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Abstract — A short review is given on the key issues of network Maxflow problem. It is proved, that known approaches
to Maxflow study are not always relevant to modern telecoms. Unlike traditional Maxflow task statement, whereby the maximum
permissible unidirectional product flow is calculated between emitting and receiving nodes, the bi-directional multi-source and
multi-destination data exchange is inherent to telecom system. Again, known algorithms for Maxflow task solution imply directed
links between nodes, having fixed capacities in the onward and/or backward directions. Currently, the flexible adaptation of
onward/backward channel throughput can be achieved with the use of modern reconfigurable add/drop multiplexors. In this
paper, a novel framework of a free-oriented multi-pole open graph (FOG) substantiated for transport system analysis, where the
free-oriented linkage is provisioned to simulate the dynamic configuration ability of advanced optical channels. Within this
concept, an enhanced formalism and related algorithm determined for maximal flow evaluation in particular case of three-pole
free-oriented open graph in terms of the overall circulation flow density between the open poles. The Maxflow formalism, in
general case, operates with two types of bidirectional product flow in an open transporting network: unilateral flows that
circulate between the network outside and given network via single port; bilateral flows traversing given network via multiple
pairs of ports. This work presents the simple case of bilateral product flows. These flows are limited by the border requirements:
the total flow in any open link must not succeed its overall capacity with no care about the occurred balance between counter
partial flows. The introduced FOG concept extends the scope of bidirectional data transfer scheduling among the multiple ports
of a telecom system, as well as the Maxflow algorithm simplifies the Maxflow task statement and provides more comprehensive
solutions of the task. Next researches in this direction intend development algorithms of network flow optimization based on
given approach.
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O0.B.TUXOHOBA

Opecbka HalioHajbHA akaaeMmis 3B°s3ky iM. O.C.ITonosa

AHAJII3 TPOBJIEMHU MAKCUMAJIBHOI'O IIOTOKY HA
BIJIBHO-OPIEHTOBAHOMY I'PA®I MEPEXI

Anomauia — Haoano cmucnuili 02150 3 KN0408UX NUMAHL NPOOIeMU MAKCUMANLHO20 NOMOKY. [losedeHo, wo 8i0omi
nioxoou 00 00CNIONCEHHA MAKCUMATLHO2O NOMOKY He 3a8AHCOU AKMYANbHI 05l CYYACHUX menekomyHikayit. OOTpyHmosano Hosy
CMpYyKmypy 8inbHO-0piEHMOBaH020 6azamononiocnozo eiokpumozo epaga (FOG) ons ananizy mpancnopmmnoi cucmemu, sKui
MoOenioe Moducausicms OuHamiunoi Konghicypayii cyvacnux onmuunux xauanie. Ilpeocmasnena xouyenyia FOG poswuproe
MONCIUBOCME 011 NIAHYBAHHS. OBOHANPABIEHOI nepedaui OaHux Midc OeKLIbKOMA NOPMAamMu meieKoMyHiKayilinoi cucmemu. B
pamkax yiei Konyenyii 6U3HAYEHO ANOPUMM (DOPMATLHOI OYIHKU MAKCUMATLHO20 HOMOKY ) KOHKDEMHOMY 6UNAOKY
MPURONIIOCHO20 BLILHO-OPIEHMOBAHO20 GIOKPUMO20 2pada 6 MepMIHAX 3a2aNbHOI NOMYICHOCHI NOMOKIE YUPKYIIOIOUUX MIdNC
siOKkpumumu nomocamu. Lleti popmanizm cnpowgye nooanns 3a0a4i npo MaKcumMaibHuti nomix i 3abesneyye 6inoul eghekmugne
piwenns 3a0aui.

Hacmynui docnidoicenns 6 ybomy HanpamKy nepeobauaioms po3pooKy aneopummie onmumisayii Mepesiceeozo nomoxy
Ha OCHOGI 3aNPONOHOBAH020 NiOX00Y.

Kniouosi  cnosa:npobnema  MAaKcumaibHo20 — NOMOKY,  GilbHO-OpicHmosanuti  epagh,  6acamononiocna
MmeneKoMyHIKayiiHa mepedica, OUHAMIYHA KOHGI2ypayis Kanauy.

Introduction

The network models are possibly the most important structures in optimization theory, and general network
flow problem (NFP) occupies particular position in theoretical/applied researches where a common scenario of
network flow problem arises behind industrial logistics concerns ([1], [2]). This scenario typically implies that some
manufactured products must be transferred over logistic network from one or more source terminal nodes to several
destination ports being addressed to wholesale consumers. In a simple case, a homogeneous product supposed along
with “single source-single target” transporting network model. As a rule, communication links in logistic network
graph considered to be one way directed channels having constant weights (denoted “arks”); therefore, related graph
is called “directed weighted graph” (DWG). The common objective of logistic task solution is minimizing the
overall cost of products supply to meet potential consumer demands (the so called “Min-cost-flow” task, or MCF);
herewith, related network transportation model may include capacity restrictions on logistic hubs (network graph
vertices) and transportation links (network graph arcs),[3], [4].

There are various approaches to MCF problem. Under certain background (e.g. hypothesis of unlimited
manufactures’ productivity, along with unbounded node’s capacities and consumer’s product needs), the general
task of minimizing the overall product transfer cost can be reduced to the so called “Maxflow problem” (MFP).
Typical examples of “product flow” are consumer goods delivered via logistic infrastructure; gas, oil or water
pumped through a pipe system; information data transmission over telecom or computer networks, etc. Though the
network transportation model is cast in terms of material streams from source to destination ports, various lateral
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applications emerged. Primarily known observations of Maxflow problem do not imply that intermediate network
nodes may either accumulate or generate product flow; presumably, they solely transmit the product. It means that
the sum of all the input streams must be always equal to the sum of all the output streams for any intermediate
network node. The conventional MFP statement involves finding a feasible data stream through a closed two-pole
graph with single-source and single-target poles (SS/ST).

The actuality of Maxflow task triggered by logistics in last century, now has taken its new impulse in
modern telecommunication sphere. However, common view on Maxflow task not always seems relevant to present
IT realm because of particular telecom channel properties, which significantly contradict the legacy transportation
model of material product provisioning. The principal aspect of information Maxflow study is bidirectional
character of data streams in typical telecommunication channels; from these premises, each open network terminal
should be treated as joint source/destination entity. This view is not character to homogeneous product transition in
commonly known logistics model. The second distinct aspect of information product supply is dynamic flexibility
of modern telecommunication channels with respect to onward/backward conductivity adaptation; it means that the
overall channel capacity becomes a fixed property of network graph edges, whereas particular onward/backward
channel resource scheduling is optionally possible. This phenomenon requires determination a new type of network
graph with free-oriented edges, which simulates dynamic channel scheduling in modern telecommunication systems.
The third critical point of data flow analysis is multi-pole scheme of network-to-network interaction, which mistunes
known “one source-one target” network graph models. The publications survey indicates that data flow optimization
in telecom systems is challenging yet, and more researches needed. The objective of this work is the enhancement of
Maxflow task solution on a free-oriented multi-pole network graph.

Free-oriented channel as linkage model on a graph

As it was mentioned above, the commonly exhibited models of matter product transportation often relay on
the formalism of directed weighted graph (aka digraph, or DWG), where all the graph edges are unidirectional links.
Sometimes, however, a digraph is understood as that, where at least one edge is either unidirectional or
bidirectional; instead, a graph with all unidirectional edges is called “oriented graph”. Further we will use terms
“ark” (or “simplex”) for unidirectional edge in contrast to bidirectional edge noted “bi-ark” (or “complex”).
Therefore, a graph with no one directed edge is undirected. However, the term “undirected weighted graph” (UWG)
is not uniformly perceived by the specialists. Customary, the undirected weighted graph (UWG) is given as
everywhere symmetrically weighted bidirectional graph, or skew-symmetric graph, [5]. This understanding of
undirected edge and related graph correlates with full symmetric duplex channels in generic telecom systems, but it
is beyond the modern decisions in fiber optic technologies, [6].

Actually, the term of “undirected edge” on a graph is not fully determined in literature for digital
communication channel, therefore, more detailed explanation of this entity needed. In fact, advanced telecom
technologies support bidirectional data transmission over a single optic fiber link [7]; the data exchange over a
single fiber strand is achieved by separating the transmission wavelength of two devices, Fig. 1.
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Fig. 1.The principle of bidirectional data transmission over a single optic fiber link

For instance, the 1000BASE-BX10-D network interface transmits at 1490-nm channel and receives a 1310-
nm signal, whereas 1000BASE-BX10-U transmits at 1310-nm wavelength and receives a 1490-nm signal. The
wavelength-division multiplexing (WDM) splitter is integrated into the Small Form-factor Pluggable module (SFP)
to split the 1310-nm and 1490-nm light paths. On the other hand, behind the bidirectional conductivity observed in
optic fiber, the flexible adaptation of onward/backward channel throughput can be achieved with the use of modern
reconfigurable add/drop multiplexors performing on the base of coherent multi-carrier pumping, [8]. Consider
aforesaid, the disputable term of “undirected weighted graph” is overlooked for further interpretation in order to
avoid terminology confusions among the specialists. Instead, a new term is introduced for optical bidirectional
trunk, namely, “free-oriented channel” (FOC). The FOC is defined as that having fixed total capacity P along with
dynamic scheduling between the onward channel throughput P+ and backward throughput P—:

o<(Pr|/|P <, | PY |+| P |= P = const. (1)
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Similarly, a free-oriented linkage (FOL) is introduced in this paper to simulate a FOC on a graph. Hence,
any network graph with entire free-oriented edges treated as “free-oriented graph” (FOG). The FOG transporting
model seems more adequate to exhibit advanced network technologies, and particular, the modern concepts of
network traffic engineering ([9]) and software defined networking ([10]).

The free-oriented linkage (FOL) in network graph model supports dynamic adaptation to flow requirements
and improves the overall network resource utilization. This fact illustrates Fig. 2 where two variants of network
linkage depicted. Fig. 2-a shows a common directed graph with the source vertex (number 1) and target vertex
(number 4). The minimal cut S1 between the source and target vertices easy calculated as 3+1=4 (note, that link
“2—>3” of value 5 not included into the S1 collection because the ark “2—>3" traverses the curve S1 in right-to-left
direction from target to source vertex, in contrast to arks “1—>2" and “3—>4" traversing the cut S1 from the left to
the right side of curve S1, e.g. from source to target vertex).

. \\ P
MinCut ™~ ~ - O

Teeao- -7 Vo side
a) Directed graph: b) Free-oriented graph:
Maxflow =3+1 =4 Maxflow = 3+1+5=9

Fig. 2.Network maximal flow in directed graph (“a”) and free-oriented graph (“b”)

Figure 2-b shows similar to Fig2-a network graph with the same link capacities, however, the links in
Fig.2-b graph are free-oriented, and therefore, do not have fixed directions. To distinguish depicted free-oriented
network graph (FOG) from commonly spoken undirected graph (UDG) it is proposed to draw vertex edges of FOG
in Fig.2-b by two-arrow links. Similar to previous case in Fig.2-a, it is quite easy to find out the maximal possible
flow between the vertices 1 and 4 in Fig.2-b (regardless of the flows distribution in the onward and backward
directions); this flow includes three partitions yield 3+1+5=9. This result gained in Maxflow task solution is better
than one in previous case, Fig.2-a.

Free-oriented open graph as an enhanced network model

The adoption of aforesaid hypothesis of free-oriented linkage in network graph modeling eliminates
necessity in distinct “sources” and “targets” of product flow among the network nodes or related graph vertices (like
S- and T-type nodes in common Maxflow problem observation). Again, particular outer vertices still needed as
network border ports to generate/consume network flows, in contrast to inner network nodes, which presumably do
not emit or absorb product flows but solely switch and put through the product flows in transparent mode.

On these premises, a network graph model is treated as an autonomous closed framework not aware about
its outer neighborhood. Probably, this point of view needs conceptual rethinking, as typical transporting networks
are open systems or subsystems constituting entire public infrastructure. With this concern, a concept of an open
pole graph (OPG) is introduced in this work as an open network model. The flowchart in Fig. 3 depicts an open
two-pole graph built behind the four-vertex graph prototype in Fig.2-b; however this graph differs in that no
particular conservative/emanative vertices exist on the plain.

Fig. 3. Free-oriented two-pole open network graph
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In this instance, new topological entities added on the open pole graph, i.e. two open network edges with
correspondent throughput capacities P1 and P2. The number of open edges in an arbitrary multi-pole free-oriented
graph must be equal to the number of open poles. The open network edges on an arbitrary OPG pay a principal role
in Maxflow task formalization and related Maxflow algorithms. In general case, the OPG model operates with two
types of bidirectional product flow in an open transporting network: unilateral flows that circulate between the
network outside and given network via single port; bilateral flows traversing given network via multiple pairs of
ports. In this work the simple case of bilateral product flows is considered. For the two-pole open graph on fig.3, the
following constraints are to be satisfied in order to prove the previously gained Maxflow result of 9 flow units:

(PLP2)2 ((1+3+5)=9). )

This question needs more observation in general case of multi-pole network graph study. Further on, a
three-pole open network graph studied for Maxflow resolution with open edge constraints.

Consider an open three-pole network graph with unknown or hidden inner structure, which is depicted in
general on Fig.4.
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Fig. 4. Free-oriented three-pole open network graph

Suppose open edges have known capacities a;, a, andaj. Denote sought flows as non-negative real
numbers x1, xo and x3. The following system of inequalities must be satisfied:
X+ xp <ap
X]+x3<ap . 3)
Xy +x3 < a3
The total network flow we define as the following sum:
FZ =X txp +Xx3. (4)
Summing all three inequalities in (3) we yield the following:
Sy =x1+xy+x3<(a; +ap +az)/2. (5)
The exact equation fy = (a1 + ap + a3)/2 requires that strong equation system occurs in (3):
X1 tXxX2 =a1
X1 tx3 =ap . (6)
X2 + X3 = a3
Now, we will examine conditions of system (6) accuracy. Reorganize (6) in form
x1~0+x2~1+x3~1 = a3

x-1+x-0+x3-1=ay. (7)
x1-1+x2~1+x3~0:a1
0 1 1
Denoteaz[a3,a2,a1]; x=[x1,x2,x3]; G=|1 0 1].Present(7)in matrix form
1 1 0
x-G=a. (8)

The formal solution for linear system equation (8) is
-0.5 0.5 0.5
x=a-G ' =[az,ap,4]x| 05 -05 05 |. ©9)
0.5 0.5 -0.5

So, we retrieve the following intermediate result:
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X1 = (al +ap —a3)/2
X =(a1—a2 +a3)/2 . (10)
x3 =(—ap+ay +az)/2
Now, examine relations (10) on their consistency towards the flows xi, xy , x3. According our initial
definitions, all the flow values x|, xp , x3must be non-negative numbers. Therefore, the following inequalities
system required:
al +ay 2 a3
al+az 2ay. (11)
ap + a3z 2 ay
The system (11) obviously presents the well know “triangle rule”: any edge capacity a; among three ones
(k=1, 2, 3) must be not more that sum of two other ones. Thus, if system (11) valid, then outer maximal network
flow limitation defined by relation
max(fz =X+ X +x3):(a1+a2+a3)/2. (12)
The exact equality in (12) occurs when inner network topology and metrics allow the flows
X = [xl,xz,x3] to run between the correspondent pairs of network poles x;(7,2), x»(1,3) and x3(2,3). It is quite

evident, that among any three arbitrary non-negative real numbers a;, ap and a3 only one of them can be more
than the sum of two other ones. Consider a case that some of three open edge capacitiesay, ap and ajzviolates
condition (11), for instance, a; > ap + a3 . For given case a; > ay + a3 the obvious maximal flows are: x; = ap;

xy) =a3;, x3=0; max(fz) = max(xl +x7 + x3) =apy+ajz.

Conclusion

In this work, known approaches discussed to network flow modeling with particular focus on maximal flow
problem statement. Concluded that Maxflow problem is not exhaustively studied in general case, as well as common
graph models do not meet the modern networking technologies. To overcome this issue, an original Maxflow vision
introduced for telecom data flow analysis based on the concepts of free-oriented channel conductivity and multi-
pole open graph model. Formal constraints retrieved for maximal network flow estimation on arbitrary open three-
pole free-oriented graph. The next step research in this direction assumes development applicative algorithms of
network flow optimization behind the free-oriented multi-pole graph as network model.
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