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Ââåäåíèå

Ïîäîáèå ïðîöåññîâ â ðàçëè÷íûõ äèíàìè÷å-
ñêèõ ñèñòåìàõ ÿâëÿåòñÿ ìîùíûì èíñòðóìåíòîì 
èõ èññëåäîâàíèÿ[1]. 

Ìåòîäû òåîðèè ïîäîáèÿ íàõîäÿò øèðîêîå 
ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ íàóêè è 
òåõíèêè,  ïîçâîëÿÿ ïîëó÷èòü ýìïèðè÷åñêèå 
ìàòåìàòè÷åñêèå ìîäåëè äëÿ ïðîöåññîâ,  íå 
èìåþùèõ åùå àäåêâàòíîãî òåîðåòè÷åñêîãî ìà-
òåìàòè÷åñêîãî îïèñàíèÿ. 

Îäíîé èç çàäà÷ òåîðèè ïîäîáèÿ ÿâëÿåòñÿ 
èññëåäîâàíèå ïðîöåññîâ,  èíâàðèàíòíûõ îòíî-
ñèòåëüíî ìàñøòàáà âðåìåíè. 

Ïîâûøåíèå èíòåíñèâíîñòè ïðîöåññîâ 

ïðåîáðàçîâàíèÿ ýíåðãèè ïðè ñîõðàíåíèè äè-
íàìè÷åñêèõ ñâîéñòâ ñèñòåìû òðåáóåò ñèñòåìà-
òè÷åñêîãî èññëåäîâàíèÿ ñèñòåì,  ïîäîáíûõ ïî 
ïðèçíàêó ìàñøòàáà âðåìåíè.

1. Ïîñòàíîâêà çàäà÷è

Ïîäîáèå ïðîöåññîâ  â äèíàìè÷åñêèõ ñè-
ñòåìàõ (îáúåêòàõ) îäíîé ôèçè÷åñêîé ïðèðîäû 
ïðè ìàñøòàáíîì ìîäåëèðîâàíèè ñâÿçàíî ñ ñî-
õðàíåíèåì ðÿäà ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ 
êîíñòàíò: ÷èñåë Ìàõà, Ðåéíîëüäñà, Ýéëåðà, 
Ïðàíäòëÿ, Ñòðóõàëÿ è äð. ìåòîäû ýëåêòðî-
ìåõàíè÷åñêîé àíàëîãèè îñíîâàíû íà ïîäîáèè 
çàêîíîâ ñîõðàíåíèÿ ïðîöåññîâ ðàçëè÷íîé 
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ДИНАМИЧЕСКИЕ СИСТЕМЫ, ПОДОБНЫЕ ПО ПРИЗНАКУ 
МАСШТАБА ВРЕМЕНИ 

Âûïîëíåíî èññëåäîâàíèå äèíàìè÷åñêèõ ñèñòåì, ïîäîáíûõ îòíîñèòåëüíî ìàñøòàáà 
âðåìåíè. Ïðèçíàêîì ïîäîáèÿ ÿâëÿåòñÿ ñîâïàäåíèå çàêîíîìåðíîñòåé ïðîöåññîâ èçìåíå-
íèÿ ñîñòîÿíèÿ äèíàìè÷åñêèõ ñèñòåì ïðè èçìåíåíèè ìàñøòàáà âðåìåíè. Óñòàíîâëåíû 
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïîäîáèÿ ñâîáîäíûõ (çàäà÷à Êîøè) è âûíóæäåííûõ 
äâèæåíèé ëèíåéíûõ ñòàöèîíàðíûõ äèíàìè÷åñêèõ ñèñòåì. Ïðåäëîæåíû óñëîâèÿ ïîäîáèÿ 
ëèíåéíûõ ñòàöèîíàðíûõ äèíàìè÷åñêèõ ñèñòåì, çàäàííûõ ìàòåìàòè÷åñêèìè ìîäåëÿìè â 
ðàçëè÷íûõ ôîðìàõ: îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìàòåìàòè÷åñêèõ ìîäåëåé 
ïðîñòðàíñòâà ñîñòîÿíèÿ, ïåðåäàòî÷íûõ ôóíêöèé è ÷àñòîòíûõ õàðàêòåðèñòèê.  Ðàñ-
ñìîòðåíû ïàðàìåòðè÷åñêèå ëèíåéíûå äèíàìè÷åñêèå ñèñòåìû, äëÿ êîòîðûõ îïðåäåëåíî 
ñâîéñòâî ñàìîïîäîáèÿ. Ñàìîïîäîáíîé íàçûâàåòñÿ ïàðàìåòðè÷åñêàÿ ëèíåéíàÿ äèíàìè-
÷åñêàÿ ñèñòåìà, â êîòîðîé, ïîñëå çàâåðøåíèÿ ïåðåõîäíûõ ïðîöåññîâ, âûçâàííûõ èçìå-
íåíèåì  (ñêà÷êîîáðàçíûì ëèáî ïîñòåïåííûì) åå ïàðàìåòðîâ, ñâîáîäíûå è âûíóæäåííûå 
äâèæåíèÿ ïîäîáíû ïî ïðèçíàêó ìàñøòàáà âðåìåíè. Óñòàíîâëåíû ïðèçíàêè ñàìîïîäîáèÿ 
ïàðàìåòðè÷åñêèõ ëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ïåðâîãî è âòîðîãî ïîðÿäêîâ (ëèíåéíûõ 
îñöèëëÿòîðîâ). Äëÿ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì, ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ 
èìåþò âèä ôîðìû Ãàììåðøòåéíà, ïîëó÷åíû óñëîâèÿ ñàìîïîäîáèÿ ïðîöåññîâ èçìåíåíèÿ 
ñîñòîÿíèÿ ïðè ìàëûõ îòêëîíåíèÿõ îò óñòàíîâèâøèõñÿ ðåæèìîâ. Ðåøåíû ïðèêëàäíûå 
çàäà÷è èññëåäîâàíèÿ ïîäîáíûõ è ñàìîïîäîáíûõ äèíàìè÷åñêèõ ñèñòåì, â ÷àñòíîñòè, 
ñèñòåì ðåãóëèðîâàíèÿ è àâèàöèîííîãî ãàçîòóðáèííîãî äâèãàòåëÿ. Ìàòåìàòè÷åñêàÿ 
ìîäåëü àâèàöèîííîãî ãàçîòóðáèííîãî äâèãàòåëÿ ïðåäñòàâëåíà ñîâîêóïíîñòüþ ìîäåëåé 
ïðîñòðàíñòâà ñîñòîÿíèÿ, â êîòîðîé ñîïðîâîæäàþùàÿ ìàòðèöà õàðàêòåðèñòè÷åñêîãî 
ïîëèíîìà ÿâëÿåòñÿ λ - ìàòðèöåé. Íà îñíîâå ðåøåíèÿ çàäà÷è íà ñîáñòâåííûå ÷èñëà è 
ñîáñòâåííûå âåêòîðû äëÿ ýòîé ìàòðèöû ïîëó÷åíû óñëîâèÿ ñàìîïîäîáèÿ ïåðåõîäíûõ ïðî-
öåññîâ èçìåíåíèÿ îáîðîòîâ òóðáèí äâèãàòåëÿ. Óñòàíîâëåíî, ÷òî â øèðîêîì äèàïàçîíå 
èçìåíåíèÿ ðåæèìîâ ïîëåòà ïåðåõîäíûå ïðîöåññû èçìåíåíèÿ îáîðîòîâ òóðáèí äâèãàòåëÿ 
îïèñûâàþòñÿ îäèíàêîâûìè çàêîíîìåðíîñòÿìè. Ïðîâåäåíî ñîïîñòàâëåíèå ðåçóëüòàòîâ 
ìîäåëèðîâàíèÿ è ýêñïåðèìåíòàëüíûõ äàííûõ ïåðåõîäíûõ ïðîöåññîâ èçìåíåíèÿ îáîðîòîâ 
òóðáèí äëÿ òðåõâàëüíîãî àâèàöèîííîãî ãàçîòóðáèííîãî äâèãàòåëÿ. Ïðåäëàãàåìûé ïîäõîä 
ïîçâîëÿåò âûïîëíèòü ñèíòåç òàêèõ óïðàâëåíèé ñëîæíûìè ñèñòåìàìè, êîòîðûå îáåñïå-
÷èâàþò ïîäîáèå äèíàìè÷åñêèõ ñâîéñòâ.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ ñèñòåìà; ìàòåìàòè÷åñêàÿ ìîäåëü; ïðèçíàê ïîäîáèÿ; 
ìàñøòàá âðåìåíè;  ãàçîòóðáèííûé äâèãàòåëü.
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ôèçè÷åñêîé ïðèðîäû. Îäíàêî âîïðîñàì ñèñòå-
ìàòè÷åñêîãî èññëåäîâàíèÿ ñèñòåì, ïîäîáíûõ 
ïî ïðèçíàêó ìàñøòàáà âðåìåíè, óñòàíîâëåíèþ 
ïðèçíàêîâ ïîäîáèÿ ïðîöåññîâ â äèíàìè÷åñêèõ 
ñèñòåìàõ ñ ðàçëè÷íûìè ôîðìàìè ìàòåìàòè-
÷åñêîãî îïèñàíèÿ óäåëåíî åùå íåäîñòàòî÷íî 
âíèìàíèÿ. 

Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ëè-
íåéíûõ ñòàöèîíàðíûõ è ïàðàìåòðè÷åñêèõ äè-
íàìè÷åñêèõ ñèñòåì, ïîäîáíûõ, è ñàìîïîäîáíûõ 
îòíîñèòåëüíî ìàñøòàáà âðåìåíè. Ïðèçíàêîì 
ïîäîáèÿ ÿâëÿåòñÿ ñîâïàäåíèå çàêîíîìåðíîñòåé 
ïðîöåññîâ èçìåíåíèÿ ñîñòîÿíèÿ äèíàìè÷åñêèõ 
ñèñòåì ïðè èçìåíåíèè ìàñøòàáà âðåìåíè. 

2. Ðåøåíèå ïðîáëåìû

Îïðåäåëåíèå 1 (Î.1)
Äâå ëèíåéíûå ñòàöèîíàðíûå ñèñòåìû (ËÑÑ) 

ÿâëÿþòñÿ ïîäîáíûìè ïî ïðèçíàêó ìàñøòàáà 
âðåìåíè, åñëè ïðè èçìåíåíèè ìàñøòàáà âðå-
ìåíè ïðîöåññû èçìåíåíèÿ ñîñòîÿíèÿ ËÑÑ 
ïîäîáíû: îïèñûâàþòñÿ îäèíàêîâûìè çàêîíî-
ìåðíîñòÿìè. Ðèñ. 1 è 2 èëëþñòðèðóþò ïðîöåññû 
â ïîäîáíûõ ñèñòåìàõ ïðè îäèíàêîâûõ âõîäíûõ 
âîçäåéñòâèÿõ.

Òàêèì îáðàçîì, äâå ËÑÑ, óäîâëåòâîðÿþùèå  
Î.1, ïîäîáíû, åñëè ïðîöåññû èçìåíåíèÿ èõ ñî-
ñòîÿíèÿ   ïåðâîé è  âòîðîé ñèñòåì 
òîæäåñòâåííî ñîâïàäàþò ïðè 

Ðèñ. 1. Ïðîöåññû â ïîäîáíûõ ËÑÑ

Ðèñ. 2. Ïðîöåññû â ïîäîáíûõ ËÑÑ

1. Çàäà÷à Êîøè. Ñâîáîäíîå äâèæåíèå ïî-
äîáíûõ ËÑÑ

Óòâåðæäåíèå 1 (Ó.1)
Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïî-

äîáèÿ ñâîáîäíûõ äâèæåíèé ËÑÑ, îïèñûâàåìûõ 
îáûêíîâåííûìè ëèíåéíûìè äèôôåðåíöèàëü-
íûìè óðàâíåíèÿìè (ÎËÄÓ),  ÿâëÿåòñÿ ìàñøòàá-
íîñòü êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.

Íåîáõîäèìîñòü: Îáùåå ðåøåíèå ÎËÄÓ èìååò 
âèä:

 
,
 

ãäå  - ïîñòîÿííûå èíòåãðèðîâàíèÿ,  îïðåäå-

ëÿåìûå íà÷àëüíûìè óñëîâèÿìè,  - êîðíè 
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ,  - ïîðÿäîê 
ñèñòåìû.

Ñâîáîäíîå äâèæåíèå  ïîäîáíîé ïî 
Î.1 ñèñòåìû îïèñûâàåòñÿ âûðàæåíèåì:

 
 Îòñþäà íåïîñðåäñòâåííî ñëåäóåò ñïðàâåä-

ëèâîñòü  Ó.1.
Äîñòàòî÷íîñòü ñëåäóåò èç ñóùåñòâîâàíèÿ 

è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ 
ÎËÄÓ.

Ñëåäñòâèå 1.1. Êîýôôèöèåíòû ÎËÄÓ ïîäîá-
íûõ ïî Î.1 ËÑÑ ïðîïîðöèîíàëüíû ìàñøòàáó 
ïîäîáèÿ â ñîîòâåòñòâóþùåé ñòåïåíè  ãäå  
ñòåïåíü ðàâíà ïîðÿäêó ñîîòâåòñòâóþùåé ïðî-
èçâîäíîé â ÎËÄÓ.

Äåéñòâèòåëüíî,  ÎËÄÓ âèäà ñ 

çàäàííûìè íà÷àëüíûìè óñëîâèÿìè,  èìååò èç-

âåñòíîå ðåøåíèå 

 
.

 Ñëåäîâàòåëüíî, ïîäîáíûå ïî Î.1 ËÑÑ  èìåþò 
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ñëåäóþùèå õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ:

 
.
 

Ñëåäñòâèå 1.2.  Âñå êîìïëåêñíî-ñîïðÿæåííûå 

êîðíè  
 
íà ïëîñêîñòè êîðíåé õàðàêòåðè-

ñòè÷åñêèõ óðàâíåíèé ïîäîáíûõ ïî Î.1 ËÑÑ 
ëåæàò íà äâóõ ñèììåòðè÷íûõ ëó÷àõ ñ îäèíà-
êîâûìè óãëàìè íàêëîíà

  
Ñëåäñòâèå 1.3.  Âñå ËÑÑ âòîðîãî ïîðÿäêà 

(ëèíåéíûå îñöèëëÿòîðû), êîòîðûå îïèñûâàþòñÿ 
ÎËÄÓ ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

 
 ïîäîáíû äðóã äðóãó ïî Î.1 ïðè óñëîâèè

  
Ñëåäñòâèå 1.4. ËÑÑ, ïðåäñòàâëåííûå ìà-

òåìàòè÷åñêèìè ìîäåëÿìè ïðîñòðàíñòâà ñî-
ñòîÿíèé

 
 

ÿâëÿþòñÿ ïîäîáíûìè ïî ïðèçíàêó ìàñøòàáà 
âðåìåíè, åñëè ïðè èçìåíåíèè ìàñøòàáà âðåìå-
íè ñîïðîâîæäàþùèå ìàòðèöû õàðàêòåðèñòè÷å-
ñêîãî ïîëèíîìà ìàñøòàáíî èçìåíÿþòñÿ

  
Äåéñòâèòåëüíî, õàðàêòåðèñòè÷åñêèå óðàâíå-

íèÿ ïîäîáíûõ ïî Î.1 ËÑÑ èìåþò âèä

  
Îòñþäà íåïîñðåäñòâåííî ñëåäóåò ñïðàâåä-

ëèâîñòü  Ñëåäñòâèÿ 1.3.
Ñëåäñòâèå 1.5. Äëÿ ïîäîáíûõ ïî Î.1 ËÑÑ, 

ïðåäñòàâëåííûõ ìàòåìàòè÷åñêèìè ìîäåëÿìè 
ïðîñòðàíñòâàñîñòîÿíèé, ñîáñòâåííûå âåêòîðû 
ðàñïîëîæåíû îäèíàêîâûì îáðàçîì.

Äåéñòâèòåëüíî, çàäà÷à íà ñîáñòâåííûå 
âåêòîðû 

 
è ñîáñòâåííûå çíà÷åíèÿ 

 
ËÑÑ  

èìååò ñëåäóþùèé âèä:

  
Ñïðàâåäëèâîñòü Ñëåäñòâèÿ 1.5. íåïîñðåä-

ñòâåííî âûòåêàåò èç Ñëåäñòâèé 1.1 è 1.4.

2. Âûíóæäåííîå äâèæåíèå ïîäîáíûõ ËÑÑ

Óòâåðæäåíèå 2 (Ó.2)
Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïî-

äîáèÿ âûíóæäåííûõ äâèæåíèé ËÑÑ òèïà SISO 
(Single-inputsingle-outputsystem), îïèñûâàåìûõ 
îáûêíîâåííûìè ëèíåéíûìè äèôôåðåíöèàëü-
íûìè óðàâíåíèÿìè èëè ìîäåëÿìè ïðîñòðàí-
ñòâà ñîñòîÿíèé, ÿâëÿåòñÿ âûïîëíåíèå Ó.1 è, 

êðîìå òîãî, ìàñøòàáíîñòü íóëåé ïåðåäàòî÷íîé 
ôóíêöèè.

Íåîáõîäèìîñòü: Âûíóæäåííîå äâèæåíèå 
ËÑÑ òèïà SISO îïèñûâàåòñÿ ñëåäóþùèì 
âåêòîðíî-ìàòðè÷íûì óðàâíåíèåì:

 

.

 
Ïåðåäàòî÷íàÿ ôóíêöèÿ ËÑÑ èìååò âèä:

  
Ïîäîáíàÿ ËÑÑ èìååò ñëåäóþùóþ ïåðåäà-

òî÷íóþ ôóíêöèþ:

  
Îòñþäà íåïîñðåäñòâåííî ñëåäóåò ñïðàâåä-

ëèâîñòü  Ó.2.
Äîñòàòî÷íîñòü ñëåäóåò èç ñóùåñòâîâàíèÿ è 

åäèíñòâåííîñòè ðåøåíèÿ ÎËÄÓ è îäíîçíà÷-
íîñòè ïðåîáðàçîâàíèÿ Ëàïëàñà.

Çàìå÷àíèå 1. Ñïðàâåäëèâîñòü ïðåäñòàâëåí-
íîãî óòâåðæäåíèÿ íåïîñðåäñòâåííî ñëåäóåò 
èç ñëåäóþùåãî ñâîéñòâà ïðåîáðàçîâàíèÿ Ëà-
ïëàñà:

  
ãäå 

  
Ñëåäñòâèå 2.1. Êîýôôèöèåíòû íåîäíîðîä-

íûõ ËÄÓ ïîäîáíûõ ïî Î.1 ËÑÑ ïðîïîðöèî-
íàëüíû ìàñøòàáó ïîäîáèÿ â ñîîòâåòñòâóþùåé 
ñòåïåíè  ãäå  ñòåïåíü ðàâíà ïîðÿäêó ñîîò-
âåòñòâóþùåé ïðîèçâîäíîé â ËÄÓ.

Ñëåäñòâèå 2.2. Ïåðåäàòî÷íûå ôóíêöèè ïî-
äîáíûõ ËÑÑ ìîãóò áûòü ïîëó÷åíû çàìåíîé 
îïåðàòîðà Ëàïëàñà íà îïåðàòîð  

Ñëåäñòâèå 2.3. Âñå àìïëèòóäíî-ôàçî÷àñòîò-
íûå õàðàêòåðèñòèêè (ÀÔ×Õ) ïîäîáíûõ ËÑÑ 
èìåþò èäåíòè÷íûå ãðàôèêè, îäíàêî òî÷êè, 
ñîîòâåòñòâóþùèå àðãóìåíòó íà ýòèõ ãðàôèêàõ, 
ðàçäåëåíû ìàñøòàáíî ïðîïîðöèîíàëüíûìè îò-
ðåçêàìè ÷àñòîò. 

Ñëåäñòâèå 2.4. Ôàçîâûå ïîðòðåòû ïîäîáíûõ 
ËÑÑ âòîðîãî ïîðÿäêà â êîîðäèíàòàõ 

  èìåþò èäåíòè÷íûå ãðàôèêè, îäíàêî òî÷êè, 
ñîîòâåòñòâóþùèå àðãóìåíòó íà ýòèõ ãðàôèêàõ, 
ðàçäåëåíû ìàñøòàáíî ïðîïîðöèîíàëüíûìè îò-
ðåçêàìè âðåìåíè (ðèñ.3).

Ñëåäñòâèå 2.5.  Ëîãàðèôìè÷åñêèå àìïëèòóäíî-
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÷àñòîòíûå õàðàêòåðèñòèêè (ËÀ×Õ) ïîäîáíûõ 
ËÑÑ èìåþò èäåíòè÷íûå ãðàôèêè (ðèñ.4) ñî 
ñäâèãîì ïî îñè àðãóìåíòà íà 

Ðèñ. 3. Ôàçîâûå ïîðòðåòû ïîäîáíûõ ËÑÑ

Ðèñ. 4. ËÀ×Õ ïîäîáíûõ ëèíåéíûõ îñöèëëÿòîðîâ

Ñëåäñòâèå 2.6. Òðàåêòîðèè îïòèìàëüíûõ ïî 
êâàäðàòè÷íîìó êðèòåðèþ ËÑÑ ïîäîáíû, åñëè 
êðèòåðèé ïîä÷èíåí óñëîâèþ ìàñøòàáà. Ïðè 
ýòîì ìàòðèöû Ðèêêàòòè è çàêîíû îïòèìàëü-
íîãî óïðàâëåíèÿ èäåíòè÷íû äëÿ âñåõ ïîäîáíûõ 
îïòèìàëüíûõ ËÑÑ. Ïîäîáíûìè ÿâëÿþòñÿ 
òàêæå îïòèìàëüíûå íàáëþäàòåëè ñîñòîÿíèÿ 
(ôèëüòð Êàëìàíà) ïðè âûïîëíåíèè òîãî æå 
óñëîâèÿ.

Çàìå÷àíèå  2. Ñèñòåìíûé îïåðàòîð  
ËÑÑ óäîâëåòâîðÿåò óñëîâèþ:

  
ïîñêîëüêó åãî ñîáñòâåííûìè ôóíêöèÿìè ÿâ-
ëÿþòñÿ ãàðìîíè÷åñêèå ôóíêöèè. Çäåñü  
ÿâëÿåòñÿ íåïðåðûâíûì ñïåêòðîì ñîáñòâåííûõ 
çíà÷åíèé ñèñòåìíîãî îïåðàòîðà ËÑÑ. Â îáî-
çíà÷åíèÿõ  òåîðèè óïðàâëåíèÿ  ïðåä-
ñòàâëÿåò ñîáîé ÀÔ×Õ. Ïîäîáíûå ËÑÑ èìåþò 
ñëåäóþùèé ñïåêòð ñîáñòâåííûõ çíà÷åíèé 
ñèñòåìíîãî îïåðàòîðà 

  

3. Ñàìîïîäîáíûå ïàðàìåòðè÷åñêèå ñèñòåìû

Îïðåäåëåíèå 2 (Î.2)
Ñàìîïîäîáíîé íàçûâàåòñÿ ïàðàìåòðè÷åñêàÿ 

ëèíåéíàÿ äèíàìè÷åñêàÿ ñèñòåìà (ËÄÑ),  â êîòî-
ðîé,  ïîñëå çàâåðøåíèÿ ïåðåõîäíûõ ïðîöåññîâ,  
âûçâàííûõ èçìåíåíèåì (ñêà÷êîîáðàçíûì ëèáî 
ïîñòåïåííûì)  åå ïàðàìåòðîâ,  ñâîáîäíûå è 
âûíóæäåííûå äâèæåíèÿ óäîâëåòâîðÿþò Î.1,  òî 
åñòü ïîäîáíû ïî ïðèçíàêó ìàñøòàáà âðåìåíè.

Óòâåðæäåíèå 3 (Ó.3)
Íåîáõîäèìûì óñëîâèåì ñàìîïîäîáèÿ ïàðà-

ìåòðè÷åñêèõ ËÄÑ òèïà SISO ÿâëÿåòñÿ âîçìîæ-
íîñòü ïðåäñòàâëåíèÿ èõ óðàâíåíèé äâèæåíèÿ 
â âèäå:

  

ãäå: Ò- äèàãîíàëüíàÿ ÷èñëîâàÿ ìàòðè-
öà,  â ÷àñòíîì ñëó÷àå åäèíè÷íàÿ ìàòðèöà.

Äàííîå óñëîâèå ÿâëÿåòñÿ òîëüêî íåîáõîäè-
ìûì, íî íå äîñòàòî÷íûì, ïîñêîëüêó âîçìîæíû 
èíûå ñî÷åòàíèÿ ïàðàìåòðîâ ËÄÑ, îáåñïå÷èâàþ-
ùèå ñàìîïîäîáèå èõ äâèæåíèé.

Ñëåäñòâèå 3.1. Âñå ïàðàìåòðè÷åñêèå ËÄÑ 
ïåðâîãî ïîðÿäêà ñàìîïîäîáíû ïî ïðèçíàêó 
ìàñøòàáà âðåìåíè.

Äåéñòâèòåëüíî,  óðàâíåíèå äâèæåíèÿ ïà-
ðàìåòðè÷åñêîé ËÄÑ ïåðâîãî ïîðÿäêà èìååò 
ñëåäóþùèé âèä:

  

Ñïðàâåäëèâîñòü Ñëåäñòâèÿ 3.1 íåïîñðåä-
ñòâåííî âûòåêàåò èç Ó.1,  åñëè òîëüêî çà âðåìÿ 
ïåðåõîäíîãî ïðîöåññà â ïàðàìåòðè÷åñêîé ËÄÑ 
ïîñòîÿííàÿ âðåìåíè íå èçìåíÿåòñÿ.

Ñëåäñòâèå 3.2. Âñå ïàðàìåòðè÷åñêèå ËÄÑ 
âòîðîãî ïîðÿäêà (ëèíåéíûå îñöèëëÿòîðû),  
êîòîðûå îïèñûâàþòñÿ ÎËÄÓ ñ çàäàííûìè íà-
÷àëüíûìè óñëîâèÿìè

  ñàìîïîäîáíû ïðè óñëîâèè

  
Ñïðàâåäëèâîñòü Ñëåäñòâèÿ 3.2 íåïîñðåä-

ñòâåííî âûòåêàåò èç Ñëåäñòâèÿ 2.1,  åñëè òîëüêî 
çà âðåìÿ ïåðåõîäíîãî ïðîöåññà â ïàðàìåòðè÷å-
ñêîé ËÄÑ  ïîñòîÿííàÿ âðåìåíè íå èçìåíÿåòñÿ.

4. Íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû

4.1 Ëèíåàðèçîâàííûå íåëèíåéíûå äèíàìè÷å-
ñêèå ñèñòåìû

Óðàâíåíèå èçìåíåíèÿ ñîñòîÿíèÿ íåëèíåéíûõ 
äèíàìè÷åñêèõ ñèñòåì èìååò âèä:
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Ëèíåàðèçàöèÿ ïðîèçâîäèòñÿ â îêðåñòíîñòè 

íåêîòîðîãî ê-ãî óñòàíîâèâøåãîñÿ ðåæèìà,  
óðàâíåíèå â îòêëîíåíèÿõ  îò êîòîðîãî ïðèíè-
ìàåò ñëåäóþùèé âèä:

  
ãäå ìàòðèöû ãðàäèåíòîâ

 , 
çàâèñÿò îò òî÷êè ê-ãî óñòàíîâèâøåãîñÿ ðåæèìà

 
. 

Òàêèå ìîäåëè íåëèíåéíûõ  ñèñòåì íàçû-
âàþòñÿ êóñî÷íî-ëèíåéíûìè äèíàìè÷åñêèìè 
ìîäåëÿìè (ÊËÄÌ). Ïîäîáèå ÊËÄÌ óñòàíàâëè-
âàåò Ó.2, îäíàêî, ïîñêîëüêó èñõîäíîé ÿâëÿåòñÿ 
îäíà è òà æå íåëèíåéíàÿ ñèñòåìà, òî ìîæíî 
ãîâîðèòü ëèøü î ñàìîïîäîáèè äâèæåíèé.

4.2 Ëèíåàðèçîâàííûå ïàðàìåòðè÷åñêèå íå-
ëèíåéíûå äèíàìè÷åñêèå ñèñòåìû

Ïàðàìåòðèçàöèÿ èñõîäíîé íåëèíåéíîé 
ÌÌÏÑ ïðèâîäèò ê ìîäåëè â ôîðìå Ãàììåð-
øòåéíà:

 
 ãäå ñåìåéñòâî ñòàòè÷åñêèõ õàðàêòåðèñòèê èñ-

ñëåäóåìîãî îáúåêòà çàäàåòñÿ çàâèñèìîñòüþ îò 
íåêîòîðîãî ðåæèìíîãî ïàðàìåòðà  s:

 
.
 

Óòâåðæäåíèå 4 (Ó.4)
Íåîáõîäèìûì óñëîâèåì ñàìîïîäîáèÿ ÊËÄÌ  

è ÌÌ â ôîðìå Ãàììåðøòåéíà ÿâëÿåòñÿ ìàñ-
øòàáíîñòü ñîáñòâåííûõ ÷èñåë ñîïðîâîæäàþ-
ùåé ìàòðèöû õàðàêòåðèñòè÷åñêîãî ïîëèíîìà 
(ìàòðèöû ãðàäèåíòîâ)  

  
äëÿ ðàçëè÷íûõ óñòàíîâèâøèõñÿ ðåæèìîâ.

5. Ïðèìåðû ïðèìåíåíèÿ ïîäîáíûõ äèíàìè-
÷åñêèõ ñèñòåì

5.1 Ðàâíîïîëîñíûå ôèëüòðû

Ëèíåéíûå ïîëîñîâûå ôèëüòðû,  êàê ýòî 
ñëåäóåò èç ðèñ. 4 è Ñëåäñòâèÿ 1.3,  îáðàçóþò 
ïîäîáíûå ïî ìàñøòàáó âðåìåíè ËÄÑ. Òàêèå 
ôèëüòðû (äåêàäíûå,  îêòàâíûå è ò.ï.)  íà-
çûâàþò ðàâíîïîëîñíûìè. Èìååò ìåñòî òàêæå 
ñëåäóþùåå îáîáùåíèå: ëèíåéíûå ïàññèâíûå 
÷åòûðåõïîëþñíèêè îáðàçóþò ïîäîáíûå ïî 

ìàñøòàáó âðåìåíè ËÄÑ,  åñëè òîëüêî çíà÷åíèÿ 
èíäóêòèâíîñòåé êàòóøåê è åìêîñòåé êîíäåíñà-
òîðîâ ìàñøòàáíû.

5.2 Òèïîâûå ïðîïîðöèîíàëüíî-èíòåãðàëüíî-
äèôôåðåíöèàëüíûå ðåãóëÿòîðû

Ëèíåéíûå ïðîïîðöèîíàëüíî-èíòåãðàëüíî-
äèôôåðåíöèàëüíûå ðåãóëÿòîðû, êàê ýòî ñëåäóåò 
èç Ñëåäñòâèÿ 1.3,  îáðàçóþò ïîäîáíûå ïî ìàñ-
øòàáó âðåìåíè ËÄÑ.   Ïåðåäàòî÷íàÿ ôóíêöèÿ 
òèïîâîãî ðåãóëÿòîðà èìååò ñëåäóþùèé âèä:

  ËÀ×Õ òàêèõ ðåãóëÿòîðîâ äëÿ ðàçëè÷íûõ 
ìàñøòàáîâ âðåìåíè ïðåäñòàâëåíû íà ðèñ. 5. 
Èçìåíåíèå ïàðàìåòðà ìàñøòàáà ïîçâîëÿåò 
ñìåùàòü ËÀ×Õ ðåãóëÿòîðà ïàðàëëåëüíî ïî îñè 
àðãóìåíòîâ.

Ðèñ. 5. ËÀ×Õ ïîäîáíûõ ðåãóëÿòîðîâ

5.3. Ãàçîòóðáèííûé äâèãàòåëü

5.3.1 Îäíîâàëüíûé òóðáîðåàêòèâíûé äâèãàòåëü

Îäíîâàëüíûé òóðáîðåàêòèâíûé äâèãàòåëü 
(ÒÐÄ) â ìàëûõ  îòêëîíåíèÿõ îò óñòàíîâèâ-
øåãîñÿ ðåæèìà îïèñûâàåòñÿ ëèíåéíûì äèô-
ôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà 
îòíîñèòåëüíî îáîðîòîâ òóðáèíû è èìååò ñëå-
äóþùóþ ïåðåäàòî÷íóþ ôóíêöèþ [2]: 

  ãäå V, H ñêîðîñòü è âûñîòà ïîëåòà.
Ñëåäîâàòåëüíî,  îäíîâàëüíûé ÒÐÄ ÿâëÿåòñÿ 

ñàìîïîäîáíîé îòíîñèòåëüíî ìàñøòàáà âðåìåíè 
ËÄÑ.  Ýòîò ôàêò îòìåòèëè ïðàêòèêè,  â ÷àñòíî-
ñòè,  â [2]  íà ñ. 48 óòâåðæäàåòñÿ: 

«Îòìåòèì èíòåðåñíûå ñâîéñòâà ïîäîáíûõ 
ðåæèìîâ äâèãàòåëåé,  õàðàêòåðèçóþùèå îáúåêò 
ðåãóëèðîâàíèÿ ïî ÷èñëó îáîðîòîâ ïðè ðàçëè÷-



– 54 – 

ÑÀÓ è  äèàãíîñòèêà

íûõ âûñîòàõ ïîëåòà è V = const. Â ýòîì ñëó÷àå 
êîýôôèöèåíò óñèëåíèÿ îñòàåòñÿ ïîñòîÿííûì, 
è ïîýòîìó àìïëèòóäíî-ôàçîâàÿ õàðàêòåðèñòèêà 
ïðåäñòàâëÿåòñÿ îäíîé ïîëóîêðóæíîñòüþ äëÿ 
âñåõ âûñîò ïîëåòà,  íî ñ ðàçëè÷íûì ðàñïðåäå-
ëåíèåì ÷àñòîò âäîëü õàðàêòåðèñòèêè».

5.3.2 Ìíîãîâàëüíûé òóðáîðåàêòèâíûé äâèãàòåëü

Ìíîãîâàëüíûé òóðáîðåàêòèâíûé ãàçîòóð-
áèííûé äâèãàòåëü (ÃÒÄ) ÿâëÿåòñÿ ñëîæíîé 
íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìîé, ìàòåìàòè-
÷åñêàÿ ìîäåëü êîòîðîé ìîæåò áûòü ïðåäñòàâëåíà 
â âèäå ìîäåëè ïðîñòðàíñòâà ñîñòîÿíèé èâ ôîðìå 
Ãàììåðøòåéíà. Pèñ. 6 èëëþñòðèðóåò çàâèñèìîñòè 
ñîáñòâåííûõ ÷èñåë ñîïðîâîæäàþùåé ìàòðèöû 
õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìîäåëè òðåõ-
âàëüíîãî ÃÒÄ îò ðåæèìíîé ïåðåìåííîé: ñòåïåíè 
ïîâûøåíèÿ äàâëåíèÿ. Êàê ýòî ñëåäóåò èç ðåçóëü-
òàòîâ ðàñ÷åòîâ è ðèñ. 7, 8 â äèàïàçîíå ñòåïåíè 
ïîâûøåíèÿ äàâëåíèÿ (8 ¾18) ñîáñòâåííûå ÷èñëà 
ìàñøòàáíû. Ñëåäîâàòåëüíî, ðàññìàòðèâàåìàÿ 
äèíàìè÷åñêàÿ ñèñòåìà óäîâëåòâîðÿåò óñëîâèþ 
ñàìîïîäîáèÿ ïî ìàñøòàáó âðåìåíè. Ïîýòîìó â 
óêàçàííîì äèàïàçîíå ïåðåõîäíûå ïðîöåññû â 
ÃÒÄ ïðè ÷àñòè÷íîé ïðèåìèñòîñòè ïîä÷èíÿþòñÿ 
îäèíàêîâûì çàêîíîìåðíîñòÿì, îòëè÷àÿñü ëèøü 
ìàñøòàáîì âðåìåíè ïðîòåêàíèÿ (ðèñ. 9).

Àäåêâàòíîñòü ïðèìåíÿåìîé ìàòåìàòè÷åñêîé 
ìîäåëè òðåõâàëüíîãî ÃÒÄ ïîäòâåðæäàþò ðàñ÷å-
òû è  ðèñ. 10, íà êîòîðîì ïðåäñòàâëåíû ïðîöåññû 
ïðèåìèñòîñòè, ïîëó÷åííûå â ïðîöåññå ëåòíûõ 
èñïûòàíèé  ýêñïåðèìåíòàëüíûì ïóòåì è ïî 
ðåçóëüòàòàì ìîäåëèðîâàíèÿ ñîãëàñíî ÊËÄÌ. 

Êàê ýòî ñëåäóåò èç ðåçóëüòàòîâ àíàëèçà è ïðè-
âåäåííûõ èëëþñòðàöèé, ñàìîïîäîáèå ïðîöåññîâ 
â ÃÒÄ òðåáóåò ñîîòâåòñòâóþùåãî èçìåíåíèÿ 
ïàðàìåòðîâ, ïðèìåíÿåìûõ â ÑÀÓ ðåãóëÿòîðîâ.
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Ðèñ. 7. Òðàåêòîðèè ñîáñòâåííûõ çíà÷åíèé â çàâèñèìîñòè 
îò ðåæèìíîé ïåðåìåííîé íà êîìïëåêñíîé ïëîñêîñòè
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Ðèñ. 8. Òðàåêòîðèè ñîáñòâåííûõ çíà÷åíèé â çàâèñèìîñòè 
îò ðåæèìíîé ïåðåìåííîé è êîýôôèöèåíò çàòóõàíèÿ

Ðèñ. 9. Èçìåíåíèå îáîðîòîâ òóðáèí ÃÒÄ ïðè ÷àñòè÷íîé 
ïðèåìèñòîñòè
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Ðèñ. 10. Èçìåíåíèå îáîðîòîâ òóðáèí ÃÒÄ ïðè ïðèåìè-
ñòîñòè â ýêñïåðèìåíòå è ïî äàííûì ìîäåëèðîâàíèÿ

Çàêëþ÷åíèå

Ïðåäëàãàåìûé ïîäõîä ê  ïîñòðîåíèþ ïî-
äîáíûõ è ñàìîïîäîáíûõ äèíàìè÷åñêèõ ñèñòåì 
ïîçâîëÿåò ðàñøèðèòü âîçìîæíîñòè àíàëèçà èõ 
ñâîéñòâ è ñèíòåçà ñîîòâåòñòâóþùèõ  óïðàâëåíèé 
äâèæåíèåì â ïðîñòðàíñòâå ñîñòîÿíèÿ.

Ïåðñïåêòèâû äàëüíåéøèõ èññëåäîâàíèé çà-
êëþ÷àþòñÿ â ðàñøèðåíèè ïðåäëàãàåìîãî ïîä-
õîäà íà ñòîõàñòè÷åñêèå ñèñòåìû.
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Â.Ô. Ìèðãîðîä, Ã.Ñ. Ðàí÷åíêî,  I.Ì. Ãâîçäºâà. Äèíàì³÷í³ ñèñòåìè, ïîä³áí³ çà îçíà-
êîþ ìàñøòàáó ÷àñó

Âèêîíàíî äîñë³äæåííÿ äèíàì³÷íèõ ñèñòåì, ïîä³áíèõ ùîäî ìàñøòàáó ÷àñó. Îçíàêîþ 
ïîä³áíîñò³ º çá³ã çàêîíîì³ðíîñòåé ïðîöåñ³â çì³íè ñòàíó äèíàì³÷íèõ ñèñòåì ïðè çì³í³ 
ìàñøòàáó ÷àñó. Âñòàíîâëåíî íåîáõ³äí³ òà äîñòàòí³ óìîâè ïîä³áíîñò³ â³ëüíèõ (çàäà÷à 
Êîø³) ³ âèìóøåíèõ ðóõ³â ë³í³éíèõ ñòàö³îíàðíèõ äèíàì³÷íèõ ñèñòåì.Çàïðîïîíîâàíî óìîâè 
ïîä³áíîñò³ ë³í³éíèõ ñòàö³îíàðíèõ äèíàì³÷íèõ ñèñòåì, çàäàíèõ ìàòåìàòè÷íèìè ìîäåëÿìè 
â ð³çíèõ ôîðìàõ: çâè÷àéíèõ äèôåðåíö³àëüíèõ ð³âíÿíü, ìàòåìàòè÷íèõ ìîäåëåé ïðîñòîðó 
ñòàíó, ïåðåäàâàëüíèõ ôóíêö³é ³ ÷àñòîòíèõ õàðàêòåðèñòèê. Ðîçãëÿíóòî ïàðàìåòðè÷í³ 
ë³í³éí³ äèíàì³÷í³ ñèñòåìè, äëÿ ÿêèõ âèçíà÷åíî âëàñòèâ³ñòü ñàìîïîä³áíîñò³. Ñàìîïîä³áíîþ 
íàçèâàºòüñÿ ïàðàìåòðè÷íà ë³í³éíà äèíàì³÷íà ñèñòåìà, â ÿê³é, ï³ñëÿ çàâåðøåííÿ ïåðåõ³äíèõ 
ïðîöåñ³â, âèêëèêàíèõ çì³íîþ (ñòðèáêîïîä³áíèì àáî ïîñòóïîâèì) ¿¿ ïàðàìåòð³â, â³ëüí³ ³ 
âèìóøåí³ ðóõó ïîä³áí³ çà îçíàêîþ ìàñøòàáó ÷àñó. Âñòàíîâëåíî îçíàêè ñàìîïîä³áíîñò³ ïà-
ðàìåòðè÷íèõ ë³í³éíèõ äèíàì³÷íèõ ñèñòåì ïåðøîãî ³ äðóãîãî ïîðÿäê³â (ë³í³éíèõ îñöèëÿòîð³â). 
Äëÿ íåë³í³éíèõ äèíàì³÷íèõ ñèñòåì, ìàòåìàòè÷í³ ìîäåë³ ÿêèõ ìàþòü âèãëÿä ôîðìè Ãàì-
ìåðøòåéíà, îòðèìàí³ óìîâè ñàìîïîä³áíîñò³ ïðîöåñ³â çì³íè ñòàíó ïðè ìàëèõ â³äõèëåííÿõ 
â³ä óñòàëåíèõ ðåæèì³â. Âèð³øåí³ ïðèêëàäí³ çàâäàííÿ äîñë³äæåííÿ ïîä³áíèõ ³ ñàìîïîä³áíèõ 
äèíàì³÷íèõ ñèñòåì, çîêðåìà, ñèñòåì ðåãóëþâàííÿ ³ àâ³àö³éíîãî ãàçîòóðá³ííîãî äâèãóíà. 
Ìàòåìàòè÷íà ìîäåëü àâ³àö³éíîãî ãàçîòóðá³ííîãî äâèãóíà ïðåäñòàâëåíà ñóêóïí³ñòþ 
ìîäåëåé ïðîñòîðó ñòàíó, â ÿê³é ñóïðîâîäæóº ìàòðèöÿ õàðàêòåðèñòè÷íîãî ïîë³íîìà º 

-ìàòðèöåþ. Íà îñíîâ³ ð³øåííÿ çàäà÷³ íà âëàñí³ ÷èñëà ³ âëàñí³ âåêòîðè äëÿ ö³º¿ ìàòðèö³ 
îòðèìàí³ óìîâè ñàìîïîä³áíîñò³ ïåðåõ³äíèõ ïðîöåñ³â çì³íè îáîðîò³â òóðá³í äâèãóíà. Âñòà-
íîâëåíî, ùî â øèðîêîìó ä³àïàçîí³ çì³íè ðåæèì³â ïîëüîòó ïåðåõ³äí³ ïðîöåñè çì³íè îáîðîò³â 
òóðá³í äâèãóíà îïèñóþòüñÿ îäíàêîâèìè çàêîíîì³ðíîñòÿìè. Ïðîâåäåíî ç³ñòàâëåííÿ 
ðåçóëüòàò³â ìîäåëþâàííÿ ³ åêñïåðèìåíòàëüíèõ äàíèõ ïåðåõ³äíèõ ïðîöåñ³â çì³íè îáîðîò³â 
òóðá³í äëÿ òðèâàëüíîãî àâ³àö³éíîãî ãàçîòóðá³ííîãî äâèãóíà. Ïðîïîíîâàíèé ï³äõ³ä äîçâîëÿº 
âèêîíàòè ñèíòåç òàêèõ óïðàâë³íü ñêëàäíèìè ñèñòåìàìè, ÿê³ çàáåçïå÷óþòü ïîä³áí³ñòü 
äèíàì³÷íèõ âëàñòèâîñòåé.

Êëþ÷îâ³ ñëîâà: äèíàì³÷íà ñèñòåìà; ìàòåìàòè÷íà ìîäåëü; îçíàêà ïîä³áíîñò³; ìàñøòàá 
÷àñó; ãàçîòóðá³ííèé äâèãóí.
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V.F. Myrhorod, G.S. Ranchenko, I.M. Gvozdeva. Dynamic systems, like the scale of 
time

A study of dynamic systems similar to the time scale was performed. A sign of similarity is the 
coincidence of the laws of the processes of changing the state of dynamic systems with a change in 
the time scale. The necessary and sufficient conditions for the similarity of free (Cauchy problem) 
and forced motions of linear stationary dynamic systems are established. Conditions for the 
similarity of linear stationary dynamic systems, given by mathematical models in various forms, 
are proposed: ordinary differential equations, mathematical models of the state space, transfer 
functions, and frequency characteristics. Parametric linear dynamic systems are considered for 
which the self-similarity property is defined. A parametric linear dynamic system is called self-
similar, in which, after the completion of transients caused by a change (jump-like or gradual) 
of its parameters, the free and forced motions are similar in terms of the time scale. Òhe signs 
of self-similarity of parametric linear dynamic systems of the first and second orders (linear 
oscillators) are established. For nonlinear dynamic systems whose mathematical models have the 
form of the Hammerstein form, the conditions for self-similarity of state change processes with 
small deviations from steady-state regimes are obtained. Solved applied problems of the study of 
similar and self-similar dynamic systems, in particular, control systems and aviation gas turbine 
engine. The mathematical model of the aviation gas turbine engine is represented by a set of 
models of the state space in which the accompanying matrix of the characteristic polynomial is 

-the matrix. On the basis of solving the eigenvalue problem and the eigenvectors for this matrix, 
the conditions for self-similarity of transients of changes in engine turbine speed are obtained. 
It has been established that in a wide range of changes in flight modes transients of changes in 
revolutions of engine turbines are described by the same laws. Comparison of simulation results 
and experimental data of transient changes in turbine rotations for a three-shaft aviation gas 
turbine engine was carried out. The proposed approach allows the synthesis of such controls of 
complex systems that provide similarity of dynamic properties.

Key words: dynamic system; mathematical model; similarity sign; time scale; gas turbine 
engine.
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