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TEOPETUYHE OOCHNIAXEHHA
PYXY MATEPIANbHOI

TOYKU MO JNNIONATUI
UUNIHOPUYHOI ®OPMU

AHomauis. PosensHymo 8IOHOCHUU pyx MamepianbHOT
moYKU  (4acmuHKu) no naonamui  YumiHOpU4YHOI  ¢hopmu, WO
npukpinneHa 0o Aucka po3citoeanbHO20 arnapamy i po3malwiogaHa
8 tioeo  padianbHOMy  Harpsmi. CknadeHo  cucmemy
ougpepeHyianibHUX pi8HSHb PyXy 4YacmuHKU i3 3acmocy8aHHSM
CynpoegidHo20 mpuzpaHHUKa rnepeHOCHOI mpaekmopii, SKO € Korio,
ma c¢opmyn @peHe. 3dilicHEHO 4ucenbHe iHMeapy8aHHs
ompumaHoi cucmemu  OugbepeHuyianibHUX PiBHSHb, WO 0aro
Moxnusicms nobydysamu epaghiku pyxy HaCmuHKU 3a Pi3HUX yMO8.
BcmaHoerneHo, wo pyx mamepianbHOI YaCmuHKU 110 YuniHOpUYHIl
nionamuyi 8i0UeHMpPoO8O20 Po3Cit8anIbHO20 anapama criodamky mae
KonugarnbHUl xapakmep K o 8iOHOCHIU mpaekmopil, mak i ro
8esluyuHi  8iOHOCHOi  weudkocmi. 3 yacom  8i0bysaembcs
cmabinisauis  pyxy: 4YacmuHka pyxaembcs 6ind  cepeOHbor
MPSAMONIHIOHOI MeipHOI fonamku i3 8i0HOCHOK WeudKicmio, Wo
3pocmae no 3aKkoHy, 61u3bKkomy 00 fiHiliH020. 36inbWeHHs Kymoeoi
weudkocmi obepmaHHs1 Oucka i3 rfionamkoro npu3eodums 0o
3pocmaHHs 8IOHOCHOI weudkocmi. Todyka nodadyi 4YacmuHKU Ha
Jsonamky o eucomi rnpakmuyHO He 8rueac Ha B8eslUYUHY
8IOHOCHOI Wweudkocmi ripu ii cxodi i3 nonamku.

Knro4oei cnoea: mamepiaribHa mo4Yka, YacmuHKa,
sidueHmposuli anapam, Jornamka, Mamemamu4yHa MoOesib,
8IOHOCHULU pyx, weudkicms, dugbepeHujanbHi PIBHSHHSI.

lMocmaHoeka npo6nemu. [Ansi BHECEHHS
MiHepanbHUX 0OOPUB LLUMPOKO BUKOPUCTOBYHOTLCS

BIOUEHTPOBI anapatu i3 nonatkamu  PisHUX
KOHCTPYKLUIRN. JlonaTka KpinuTbCS no
ropusoHTanbHoro  AuMcka, Wwo  obepraeTbes

HaBKOMMO BepTUKarnbHOI OCi. 3aKOHOMIPHOCTI pyXxy
CYUINbHOrO MOTOKY  MiHepanbHUx Adobpue 3
OOCTaTHbOK AN MPaKTUKM  TOYHICTIO  MOXHa
aHaniTM4HO onucatu, po3rnsganyn pyx nuwe
OoKpeMux iX YacTuHoK. [Npu uboMy, SIK nokasanu
pesynbTatu  nonepegHix  AOChiAXeHb,  pyX
BKa3aHMUX YaCTMHOK MOXHa OnucysaTtn, He
BpaxoByloumn ix po3mipiB i popmu. MatepianbHa
YacTuHKa nig Aielo BiAUEHTPOBOI CUMKN PyXaeTbCs
Nno MOBEpPXHi nonaTtky i ogHovacHO obepTaeTbcs
pa3oM i3 Helo HaBKOMO BepTMKanbHOI Oci, TO6TO
nepebyBae y cknagHoMy pyci. AKWO kiHeMaTuka
YacTMHKM Y  BiQUEHTpOBMX  anapatax i3
NPAMONIHIMHAMKW ~ flonatkamu  JocuTb  aobpe
BMBYEHa, TO AN anapatiB i3 KpUBOMiHIMHUMMU
nonatkamuM 'y BUrMSA4i YacTUH  LMAIHAPWUYHOIO
Xonoba BoHa LWe noTpebye okpeMux aHaniTUYHNX
OOCNiaXeHb.
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AHaniz ocmanHix ny6nikayit. BneyeHHi0
TEOPETUYHUX OCHOB CKNagHOro pyxy maTtepianbHol
YaCTMHKM NO MOBEPXHi LIOPCTKOro Aucka, LWo
obepTaeTbca HaBKOI10 BEPTUKaNbHOT oci,
npucesaYeHi dyHaameHTanbHi npadi [1, 2]. B Hux
PO3MMAHYTO PyX YacTUHKW 3a HaABHOCTI |
BifgCyTHOCTI nonatok. B npaui [3] po3rnsHyTO
BMNadoK, KOMM YacTMHKa nicna cxody i3 Aucka
noTpannse Ha nNpsAMoniHinHy nonatky i3 [-
noaibHMM nonepeyHUM Mepepi3oM, BCTaHOBIEHY
nig NeBHUM KyTOM OO FOPU3OHTaNbHOI MOLLMHMU.
YacTtuHka nig Aieto BigLEeHTPOBOI CUMK pyxaeTbes
no nonarui Bropy Bif OCi 0b6epTaHHs i B MOMEHT
cxody i3 nonaTkM Mae TakMh XKe KyT, Lo
3abesnevye OinblWy pJanbHICTb 1 NONbOTY B
NOPIBHAHHSA i3 rOpU3oHTanbHUMKU nonatkamn. B [4]
PO3rNAHYTO pPyX YacTUHKM MO  KPMBOMIHINHIN
nonarui, KON B MOMEHT BCTYNY YaCTUHKN Ha Hel
KyT Haxuny [AOPIiBHIOE HymMo, i B MNpoueci pyxy
3pocTae, HabyBaloumn Ha cxopfi i3 nonaTtku 3agaHoi
BenuumMHu. B npaui [5] pocnigpkeHo BigHOCHY i
abCoNtOTHY TPAEKTOPIT YaCTUHKM NpK Haxuri gucka
i3 MPAMONIHIMHUM nonaTtkamu Nig NEeBHUM KyTOM
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[0 FOpU30HTY, Lo 3abe3nedye NoniT YacTUHKU B
MOMEHT cxody i3 [ucka Bropy 3a yMOBW, LLO
YyacTMHKa Monagae B pPO3paxyHKOBUIA CEKTOP
avcka.

Okpema rpyna pobiT NnpucesiyeHa BUBYEHHIO

PyXy YacTUHKM MO LWIOPCTKIA NMOLWMHI, ska
34iNcHI0E  KonmBanbHU pyx [6—9]. B Hux
po3rnagaeTbes nocrynansHe KONMMBaHHSA

NAOLWMHN, KOXHa TOYKa AKOI OMMCye Kono, erninc
abo iHWYy KpuBy.

Cepen npaupb, B SKMX WAETbCA NPoO
NepeMilleHHa YacTMHKM MO NOBEpPXHi, OinbLu
BIJOMi KnNacuuHi Mpuknagu i3 MigpyyYHUKIB Ha
npuknagi koHyca [10] a6bo cdepn [11] i3
BEPTUKANbLHOK BICCIO | MadeHbKOW MOBEPXHER.
Llogo po6iT npakTU4HOrO CrpsIMyBaHHS, B SKUX
PO3rAAHYTO PyX YaCTUHKN NO BHYTPILLUHIN LLOPCTKIN
NoBepXHi, ika 0bepTaeTbCs i3 MOCTIMHOK KyTOBO
LWIBMAOKICTIO HaBKONO CBOEI Oci, BigoMi npadi
TEOPETUYHOrO OBrpyHTYBaHHs poGOTM MaLUMWH
BigLeHTpoBoOI gji [12 — 14].

B peskux  poscitoBanbHMX — anaparax
3aCTOCOBYIOTbCS  FOPU3OHTaNbHO  BCTAHOBIEHI
UuninapuyHi  nonaTtkM Yy Burmsgi konoba, Aki

3aKkpinneHi HepyxoMo 40 FOpU3OHTanbHOro AMCKa,
Lo obepTaeTbCa HABKOMO BepTUkanbHoi oci. o6
cknacTu gudpepeHuianbHi PiBHAHHA pyXy YacTUHKK

no Takih nonaTtuyi, B CTaTTi 3anpPorNoHOBaHO
3actocoByBaTu BigoMmi opmynn ®dpeHe, SKi
BigirpaloTb  BENUKY  poflb  He  TifbkM Y

andepeHuianbHin  reoMeTpii NOBEPXOHb, a i Y
KiHemaTuui Touku [15].

Memoduka OJdocnidxeHb. 3a3Bnyan npu
pO3B’A3yBaHHi 3agay pyxy MaTepianbHOI YaCTUHKK
Mo pPyxXoMmill MNOBEpPXHi CKNagaeTbca cucTema
andepeHuianbHUX piBHAHb B MPOEKLisX Ha OCi
NPSMOKYTHUX koopauHaT. Ockinbkn abcontoTHUN
PyX YacTUHKM CKMNafaeTbCcs i3 CyMun OBOX pyXxiB —
NMEpPEeHOCHOro  pyxXy enemMeHTa noBepxHi i
BIJHOCHOrO pPyXy 4YacTWHKM MO MOBEPXHi — TO
KOXXEH i3 HUX po3rnsgaeTbCa y CBOIM CUCTEMI
koopauHaTt. CymyBaHHSA LMX PyXiB 3AOINCHIOETHCA
3a YMOBM BiJOMOrO B3AaEMHOMO PO3MILLEHHS
PyXOMOI CUCTEMU KOOpAWHAT, B AKi BiaOyBaeTbCA
BiJHOCHE nepeMilLleHHs] YaCTUHKN, NO BiAHOLLUEHHIO
A0 HEpPyXoMOI CUCTEMW KoopAuHaT, MpU4OMy
CMiNbHUM nNapaMeTpoM, SKUA Y3roaxye Ui ABi
CUCTEMMU, € Yac NepeMilLleHHs] YaCTUHKN.

XapaKkTepHoto 0COBMMBICTIO  PO3rMsHYTOro
nigxogy € Te, WO 3a pyxoMy CUCTEMY KoopauHaT
3anponoHOBaHO B3ATU CYNPOBIAHWA TPUrPaHHWK
nepeHocHol TpaekTopil. Toai opieHTauisa noro
BIOJHOCHO  HEpyxomoi  CuUCTeMM  KoopAauHaT
3anexutb Big WOro MOMOXEHHS Ha MepeHOCHIN
TpaekTopii, To6TO Bi4 AYyroBoi koopauHaTM S —
OOBXUHWU Oyrn nepeHocHol TpaekTopii. Lis ayroea
KoopAuHaTa € He3anexHo 3MIHHOK BeruYMHO
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npv cknaganHi andepeHuianbHUX PiBHAHb PyXy Ha
BiOMiHY Big TpaguuinHMX nigxodiB, B  SAKMX
He3anexHow 3MIHHOK MPUAMaETbCs Yac pyxy t.
Came nNpUAHATTA 3a Hes3anexHy 3MiHHY pyxy
YaCTUHKN OYroBOi KOOPAUHATU S Oa€E MOXITMBICTb
3acTocyBaTu LUMPOKO BiAOMI B AudbepeHuianbHin
reomeTpii dopmynum Ceppe-PpeHe ans
3HaXOMKEHHSA BEKTOpa abCONOTHOrO MPUCKOPEHHS
B MpOeKuisX Ha opTu TpurpaHHuka ®peHe. MNpwu
UbOMY Cnid BiA3HAYUTU HaA3BUYaWHY MPOCTOTY
MOro 3HaXOMKEHHS 4epe3 KPUBMHY MEepeHOCHOT
TpaekTopii, sika AN nepeHocHoro obepTanbHOro
pyxXy € nocTiiHa. B 3B'asky 3 uum i cuctema
audpepeHuianbHMX — PiBHSAHb  CKNadaeTbCa B
npoeKuisax Ha opTH pyxomof cucTemu
CynpoBigHoro TpurpaHHuka ®peHe.

Mema OJdocnidxeHb. CknacTn 3aMKHYTY
cucteMy  audpepeHuianbHUX — PiBHSAHb  PyXy
MaTepianbHOi  YacTUHKM  OOBpuMB  ycepeauHi
nonaTtkM UMMiHAPUYHOT POpMU, PO3B'A3aHHA SKOT
JacTb MOXNUBICTb BU3HAYUTU 1 KiIHEMaTU4HI
napameTpu, 3aCTOCYBaHHA AKUX NOKPaLLUTb AKICTb

po3ciBy MiHepanbHuUX [0OpvB  BiALEHTPOBUM
po3scitoBanbHUM anapaToM.

OcHoeHul 3micm dociidxeHHs.
CknapaHHs MaTemMaTu4Hol mogeni pyxy
MaTepianbHOi  YacTWHKW  ycepeauHi  nonaTku
uuniHgpU4HoT dopmu BiAUEHTPOBOro

po3citoBanbHOro anaparty nepLioyeproBo NoOYHEMO
i3 nobyaoBu ekBiBaneHTHOI CXemMu MpoLecy.
3akpinnumo LUUNiHOPUYHNIA %orno6 Ha
rOpM3OHTanNbHOMY AWCKY, SK Le MoKasaHo Ha
puc. 1, a. Mpu obepTaHHi Aucka y HanpsMi, WO
noKasaHW CTPINKO, KiHLi HMKHBOT NPSMOIiHIRHOT
TBipHOI >onoba onucyBaTUMyTb Koma, i3 SKMX
GinbWMM € KoNno, sike poaTalloBaHe Ha nepudepii
Oucka, a MeHwe maTtume KpuBwuHy k= 1/r, pe r—
moro pagiyc. B Toyui Ha MeHwoMy Koni
posTallyemMo CynpoBigHUA TpurpaHHuk dpeHe, sK

ue nokasaHo Ha puc.1,a. CynposigHun
TPUrpaHHUK | xono® npukpinneHi Jo Aaucka
XKOPCTKO, OTXe »onob no BigHOWEHHIO A0

TpuUrpaHHuka Oyae Hepyxomuii, a caM TPUrpaHHUK
npu obepTaHHi AWCKa i3 KyTOBOK LWIBUAKICTIO W
Oyge cynposigHuMm anst kona k = 1/r. PiBHSAHHSA
uMniHOPUYHOro >xonoba Ha OpTM TpUrpaHHWKa
3anuLwyTbCa Tak:

—Rsina, p, =—u, p, =—Rcosa + R,
(1)

e R -—papgiyc kona — OCHOBM UUNIHAPUYHOIO
xonoba; « i U-—3MiHHI napameTpu MOBEPXHI,
npuvyoMy a — KyT MOBOPOTY TOYKM HaBKOMO OCi
uuninapa, U -— AOBXMHA MNPSAMONIHIMHOI  TBipHOI
uuningpa.

P:
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a)
Puc. 1. EkeieaneHmHa cxemMa po3citoeasibHO20 8i0UeHmpo8oz0 anapamy:
a) 2opu3oHmManbHull QUCK i3 YuiHOPUYHUM Xo051060M; 6) yuniHOpu4HUU 0J106 ma npoeedeHa
90 Hb020 8 MOYUi 3HaxX0OXXeHHsT YacMUHKU GOomuYHa NnJowWuHa I; 8) e3acMHe MoJI0XKeHHs1 380X
cucmem: mpuepaHHuka ®peHe i cucmemu koopduHam Oxyz 3 OOMUYHOK MIIOWUHOIO [

Mpn obepTaHHi Aucka YacTuHKa, sKa
nonagae Ha UMNiHOPWUYHUIA KOmnob, nodmHae no
HbOMY pyxaTtucsa nig gielo BigLeHTPOBOI CUnn no
neBHin TpaekTopii. o6 oTpumaTh piBHSHHSA
TpaekTopii, HeobXiAHO ABi He3anexHi 3aMiHHI a i u
3B'd3aTM MK COBOH NEeBHOKW 3anexHicTio. Y
HawoMmy BUNagKy AOUINbHO 3pobuTh X DYHKLiSMU
OOBXWHM OYyrn S HanpsiMHOro kona k = 1/r (ue pnae
3Mory Bukopuctatn dopmynu ®peHe). Takum
YMHOM, a = a(S) i U= u(S) — HEBIOOMI PYHKLUT, AKi
noTpibHo 3HanTK, Wob nobyayeaTn TPaAEKTOPIO
PyXy YacCTMHKM MO XOnoby i BU3HAYMTKU iHLLI
KiIHEMaTU4YHi XapaKTepUCTUKN.

OndepeHuianbHe PIiBHAHHA PyXy YacTUHKU
Yy BEKTOPHOMY BUrMNA4i 3anuwetbCsl HacTymnHUM
YUHOM:

ma=F, (2)
Ae m — maca 4YaCTUHKU, a — BEeKTop abComnoTHOro
NpuUckopeHHsa, F —BekTop npuknageHux Ao

YaCTUHKM cun.
Ao TpaekTopis pyxXy TOYKM B CUCTEMI
TpurpaHHuka ®peHe 3agaHa NpoeKkuisMn p;, P, |
Pp Ha KMOro opTWn, TO cCKrMagoBi abCoOMTHOroO
NMPUCKOPEHHS Ha Ui X opTu MatoTb Burmag [15]:

a, =V*(p, ~kp, ~2kp,).

a,=V*(p,~Kp, +2kp. +k). 4

2 ..
a,=V"p,,

ae k=1/r—kpuBuMHa HanpsiMHoro komna; V-
WBKAOKICTE  PYXYy BEPLIMHW TPUrPaHHUKA MO

HanpsAMHOMY Kony.

OndepeHuioBaHHaM No S piBHAHb (1)
3Havgemo nepwi i gpyri noxigHi Bupasis, LWoO
BX0AATb Ao (3):
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8)

—R(cicosa —a’sina),

—Ra cosa, p,
pn = —u) pn = —u)
p, =Rasina,p, =R(dsina+a’cosa).
(4)

BekTopHe piBHAHHSA (2) noTpibHO posnucatu
B MPOEKUisX Ha OCi NeBHOI cucTemMm KoopauHaTt
(HepyxoMoi abo pyxoMoi). Pyx YacTWHKWN B NEBHi
Touui UuMniHOpa MOXHA po3rnggaTh, SK pyx Y
OOTUYHIN NnowmHi. ToMy Ham OUINbHO NPOBECTU
OOTUYHY NMOWWHY U A0 MOBEpXHi uuniHgpa B
Touui O 3HaxomXeHHss 4actuHku (puc. 1, 6) i
cknagaTu pPiBHAHHA PyXy YaCTUHKM B LN NIOLWMHI
(Npn UBOMY KYT MK OOTUYHOK i FOPU3OHTANbHO
nnowmnHamu B = B(s) € amiHHUM). Oci NTPSAMOKYTHOT
cuctemn Oxyz po3TalloOBYEMO Tak, Wwob Bicb Oy
Byna crnpsiMoBaHa B3[OBX TBipHOI uuniHgpa, BiCb
Ox posTaloByemMo nepneHgukynspHo go oci Oy B
OOTUYHIN NnowmHi, Togi Bick Oz Byae cnpsiMoBaHa
nepneHanKynsapHO A0 OOTUYHOI MAOWWMHK, TOBTO
no Hopmani 40 NOBEPXHi uuniHapa.

MigctaBmBwn (4) B (3), ogepXnMo npoekuii
abCornTHOrO MPUCKOPEHHS YacTUHKM Ha OpTU
TpUrpaHHuKa:

a =V?

T

{R(o’c2 +k*)sino — Rdi coso + 2ku},

a, = V{k(l + ku)—2Rkao coso — u} ,

a, =V’R(ésina +a’cosa).
(5)

MoxHa nokasaTu, Wo KyT 8 MiXX OOTUYHOO
MMAOWMHOK [ i FTOPU3OHTanNbHoK nnowmnHo Oxy
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OOpIBHIOE KYTOBI a = a(s). Bpaxosytoun ue, MOXHa
cnpoekLioBaTtn CKNaaoBi abconTHOro
MPUCKOPEHHSA & i3 OpTiB TpUrpaHHWKa Ha OCi
cuctemmn Oxyz (puc. 1, B):

a,=a,cosa —a,sina,

a,=a,,

(6)
a,=a_sina+a,cosa .
MigctaBumo (5) y (6) i oTpumaemo

abContoTHE NPUCKOPEHHSA YaCTUHKM B MPOEKLisX
Ha oci cuctemn Oxyz:

a, =V’ (Rk2 sina cos o + 2ku cosa —Rd),
a,= Vz(k +k*u—2Rkc cosa —L'i),

a, = Vz(Rok2 + Rk” sin’® a + 2k sin a).
()
Bara vactuHkm mg, e g=9,81wm/c°, B
npoekuiax Ha oci cuctemn Oxyz 3anueTbcd
(puc. 1, B):

{mg sina, 0, —mg cosa ¢ _(g)

3HailpemMo  koopguHat  Bektopa I
[AOTUYHOI A0 BiJHOCHOI TpaekTopii. Moro npoekuii
Ha OpTW TpUrpaHHUKa PiBHI NepmMmM noxigHum (4).
MpuBoAsYM Oro A0 OOUHUYHOIO, OAEPXKMUMO:

Ra cosa u Rasina
VR +i R +i* NR6? +ii?

9)

3acTtocysaBwun copmynu nepexogy (6) Bia

cuctemm  TpurpaHHuka go  cuctemm  Oxyz,

oTpUMaemo npoekLii Bektopa (9) Ha oci cuctemm
Oxyz
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3Haoun BekTop abCcoNTHOrO NMPUCKOPEHHS
YaCTUHKW, NPUKNageHi cunu Ta Hanpsam i pyxy B
cuctemi Oxyz, MOXHa cknacTn gudepeHuianbHe
PiBHAHHS (2) B Nnpoekuisx Ha oci cuctemu Oxyz:

ma, =mgsina —(fP),,
ma, =—(/P),.

ma_=P—-mgcosa,
ae (fP)« i (fP), — cknaposi cunun TepTst Ha oci Ox i
Oy BignosigHo, npuyomy P — cuna TUCKY NOBEPXHI
nonaTku Ha YacTuHKy, f — koedilieHT TepTs.
I3 ocTaHHLOro PiBHAHHSA (11) 3HaxogUMO:

P= m(az + g cos a) : (12)

I3 BpaxyBaHHAM HanpsiMHUX KocuHycis (10)
cknagosi cunun TepTta Ha oci Ox i Oy 3anuwyTbes

(11)

Tak:
R
R*a* +u?
fmu

(/P), = — _2(a2+gcosa).

Ra” +u

(13)

LWnsaxom nigctaHosku (13) B (11) ogepxumo
CUCTEMY i3 ABOX PiBHSAHb:

fmRa
VR ¢ +1i?

(a.+gcosa).

ma, =mgsino + (a, + gcosa),

ma __—fl’l’ll:l
Y R+t
(14)

O6buaBa piBHAHHSA (14) ckOpPOTUMO Ha macy
m 4acTUHKW, NiACTaBMMO B HUX BUpa3n (7), i nicnsa
CKOpOYeHb i NepeTBOpPeHb odepXMMO (Marun Ha

Ra u 0 yBa3i, Wo V = wrk):
B . 20 . - - (-(10)
\/R2052+u2 \/R2a2+u2
.. . k . k>
(04 :k2 SINQL COSAL —2—UCOSA — g 2 SIn o —
R Rw

fak*a cosa fo

ii =k*u—k+2Rka cosa —

o' R G +u” JRG i

fak*icosa

(Ra’ + Rk*sin* a —2kiisin @),

(15)

fu

o’V R*a* +1u*

—————(Ra’+Rk’sin’ a - 2kisina) .

JR*a? +1i?
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Cuctema gudpepeHuianbHUX piBHAHL (15)
Oyna posB’i3aHa uYUCENbHUMM MeTogaMu  3a
ponomoroto naketa Simulink cuctemn MatLab.
byno 3’AcOBaHO pesiki 3aKOHOMIPHOCTi
KiHEMaTU4YHMX NapameTpiB YaCTUHKM B 3aNEXHOCTI
Big pagiyca R nonatku uuniHapudHoi dopmu Ta
KyTOBOI  WBMAOKOCTI w  obepTaHHA  gucka.
MigctaBuBwM 3anexHocTi a=a(s) i u=u(s),
oAepXaHi B pesynbTaTi YMCENbHOro iHTEerpyBaHHS
cuctemu (15), y Bupasu (1), oTpumaemo BiGHOCHY
TPAEKTOPI0 YACTUHKM NO MOBEPXHI LUNIHAPUYHOrO
xonoba. Ha pwuc.2,a nobypoBaHi BigHOCHI
TPAEKTOPIT PYyXy YacCTUHKM NO UUNiIHAPUYHOMY
xonoby pagiyca R =0,05m i noro goexwuHi 0,3 m
npu pPIi3HUX KYTOBMX LUBWOKOCTAX 0ObBepTaHHS
aucka. YacTMHka nonagae Ha  UMniHOPUYHY
nosepxHo Ha BigctaHi 0,05 m Big oci obepTaHHSA
(r=1/k=0,05m).

I3 rpacbikiB puc.2,a BuAHO, WO Mpu
30iNbLlUEHHI KYTOBOI LUBWMOKOCTI 4YacTUHKa Bce
BULLE NiAHIMAETLCA NO LMMIHAPY, XO4Ya CXOOMUTb i3

0.1+

005"
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HbOro nNpuMONU3HO Ha OOHAaKOBIN BUCOTI, AeLo
HWK4Ye TBIPHOI, WO BignNOBigae KyTOBi MOBOPOTY
a =90° [ocnigxeHHs nokasanu, LWo BUCOTa
nignoMy 4acTuMHKM NO  uuniHapy obmexeHa.
Hanpwvknag, npu KyToBin wsuakocTi w =50 pad/c
BMCOTA MigAOMY 4YacTUHKM OOMexXeHa KyToM
a =105° (ogHa noginka Ha uMniHApi Bignosigae
KyToBi 15°). lMpun 36inblIEeHH] KyTOBOI LUBUAKOCTI
MakcuMMaribHa BMCOTa NIANOMY 4YacTUHKM poCTe

NoBiNbHO OO0 MNEBHOI MeXi, He goxoosyu [Jo
BEPXHbLOI TBIPHOI.

3HangemMo  BiOHOCHY  WUBWMAKICTb  PyXy
YaCTUHKU 3 BMpasy V = dL/dt, ae
L — poBxnHa  BiOHOCHOI  TpaekTtopii, t—yac.

EnemMeHT [OOBXWHM TpaekTopii 3Haxoaummo 3a
BigOMUMN hopMynamMmn BU3HAYEHHST JOBXUHU OyTU
i3 BpaxyBaHHaM (4):

dL

ds

:\/Pf+,1'3nz+,15b2 = VR +ii’ (16)

0.2

6)

Puc. 2. KiHemamu4Hi xapakmepucmuku 8iOHOCHO20 pPyXy 4aCMmMUHKU 110 108epPXHi
yuniHdpuyHoi nonamku npu R = 0,05 m; r = 1/k = 0,05 m; f = 0,3 i pi3HUX Kymoeux
weudkocmsix o6epmaHHs1 Oucka: a) 8iOHOCHIi mpaeKkmopii pyxy YacmuHKuU;

6) eidnoeidHi eiOHOCHI weudkocmi pyxy 4acmuHKuU

Ockinbkn HeszanexHol 3MmiHHOW B (16) €
OOBXWHA OYyrn S Kona nepeHOCHOI TpaekTopii, To

Npy  BU3HAYEHHi  BIQHOCHOI  LUBMAOKOCTI  TeX
nepenaemo A0 Li€i 3MiHHOI:
dL dL ds dL
V:—:—-—:Vn—, (17)
dt ds dt ds
_ds
ae Vn - E — NepeHocHa  WBKAKICTb  pyxy
BEPLUNHW TpurpaHHnka dpeHe no kony pagiyca r.
Mpn 3apgaHin  KyTOBIM  LWIBMAKOCTI W

obepTaHHS AMcKa nepeHocHa LWBUAKICTb Bigoma:
V, = wr=wk. Omxe Bupas (17) i3 BpaxyBaHHAM
(16) 3anuweTbCA Tak:
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O [52.2 .2
V= ; Ra”+u” (18)

Ha pwuc. 2, 6 nobygosaHi rpadiku 3MiHU
BiJHOCHMX LUBMAKOCTEN B 3aneXHOCTi Big KyTOBOI
wBemakocTi obeptaHHa gucka w. LWonpaepa, Ui
rpadikn nobynosaHi He Ang 3anexHocTi V = V(s),
a ana 3anexHocti V=V(u), oe u-[OoBXuHa
NPSMONiHINHOT TBIPHOT UMNiHApa. Taka 3anexHicTb
€ Oinbll HarnsgHoOO, OCKINbKM O3€ MOXMUBICTb
BM3HAUYUTU LIBUAKICTb PYXY YacTUHKM B Oyab-AKin
TOYUi NO AOBXMHI nonaTku i 1 nerko otpymat B
cuctemi MatLab BUKIOYEHHSIM  3MiHHOI S i3
sanexHocten V=WV(s) i u=u(s). I3 rpadikis
puc. 2, 6 BUOHO, WO LWBUAKICTb YaCTUHKN POCTE B
MOMEHT pPO3roHy, Qgani no mipi nignomy go
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BEPXHbLOI TOYKN Ha UMNiHAPI BOHa 3MEHLLYETbCS, a
notiMm cTabinidyetTbca i gani pocte 3a 3aKOHOM,
ONn3bKMM 0 NiHiNHOro.

Ha puc. 3 HaBegeHo rpadiku BigHOCHMX
TPAEKTOPIA | LBMAKOCTEM YaCTUHKUM npu i
nonagaHHi Ha NOBEPXHIO NONAaTKN Yy Pi3HMX TOYKaX.
Ha pwuc. 3, a Bropi nobygosaHo TpaekTopil npu
nonagaHHi YacTUHKM Ha MOBEPXHI0 nonaTtky Y
Pi3HMX Toykax No BUCOTI (4epe3 koxHi 30°
NMoYaTKoBOrO 3HaYeHHs KyTa d.). Mo Mmipi niginomy

0.05

0.1+
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0O  cepeauHn  uuniHgpa  3MiHa  BigHOCHOT
WBMAKOCTI uuniHapa Bce Oinblle HabnmkaeTbcs
00 niHiHoro 3akoHy. Hanpuknag, npy a, =60° i
a, =90° rpacbikn wBmMakocten 3bGiratoTbcs (Ha
puc. 3, 6 Bropi iX NO3HA4YeHO LUTPUXOBOIO MiHIEID).
Ha puc.3 BHM3Yy nobygoBaHo  TpaekTopil

BIJHOCHOro pyxy npuv nonagaHHi YacTUHKWN B PisHi
TOYKM HWXHBOI TBipHOI umniHgpa vepe3 0,05 m Ta
Bi4NOBIAHI rpadikn BiGHOCHMX LUBUAKOCTEMN.

0 0.05 01 0.15 0.2

6)

Puc. 3. KiHemamu4Hi xapakmepucmuku 8iO0HOCHO20 PyXy 4aCMUHKU 110 M08ePXHi
yuniHdpuyHoi nonamku npu R = 0,05 m; r=1/k=0,05 m; f=0,3; w = 25 pad/ci
Pi3HUX mo4kax nonadaHHs YaCMUHKU Ha MOBEPXHIO:

a) eiOHOCHi mpaeKmopii pyxy 4acmuHKU npu Pi3HUX Mo4kax nonadaHHs ii
Ha noeepxHIo Mo eucomi (82opi) ma no AoeXxuHi (6HU3Y);

6) epaghiku 8idnoeidHuUx eiOHOCHUX weudkocmel pyxy YaCmuHKU

3Hangemo BNNMB Ha opMy TpaekTopii
YaCTUHKM BenuYMHKM pagiyca R nonepeyvyHoro
nepepisy uuniHgpuyHoi nonaTtkM. Ha puc. 4
npeacraBneHi TPaekTopil pyxy YacTUHKM Mo
UuniHapuYHiA nonatyi i3 pagiycoM nonepeyHoro
nepepisy R =0,15 m. B ubomy Bunagky moxnuea
LifIKOM HecnodiBaHa noBefiHka YacTUHKM npu i
pyci no noBepxHi umniHapa. Ha puc. 4, a nokasaHa
3MiHa TpaeKTopii 4YacTMHKM npu  36iNbLUEHHI
KyTOBOI LUBMOKOCTI MpU PIBHMX [HWMKX YMOBaXx.
Axkwo npyn w = 10 pad/c TpaekTopis € o4ikyBaHO
(sk, Hanpwuknag, Ha puc. 2, a), To Npyn w = 15 pad/c
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i TMM Ginbwe npu w =25 pad/c 4acTMHKa Ha
nepLUMn Nornag nodYnHae pyxaTmca HecrnogiBaHo —
0O ueHTpy pAucka. [lpoTe ubomy BuNagky €
NOSICHEHHS.

Mpn gocTaTHBO BENUKMX 3HAYEHHSIX pagiyca
R Bigcik uuniHgpa 6ins HWXKHBLOI TBIPHOI, Kyau
nonagae 4YacTuHka, 3 NeBHMM AOMNYLLEHHSAM MOXHa
BBaXaTU ONM3bKMM [0 BIACIKY NAOWMHW. Takum
YMHOM, MOBefiHKka 4YacTuHkM Byae noaibHow Ao
BMMNaAKy, KOMM BOHA Monagae Ha ropusoHTanbHUN
OVCK, Lo 06epTaeTbCa HABKONO BEPTMKANbHOI OCi.

0.25 0.3
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Puc. 4. BiOHOCHi mpaekmopii pyxy YacmuHKuU Mo rnoeepxHi YusniHOpu4YHoI sjonamku
i3 padiycom nonepey4Hozo nepepizy R= 0,15 m (f=0,3):
a) popma mpaekmopii 8 3asexHocmi eid eesluMUHU Kymoeoi weudKocmi w;
6) ¢hopma mpaekmopii e 3asexxHocmi ei0 mo4ku ecmyny YacmuHKU
Ha noeepxHio sionamku (w = 25 pad/c)

B npaui [1] nokasaHo, WO B TakOMy BMNagKy
TPAEKTOPIEID YaCTUHKN Yy BIOHOCHOMY pycCi €
cnipanb. LUe X BigbyBaeTbCad Ha NOBEPXHI
UuninapuyHoi rionartku npu [ OCArHEHHI
KPUTUYHOrO  3Ha4YeHHA  KYTOBOI  LUBMAOKOCTI.
YUactTvHka no  chipani  pos3BepTaeTbCca Y
NPOTUNEXHY CTOPOHY i pyXaeTbCa B Hanpsawi
LEeHTpy gucka (ane MMMO WMOro, OCKIfbKM BOHa
nigHANacs 3 HWXHbLOI TBIPHOI BrOpy) i NPOMUHYBLLN
moro, pyxanaca 6 pani, akbn >xonob
npofosxyBascs. [ocnigKeHHa nokasanu, Lo e
OOWH PO3BOPOT i HACTyMHi BOHa MoOxe 3pobuTtn
npy OOCTaTHLO BeNUKOMY pagdiyci R, Konu BiAcCik
uuningpa  6nM3bkMN 0O MIIOLMHW. o6
nepeBipuTK Lie NPUNYLLEHHS, MO4aMO YaCTUHKY He
Ha HWXKHIO TBIpPHY, a Ha cepefgHio (nNpu a, = 90°).
YacTtuHka B LbOMY BMNAaAKy pyXaeTbCs Big LEHTPY,
TPOXM OMYCTUBLUMCL BHM3, Yoro i cnig 6yno
YyekaTu.

Ha puc. 4, 6 306paxeHo BiACIK
uuniHgpuyHol nonatku, npogosxeHun Ha 0,1 v B
nNpoTUNexHy cTopoHy. Lle pae moxnueicTb
crnocTepirati TPaekTopil pyxy YaCTUHKM NPU Pi3HUX
Touykax il nogayi Ha nonatky no BucoTi. KytoBa
LWBKAKICTb w = 25 padrc; f=0,3; BMCOTAa
3MIHIOETbCA Yepe3 KOXHUX 15° MOBOPOTY TOYKK
HaBKONO OcCi uuniHgpa. Ak BMAHO i3 rpadikiB
puc. 4,6, npu a,=0° i a,=15° yvactuHka
po3BepTaeTbCs | pyXaeTbCd B MPOTUNEXHY
CTOPOHY, a npwu 36inbLUEHHI BUCOTX nogadi Lboro
BXe He BiabyBaeTbCA.

3 nposefdeHux AoChigKeHb BUNNUBAE, LWO
npy nogadvi 4aCcTMHKM Ha CaMUW HW3 fonaTku 3a
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NEeBHUX YMOB MOXIUBUA TI PO3BOPOT i PyX B
NpOTUNEXHY CTOPOHY. Lle 3anexuTb Big rpaHUYHOT
BENMUUMHU pagiyca R nonepevyHoro nepepisy
nonatkn. Hanpuknag, gna f=0,3 i R<0,1m
PO3BOPOT YACTUHKM HEMOXNUBUA Npu Byab-aKnX
KyTOBMX LLIBUOKOCTAX obepTaHHs aucka.
FapaHTOBaHO 3anobirt Po3BOPOTY TaKOX MOXHA
WMNAXOM nodadi YacTUHKWM Ha cepeaHlo TBipHY
uuniHgpa no BucoTi (npu a, = 90°). Ha npaktuui
Lue o3Hayae, Wo Xonob notpibHO pobutn He i3
MONOBMHM  LMMIHOPUYHOI  MOBEpXHi, a i3
YeTBEPTUHWN, BUKOPUCTOBYHOUN BEPXHIO YacTUHY

uuningpa.

BucHosgku. Pyx matepianbHOI YaCcTUHKU MO
LUUNiHAPUYHIN nonarui BigLIEHTPOBOIo
pO3cCitoBanbLHOro anapaTta crnovaTky Mae
KOnuBanbHUA  Xapaktep SK N0 BiOHOCHIN
TpaekTopil, TaKk | NO BenW4uHi  BIQHOCHOI
wBemakocTi. 3 yacom BiabyBaeTbcA cTabinisauis
pyXy: 4acTuMHKa pyxaeTbcsa 6ina  cepegHbOl

NPSMONIHINHOT TBIpHOT fonatky i3  BiAHOCHO
LUBMAKICTIO, LLO 3pOCTae no 3akoHy, 6rm3bkomMy Ao
niHiMHoro.  36iNblUeHHA  KyTOBOI  LUBMAOKOCTI
obepTaHHA Oucka i3 nonaTkol NpU3BOAUTL [0
3pOCTaHHA BIAHOCHOI LWBMAKOCTI. Touyka nogadi
YaCTMHKM Ha nonaTky Mo BUCOTI MPaKTUYHO He
BNMMBae Ha BENWYUHY BiHOCHOI LWBMAKOCTI Npw Ti
cxopi i3 nonatku. [Mpu pisHUX Toykax nopaui
YaCTUHKM B3J0BX OCi nonaTku BigHOCHA LWWBMAKICTb
BiOpi3HAeTbcd  HecyTTeBO. [lpu  36inbLUEHHI
pagiyca nonepevyHoro nepepisy nonatkM i npu
nogadi 4acTUHKM Ha HWXKHIO TBIpHY MOXIUBUN
PO3BOPOT YaCTUHKM B 0nobi no cnipanenogibHin
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kpuin. 3a Oyab-g9kux  pexumisa  pobotn i
KOHCTPYKTMBHMX PO3MIpiB NoNaTkym 4YacTuUHKa Mpu
pyci no i NoBepxHi He MigHIMeTbCA OO BEPXHbOro
Kpato ronaTku.
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TEOPETUYECKOE UCCIIEQOBAHUNE
ABUWXKXEHUA MATEPUAJIbHOM TOYKU MO
NONATKE UMNMUHAPUYECKOU ®OPMbI

AHHOMauusl.
omHocumersibHoe  08UXeHUe
yunuHopu4yeckol ronamke,
OucKy 8 paduarnbHOM HarpasneHuu. CocmagneHo
cucmemy ouppepeHyuarnbHbIX ypasHeHul
O8UXeHUsI yacmuubl c rpumMeHeHUem
cornpoegoxoarouieeo mpexaspaHHUKa MNepeHOCHoU
mpaekmopuu, Kakol Si8/iiemcsi OKPYXXHOCMb, U
opmyn  @®peHe. OcyuwecmerieHO 4ucrieHHoe
UHMezpuposaHue cucmemsi. CoenaHo
eu3yanu3auyuro  MoOJIy4YeHHbIX  Pe3y/1bmamos.
YcmaHoeneHo, 4mo dsuxeHue MamepuarnbHoU
moy4ku Mo rosepxHocmu  yusiuHApuYeckou
fonamku  UeHmMpobexHo20  pacceusarou,ezo
annapama e6Havasie umeem KosiebamenbHbIl

Paccmompetro
yacmuubl 1o

rPpUKpensieHHoUd K
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Xapakmep, Kak rno omHocumersibHoli mpaekmopuu
mak U o eesluduHe omHocumesibHolU CKopocmu.
Co spemeHeM ocyuwiecmearnissemcs cmabunusayusi
08UXeHUsI — MamepuarbHas MoYKU 08UXemcs
803s1e cpelHel npsamonuHetiHol obpa3syrowieli ¢
omHocumersibHoU CKOpOCMbI0, Komopasi
ysenuyueaemcsi 10 JIUHEUHOMY  3aKOHY.
Yeernu4eHue yanogol ckopocmu epaujeHusi Oucka
npueodum K ye8eslUYeHU  OMHOCUMEsbHOU
ckopocmu. Touyka nodayu MamepuarnbHOU MoYKU
Ha fionamky o 8bicCome rpakmu4YecKu He enusiem
Ha eefluyuHy omHocumersibHol cKopocmu rpu ee
cxode ¢ sionamkul.

Knroueeblie crnioea: MmamepuarsbHas moyka,
yacmuuya, ueHmpobexHbil arnnapam, Jsionamka,

Mamemamu4deckass  MOOeflb,  OMHOCUMESIbHOE
dsuxeHue,  ckopocmb,  OugbgbepeHyuarbHble
ypagHeHuUsl.

THEORETICAL RESEARCH OF MOVEMENT OF
THE PARTICLE ON THE VANE OF THE
CYLINDRICAL SHAPE

Annotation. The corpuscle relative motion
on an inclined plane which is twirled about an axis
of yaw is observed corpuscle relative motion on
the cylindrical shovel cemented to a disk in the
radial direction. It is made system of the differential
equations of driving of a corpuscle with application
of natural mobile three-edge of a portable path
what the round is, and formulas Frenet. The
system numerical integration is realised. The
visualization of the obtained results is made. It is
established that particle movement on a surface of
a cylindrical vane of the centrifugal apparatus has
in the beginning oscillating character, both on a
relative trajectory and on magnitude of a relative
velocity. Movement stabilisation in due course is
carried out - material points moves near an
average rectilinear generatrix with a relative
velocity which is augmented under the linear law.
Magnification of an angular velocity of rotation of a
disk leads to magnification of a relative velocity.
The point of feeding of a particle on a vane on
height practically does not influence magnitude of
a relative velocity at its tails from a vane.

Key words: a particle, a particle, the
centrifugal apparatus, a vane, mathematical
model, relative movement, a velocity, the

differential equations.



