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Automatic control of the duration of induction welding

With constant generator of high frequency working mode affect the temperature of the land induction
welding surface by changing the speed of moving parts in the field of the inductor. This allows you to increase or
decrease capacity enerhovnesku zone heating; provides a more even distribution of temperature on the surface of
the part; Extra or reheat if the output of the inductor temperature treated area is insufficient for high quality
welding.

Given the fact that the accuracy of heat is essential to ensure high product quality and reduce energy
consumption and lack of need to develop an automated control system ASC induction welding installation work
that will ensure strict observance of the heating temperature and the minimum required length of welding.
continuous-sequential induction welding, composite coating
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Optimal control of linear dynamic distributed systems
under uncertainty

The article considers the problems of synthesis of optimal control systems that operate in conditions of
an uncertain information and are described by generalized equations in partial derivatives of parabolic type.
Control has the form of feedback from the observed measurements for the implementation of which it is
necessary to solve integral-differential equation of Riccati. Separately built distributed and concentrated limiting
regulators and are recursive algorithm for determining the optimal control regarding changes in the number of
observations. There is an algorithm designed for determining the required number of point regulators and their
optimal location on the border of the field in which the quality criterion does not exceed a specified threshold.
minimax control, point boundary regulators, Sobolewski spaces, inequality of Rayleigh, bilinear form
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A Il JIoOoK, nou., kana. ¢pus.-mat. Hayk, b.H. I'onHuapenko, npo¢., 1-p TexH. HAyK
Hayuonanvuwii ynusepcumem nuwyesvix mexuonozuii, Kues, Yxpauna
JLT. Buxpoga, npod., KaHJ1. TeXH. HAYK
I]enpanvroykpaunckuil HAYUOHATLHBIN MeXHUYecKuli ynusepcumem, 2.Kponusnuyxuii, Yxpauna
OnTuMajibHOe yIpaBJieHHe JJMHEHHBIMH JHHAMUYECKHMHU pacnpeeIeHHbIMH CHCTEMAMH B yCJIOBHAX
Heomnpe/IeJIeHHOCTH

B cTatbe paccMOTpEHBI 3a1a41 CHHTE3a ONTHMAJIBHOTO YIIPABICHUS CUCTEMaMH, (DyHKIIMOHUPYIOMINMHE
B YCJIOBHSX HEONpEAEICHHOH WH(OpMAlMU M OIKUCHIBAIOTCS OOOOIIEHHBIMH YPaBHEHUSIMH B YaCTHBIX
MPOM3BOJIHBIX NMapabOJIMUECKOro THIA. YTpaBiIeHHEe UMEET BHJ OOPATHOW CBS3M OT HAOJIOJaeMbIX U3MEPEHNUH,
JUISL peajM3allii KOTOPOTO HEOOXOJMMO pPELIMTh HHTErpo-nuddepeHiaibHoe ypaBHeHHe Tuna Pukkary.
OTnenbHO MOCTPOEHBI, PacIpesieieHbl U COCPENOTOYEHBl NPEAENbHBIC PEryNIATOpbl, a TaKKe NPUBEAEH
PEKYPPEHTHBIH alrOpUTM OIPEJENICHNs] ONTUMAJIbHOTO YINPABICHUS 10 HM3MEHEHHWIO 4YHCiIa HaOJIOJCHUH.
PazpaboTan anroputm onpejeneHnss HeOOXOIMMOro KOJMYECTBA TOYCYHBIX PETYJISTOPOB M MX ONTHMAJIbHOE
pacrioyioKeHHe Ha TpaHuIe 00JIacTH, TPU KOTOPBIX KPUTEPHI KadecTBa HE MPEBBHIMIACT 3aJaHHOT'O ITOPOTOBOTO
3HAYCHMS.
MHHHUMAKCHOE YNPAaBJICHUE, TO4Ye4HbIe MpeAeabHble peryasaTopbl, ColojieBckHe HPOCTPAHCTBA,
HepaBeHCTBO Pajiest, OnianHeiinas gpopma

Introduction. To ensure high quality of systems of regulation, it is necessary to use
more precise mathematical models of control objects that take into account not only the time
but also the spatial coordinates namely systems with distributed parameters. It is necessary to
consider the problem of constructing regulators for the class of systems with distributed
parameters of parabolic type, to find a constructive solution to the problem of minimax
synthesis boundary distributed and point control, also to find algorithm to determine the
number and the optimal location of point regulators.

Statement of the problem and analysis of recent researches. Tasks of minimax
control for systems with lumped parameters are operating under conditions of uncertainty
considered in [1, 2]. Using the methods of perturbation theory in [3, 4] we receive the solution
of these problems for systems with distributed parameters with more general functions of
value. There is conducted further development of the theory of minimax controlling with
regard to systems with distributed parameters described by generalized equations of parabolic
type and based on the ideas expressed in [5, 6].

Consequently, the purpose of research is a synthesis of minimax boundary distributed and
point regulators of the observed variables, determining number and optimal location of point
regulators.

The main material research. To formulate correct mathematical formulation of the
problem, we enter the following notation: Q ¢ Rn - limited open area with piecewise smooth
boundary T'; QT ={(x, 1): X e Q,0<t<T} ST={(X, t): xe,0<t<T} me T; (*)((**) T ) -
scalar multiplication in Hilbert space L2(Q) (L2(r)); (s,*) - Euclidean scalar multiplication; " T
" — operation of transposing; " * " — conjugation operation of operators; Hk(Q), HK'k(QT) —
Sobolewski spaces [7];

LV, RY) =1 F: f =[ £, G By ] Il T (IR dx<o0 fSr/L(V, H) — space of
\

continuous linear operators acting on a Hilbert space V in the Hilbert space H;
A(t) — elliptic operator of the second order of the form:

A(t)=zn:aix a”.(x,t)i —ay(x,t), 1)

i, j=1 %% J
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where a,(x,t), a ;(xt) - functions that are defined in the cylinder and satisfy the
following conditions:  a,eC(Q;), a;eC*(Q;), a,>0 almost everywhere in Q,

da (XNEE 2a) & a>0 VE e R almost everywhere in Q, ;
i=1

ij=1

o/ov, — corresponding to operator A(t) of conormal derivative operator
op = Zn:a_ .(x't)a_(ocos(ﬁ'x_), where cos(fi, x;) — i — directional cosine of outer normal fi
ova 32" X, '

to the border T" of the area Q.
Let the state of the system described by the functiong(x,t), which satisfies the

equation

[{p®.W" ®n(®))dt = [bt;u(®), nt)dt+ m(f,7(0) vr)ew,, 2)
Where?w (t)y=0/at - A(t); m(of ,77(0)), b(t;u(t),7(t)) - continuous bilinear forms;
®d, - space of test" functions p(t) by the type of

@, ={77: neH*(Q,), 77|ST =0; 7(x,T)=0, XEQ}; ueU - management functions

(U = L,(S;) - for distributed control limit; U = L,(S;;R") — for management concentrated;
f e L,(€2) - unknown functions which belong area
sz{f:feLz(Q), h(f,f)gl}, (3)
where h(f, f) - symmetric positively defined quadratic form.

Note that by made assumptions for each management u €U solution of equation (2)
exists and it is only in space L, (Q;) [8].

Suppose that at some realization external disturbances f €S, occur following
dimensions of the system (2)
7,(t) =t o) =(L®).01)), z{t)eLOT), i=12..k, @)
where |.(t) e L,(Q;), i=12,....k —linearly independent functions.
The task is to find control u(t) in a linear feedback from the observed signals

2(t) =[2,(1), 2,(1), .. 2 ()] i.e. in the form

ut)=RMz(t), R(t)<L(L(0,T;R"),U), (5)
which minimizes the following functional in the equation solution (2)
I(U)=§UD q(co(T),(p(F))+j(p(t;co(t),(p(t))+d(t;U(t),U(t)))dt : (6)
eS¢ 0

There are presented the following notation as q(o(T),o(T)), p(t;e(t),e(t)) -
symmetrical integrally defined quadratic forms, d(t;u(t),u(t)) — symmetric positively defined

quadratic form. Formulated problem will be called optimization task of minimax
management, and function u(t)eU that delivers infimum of functional (6) — minimax

optimal control. Denote by M,B(t),H,Q,P(t),D(t) operators, generated by bilinear and
quadratic forms  m(f,7), b(tu(t).7(1), h(f, ), ale).e), pted).e(t),
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d(t;u(t),u(t)) accordingly. The main results of this work represented as the following
theorem

Theorem 1.

A) Solution of minimax control problem (2), (5), (6) and minimax optimal
management, that satisfy the necessary conditions of optimality is determined by the
correlation (5) ,where operator of feedback R(t) satisfies the equation:

(dEROLOw (), OMLM)w () +bEOMLEOY (), Kty (1))dt=0 (7

v O(t) e L(L,(Qr:R"),U),
where L(t)eL(LZ(QT),LZ(QT,Rk)) — operator of type L(t)=(I(t),-), which
operates by the rule L(t)77(t) = (I(t),-)(t) = (I(t), 7(t));

w(t) — the solution of equation.

(w W O)n(t))dt = [b(t; RELE (),7(1)dt+ M (1 (V),7(0)) ¥ (1) ;. ()

l..x(V)eL,(Q2) — own function that corresponds to the maximum eigenvalues
Ao (V) OF Operator V.= H M K (0)M ; K(t) — self-adjoint positively defined operator that
satisfies the equation:

[(K@®n®.W ¢ ®)dt+ [(KOSOW ©0)dt = [bt ROLES ), K On(t)dt +

O Ly —

O —y

+[bEROLONO, KOS O+ [dGEROLONOROLOS O)dt+

+I ptn(1),cM)dt+a(»(T).£(T) ¥ n(t).¢ () e Dy, ©)

where @, :{77:776 H?(Q), 7]y =0, n(x,0)=0, XEQ} .

For all that the value of the functional on the optimal management can be represented
in the type:

1(U) = A (V) = Ao (H "MK (O)M) . (10)

B) One of solving of the optimization problem (2), (5), (6), that satisfies the necessary
conditions for optimality is determined by the correlation:

Us(1) =Ry ()2(1), Ry (1) =—D*(®)B" (MK M®I" () (1)1 (1))

where  1(t) = [1,(t),1, (), 1, ®)], <|(t),|T(t)>={<|i(t),|j(t)>}ikj=1- matrix of

Gramm [8];
K(t) — the solution of the following equation:

-1
1

(11)

139



ISSN 2409-9392 Machinery in agricultural production, industry machine building, automation, 2017, Col.30

[{(K®n@).W )¢ @) dt+ [(KOZ QW @)r(t))dt—aq(r(T),¢ (T)) =

=—[(BOD®B MK On(®), KM W) dt + [ p(tin.£)dt v n(1).cO) e ;. (12)

The value of criterion on minimax management also is defined by the formula (10),
where K(t) in this case — is the solution of the equation (12). The proof of the theorem is not

given here. We only note that it is based on the ideas of work and involves the use of
Rayleigh roughness and methods of perturbation theory [10].

Note 1. If disturbances affect the system is not only at the initial time, but also at affect
the all-time of regulation, then the problem discussed above (which was considered above)
has no solution.

Note 2. Suppose that bilinear forms b(t;u,7) and d(t;u,u) has a type

[ [BCr0u0:0 D by, U=Ls))

o
btum=y | - (13)
Su@[benL g U=Ls:RY),
L =l r av{;
[ [D@.y.Ou.Hu(y.dxdy. i U=L(Sy).
d(fu,u)=4 TT (14)
(D(@Ou(),u(?)), if U=L,(S::RY),

where B(x,y,t), D(x,y,t)eL,(0,T;L,(I')x L,(I")) moreover D(x,y,t) —symmetric
positively defined function;
D(t)— symmetrical positively defined matrix which elements belong to the space

L,(0,T);

T
b, (x,1) € Ly(S7); U(t) =[uy (1), Uy ()., Uy (D], 4s(1) € L,(0,T),
Then, using formally second Green's formula, the equation (2) can be interpreted as
the boundary value problem of Dirichlet with the boundary control

5%(1) =A)e(f) mnthearea O,

(15)
@0)=Mf inthearea Q, @()=B(f)u(t) inthearea S,
[Blry.nu.nd. i U=L(S),
BOu(®) =1, (16)

> h(x.Dut), if U=L,(5;R").

i=l
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Note 3. If bilinear forms b(t;u,7) and d(t;u,u)satisfy correlation (13), (14), so the
core K(x,y,t) of an operator K(t) which is the solution of equation (12), formally satisfy the
following integral-differential equation of Riccati type

oK : .

% =—A (KX, y,) = A (KX y,t) +

+ [ ERE D 6 6,0 EL D gy -px,y. an
rr Al A

with initial and boundary conditic;ns of the type
Ky, T)=Q(xy),  (xy)eQ,xQ,;
K(x,y,t)=0, (X, y,t)eFXnyx(O,T);
K(x,y,t)=0, (X% y,t)eQ xI', x(0,T),
where
J. J.B(x: ";:: r)D—l (é:: ??: f)B(_}’, 7?: I) dgd??: lf U = L2 (ST):
G(x, y,f)=47T (18)
BT (x,) D™ ())B(y.1), if U=L,(S:RY),
Q(x,y), P(x,y,t), D*(x,y,t) — cores of operators Q, P(t) and D*(t) accordingly;
T
B(x,t) =[b,(x,1),b,(x,1),.... by (X, )] ;
indices operators A(t), 9/dv, indicate at which variable these operators act.

Denote by uk(t) optimal minimax control (11), obtained at k measurements (4) and

consider the problem of construction recurrent algorithm of definition optimal control of
initial optimization problem relatively the change in the number of observations k. Solution of
this problem is given by the following theorem.

Theorem 2. The optimal minimax management uk(t) is determined by the following
recurrent procedure

{uk (t) = U () + h A OF OVia Ol 02,0 - L G F Ou 1), 19)

W) =0, k=12,..,

where F(t) =D (t)B (MK (). hy(®) = (I, 0.V, , O (1))
“+ 7 —an operation of pseudoinversion operators [10];
V, (t) € L(L,(Qr),L,(Q;)) — selfadjoint operator that satisfy the following recurrent

equation

V(1) =V, (t) = hZ OV, O, () (VL (O (D), ), (20)
Vo(t):Ei

where E - the identity operator.
The proof of the theorem is carried out by using formulas of inversion block matrix
operators [7,10].
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Note 4. If I.(t), i=12,...k — linearly independent orthonormal in the space L,(Q)
system of functions, namely <Ii(t),li(j)>=5ij, where ¢g; — Kronecker symbol, then the
optimal control satisfies the following recursive equation

{u"(t)zuk1(t)+F(t)Ik(t)zk(t), k=123,.., (1)
u(t) =0.

Whereas the effectiveness of management is determined by the quality criterion for
this control, then it is considered in more detail the value of the functional (6) on optimal
control (11). According to Theorem 1 it is determined by the following expression

I(uo)zﬂ“max(HilM*K(O)M)1 (22)

where the operator K (t) satisfy the equation (12).
It is obviously, that to calculate 1(u,) in general is quite difficult as for this purpose

we must solve two difficult problems. The first problem is solving Ricatti equation and the
second is determination of the maximum eigenvalue of infinite measurable operator.
Therefore, let us stop on some partial cases where the value is calculated rather simply.
1.Consider the case of a distributed control limit, namely a case when bilinear form
b(t;u(t),n(t)) is given by the formula (13) on condition U =L,(S;), in which
B(x,y,t) =b(x)o(x—y), where 5(x—y) — Dirac delta function. Bilinear and quadratic

forms m(f,n), h(f, ), a(e(T),o(T)), p(t;¢,¢), d(t;u,u) define by the following way

m(f.7) = [me) T (9r09de: (F, £)=[h() F2(X)dx: d(6p.0) = [d0gu(x s
Ae(T), (M) = [a()* (K T)AX:  p(tip.p) = [ P(X)P* (x,)x
where q(x) >0, p(x)=>0, h(x)>0, d(x)>0.

Then in the assumption that A(t) - self-adjoint independent of time t operator,
namely A(t)=A=A" can be shown that the value of the functional is equal to

2
I (Up) = max 2k , where

I<i<o
ki :ai_l{,u 127 _21 +th(ﬂiT) +2’i, L= /;ﬁz_,_aiqi ’

(P — A) (T ) + a4

m, m(x)

h| o ho |, o) 0,00 )
qi _g[ a(x) " (x)dx, ai_-r[d(x) [—GVAK de.
o p(x)

In the last formulas marked:
th(-) — hyperbolic tangent;
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A and @ (x) € L,(Q2) — eigenvalues and corresponding orthonormal in the space
L, (Q) the  eigenfunctions  of  operator  that  satisfy the  equation

(@, An) = @m) ¥ e HHQ) N H(Q), 23)
@, (X)=0, xel';, A —>—o mpu i — oo,
2. Now let bilinear form b(t;u(t),7(t)) is determined by the ratio (13), in which the

set of admissible controls U =L,(S;;R"), namely lets consider a case of limit focused

controls. Relatively quadratic forms q(@(T),@(T)), p(t;e(t),(t)), d(t;u(t),u(t)) suppose
that

QoMM =(0.0M) . Pled.e)=0. dEUO.UD) =600,

where e L,(Q); d.(t) e L,(0,T), d,(t) >0.
Then, using the results of the work [6,9], it can be shown that the functional value (22) equal
to

1 (Ug) = A (V(OH M1 (0)(M '1(0),)) = v(0) (H "M "T(0), M "r(0)),  (24)

where
-1

v(t) = (1+Ia(r)dr} v a(t) = Zd(t)<b() 8r(t)> L r(t) = ZeMT t)<q a)> o, (25)

=1 A

4 and @, — eigenvalues and the corresponding eigenfunctions of the operator A that
satisfy the equation (23).

Consider now the point boundary control u(t) eU =L, (S;; R™). For this in (13) put
b (x,t)=0(x—-%), X €', i=12,..,N. Then the equation (2) describes the system with
point boundary controls. We note that this range of functions b, (X,t) allowed under certain

restrictions on the dimension of space Q = R" and on condition a higher smoothness of
"test" functions 77(t)in (2). In particular it is possible if you put n<3and require that

functions 77(t) belong not to the space H*'(Q,) . as it was supposed above, but belong to
more sleek space of functions H**(Q,)
We introduce the following definition

Iy (X X0 Xy ) = inf sup <q,go(T)>2+]idi(t)uf(t)dt (26)

uely (SriRY) fes 0 i=l

and consider the problem of determining a such number of regulators N in the form of
feedback (5) and of their optimum location (Xlo, Xg,..., Xﬁ, ) XiO el at which the condition is

executed

0 0 0 H
I (X %5, Xy) = - |ir:11f2m . Iy (X, %o,y Xy ) < € (27)

where ¢ >0 —some pre-set threshold value.
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Using Theorem 1 and the ratio (24), (25), there can prove fairness of the following theorem.
Theorem 3. The number of regulators by which the inequality is done satisfies
condition N > N, where

NO:{A_‘Q}FL (28)
&Py

o)) .

A=(H*MT(OMr(0), p=sup[| = | dt, y= m.in(max di(t)) . (29)
xel o\ OVp i \te(0T)
[-] —an entire part of number. All regulators should be concentrated at one point
2
.
which is defined as follows X, = argsup [M] dt - (30)
xell VAx

Note 5. The last theorem can be formulated also the following way. In order to get
performed inequality (27) it is need only one point regulator at the point (30) of total
N

intensity Zui(t)’ N > N,, where

i=1

u;(t) = Ry (1)z(t) » Ri(t)=—%% jr(y,t)lT(y,t)oly(l(t),ﬂ(t))‘1
i A ok, @

functions v(t), r(x,t) determined by formulas (25), z(t) — observations type of (4), and N,
satisfying ratio (28).

Note 6. If d.(t)=d =const >0, i=1,2,3,..., then N,— minimal number of regulators
that satisfy inequalities (27).

Conclusions. The solution of several problems of synthesis of optimal control of
distributed systems of parabolic type, which operate under conditions of uncertainty, is
proposed. In addition, the solution of the problem of optimal location of the point limiting
regulators and determination of their number is given.
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OnTuMajibHe KepyBaHHfl JIHIHHMMH JMHAMiYHMMH  pPO3MNOAIEHMMM CHCTeMaMHM B  YMOBax
HEBU3HAYCHOCTI

VY crarti po3risiHYTI 3a/adi CHHTE3y ONTHMAIBHOIO KEpyBaHHsS CHCTEeMaMH, 10 (YHKIIOHYIOTh B
yMOBaX HEBHM3HA4YeHOI iH(popmanil i OMUCYIOTBCS Yy3arajJbHEHUMH pIBHSAHHSAMU B YaCTHHHUX HOXITHUX
napabosiyHoro Tumy. PeanbHi 00’€KTM KepyBaHHS B OUIBIIOCTI BHNAAKIB (YHKIIOHYIOTH B YMOBax
HeBH3HaueHoCTi. [Ipy boMy yacTo BiIHOCHO 30ypeHsb, IIO AilOTh Ha 00’ €KT, BIICYTHS JOCTOBIpHA iH(pOpMAIIis
IIOI0 XapakTepy camux 30ypeHb. [IpoOiema HEMiHIMHOCTI 00’€KTa KepyBaHHS MPU HASBHOCTI 3aIli3HIOBAHHS
BIUIMBAE HA XapakTep KEPOBAHMX JMHAMIYHHMX HPOLECIB 1 CYTTEBO BIUIMBAE HAa BUIIIAJ Ta CKJIAJHICTH IITYKAHUX
KepyBaHb. B 1bOMy BHIQJKy, SK IpaBWIO, BiJIAIOTh IepeBary  MiHIMAKCHOMY a00O TapaHTOBaHOMY
YIOpaBITiHHIO, SKE 3a0e3meuye JOCTATHIO AKICTh MEPeXiIHUX IMPOIeciB 3a HAWTIpIIMX 30BHIMIHIX 30ypens. s
TOro, mo0 3a0e3MEeYNTH BHCOKY SIKICTh CHCTEM pEryNIOBaHHS, HEOOXiAHO BHKOPHUCTOBYBATH OUIBIN TOYHI
MaTeMaTH9HI MOJIETi O0'€KTIiB YIpaBIiHHA, AKi BPaxOBYIOTh HE TUIBKH Yac, aie W MPOCTOPOBI KOOPAWHATH, a
caMe - CUCTeMH 3 PO3MOAIICHUMHU apaMeTpamMu. Y CTaTTi PO3MISIHYTI NUTaHHS PO MOOYJ0BY PETYJISATOPIB IS
KJIaCy CHCTEM 3 PO3MOIIICHHUMHU MapaMeTpaMd MapaboJIiYHOro THIY, 1100 3HAWTH KOHCTPYKTHBHE PIIICHHS
npobjeMu MiHIMakca KOPIOHY CHHTE3Y PO3IMOIUICHOT CHCTEMHU 1 YIPAaBIiHHS TOYKOK, a TaKOX 3HAWTH
ITOPUTM ISl BU3HAYEHHS KIJIBKOCTI Ta ONTHUMAJIBHOTO PO3TAIIyBaHHS PETyJsATOpiB Touok. KepyBaHHS Mae
BUTJISIL 3BOPOTHOTO 3B'SI3KY BiJI CIIOCTEPE)KYBaHMX BHMIpIB, Ul peaiizalii SKOro HEOoOXiJHO po3B'a3aTH
iHTerpo-nudepenianbae piBHAHHSA THITY Pikkarti. OkpeMo 1oOynoBaHi po3MoJiiieHi Ta 30cepeKeHi rpaHryHi
PETYISTOPH, a TAKOXK HABEJICHO PEKYPEHTHUH aJITOPUTM BU3HAYECHHS ONTUMAIBHOTO KEPyBaHHS CTOCOBHO 3MiHM
YHCcia CIOCTepEekeHb. PO3p00IeHO alropuT™M BH3HAYCHHS HEOOXiMHOI KITBKOCTI TOYKOBHX PETYIATOPIB Ta iX
ONITUMANIbHE PO3TAIlyBaHHA Ha TPaHUII 00JacTi, MpH SKUX KPHUTEPId SIKOCTI HE TIEPEBHIIYE 3aTaHOTO
MOPOTOBOTO 3HAUECHHSI.
MiHiMaKCHe KepyBaHHs, TOYKOBi I'DaHM4YHi peryjasaTopu, cofosieBcbki npocropu, HepiBHicTh Peses,
Oininiiina popma
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