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THE JUSTIFICATION OF A WAY FOR IMPROVING THE PROTECTION OF 
SPECIAL BUILDINGS FROM SHOCK EFFECT OF THE PROJECTILE 

 
To increase the protection of engineering structures from the impact of projectiles, it is proposed to use an 

elastic reinforcement of the outer surface of the coating. It is shown that its use significantly reduces the dynamic 
deflection of the structure, and, on the contrary, its protective properties. The results are based on an analytical 
analysis of the constructed mathematical model of dynamics of an elastically reinforced upper part of the protective 
structure under the condition of a shock effect on it of the projectile. The results obtained simultaneously, under 
certain constraints, may be the basis for studying the dynamics of the specified structure from the action of a shock 
wave or a series of strikes of projectiles. 
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The statement of the problem 

For the protection of personnel, military equipment 
against the impact of explosive waves and the impact of 
projectile used various protective structures (dugouts, 
trenches, etc.). If the effect of an explosive wave on a 
protective structure extends, as a rule, along its entire 
surface, then the projectile - is of a point nature. Despite 
the fact that the duration of action on the protective 
structure of these factors is negligible, in many cases it 
leads to its destruction [1, 2]. Therefore, there is a 
problem of increasing the protective capacity of these 
structures. It can be solved by various means, for 
example, to increase the thickness of the coating; use for 
its manufacture materials with increased strength 
characteristics; to make structural changes in its 
arrangement. If the first two methods are not always 
acceptable, the latter, in some cases, may prove even 
more economically advantageous. That is why this work 
is  devoted  to  the  use  of  the  system  of  adding  elastic  
reinforcement of the outer part of the covering of the 
protective structure. For this aim, the protective coating 
is  modeled  by  an  elastic  body  (beam),  and  in  order  to  
reduce the dynamic effect on it, the projectile has been 
offered an external part of it to elastically tuck up. To 
justify this in a paper it is constructed a corresponding 
mathematical model of the dynamics of such a 
modernized construction taking into account the 
instantaneous effect of the force factor. Then based on 
the analytical solution, it has been shown that for a 
reinforced protective structure, the dynamic deflection 
can be several times smaller, and from that, the 
protective ability is greater. 

Analysis of basic research and publications 

The impact of an explosive wave or projectile on a 
protective structure, at best, is characterized by a 
significant deformation [3]. Determine it, and from this, 
assess the protective ability can be based on the 
relationships that describe the dynamic deflection of the 
protective structure [4]. It is described mathematically 
by boundary-value problems for partial differential 
equations (systems) [5]. Analytically find it for the 
simplest physical models of protective structures in the 
case of a continuous distribution of external load using 
asymptotic methods of nonlinear mechanics [5, 6]. As 
for the development of the system-reactive system for 
instantaneous action, such studies were considered only 
in individual cases (see, for example, [7-11]) for 
limitations that are too rigid to analyze the impact of 
impulse impact of the projectile. In connection with the 
above mentioned, an attempt was made to obtain 
analytical dependencies that would be basic for 
choosing the basic strength characteristics of the 
reinforcement system of the outer part of the protective 
structure. 

Presenting of the main results 

As noted above, in many cases the outer part of the 
protective structure can be considered as one-
dimensional elastic bodies (elastic beams). To increase 
their protective ability, it is proposed to support them 
with an elastic layer. The latter are modeled by a system 
of linearly elastic elements with rigidity .  

For simplicity, it is assumed that the ends of the 
latter are hinged. For the physical model of the object 
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under study we assume that due to the dynamic effect 
on it of the shock impulse its  mass of the unit of length 

, the cross-sectional area S ,  the modulus of 
elasticity of the material E and   moment  of  inertia  of  
the cross-section J  remain unchanged. The central axis 
of it receives only movement in the direction 
perpendicular to the undeformed axis. This 
displacement for a section with a Cartesian coordinate 

x  at any given time t we denote by the function  
).,( txu  
The shock impulse is characterized by the 

magnitude F and point of application 0x , and for 
simplicity, it begins to operate from the initial moment 
of time. In this case, the differential equation of the 
bending vibrations of the physical model of the upper 
layer of the protective structure takes the form   
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where the first term of the right-hand side characterizes 
the real existing resistance forces that accompany the 
dynamic process of the protective structure (the strength 
of the resistance is proportional to the velocity in the 
degree 12r  of displacement, where r  is an arbitrary 
number, - the coefficient of proportionality), and the 
second – the shock effect of the projectile. For the latter 
we will assume that 
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...  is the Delta Dirac function, 0F  – the maximum 
value of the indicated force, 0x – characterizes the point 
of impact of the force, and 0t – moment of time. 

As is known, the dynamical process of systems in 
addition to external and internal factors is determined 
additionally by the boundary (initial) conditions, 
therefore, to the equation (1) we attach boundary 
conditions that coincide with the fixing of the ends of 
the outer part of the protective structure, and for 
simplicity we consider it as fixed cylindrical hinges. In 
this case, the latter become a form 
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where  l – the distance between the reference points of 
the protective structure. 

Thus, the problem was reduced to the construction 
and analysis of the solution of the differential equation 
(1) under the boundary conditions (2). Taken together, 
this allows us to use the general ideas of perturbation 
methods to construct the resulting mathematical model 
of the process dynamics. Therefore, first, we construct a 
solution of the so-called unbounded boundary value 
problem, that is, the equation 

0,,,
4

4

2

2
txu

x
txuEJ

t
txu        (3) 

under boundary conditions (2). 
We will look for it in the form [12, 13] 

,sinsin, 0201 txCtxtxu  (4) 
where 1 , 2 , 0 , 0  - are steady (the amplitudes and 
the initial phases of the direct and reflected waves), and 
their wave number k and frequency  are connected 
by the dispersion relation 

.042 cEJ                      (5) 
By satisfying the boundary conditions (2), for the 

beginning of the protective structure we obtain: 
,21  .00 Similarly, from the boundary 

conditions for the end of the considered construction, 

we have 
l

k
, and from the dispersion relation (5) 

we find our own frequency of the dynamic process of 
the undisturbed motion of an elastically reinforced 
protective structure 
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Taken together, it is possible to describe a large 

frequency dynamic process of undisturbed motion as a 
dependence 
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where the parameters ka , k0  can be found from the 
initial conditions. Such a task may be the subject of 
individual research. 

The foregoing allows us to proceed to determine 
the effect on the oscillations of the reinforced part of the 
protective structure from the impact of the projectile. 
The basis for finding this action is the principle of one-
frequency oscillations in nonlinear systems with 
distributed parameters [8] and the propagation of the 
basic ideas of asymptotic methods of nonlinear 
mechanics. Consequently, the single-frequency dynamic 
process of the reinforced part of the structure in the 
form close to the first form of "dynamic equilibrium" is 
described by the dependence 
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The laws of changing parameters ta  and  t  define 
the impact of the projectile, the force of viscous internal 
friction in the protective structure and its application 
point. That is the subject of further research. 
Differentiating (8) with respect to independent variables 
we obtain  
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In the work, we assume that: 
 1. the impact of the projectile on the outer part of 

the protective structure does not lead to its destruction 
and from this the latter makes bending vibrations; 

2. representation of the solution of perturbed 
equations in the form (8) has the following basis: the 
first mode of oscillation plays a dominant role in the 

study of nonlinear dynamic processes of systems with 
distributed parameters. 

3.  when finding the second derivative in time for 
the function xtu ,  it  takes  into  account  the  fact  that,  
according to the Wan der Pol method [14], it is accepted 
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If we substitute in the initial differential equation 
(1) relations that are consistent with the dependences 

(5), (6), (8), (9), then after simple transformations we 
obtain 
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The last differential equation together with the 
restriction (10) to the derivatives of the desired 

functions determines their laws of change in the form 
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However, in the obtained differential equations, 
the right-hand sides depend on the linear variable that 
holds for so-called "long systems" [12], but we are 
considering "short" reinforcements, and for him the 
amplitude of the dynamic process varies only in time. 
This is the basis for the averaging of the right-hand 
sides of the obtained relationships. Before proceeding to 
the averaging procedure for a linear variable, use the 

following: a system of functions   x
l

kxX k sin

that describes the forms of proper 

oscillations of the protective structure has the property 
of completeness and orthonormalism [15]. This allows 
the effect of the shock force on the design to submit in 
the form 
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Similarly, we transform the time action of the 

shock impulse, and from this, after the procedure of 
averaging equations (12), we have 
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Below, in Fig. 1, the reaction of the reinforced 
outer part of the protective structure (the law of 
variation in the amplitude of its bending vibrations) for 

various values of the rigidity of the additional spring-
load and the various points of the projectile's contact 
and structure is presented. 
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Fig.1 Change in time of amplitudes of bending oscillations of the protective structure  
at different points of impact of a projectile 

 
The obtained results also serve to assess the 

stresses in the protective structure, which are due to the 
shock action of the projectile, and thus, the choice of the 

basic geometric characteristics of its cross-section. Indeed, 
the maximum stress in the section of the protective 
structure is determined according to the dependence  
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where W is the moment of resistance, which is 

determined by the dependence 
y
IW . Taking into 

account the received law of bending oscillations of the 
protective structure, the given dependence is 

transformed to a form 
2

max 2
l

a
W
EI , which a  is 

determined according to differential equations (14).  

General conclusions 
The obtained theoretical results and the graphic 

dependences constructed on their basis show: 
firstly, an additional elastic reinforcement of the 

upper part of the protective structure increases the 
frequency of its own oscillations; 

secondly, the value of the deflection of the 
reinforced part due to the impact action of the projectile 
assumes the maximum value provided that the point of 
impact of the projectile on the protective structure is in 
its middle; 

third, in order to increase the protection of special 
structures, the rigidity of additional reinforcements 
should be taken more for greater distances from the 
reference points. 

fourth, the dynamic deflection of the reinforced 
structure is smaller for a greater value of the stiffness of 
the elastic reinforcement. 

It should be noted that the above results can serve 
as the basis for calculating the protective structure from 
the impact of a shock wave or other instant force and 
these methods may be understanded in cases of more 
complex constructions. 
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