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The estimator properties of two periodically non-stationary random signals cross-correlation
function formed on the base of discrete data in the form of trigonometric polynomial are
analyzed. The formulae for estimator bias and variance, which describe their dependences on
sampling time and sampling size are derived. The interpolation formula for cross-correlation
function estimator is obtained.

Keywords: periodically non-stationary random processes, cross-correlation function, compo-
nent analysis, sampling time, estimator variance and bias.

-
, 

. , 
. -

.

: , -
, , , .

-
-

 [1–4]. -
-

. -
, , , ,

, , , . 
-

, , , 
. , 

, -
. 

. -
, -

. -
- -

. -

 ( ) – . 
, -

 [1–3].
-

, . 

. 
, , -

. . -
          , 

. . , . . , . . , 2013



ISSN 0474-8662. . 2013. . 38 (114) 23

. -
,  [5, 8],  – -

 [6, 8]
2

0

2

ˆ ˆ, ,
N

ik t
k

k N

b t u B t u e ,

0

0

1ˆ ˆ ˆ ik t
kB u t m t t u m t u e dt , 0

2
T

,

1
0

1

,
,ˆ ˆ

N
ik t

k
k N

m nh m e , 0,

0

1ˆ ik t
k

nh
m e dt

nh
.

, 
-

. 
, 

. -

u. 1N 2N -
 [5–8]. -

 [6]. -
, -

, , . 
, -

.
, 1T M h , M NT . 

2

2

2
1ˆ ˆ,

N ik n
M

k
k N

b nh jh B jh e , (1)

21
1

0

1ˆ ˆ ˆ
K ik n

M
k

n
B jh nh m nh n j h m n j h e

K
, (2)

1

1

2
, 1

,ˆ ˆ
N ik n

M
k

k N

m nh m e ,
21

, 1

0

1ˆ
K ik n

M
k

n

nh
m e

nhK
.

 (2) 

21
1

0

ˆ1ˆ
ˆ ˆ ˆ

K ik n
M

k
n

nh n j h m nh n j h
B jh e

K nh m n j h m nh m n j h
, (3)

ˆ ˆm nh m nh m nh . 12M N , 



ISSN 0474-8662. Information Extraction and Proces. 2013. Issue 38 (114)24

1 1

1 1

2 2 21
1 1 1

0

1ˆ ˆ
N N Kil n il n il p

M M M
l l

l N l N p

m nh m nh m m e e ph e
K

,

1 1

1 1

2 2 21
1 1 1

0

1ˆ ˆ
N N Kil n il n il p

M M M
l l

l N l N p

m nh m nh m m e e ph e
K

.

,  (3) -

21
1

0

1 ˆ ˆ
K ik n

M

n
m nh n j h m n j h nh e

K
1

1 12
, 0

1 , , , ,
K

k k
n p

nh p j h g N n p nh ph h N n p
K

,

1

1

2 2
1 1

1, ,
Nik p il p n

M M
k

Nl

g N n p e e ,

1

1

2 2
1 1

1, ,
Nik p il n p j

M M
k

Nl

h N n p e e .

21
1

0

1 ˆ ˆ
K ik n

M

n
m nh m n j h e

K

1

1

2 21 1
1 1

2
, 0 , 0

1 1NK Ki j q m lp i l k m
M M

p q l m N n
ph qh e e

K K
. (4)

2 1M N N , 
21

1
,

0

1 K i l k m
M

l k m
n

e
K

,

1

1

2 2 2
1 1 1

,
,

N i j q m lp ik p il p q j
M M M

l k m
l m N l M

e e e , (5)

1 1 1 1,..., ,...,M N N k N k N . 

1, ,kp N p q . 1 1, , , ,k kp N p q h N p q
2 2

/1 1
1 1 1, , , , , ,

ik n il n p j
M M

k k
l M

p N p q h N p q e e p N p q ,

1 1,..., \M N N M .  (4), (5), -
 (2) 22M N

1 1

2 /
, 0 1

, , ,1ˆ
, , ,

K k
k k

n p k

b ph n p j h g N n p
EB jh B jh

K b ph n p h p N n p
.

r n p , 
:



ISSN 0474-8662. . 2013. . 38 (114) 25

11
1

2 /
0 1

, , ,1ˆ
, , ,

K pK
k

k
p r p k

b ph r j h g N r p p
B jh

K b ph rh p N p r p

1
/

1 12
0

1 , , , , 0 , ,
K

k k
p

b ph jh g N p p b ph p N p p
K

1 1

1 1
1 0

, , , , , ,
K K r

k k
r p

b ph r j h g N p r p b p r h j r h g N p p r

/ /
1 1, , , , , ,k kb ph rh p N r p p b ph rh p N p p r .

2

2

2
1,

N ik p
M

k
Nk

b nh jh B jh e . (6)

2

2

2
11

12
1 1

1ˆ ,

im j
MN K m

k
ik rm N r M

m

B r j h e
B jh h N r

K
B r j h e

/ /
1 1, , , , 0, 1m m m kB rh h N j r B rh h N j r f K r

2
1

12 1 0
il j

M
k k

l M
N B jh B e , (7)

1

1
1

2, 1 2 cos
1

N

l
h N r l r

M
,

2 2
/ 1 1

1, ,
ik r il r j

M M
k

l M
h N j r e e ,

2
/ 1

1, ,
il j r

M
k

l M
h N j r e ,

21
1

0

10, 1
K r i m k p

M
m k

p

f K r e
K

.

ˆ
kB u ,  (7), 

, , , -
. 

, 0 0, 1f K r

. , 0, 1m kf K r
m k , , :

2
1

1
1ˆ 2 1 0

il j
M

k k k
l M

B jh N B jh B e
K



ISSN 0474-8662. Information Extraction and Proces. 2013. Issue 38 (114)26

2 21
1 1

1
1

1 ,
K ik j ik r

M M
k k

r

r B j r h e B r j h e h N r
K

/ /
1 1, , , ,k k k kB rh h N j r B rh h N j r . (8)

.
 1.  (1) 

(6) 

lim 0ku
B u , 2 2,k N N , (9)

12M N 2 12M N N , 
ˆ , 0b nh jh , K , K  (1) -

2

2

2
1ˆ ˆ,

N ik n
M

k
k N

b nh jh B jh e ,

ˆ
kB jh  (8).

0k , M , -
 (1) :

1

1 0

1 0

1 10

2 1
1ˆ , 21 1 2 cos

1

NKñåð

r l

N B jh

B r j hb nh jh rK l r
K NB r j h

.

0h , const , -
. -

1 0N , , 
, 

0

0

1 ˆˆ ,
T

ik t
kB u b t u e dt

T
,

ˆ ,b t u  –  [5].

(1). , -
12M N .  (3) 

21
1

0

1ˆ
K ik n

M
k

n
B jh nh n j h e

K

1
/

1 1
0

1 , , , ,
K

k k
p

p j h ph g N n p nh ph p N n p
K

.

 (1) 

2 2

2 2

22 22
1 1

2

ˆ ˆ,
N Nil n ir n

M M
l r

l N r N
D b nh jh E B jh e jh e



ISSN 0474-8662. . 2013. . 38 (114) 27

22

0
1

2 2cos sin
1 1

N
c s
r r

r
jh jh r n jh r n

M M
, (10)

2

2

2

2

,

,

, 0,
1
2

, 0,

N

r k k
k N rc s

r r r N r

r k k
k N

R jh r
jh jh i jh

R jh r
(11)

ˆ ˆ ˆ ˆ
lk l k l kR jh E B jh B jh EB u EB jh . 

,r k kR jh
2 21

1 1
, 2

, 0

1 , ,
K ik q p ir p

M M
r k k

p q

R jh b ph q p h jh e e
K

,

, , , ,b ph q p h jh b ph q p h b p j h q p h

, ,b ph q p h jh b p j h q p h . (12)

, , , ,b ph q p h jh b qh q p h jh , 

211
1

, 2
0

1 , ,
K pK i km rp

M
r k k

p m p

R jh b ph mh jh e
K

2
2 211 1 1

1 1
2 2

0 1 01

1 ,0, , ,
i k r m

MK K K mir p ir n
M M

ik mp m pM

e
b ph jh e b ph mh jh e

K
e

. (13)

, ,b ph mh jh ph , 

2

2

22
1

2

, , ,
N iq p

M
q

q N

b ph mh jh B mh jh e .

 (13) p:
2

2

2

,
2

1 0, 0, 1
N

r k k q q r
q N

R jh B jh f K
K

2 21
1 1

1
, 0, 1

K i k r m ik m
M M

q q r
m

B mh jh f K m e e .

, 1q r s M , s , 

r jh :

2 1
1 2 1 0,r r s M

s A
jh N r B jh

K



ISSN 0474-8662. Information Extraction and Proces. 2013. Issue 38 (114)28

2 21
1 1

1
1

1 ,
K i k r m ik m

M M
r s M

m k

m B mh jh e e
K

,

2 2,...,Q N r N 0r 2 2,...,Q N N r 0r . A

s , 21 2 1r s M N . 24M N , 
0s . 

2
11

2 2
1 1

1 2 1 0, 1 ,
i k r m

MK

r r r
ik mm k Q M

emjh N r B jh B mh jh
K K

e
. (14)

, 1, , ,
2

c s
r r rB mh jh B mh jh iB mh jh , 

2
1 2 1 0,c c

r rjh N r B jh
K

1

1

2 21 , cos cos
1 1

K
c
r

m k Q

m B mh jh k r m k m
K M M

2 2, sin sin
1 1

s
r

k Q
B mh jh k r m k m

M M
, (15)

2
1 2 1 0,s s

r rjh N r B jh
K

1

1

2 21 , sin sin
1 1

K
c
r

m k Q

m B mh jh k r m k m
K M M

2 2, cos cos
1 1

s
r

k Q
B mh jh k r m k m

M M
. (16)

0 jh ,  (11)  (13), 
:

2 2

2

0 , 0 0
1

ˆ ˆ2
N N

k k
k N k

jh R jh D B jh D B jh .

 (3.3.7)  (3.3.10), -

0
ˆD B jh ˆ

kD B jh , :

21

0 2 0 0
1 1

1 22 1 0, 2 1 , 1 2 cos
1

NK

m k

mjh N B jh B mh jh k m
K K M

, (17)

 (14), 0r .
,  (12), , 

0 ,B mh jh ,kB mh jh
-  [5]:



ISSN 0474-8662. . 2013. . 38 (114) 29

02

0 12

02

0 12

1 1

1 1

1,

1 1

1 1

, 0,

, 0.

iq uN qq r

iq uq N r qq r

r
iq uN r qq r

iq uq N qq r

B u B u e
r

B u u B u u e
B u u

B u B u e
r

B u u B u u e

(18)

, -
.

 2.
t t  (9) , 

ˆ 0kD B jh , K , K 24 1M N
 (10)  (14)–(18).

0h , const ,  (14)–(17) 
, 2N

1

1

1 0, 2 1 ,
K

r r r
n

nu B u B nT u
N K

.

,  1 , 
22 1
Th

N 1 22 1
Th

N N

2
0

2

21
1

0

1ˆ ,
ˆ ˆ

N K ik nik t M

k N n

n j hnh
b t jh e e

K m nh m n j h
(19)

0,t T . ,
.

 3.  (19) 
, -

, 
22

0

ˆ ˆ, ,
N

r
r

b t jh b rh jh t , (20)

1

sin

2 1 sin
r

t rh
ht

N t rh
h

,

1

0

ˆ1 11ˆ ,
ˆ1 1

N

n

r n M h m r n M h
b rh jh

N r j n M h m r j n M h
, (21)

 (9)  (20) 
.



ISSN 0474-8662. Information Extraction and Proces. 2013. Issue 38 (114)30

2
0

2

1sin 2 1

sin

N
ik t nh

k N

N t nh
Te

t nh
T

,

1 1

0

sin 2 11ˆ ,
ˆ ˆ sin

K

n

N t nhn j hnh Tb t jh
K m nh m n j h t nh

T

.

, , -
1T M h , , 

1K N M :

2

2

1 2 1 11 2

0 2 1

sin 2 11ˆ ,
ˆ ˆ sin

p NN

p k p N

N t khk j hkh Tb t jh
K m kh m k j h t kh

T

.

22 1r k p N :

221 2

0 0 2

2 11ˆ ,
ˆ 2 1

NN

p r

r p N h
b t jh

K m r p N h

2 22

2 2

sin 2 1 2 12 1

ˆ 2 1 sin 2 1

N t rh p N hr p N h T
m r p N h t rh p N h

T

.

22M N , 

2 2sin 2 1 2 1N t rh p N h
T

2sin 2 cos 2 1 sin cost h p N t rh p
h h

,

2sin 2 1 sin cost rh p N h t rh p
T T

.

22

0

ˆ ˆ, ,
N

r
r

b t jh b rh jh t , (22)

ˆ ,b rh jh  –  (21).
 (20)  (22).

-
-

h K
. 

, , -
 (



ISSN 0474-8662. . 2013. . 38 (114) 31

), -
, , -

.

1. Least Squares Method in the Statistic Analysis of Periodically Correlated Random Processes
/ I. Javorskyj, R. Yuzefovych, I. Kravets, Z. Zakrzewski // Radioelectronics and Communication
Systems. – 2011. – 54,  1. – P. 45–59.

2.
/ . . , . . , . . , . .  // .- . .
– 2011. – 47,  2. – . 134–140.

3.
/ . . , . . , . . . // .
– 2012. –  8. – . 58–67.

4. Antoni I. Cyclostationarity by examples // Mechanical Systems and Signal Processing. – 2009.
– 23. – P. 987–1036.

5. 
/ . . , . . , . . , . .  // -

. – 2012. –  36(112). – . 5–13.
6. 

/ . . , . . , . . , . .  // -
. – 2012. –  37(113). – . 10–18.

7. Coherent covariance analysis for periodically correlated random processes / I. Javorskyj, I. Isa-
yev, Z. Zakrzewski, S. P. Brooks // Signal Processing. – 2007. – 87. – P. 13–32.

8. Component covariance analysis for periodically correlated random processes / I. Javorskyj,
I. Isayev, J. Majewski, R. Yuzefovych // Signal Processing. – 2010. – 90. – P. 1083–1102.

. . . 
, ; 09.01.2013

,
, 


	УДК 621.391:519.22
	І. М. Яворський, Р. М. Юзефович, І. Й. Мацько
	ОБҐРУНТУВАННЯ ВЕЛИЧИНИ КРОКУ ДИСКРЕТИЗАЦІЇ У ПРОЦЕСІ КОМПОНЕНТНОГО ВЗАЄМОКОРЕЛЯЦІЙНОГО АНАЛІЗУ ПЕРІОДИЧНО НЕСТАЦІОНАРНИХ ВИПАДКОВИХ СИГНАЛІВ



