣∣ (t))

t

q

dt


1
q

≤

∫ µ(Ω)

0

(
t
1
p

∣∣∣f̃∗ ( t2)+ g̃∗
(
t
2

)∣∣∣)
t

q

dt


1
q

≤

≤

∫ µ(Ω)
2

0

2
q
p

(
u

1
p

∣∣∣f̃∗ (u)∣∣∣+ u
1
p |g̃∗ (u)|

)q
u

du


1
q

≤

≤ 2
1
p
+1
(
∥f (x)∥L(p,q) + ∥g (x)∥L(p,q)

) 1
q ≤

≤ 2
1+ 1

p
+ 1

q

(
∥f (x)∥L(p,q) + ∥g (x)∥L(p,q)

)
,

òî L (p, q) çàìêíóòî îòíîñèòåëüíî îïåðàöèè ñëîæåíèÿ. Êðîìå òîãî,

∥(αf) (x)∥L(p,q) = |α| ∥f (x)∥L(p,q),

÷òî ñëåäóåò èç äîêàçàííîãî â ðàçäåëå 3 ñâîéñòâà
(
k̃f
)∗

(t) = |k| f̃∗ (t). Òîãäà
L (p, q) � çàìêíóòî îòíîñèòåëüíî ëèíåéíûõ îïåðàöèé, è òàê êàê L (p, q) ÿâ-
ëÿåòñÿ ïîäìíîæåñòâîì ëèíåéíîãî ïðîñòðàíñòâà âñåõ ôóíêöèé, îïðåäåë¼ííûõ
íà Ω, òî L (p, q) � ëèíåéíî.

Îïðåäåëåíèå 4.2. Ëèíåéíîå ïðîñòðàíñòâî X íàçûâàåòñÿ êâàçèíîðìèðîâàí-
íûì, åñëè íà åãî ýëåìåíòàõ x ìîæíî îïðåäåëèòü ôóíêöèþ ∥x∥ ≥ 0, êîòîðàÿ
óäîâëåòâîðÿåò óñëîâèÿì:

1. x = 0 ⇔ ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò x ∈ X : ∥x∥ = 0;

2. ∥λx∥ = |λ| ∥x∥, λ ∈ R;

3. ∥x+ y∥ ≤ C (∥x∥+ ∥y∥) ; C ≥ 1.

Ñëåäñòâèå 4.1. Â óñëîâèÿõ ïðåäûäóùåãî óòâåðæäåíèÿ ïðîñòðàíñòâî L (p, q)
ÿâëÿåòñÿ êâàçèíîðìèðîâàííûì äëÿ ëþáûõ p > 0, q > 0.

Óòâåðæäåíèå 4.2. Ïóñòü {fn : Ω → R}+∞
n=1 � ðàâíîìåðíî ñõîäÿùàÿñÿ íà∩∞

i=1Dom(fi) ïîñëåäîâàòåëüíîñòü èçìåðèìûõ ìîíîòîííûõ ôóíêöèé òàêèõ,

÷òî f̃∗n ∈ L(p, q). Òîãäà ïîñëåäîâàòåëüíîñòü ôóíêöèé
{
f̃n

∗}+∞

n=1
ñõîäèòñÿ ïî

íîðìå íà [0;µ (Ω)] â îñîáîì ïðîñòðàíñòâå Ëîðåíöà L (p, q).

Äîêàçàòåëüñòâî. Ñëåäóÿ ðåçóëüòàòàì ðàáîòû [1, p. 201], èìååì:
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Åñëè äëÿ ïîñëåäîâàòåëüíîñòè èíúåêòèâíûõ ôóíêöèé fn ⇒ f0 íà∩∞
i=1Dom(fi), òî fn

−1 ⇒ f0
−1 íà

∩∞
i=1 Im (Dom (fi)).

Ýòî çíà÷èò, ÷òî fn
−1 ⇒ f0

−1. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü ôóíêöèé
{dfn}

+∞
n=1, ýëåìåíòû êîòîðîé îïðåäåëÿþòñÿ ïî ïðàâèëó

df (y) = sup
t∈Ω

t− f−1 (y), ëèáî df (y) = f−1 (y)− inf
t∈Ω

t,

òàêæå ñõîäèòñÿ ðàâíîìåðíî íà
∩∞

i=1 Im (Dom (fi)). Ïîýòîìó f̃∗n ⇒ f̃∗0 (ñì. [1,

p. 201]). Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü
{
f̃n

∗}+∞

n=1
ñõîäèòñÿ ïî íîðìå â

L (p, q). Äåéñòâèòåëüíî,

∥∥∥f̃∗n (t)− f̃∗0 (t)
∥∥∥
L(p,q)

=

(∫ µ(Ω)

0

(
γ

1
p

∣∣∣f̃∗n (γ)− f̃∗0 (γ)
∣∣∣)q dγ

γ

) 1
q

.

Òàê êàê f̃∗n ⇒ f̃∗0 , òî(∫ µ(Ω)

0

(
γ

1
p

∣∣∣f̃∗n (γ)− f̃∗0 (γ)
∣∣∣)q dγ

γ

) 1
q

<

(∫ µ(Ω)

0

(
γ

1
p · ε

)q dγ
γ

) 1
q

=

= ε

(∫ µ(Ω)

0

dγ

γ
1− q

p

) 1
q

= ε
pµ(Ω)

q
p

q
= εM.

Îòñþäà ñëåäóåò èñêîìîå óòâåðæäåíèå.

Óêàçàííûå ñâîéñòâà ñïðàâåäëèâû è äëÿ òðàäèöèîííûõ ïðîñòðàíñòâ Ëî-
ðåíöà, äîêàçàòåëüñòâà êîòîðûõ ïðèâåäåíû â [2,3].

Îïðåäåëåíèå 4.3. Âåñîâûì ïðîñòðàíñòâîì Ëîðåíöà Λq
w (Ω) íàçûâàåòñÿ ïðî-

ñòðàíñòâî ñ ìåðîé èçìåðèìûõ ôóíêöèé f : Ω → R òàêèõ, ÷òî

(∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt) 1
q

<∞,

ãäå q > 0, w (t) ∈ L1 ((0;µ (Ω))) è w (t) > 0 ïî÷òè âñþäó íà (0;µ (Ω)) .

Îñîáîå ïðîñòðàíñòâî Ëîðåíöà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì âåñîâîãî ïðî-
ñòðàíñòâà Ëîðåíöà â ñëó÷àå w (t) = t

q
p
−1. Óñòàíîâèì ðÿä ñâîéñòâ âåñîâûõ

ïðîñòðàíñòâ Ëîðåíöà.

Óòâåðæäåíèå 4.3. Äëÿ q > 1 èìååì Λq
w (Ω) ⊃ Λ1

w (Ω).
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Äîêàçàòåëüñòâî. Ïóñòü p, q > 1 òàêèå, ÷òî 1
p +

1
q = 1. Òîãäà, â ñèëó íåðàâåí-

ñòâà Ã¼ëüäåðà, èìååì:∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣dt = ∫ µ(Ω)

0
w

1
p
+ 1

q (t)
∣∣∣f̃∗ (t)∣∣∣dt ≤

≤

(∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt) 1
q

∥w (t)∥
1
p

L1((0;µ(Ω))) .

Òåì ñàìûì âêëþ÷åíèå Λq
w (Ω) ⊃ Λ1

w (Ω) óñòàíîâëåíî.

Óòâåðæäåíèå 4.4. Ïóñòü w (t) òàêàÿ, ÷òî w (2t) ≤ w (t), t ∈
[
0; µ(Ω)

2

]
è

äëÿ ëþáûõ f, g èìååì t ≤ df+g

(
f̃∗
(
t
2

)
+ g̃∗

(
t
2

))
. Òîãäà Λq

w (Ω) � ëèíåéíîå
ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî. Òàê êàê(∫ µ(Ω)

0
w (t)

∣∣∣(λ̃f)∗ (t)∣∣∣qdt) 1
q

= |λ|

(∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt) 1
q

<∞,

òî Λq
w (Ω) çàìêíóòî îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ íà ýëåìåíòû ïîëÿ λ ∈

R. Ó÷èòûâàÿ, ÷òî(∫ µ(Ω)

0
w (t)

∣∣∣(f̃ + g
)∗

(t)
∣∣∣qdt) 1

q

≤

(∫ µ(Ω)

0
w (t)

∣∣∣∣f̃∗( t2
)
+ g̃∗

(
t

2

)∣∣∣∣qdt
) 1

q

≤

≤ 2

(∫ µ(Ω)

0
w (t)

∣∣∣∣f̃∗( t2
)∣∣∣∣qdt+ ∫ µ(Ω)

0
w (t)

∣∣∣∣g̃∗( t2
)∣∣∣∣qdt

) 1
q

≤

≤ 2
2+ 1

q

(∫ µ(Ω)

0
w (v)|g̃∗ (v)|qdt

) 1
q

+ 2
2+ 1

q

(∫ µ(Ω)

0
w (v)

∣∣∣f̃∗ (v)∣∣∣qdt) 1
q

,

èìååì: Λq
w (Ω) çàìêíóòî îòíîñèòåëüíî îïåðàöèè ñëîæåíèÿ ýëåìåíòîâ. Òàê êàê

Λq
w (Ω) � ïîäìíîæåñòâî ëèíåéíîãî ïðîñòðàíñòâà, òî Λq

w (Ω) � ëèíåéíîå ïðî-
ñòðàíñòâî.

Óòâåðæäåíèå 4.5. Ïóñòü ôóíêöèÿ w (t) òàêàÿ, ÷òî w (2t) ≤ w (t) , t ∈
[
0; µ(Ω)

2

]
è t ≤ df+g

(
f̃∗
(
t
2

)
+ g̃∗

(
t
2

))
. Òîãäà ôóíêöèîíàë

∥f (x)∥Λq
w(Ω) =

(∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt) 1
q

<∞,

ÿâëÿåòñÿ êâàçèíîðìîé.
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Äîêàçàòåëüñòâî. Îöåíêà

∥f (x) + g (x)∥Λq
w(Ω) ≤ 2

1+ 1
q

(
∥f (x)∥Λq

w(Ω) + ∥g (x)∥Λq
w(Ω)

)
è ðàâåíñòâî ∥λf (x)∥Λq

w(Ω) = |λ| ∥f (x)∥Λq
w(Ω) íåïîñðåäñòâåííî ñëåäóþò èç ïðåäû-

äóùåãî óòâåðæäåíèÿ. Ïîêàæåì, ÷òî ∥f (x)∥Λq
w(Ω) = 0 ⇔ f (x) = 0. Äåéñòâè-

òåëüíî, äëÿ ýòîãî äîñòàòî÷íî çàìåòèòü, ÷òî

∥f (x)∥Λq
w(Ω) = 0 ⇔

∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt = 0;∫ µ(Ω)

0
w (t)

∣∣∣f̃∗ (t)∣∣∣qdt = 0 ⇒ w (t)
∣∣∣f̃∗ (t)∣∣∣q = 0 ⇒ f̃∗ (t) = 0 ïî÷òè âñþäó.

Óòâåðæäåíèå 4.6. Ïóñòü {wn (t)}+∞
n=1 � ñõîäÿùàÿñÿ ïî ìåðå ê ôóíêöèè

w0 (t) ïîñëåäîâàòåëüíîñòü. Ïóñòü {wn (t)}+∞
n=1 � îãðàíè÷åíà èíòåãðèðóåìîé

ïî Ëåáåãó ìàæîðàíòîé. Òîãäà ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëîâ{
∥f (x)∥Λq

wn (Ω)

}+∞

n=1

ïîòî÷å÷íî ñõîäèòñÿ ê ôóíêöèîíàëó ∥f (x)∥Λq
w0

(Ω) ïðè óñëîâèè, ÷òî ôóíêöèÿ f

ïðèíàäëåæèò êàæäîìó èç âåñîâûõ ïðîñòðàíñòâ Ëîðåíöà Λq
wn (Ω), n ∈ {0}∪N,

à òàêæå ïðîñòðàíñòâó Ëîðåíöà ñ âåñîâîé ôóíêöèåé, ðàâíîé ìàæîðàíòå.

Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèþ ñõîäèìîñòè ïî ìåðå ïîñëåäîâàòåëü-
íîñòè {wn (t)}+∞

n=1 èìååì:

∀σ > 0∀δ > 0∃N : ∀n > N ⇒ µ ({t ∈ Ω : |wn (t)− w0 (t)| ≥ σ}) < δ.

Òîãäà ∣∣∣∥f (x)∥qΛq
wn (Ω)

− ∥f (x)∥q
Λq
wn (Ω)

∣∣∣ =
=

∣∣∣∣∣∣∣
∫

(wn (t)− w0 (t))
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

+

∫
(wn (t)− w0 (t))

∣∣∣f̃∗ (t)∣∣∣qdt
{t∈[0;µ(Ω)]:|wn(t)−w0(t)|<σ}

∣∣∣∣∣∣∣ ≤
≤
∫

|wn (t)− w0 (t)|
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

+

∫
|wn (t)− w0 (t)|

∣∣∣f̃∗ (t)∣∣∣qdt
{t∈[0;µ(Ω)]:|wn(t)−w0(t)|<σ}

<

<

∫
|wn (t)− w0 (t)|

∣∣∣f̃∗ (t)∣∣∣qdt
{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

+

∫
σ
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|<σ}

.
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Ñëåäîâàòåëüíî, â ñèëó òîãî, ÷òî wn (t) ∈ L1 ((0;µ (Ω))) è ñóùåñòâóåò èíòåãðè-
ðóåìàÿ ïî Ëåáåãó ìàæîðàíòà F (t), èìååì:∫

|wn (t)− w0 (t)|
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

+

∫
σ
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|<σ}

≤

≤
∫

2F (t)
∣∣∣f̃∗ (t)∣∣∣qdt

{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

+ σ
∥∥∥∣∣∣f̃∗ (t)∣∣∣q∥∥∥

L1((0;µ(Ω)))
.

Òàê êàê ∀ε > 0∃δ > 0 : ∀B (µ (B) < δ) ⇒
∫
B |φ (t)| dµ < ε, òî èç ñõîäèìîñòè

ïî ìåðå ñëåäóåò, ÷òî âûðàæåíèå

µ ({t ∈ [0;µ (Ω)] : |wn (t)− w0 (t)| ≥ σ})

ìîæíî ñäåëàòü ìåíüøå δ. Òîãäà
∫
2F (t)

∣∣∣f̃∗ (t)∣∣∣qdt
{t∈[0;µ(Ω)]:|wn(t)−w0(t)|≥σ}

< ε
2 , à ÷èñëî σ ìîæíî

ïîäîáðàòü òàê, ÷òî σ
∥∥∥∣∣∣f̃∗ (t)∣∣∣q∥∥∥

L1((0;µ(Ω)))
< ε

2 . Îòñþäà ñëåäóåò: ∥f (x)∥
q
Λq
wn (Ω)

→

∥f (x)∥q
Λq
w0

(Ω)
. Íî ïîñêîëüêó ôóíêöèÿ y = xα, α > 0, x ≥ 0 íåïðåðûâíà, òî

∥f (x)∥Λq
wn (Ω) → ∥f (x)∥Λq

w0
(Ω) .

Òàêèì îáðàçîì, ïðèâåäåííûå óòâåðæäåíèÿ ïîêàçûâàþò, ÷òî ñ ïîìîùüþ
àëüòåðíàòèâíîãî ïîäõîäà ê îïðåäåëåíèþ ïîäñòàíîâêè ìîæíî ïîñòðîèòü ïðî-
ñòðàíñòâà, ñâîéñòâà êîòîðûõ âî ìíîãîì ñîâïàäàþò ñî ñâîéñòâàìè òðàäèöèîí-
íûõ ïðîñòðàíñòâ Ëîðåíöà.
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