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Аɧɨɬаɰіɹ. Ɋɨɡɝɥɹɧɭɬɨ ɩɪɢɤɥɚɞɢ ɩɨɨɞɢɧɨɤɢɯ (ɜɿɞɨɤɪɟɦɥɟɧɢɯ) ɯɜɢɥɶ, ɳɨ ɨɩɢɫɚɧɿ ɧɟɥɿɧɿɣɧɢɦɢ ɞɢ-
ɮɟɪɟɧɰɿɚɥɶɧɢɦɢ ɪɿɜɧɹɧɧɹɦɢ ɬɢɩɭ sin-Ƚɨɪɞɨɧɚ ɧɚ ɩɪɢɤɥɚɞɿ ɜɩɪɨɜɚɞɠɟɧɶ ɫɨɥɿɬɨɧɿɜ ɩɿɞ ɱɚɫ ɦɨɞɟ-
ɥɸɜɚɧɧɹ ɦɟɯɚɧɿɱɧɢɯ ɫɢɫɬɟɦ. Зɚ ɞɨɩɨɦɨɝɨɸ ɚɥɝɨɪɢɬɦɭ ɩɨɛɭɞɨɜɢ ɧɨɜɢɯ ɩɫɟɜɞɨɫɮɟɪɢɱɧɢɯ ɩɨɜɟɪ-
ɯɨɧɶ ɧɚ ɨɫɧɨɜɿ ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ ɧɚɜɟɞɟɧɨ, ɹɤ ɦɨɠɧɚ ɨɞɟɪɠɚɬɢ ɪɨɡɜ’ɹɡɤɢ ɧɟɥɿɧɿɣɧɨɝɨ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ. 
 
Клɸɱɨві ɫлɨва: ɫɨɥɿɬɨɧ, ɦɟɯɚɧɿɱɧɚ ɫɢɫɬɟɦɚ, ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ. 
 

      

   

 
. . , . . .,  

    

 , .  
 

Аɧɧɨɬаɰиɹ. Ɋɚɫɫɦɨɬɪɟɧɵ ɩɪɢɦɟɪɵ ɭɟɞɢɧɟɧɧɵɯ (ɨɬɞɟɥɟɧɧɵɯ) ɜɨɥɧ, ɨɩɢɫɚɧɧɵɯ ɧɟɥɢɧɟɣɧɵɦɢ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɦɢ ɭɪɚɜɧɟɧɢɹɦɢ ɬɢɩɚ sin-Ƚɨɪɞɨɧɚ ɧɚ ɩɪɢɦɟɪɟ ɜɧɟɞɪɟɧɢɣ ɫɨɥɢɬɨɧɨɜ ɩɪɢ ɦɨ-
ɞɟɥɢɪɨɜɚɧɢɢ ɦɟɯɚɧɢɱɟɫɤɢɯ ɫɢɫɬɟɦ. ɋ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ ɩɨɫɬɪɨɟɧɢɹ ɧɨɜɵɯ ɩɫɟɜɞɨɫɮɟɪɢɱɟ-
ɫɤɢɯ ɩɨɜɟɪɯɧɨɫɬɟɣ ɧɚ ɨɫɧɨɜɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ Ȼɟɤɥɭɧɞɚ ɩɨɤɚɡɚɧɨ, ɤɚɤ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɪɟɲɟɧɢɹ 
ɧɟɥɢɧɟɣɧɨɝɨ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ sin-Ƚɨɪɞɨɧɚ. 
 
Клɸɱевые ɫлɨва: ɫɨɥɢɬɨɧ, ɦɟɯɚɧɢɱɟɫɤɚɹ ɫɢɫɬɟɦɚ, ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ. 

 

DESCRIPTION OF SOLITONS BEHAVIOUR IN A MECHANICAL SYSTEMS  

BY NONLINEAR DIFFERENTIAL EQUATIONS 
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Abstract. Examples of solitary (separated) waves described by nonlinear differential equations of the sin-
Gordon solitons on example of solitong implementations at mechanical systems modeling are considered. 
Using the algorithm for constructing new pseudo-spherical surfaced based on Backlund transformation it 
was shown how one can get the solution of the nonlinear differential equation of sin-Gordon. 
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Ɉɫɨɛɥɢɜɟ ɦɿɫɰɟ ɫɟɪɟɞ ɧɟɥɿɧɿɣɧɢɯ ɞɢɮɟɪɟɧɰɿ-
ɚɥɶɧɢɯ ɪɿɜɧɹɧɶ ɡɚɣɦɚє ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ, 
ɹɤɟ ɨɩɢɫɭє ɮɿɡɢɱɧɿ ɩɪɨɰɟɫɢ ɜ ɧɟɥɿɧɿɣɧɢɯ ɫɟ-
ɪɟɞɨɜɢɳɚɯ [1–3]. ɋɬɚɧɨɜɥɟɧɧɹ ɫɭɱɚɫɧɨʀ ɧɚɭ-
ɤɢ ɧɟɦɨɠɥɢɜɟ ɛɟɡ ʀɯ ɪɨɡɜ’ɹɡɚɧɧɹ. Ⱦɥɹ ɩɪɢɤ-
ɥɚɞɧɨʀ ɝɟɨɦɟɬɪɿʀ ɰɟ ɪɿɜɧɹɧɧɹ ɰɿɤɚɜɟ ɬɢɦ, ɳɨ 
ɜɨɧɨ ɦɚє ɩɪɢɪɨɞɧɭ ɝɪɚɮɿɱɧɭ ɿɧɬɟɪɩɪɟɬɚɰɿɸ, 
ɩɨɜ’ɹɡɚɧɭ ɡ ɭɧɚɨɱɧɟɧɧɹɦ ɪɿɡɧɨɜɢɞɿɜ ɩɨɜɟɪ-

ɯɨɧɶ ɩɨɫɬɿɣɧɨʀ ɜɿɞ’єɦɧɨʀ ɝɚɭɫɫɨɜɨʀ ɤɪɢɜɢɧɢ 
(ɫɤɨɪɨɱɟɧɨ – ɩɫɟɜɞɨɫɮɟɪ). Ɋɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ 
ɞɨɡɜɨɥɹє ɞɨɫɥɿɞɠɭɜɚɬɢ ɫɨɥɿɬɨɧ ɹɤ ɧɟɥɿɧɿɣɧɭ 
ɩɨɨɞɢɧɨɤɭ (ɜɿɞɨɤɪɟɦɥɟɧɭ) ɯɜɢɥɸ ɭ ɜɢɝɥɹɞɿ 
ɿɦɩɭɥɶɫɭ, ɡɞɚɬɧɭ ɩɨɲɢɪɸɜɚɬɢɫɹ ɭ ɧɟɥɿɧɿɣɧɨ-
ɦɭ ɫɟɪɟɞɨɜɢɳɿ ɛɟɡ ɡɦɿɧɢ ɮɨɪɦɢ ɿ ɜɬɪɚɬ ɟɧɟɪ-
ɝɿʀ. ɉɨɧɹɬɬɹ «ɫɨɥɿɬɨɧ» ɡɚɩɨɱɚɬɤɭɜɚɜ ɛɪɢɬɚɧ-
ɫɶɤɢɣ ɿɧɠɟɧɟɪ Ⱦɠɨɧ ɋɤɨɬɬ Ɋɚɫɫɟɥ (1808–
1882). ɍ 1834 ɪɨɰɿ ɜɿɧ ɩɟɪɲɢɦ ɨɩɢɫɚɜ «ɜɟɥɢ-
ɤɭ ɜɿɞɨɤɪɟɦɥɟɧɭ ɯɜɢɥɸ». ɋɨɥɿɬɨɧ – ɰɟ ɜɿɞɨ-
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ɤɪɟɦɥɟɧɚ ɯɜɢɥɹ ɜ ɫɟɪɟɞɨɜɢɳɚɯ ɪɿɡɧɨʀ ɮɿɡɢɱ-
ɧɨʀ ɩɪɢɪɨɞɢ, ɹɤɚ ɡɛɟɪɿɝɚє ɧɟɡɦɿɧɧɨɸ ɫɜɨɸ 
ɮɨɪɦɭ ɿ ɲɜɢɞɤɿɫɬɶ ɩɪɢ ɩɨɲɢɪɟɧɧɿ [4, 5]. 
 
Іɧɬɟɪɩɪɟɬɚɰɿɹ ɝɟɨɦɟɬɪɢɱɧɨɝɨ ɨɛɪɚɡɭ ɫɨɥɿɬɨɧɚ 
ɡɚ ɞɨɩɨɦɨɝɨɸ ɩɨɜɟɪɯɨɧɶ ɩɨɫɬɿɣɧɨʀ ɜɿɞ’єɦɧɨʀ 
ɤɪɢɜɢɧɢ ɩɨєɞɧɭє ɪɟɡɭɥɶɬɚɬɢ ɬɟɨɪɿʀ ɧɟɥɿɧɿɣ-
ɧɢɯ ɯɜɢɥɶ, ɨɩɢɫɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨʀ ɝɟɨɦɟɬɪɿʀ 
ɩɨɜɟɪɯɨɧɶ ɬɚ ɦɨɠɥɢɜɨɫɬɿ ɤɨɦɩ’ɸɬɟɪɧɨʀ ɝɪɚ-
ɮɿɤɢ [6, 7]. 
 
ɒɜɟɞɫɶɤɢɣ ɦɚɬɟɦɚɬɢɤ Ȼɟɤɥɭɧɞ, ɪɨɡɝɥɹɞɚɸɱɢ 
ɝɟɨɦɟɬɪɿɸ ɩɨɜɟɪɯɨɧɶ ɿɡ ɩɨɫɬɿɣɧɨɸ ɜɿɞ’єɦɧɨɸ 
ɤɪɢɜɢɧɨɸ, ɜ 1876 ɪ. ɜɤɚɡɚɜ ɧɚ ɫɩɨɫɿɛ ɩɨɛɭɞɨ-
ɜɢ ɿєɪɚɪɯɿʀ ɪɨɡɜ’ɹɡɤɿɜ ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ, 
ɤɨɥɢ ɧɨɜɢɣ ɪɨɡɜ’ɹɡɨɤ ɦɨɠɧɚ ɡɧɚɣɬɢ ɧɚ ɛɚɡɿ 
ɜɿɞɨɦɢɯ ɪɨɡɜ’ɹɡɤɿɜ. 
 

  
 
Ⱦɥɹ ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ 
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ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ ɦɨɠɧɚ ɧɚɞɚɬɢ [1, 2] ɭ 
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Ⱦɢɮɟɪɟɧɰɿɸɸɱɢ (ɬɭɬ ɿ ɞɚɥɿ ɩɨɯɿɞɧɭ ɩɨɡɧɚɱɟ-
ɧɨ ɿɧɞɟɤɫɨɦ) ɩɟɪɲɟ ɪɿɜɧɹɧɧɹ ɩɨ ɯ, ɚ ɞɪɭɝɟ – 
ɩɨ t, ɩɿɞɫɬɚɜɥɹɸɱɢ ɡɧɚɱɟɧɧɹ ɩɟɪɲɢɯ ɩɨɯɿɞ-
ɧɢɯ ɡɧɨɜɭ ɡ (2), ɞɨɞɚɸɱɢ ɚɛɨ ɜɿɞɧɿɦɚɸɱɢ 
ɨɬɪɢɦɚɧɿ ɪɿɜɧɹɧɧɹ ɣ ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɬɨɬɨɠ-

ɧɿɫɬɶ xt tx   , ɨɞɟɪɠɭєɦɨ ɨɛɢɞɜɿ ɮɭɧɤɰɿʀ 
  ɿ  , ɹɤɿ ɡɚɞɨɜɨɥɶɧɹɸɬɶ ɬɟ ɫɚɦɟ ɪɿɜɧɹɧɧɹ 

sintx   . ɉɨɞɿɛɧɿ ɩɟɪɟɬɜɨɪɟɧɧɹ, ɳɨ ɩɨɜ’ɹɡɭ-
ɸɬɶ ɞɜɚ ɪɨɡɜ’ɹɡɤɢ ɨɞɧɨɝɨ ɪɿɜɧɹɧɧɹ, ɧɚɡɢɜɚ-
ɸɬɶ ɚɜɬɨɩɟɪɟɬɜɨɪɟɧɧɹɦ (ɚɛɨ ɫɤɨɪɨɱɟɧɨ – ɩɟ-
ɪɟɬɜɨɪɟɧɧɹɦ) Ȼɟɤɥɭɧɞɚ. ɉɿɞɫɬɚɜɥɹɸɱɢ ɭ ɮɨɪ-
ɦɭɥɭ (2) ɨɱɟɜɢɞɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ sin-

Ƚɨɪɞɨɧɚ 0 0   ɬɚ ɿɧɬɟɝɪɭɸɱɢ ɨɞɢɧ ɪɚɡ ɤɨɠ-

ɧɟ ɡ ɪɿɜɧɹɧɶ, ɨɞɟɪɠɭєɦɨ ɪɨɡɜ’ɹɡɨɤ – «ɤɿɧɤ» 
ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ  
 

0( , ) 4arctgexp( / )x t ax t a     .     (3) 

 

Ɋɨɡɝɥɹɧɟɦɨ ɬɟɩɟɪ ɞɜɚ ɪɨɡɜ’ɹɡɤɢ (3) 1  ɿ 2  ɡ 
ɪɿɡɧɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ ɚ1 ɿ ɚ2. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ 
ɨɞɢɧ ɿ ɬɨɣ ɠɟ ɪɨɡɜ’ɹɡɨɤ 3  ɩɨɜ’ɹɡɚɧɢɣ ɩɟɪɟ-

ɬɜɨɪɟɧɧɹɦ Ȼɟɤɥɭɧɞɚ ɿɡ ɩɚɪɚɦɟɬɪɨɦ ɚ1 ɡ 
ɪɨɡɜ’ɹɡɤɨɦ 2  ɿ ɩɟɪɟɬɜɨɪɟɧɧɹɦ Ȼɟɤɥɭɧɞɚ ɿɡ 
ɩɚɪɚɦɟɬɪɨɦ ɚ2 ɡ ɪɨɡɜ’ɹɡɤɨɦ 1 . 

 

Ɍɨɞɿ ɦɢ ɦɨɠɟɦɨ ɡɚɩɢɫɚɬɢ ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤ-
ɥɭɧɞɚ ɞɥɹ ɩɚɪ 0 1 0 2 1 3( , ),( , ),( , )       ɿ 

2 3( , ).   ɋɤɥɚɞɚɸɱɢ ɩɟɪɲɭ ɿ ɬɪɟɬɸ ɩɚɪɭ, ɚ 
ɩɨɬɿɦ ɜɿɞɧɿɦɚɸɱɢ ɜɿɞ ɧɢɯ ɫɭɦɭ ɞɪɭɝɨʀ ɿ ɱɟɬ-
ɜɟɪɬɨʀ, ɨɞɟɪɠɭєɦɨ ɜɢɪɚɡ ɛɟɡ ɩɨɯɿɞɧɢɯ, ɳɨ 
ɩɨɜ’ɹɡɭє ɜɫɿ ɱɨɬɢɪɢ ɪɨɡɜ’ɹɡɤɢ [4] 
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Ɂ ɮɨɪɦɭɥɢ (4) ɨɞɟɪɠɭєɦɨ 
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ɉɿɞɫɬɚɜɥɹɸɱɢ ɪɨɡɜ’ɹɡɤɢ 1  ɿ 2  ɿɡ ɮɨɪɦɭ-
ɥɢ (3) ɜ ɬɨɬɨɠɧɿɫɬɶ (5), ɨɞɟɪɠɭєɦɨ ɞɜɨɫɨɥɿ-
ɬɨɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ ɭ ɬɚ-
ɤɨɦɭ ɜɢɝɥɹɞɿ [5] 
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ɪɨɡɜ’ɹɡɤɭ.  
 

    
 

Ɇɟɬɚ ɪɨɛɨɬɢ – ɪɨɡɝɥɹɧɭɬɢ ɩɪɢɤɥɚɞɢ ɩɨɨɞɧɢ-

ɧɨɤ (ɜɿɞɨɤɪɟɦɥɟɧɢɯ) ɯɜɢɥɶ, ɹɤɿ ɦɨɠɧɚ ɨɩɢɫɚɬɢ 

ɧɟɥɿɧɿɣɧɢɦɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɦɢ ɪɿɜɧɹɧɧɹɦɢ 

ɬɢɩɭ sin-Ƚɨɪɞɨɧɚ, ɬɚ ɧɚ ɩɪɢɤɥɚɞɿ ɜɩɪɨɜɚ-
ɞɠɟɧɶ ɫɨɥɿɬɨɧɿɜ ɩɿɞ ɱɚɫ ɦɨɞɟɥɸɜɚɧɧɹ ɦɟɯɚ-
ɧɿɱɧɢɯ ɫɢɫɬɟɦ ɪɨɡɪɨɛɢɬɢ ɫɩɨɫɿɛ ɭɧɚɨɱɧɟɧɧɹ 
ɩɫɟɜɞɨɫɮɟɪɢɱɧɢɯ ɩɨɜɟɪɯɨɧɶ, ɹɤɿ ɜɿɞɩɨɜɿɞɚ-
ɸɬɶ ɪɿɡɧɨɜɢɞɚɦ ɪɨɡɜ’ɹɡɤɿɜ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ 
ɪɿɜɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ ɿ ɮɨɪɦɭ ɹɤɢɯ ɦɨɠɧɚ 
ɨɩɢɫɚɬɢ ɧɚ ɨɫɧɨɜɿ ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ. 
 

     
 

ɇɚ ɪɢɫ. 1 ɧɚɜɟɞɟɧɨ ɞɟɹɤɿ ɩɪɢɤɥɚɞɢ ɩɪɨɹɜɭ 

ɫɨɥɿɬɨɧɿɜ ɭ ɦɟɯɚɧɿɱɧɢɯ ɫɢɫɬɟɦɚɯ, ɨɩɢɫɚɧɢɯ 
ɧɟɥɿɧɿɣɧɢɦ ɪɿɜɧɹɧɧɹɦ ɬɢɩɭ sin-Ƚɨɪɞɨɧɚ. ɍ 

ɩɟɜɧɿɣ ɦɟɯɚɧɿɱɧɿɣ ɫɢɫɬɟɦɿ ɡɛɭɞɠɟɧɧɹ (ɤɨɥɢ-

ɜɚɧɧɹ) ɩɟɪɟɞɚɜɚɬɢɦɭɬɶɫɹ ɡɚɜɞɹɤɢ ɩɪɭɠɧɨɦɭ 

ɡɜ’ɹɡɤɭ ɦɿɠ ɫɭɫɿɞɧɿɦɢ ɟɥɟɦɟɧɬɚɦɢ, ɜ ɪɟɡɭɥɶɬɚ-
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ɬɿ ɱɨɝɨ ɩɨ ɥɚɧɰɸɝɭ ɪɨɡɩɨɜɫɸɞɢɬɶɫɹ ɫɨɥɿɬɨɧ, 

ɨɩɢɫɚɧɢɣ ɪɿɜɧɹɧɧɹɦ sin-Ƚɨɪɞɨɧɚ [8, 9]. 

 

ɇɚɩɪɢɤɥɚɞ, ɹɤɳɨ ɭ ɤɚɪɞɚɧɧɿɣ ɩɟɪɟɞɚɱɿ ɰɟɧ-

ɬɪɚɥɶɧɚ ɱɚɫɬɢɧɚ ɨɛɟɪɬɚєɬɶɫɹ ɡ ɧɟɩɨɫɬɿɣɧɨɸ 

ɤɭɬɨɜɨɸ ɲɜɢɞɤɿɫɬɸ ɡɚ ɧɚɹɜɧɨɫɬɿ ɤɭɬɨɜɨɝɨ 
ɡɫɭɜɭ ɩɨɡɞɨɜɠɧɶɨʀ ɨɫɿ ɜɚɥɚ, ɬɨɞɿ ɨɩɢɫɚɬɢ ɤɨ-
ɥɢɜɚɥɶɧɭ ɫɢɫɬɟɦɭ ɦɨɠɧɚ ɪɿɜɧɹɧɧɹɦ sin-

Ƚɨɪɞɨɧɚ [4, 10, 11].  

 

Ɏn–1 Ɏn Ɏn+1 

 

 

 

 

 
.                         

 
 

Ɋɢɫ. 1. ɉɪɢɤɥɚɞɢ ɦɟɯɚɧɿɡɦɿɜ, ɞɟ ɦɨɠɥɢɜɟ ɭɬ-
ɜɨɪɟɧɧɹ ɚɧɚɥɨɝɿɜ ɩɨɨɞɢɧɨɤɢɯ ɯɜɢɥɶ 

Іɫɧɭє ɛɚɝɚɬɨ ɩɪɢɤɥɚɞɿɜ ɦɟɯɚɧɿɡɦɿɜ ɭɬɜɨɪɟɧɧɹ 
ɜɿɞɨɤɪɟɦɥɟɧɢɯ ɯɜɢɥɶ – ɚɧɚɥɨɝɿɜ ɫɨɥɿɬɨɧɿɜ.  
 

Ɍɚɤ, ɫɨɥɿɬɨɧɧɚ ɯɜɢɥɹ ɦɨɠɟ ɭɬɜɨɪɢɬɢɫɹ ɜ ɥɚɧ-

ɰɸɠɤɭ ɦɚɹɬɧɢɤɿɜ, ɡɚɤɪɿɩɥɟɧɢɯ ɧɚ ɫɬɪɭɧɿ ɣ 

ɩɨɩɚɪɧɨ ɡ’єɞɧɚɧɢɯ ɩɪɭɠɢɧɚɦɢ, ɚ ɬɚɤɨɠ ɭ ɥɚɧ-

ɰɸɠɤɭ ɤɚɪɞɚɧɧɢɯ ɜɚɥɿɜ ɡɚ ɧɚɹɜɧɨɫɬɿ ɩɪɨɦɿɠ-

ɤɿɜ ɭ ɜɭɡɥɚɯ ʀɯɧɿɯ ɡ’єɞɧɚɧɶ.   
 

Ⱦɥɹ ɪɨɡɪɨɛɤɢ ɫɩɨɫɨɛɭ ɭɧɚɨɱɧɟɧɧɹ ɩɫɟɜɞɨ-
ɫɮɟɪɢɱɧɢɯ ɩɨɜɟɪɯɨɧɶ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɪɿɡ-
ɧɨɜɢɞɚɦ ɪɨɡɜ’ɹɡɤɿɜ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜ-
ɧɹɧɧɹ sin-Ƚɨɪɞɨɧɚ, ɧɚɜɟɞɟɦɨ ɡɜ’ɹɡɨɤ ɦɿɠ 

ɨɩɢɫɚɦɢ ɩɫɟɜɞɨɫɮɟɪ Ⱦɿɧɿ ɣ Ʉɭɟɧɚ. ɇɟɯɚɣ ɦɚ-
єɦɨ ɩɫɟɜɞɨɫɮɟɪɢɱɧɭ ɩɨɜɟɪɯɧɸ Ⱦɿɧɿ, ɨɩɢɫɚɧɭ 
ɜɢɪɚɡɨɦ 

 

cos( ) sin( )
,  ,  

cosh( ) cosh( ):  

      tanh( )

u v u v

u v u vr

u v u v

            
.       (7) 

 

ɉɫɟɜɞɨɫɮɟɪɿ Ⱦɿɧɿ ɜɿɞɩɨɜɿɞɚє ɫɨɥɿɬɨɧ (ɣɨɝɨ 
ɩɨɡɧɚɱɚɸɬɶ 1-ɫɨɥɿɬɨɧ) 

 

 
2

2 2

2

cosh ( 4 )

k
u

k x k t
  ,            (8) 

 

ɝɪɚɮɿɤ ɹɤɨɝɨ [7] ɦɚє ɜɢɝɥɹɞ ɝɨɪɛɚ (ɪɢɫ. 2).  

 

 
 

Ɋɢɫ. 2. Ƚɪɚɮɿɤ 1-ɫɨɥɿɬɨɧɚ ɧɚ «ɹɤɿɫɧɨɦɭ» ɪɿɜɧɿ 
 
ɇɚ ɪɢɫ. 3 ɡɨɛɪɚɠɟɧɨ ɩɫɟɜɞɨɫɮɟɪɭ Ⱦɿɧɿ ɞɥɹ 
ɩɨɪɿɜɧɹɧɧɹ ɿɡ «ɤɥɚɫɢɱɧɨɸ» ɩɚɪɚɦɟɬɪɢɡɚɰɿєɸ (ɚ) 
ɬɚ ɡ ɩɚɪɚɦɟɬɪɢɡɚɰɿєɸ ɚɫɢɦɩɬɨɬɢɱɧɢɦɢ ɤɪɢ-

ɜɢɦɢ, ɬɨɛɬɨ ɡ ɦɟɪɟɠɟɸ ɑɟɛɢɲɟɜɚ (ɛ). 

 
Ɂ ɪɢɫ. 3,ɛ ɜɢɞɧɨ, ɳɨ ɜɟɥɢɱɢɧɚ ɦɟɪɟɠɧɨɝɨ ɤɭɬɚ 
ɩɿɞ ɱɚɫ ɪɭɯɭ ɩɨ ɩɨɜɟɪɯɧɿ Ⱦɿɧɿ ɦɨɠɟ ɡɦɿɧɸɜɚ-
ɬɢɫɹ ɡɚ ɝɪɚɮɿɤɨɦ, ɧɚɜɟɞɟɧɢɦ ɧɚ ɪɢɫ. 2. 

 
ɉɨɫɬɚɜɢɦɨ ɡɚɜɞɚɧɧɹ ɨɩɢɫɚɬɢ ɣ ɭɧɚɨɱɧɢɬɢ ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ ɩɨɜɟɪɯ-
ɧɸ Ʉɭɟɧɚ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɩɪɢ ɰɶɨɦɭ ɨɩɢɫ 
ɩɫɟɜɞɨɫɮɟɪɢɱɧɨʀ ɩɨɜɟɪɯɧɿ Ⱦɿɧɿ.  
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ɚ 
 

ɛ 
 

Ɋɢɫ. 3. ɉɫɟɜɞɨɫɮɟɪɚ Ⱦɿɧɿ ɡ «ɤɥɚɫɢɱɧɨɸ» ɩɚ-
ɪɚɦɟɬɪɢɡɚɰɿєɸ (ɚ) ɬɚ «ɪɟɩɚɪɚɦɟɬɪɢɡɨɜɚ-
ɧɚ» ɚɫɢɦɩɬɨɬɢɱɧɢɦɢ ɤɪɢɜɢɦɢ (ɛ). 

 

ɍ ɫɟɪɟɞɨɜɢɳɿ ɩɪɨɰɟɫɨɪɚ Maple ɜɿɞɩɨɜɿɞɧɿ ɩɟ-
ɪɟɬɜɨɪɟɧɧɹ ɞɥɹ ɨɩɢɫɭ ɧɚ ɚɧɚɥɿɬɢɱɧɨɦɭ ɪɿɜɧɿ 
ɦɨɠɧɚ ɡɞɿɣɫɧɢɬɢ [12] ɡɚ ɞɨɩɨɦɨɝɨɸ ɨɩɟɪɚɬɨɪɿɜ 
(ɬɭɬ ɿ ɞɚɥɿ ɡɛɟɪɟɠɟɧɨ ɫɢɧɬɚɤɫɢɫ ɦɨɜɢ Maple): 

 

ru := diff(r, u); 

              

ru ( )sin  u v

( )cosh u v

( )cos  u v ( )sinh u v

( )cosh u v 2
,

 := 

 ( )cos  u v

( )cosh u v

( )sin  u v ( )sinh u v

( )cosh u v 2
( )tanh u v 2, 


         (9) 

rv := diff(r, v); 

                  

rv  ( )sin  u v

( )cosh u v

( )cos  u v ( )sinh u v

( )cosh u v 2
,

 := 

( )cos  u v

( )cosh u v

( )sin  u v ( )sinh u v

( )cosh u v 2
( )tanh u v 2, 


(10) 

 

Ⱦɜɨɫɨɥɿɬɨɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ, ɨɞɟɪɠɚɧɢɣ ɹɤ ɩɟ-
ɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ 
 

z2pq : = 4 · arctan((exp(p*u+v/p) –  

– exp(q · u + v / q)) · (p + q) / 

(1 + exp (p · u + v / p + q · u + v / q)) / (p – q)); 

 := z2pq 4












arctan

 e
( )u v

e

 q u
v

q
( )1 q

 1 e

   u v q u
v

q
( )1 q

(11) 

 

z1p : = 4 · arctan ((exp (p · u + v / p)); 

 
( )1 : 4arctan( )u vz p e  .             (12) 

 

sinsin1 := sin((z1p + z2pq)/2)/sin(z1p); 

 

 

 := sinsin1












sin 2 ( )arctan e

( )u v
2












arctan

 e
( )u v

e

 q u
v

q
( )1 q

 1 e





  u v q u

v

q
( )1 q

( )sin 4 ( )arctan e
( )u v

 (13) 

 

sinsin2 := sin((z1p - z2pq)/2)/sin(z1p); 

 

 := sinsin2












sin 2 ( )arctan e

( )u v
2












arctan

 e
( )u v

e

 q u
v

q
( )1 q

 1 e





  u v q u

v

q
( )1 q

( )sin 4 ( )arctan e
( )u v

  (14) 

 

ȼɢɡɧɚɱɚɸɬɶɫɹ ɤɨɨɪɞɢɧɚɬɧɿ ɮɭɧɤɰɿʀ ɨɩɢɫɭ ɪɟ-
ɡɭɥɶɬɭɸɱɨʀ ɩɨɜɟɪɯɧɿ. 
 

for i from 1 to 3 do 

rr[i] := r[i] + 2*p*(ru[i]*sinsin1 + 

rv[i]*sinsin2)/(1 + p^2); 

end: 

R := [rr[1], rr[2], rr[3]]: 

 
ɉɿɫɥɹ ɩɪɢɫɜɨєɧɧɹ ɧɟɨɛɯɿɞɧɢɯ ɡɧɚɱɟɧɶ ɩɚɪɚ-
ɦɟɬɪɚɦ p ɿ q ɜɢɤɨɧɭєɬɶɫɹ ɭɧɚɨɱɧɟɧɧɹ ɨɞɟɪ-
ɠɚɧɨɝɨ ɨɩɢɫɭ ɡɚ ɞɨɩɨɦɨɝɨɸ ɨɩɟɪɚɬɨɪɚ  
 

plot3d(R, u=-Pi..Pi, v=-Pi..Pi,  

scaling=constrained, 

axes=BOXED,  view=[-2..2,-2..2,-6..6], 

orientation=[-120,70]); 

 
ɉɪɢɤɥɚɞ. Ⱦɥɹ p = 1 ɿ q = 0,98 ɨɞɟɪɠɚɧɨ ɬɚɤɿ 
ɫɤɥɚɞɨɜɿ ɱɚɫɬɢɧɢ ɟɥɟɦɟɧɬɿɜ ɩɟɪɟɬɜɨɪɟɧɧɹ 
Ȼɟɤɥɭɧɞɚ:  
 

( ) (0.98 1.020408163 )

(1.98 2.020408163 )

                      2 4arctan  

99.00000000 (e e
;

1 e

u v u v

u v

z pq

 


 
   

 

 
( )1 : 4arctan  (e )u vz p  ; 
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1 2
sin

2 2sin sin1:
sin( 1 )

z p z pq

z p

 ; 

 

1 2
sin

2 2
sin sin 2 :

sin( 1 )

z p z pq

z p

    ; 

 

1 1 1: sin sin1 sin sin 2x r ru rv   ; 

 

2 2 2: sin sin1 sin sin 2y r ru rv   ; 

 

3 3 3: sin sin1 sin sin 2z r ru rv   . 

 

ɇɚ ɪɢɫ. 4 ɡɚɥɟɠɧɨ ɜɿɞ p ɿ q ɡɨɛɪɚɠɟɧɨ «ɧɟɤɥɚ-
ɫɢɱɧɿ» ɩɨɜɟɪɯɧɿ ɩɫɟɜɞɨɫɮɟɪɢ Ʉɭɟɧɚ, ɨɩɢɫ ɿ 
ɭɧɚɨɱɧɟɧɧɹ ɹɤɢɯ ɡɞɿɣɫɧɟɧɨ ɡɚ ɞɨɩɨɦɨɝɨɸ 

ɩɟɪɟɬɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ. 
 

 
p = 1; q = 0,95 

 

 
 

p = 1,5; q = 0,5 

 

Ɋɢɫ. 4. Ɂɨɛɪɚɠɟɧɧɹ ɩɫɟɜɞɨɫɮɟɪɢ Ʉɭɟɧɚ ɡɚɥɟɠ-

ɧɨ ɜɿɞ p ɿ q 

ɉɪɢ ɰɶɨɦɭ ɨɩɢɫ ɦɟɪɟɠɿ ɚɫɢɦɩɬɨɬɢɱɧɢɯ ɥɿɧɿɣ  

 
( ) ( 2 ) 2

2 ( 2 2 ( 2 )

2e _ 1 e _ 1
( ) ,  

_ 1 e _ 1

u u

u u

C C
v u arctam

C C e

 
 

       ; 

 
( ) (2 ) 2

(2 ) 2 (2 ) 2

2e _ 1 e _ 1 1
( ) ,  -

1 e _ 1 1 _ 1

u u

u u

C C
v u arctam

C e C

       

(15) 

 

ɧɚ ɩɫɟɜɞɨɫɮɟɪɿ Ʉɭɟɧɚ ɛɭɥɨ ɡɧɚɣɞɟɧɨ ɿɡ ɞɢɮɟ-
ɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ 
 

( ) sin( ( )),  ( ) sin( ( ))
d d

v u v u v u v u
du du

   . (16) 

 

ɇɚ ɪɢɫ. 5 ɧɚɜɟɞɟɧɨ ɡɨɛɪɚɠɟɧɧɹ «ɤɥɚɫɢɱɧɨʀ» 

ɩɫɟɜɞɨɫɮɟɪɢ Ʉɭɟɧɚ, ɩɪɢɱɨɦɭ ɧɚ ɪɢɫ 5,ɚ ɡɨ-
ɛɪɚɠɟɧɨ ʀʀ «ɫɬɚɧɞɚɪɬɧɭ» ɩɚɪɚɦɟɬɪɢɡɚɰɿɸ, ɚ 
ɧɚ ɪɢɫ. 5,ɛ – ɪɟɩɚɪɚɦɟɬɪɢɡɨɜɚɧɭ ɩɨɜɟɪɯɧɸ ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɚɫɢɦɩɬɨɬɢɱɧɢɯ ɤɪɢɜɢɯ, ɹɤɿ ɭɬɜɨ-
ɪɸɸɬɶ ɦɟɪɟɠɭ ɑɟɛɢɲɟɜɚ. 
 

ɚ 
 

ɛ 

 
Ɋɢɫ. 5. ɉɫɟɜɞɨɫɮɟɪɚ Ʉɭɟɧɚ ɿɡ «ɤɥɚɫɢɱɧɨɸ» 

ɩɚɪɚɦɟɬɪɢɡɚɰɿɸ (ɚ) ɬɚ «ɪɟɩɚɪɚɦɟɬɪɢɡɨ-
ɜɚɧɚ» ɚɫɢɦɩɬɨɬɢɱɧɢɦɢ ɤɪɢɜɢɦɢ (ɛ) 
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Ⱥɧɚɥɿɡ ɩɟɪɟɦɿɳɟɧɧɹ ɩɨ ɦɟɪɟɠɿ ɑɟɛɢɲɟɜɚ 
ɩɫɟɜɞɨɫɮɟɪɢ Ʉɭɟɧɚ ɧɚ ɹɤɿɫɧɨɦɭ ɪɿɜɧɿ ɞɨɡɜɨ-
ɥɹє ɡɪɨɛɢɬɢ ɜɢɫɧɨɜɨɤ, ɳɨ «ɭɡɚɝɚɥɶɧɟɧɢɣ» 

ɫɨɥɿɬɨɧ ɦɚє ɜɢɝɥɹɞ «ɩɪɨɰɟɫɭ ɜɡɚєɦɨɞɿʀ» ɞɜɨɯ 
ɫɨɥɿɬɨɧɿɜ (ɪɢɫ. 6). 

 

 
 

 
 

 
 
Ɋɢɫ. 6. Ɋɟɡɭɥɶɬɚɬ ɜɡɚєɦɨɞɿʀ ɞɜɨɯ ɫɨɥɿɬɨɧɿɜ ɭ 

ɩɟɜɧɿ ɦɨɦɟɧɬɢ ɱɚɫɭ 

 

ɉɨɜɟɪɯɧɿ Ʉɭɟɧɚ ɜɿɞɩɨɜɿɞɚє ɪɨɡɜ’ɹɡɨɤ ɪɿɜɧɹɧɧɹ 
sin-Ƚɨɪɞɨɧɚ [6] ɭ ɜɢɝɥɹɞɿ ɨɩɢɫɭ 2-ɫɨɥɿɬɨɧɚ, 
ɭɡɚɝɚɥɶɧɟɧɟ ɪɿɜɧɹɧɧɹ ɹɤɨɝɨ ɦɚє ɜɢɝɥɹɞ  

  2 2 2 2 4 2 4 2
1 2 1 2 1 2 2 1

2
1 2 1 2 1 2

cosh cosh 1 (cosh 1) cosh
2 ,

( sinh sinh cosh cosh )

k k K K k K k K
u

k K K k K K

      
(17) 

 

ɞɟ 2
1 1 1( 4 )K k x k t  ;  2

2 2 2( 4 )K k x k t  . 

 

 

Ɋɨɡɝɥɹɧɭɜɲɢ ɩɪɢɤɥɚɞɢ ɩɨɨɞɢɧɨɤɢɯ (ɜɿɞɨ-
ɤɪɟɦɥɟɧɢɯ) ɯɜɢɥɶ, ɳɨ ɨɩɢɫɚɧɿ ɧɟɥɿɧɿɣɧɢɦɢ 

ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɦɢ ɪɿɜɧɹɧɧɹɦɢ ɬɢɩɭ sin-

Ƚɨɪɞɨɧɚ, ɬɚ ɧɚ ɩɪɢɤɥɚɞɿ ɜɩɪɨɜɚɞɠɟɧɶ ɫɨɥɿɬɨ-
ɧɿɜ ɩɿɞ ɱɚɫ ɦɨɞɟɥɸɜɚɧɧɹ ɦɟɯɚɧɿɱɧɢɯ ɫɢɫɬɟɦ 

ɞɨɜɟɞɟɧɨ, ɳɨ ɡɚ ɮɨɪɦɭɥɨɸ (17) ɦɨɠɧɚ ɩɨɛɭ-

ɞɭɜɚɬɢ ɚɧɿɦɚɰɿɣɧɿ ɤɚɞɪɢ ɜɡɚєɦɨɞɿʀ ɞɜɨɯ ɫɨɥɿ-
ɬɨɧɿɜ, ɩɪɢɱɨɦɭ ɩɚɪɚ ɫɨɥɿɬɨɧɿɜ ɛɭɞɟ ɨɩɢɫɚɧɚ 
єɞɢɧɢɦ ɪɿɜɧɹɧɧɹɦ (17).  

 

Ɂɚ ɞɨɩɨɦɨɝɨɸ ɚɥɝɨɪɢɬɦɭ ɩɨɛɭɞɨɜɢ ɧɨɜɢɯ 
ɩɫɟɜɞɨɫɮɟɪɢɱɧɢɯ ɩɨɜɟɪɯɨɧɶ ɧɚ ɨɫɧɨɜɿ ɩɟɪɟɬ-
ɜɨɪɟɧɧɹ Ȼɟɤɥɭɧɞɚ ɦɨɠɧɚ ɨɞɟɪɠɚɬɢ ɪɨɡɜ’ɹɡɤɢ 

ɧɟɥɿɧɿɣɧɨɝɨ ɞɢɮɟɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ sin-

Ƚɨɪɞɨɧɚ. 
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