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New mathematical model which describes process of direct withdrawa lbeet of a root crop of a ground which is
carried out under the action of vertical troubling forces and traction effort which are given to it by vibrating of digging
up working body is constructed. The received systems of the differential equations, which decisions have enabled to find
the law of movement of a root crop during its direct vibrating withdrawal.

Introduction
Use of vibrating excavation of a sugar beet root from a ground has a number of essential
advantages in comparison with other ways. It is characterized by less damage of root, decrease in
losses of a crop at harvesting, more intensive clarification of root crops from the stuck ground, less
smaller blocking up of a digger working channel from a ground and residues of weeds. Therefore
this technological process requires detailed analytical research, the further development and wide
introduction of advanced vibrating digging bodies.

Statement of a problem

Theoretical researches of technological process of vibrating excavation of a sugar beet root
from a ground enable scientifically to prove constructive and kinematic parameters of vibrating
digging up working bodies. Such investigations are necessary first of all for the theoretical work
analysi of vibrating digging up bodies in adverse conditions, on difficult and firm soils where
reliability of work of beet-harvesting machines work essentially decreases. In turn the deep
theoretical analysis of any technological process is possible only at presence of adequate
mathematical models which describe the given process.

The analysis of researches and publications

Thorough theoretical and experimental researches of vibrating excavation of sugar beet root
were rather widely discribed in works [1-6].

So, in work [6] the process of a root crop withdrawal of a ground is considered in most
general case — at asymmetrical claw of a root crop by vibrating digging up working body. The given
process is described by means of kinematic and dynamic equations of Aler. System of the
differential equations received in work [6] describes spatial oscillatory process of the root crop
fixed in the ground, as in the spring environment, with one point of fastening. In the given work the
process of vibrating withdrawal of a root crop of a ground is considered at symmetric claw of a root
crop by both shares of vibrating digging up body.

At such claw of a root crop by digging up shares the process of the further full withdrawal of
a root crop of a ground is possible. Therefore we investigate process of direct withdrawal of a root
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crop of a ground at its symmetric claw by vibrating digging up working body.

The purpose of research
To construct mathematical model of direct withdrawal of a sugar beet root crop from a
ground, which is carried out under the action of vertical troubling forces which it is given to a root
crop from vibrating digging up working body, and traction effort owing to translational movement
of digger.

Results of research

At first let's make the necessary formalization of technological process which will be
considered. Despite of that process of withdrawal of a ground of a sugar beet a root crop will take
place for a short time interval (as translational speed of a root crop machines can reach 2 km/s) all
technological process is possible to divide into the separate interconnected, consecutive operations
conditionally. As, it was marked above the withdrawal is possible, only at symmetric claw of a root
crop by working body and simultaneously with translational fluctuations of a root crop occurs
angular fluctuations of a root crop around of a conditional point of fastening on some angle.

At the first stage of withdrawal, and especially at the first fluctuations, renew force at angular
fluctuations, and so, and its moment concerning a conditional point of fastening, will be maximal.
That is why the angle of inclination of a root crop will be insignificant enough and a full (or partial)
restoration of its vertical position owing to translational movement of the digger will be possible.
Nevertheless, owing to action of forward translational fluctuations of a root crop together with a
ground surrounding it, the compaction of the specified ground will decrease, and renewing force at
angular fluctuations will be decrease too. So, with each following fluctuation the angle of an
inclination of a root crop will increase, and restoration of the previous position — to decrease. The
root crop will be loosened around of a conditional point of fastening with gradual increase of an
inclination angle of a root crop foward on a digger course. It will lead to the break of a root crop
connections with a ground in the direction of digger's movement, beginning from the top part of a
conic surface of a root crop in unloosened ground, gradually approaching to a conditional point of
its fastening. So as it was stated above it follows, that the destruction of connections of a root crop
with a ground occurs simultaneously in two directions — along the translational digger’s movement
and in the direction perpendicularly to specified (on depth of a root crop arrangement in the
ground). Thus the force of connections of a root crop with a ground and the forces of a ground
spring will gradually decrease to such minimal size when oscillatory processes will pass into the
processes of continuous moving of a root crop upwards and forward — along the translational digger
movement, and also continuous turn of a root crop turn around of its mass center on some angle to
full withdrawal of a root crop from a ground. Forces of a ground spring will simply pass into the
force of resistance of the loosened ground at a root crop movement in a digger working channel.
After that the stage of direct withdrawal of a sugar beet root crop from a ground.is begun.

For construction of mathematical model first of all we shall make the equivalent scheme of a
root crop interaction with working surfaces of vibrating digging up working body at its direct
withdrawal (fig.). For this purpose we shall present a vibrating digging up working body in the form

of two coupled digging up surfaces (wedges) A,B,C, and A,B,C,, each of which in spacious has

an inclination under angles ¢, B, ¥ and which are established thus one to one, that the working
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channel is formed, the back part of it is narrowed. The specified wedges carry out oscillatory
movements in longitudinal-vertical planes (the mechanism of shares drive into oscillatory
movement it is not shown), with corresponding amplitude and frequency. A.direction of
translational movement of vibrating digging up working body is shown by an arrow. Projections of

points B, and B, to an axis O, y, are designated by points D, and D, accordingly.
We consider, that with surfaces of wedges A,B,C, and 4,B,C,. In the corresponding

points the root crop which is approximated by a body of the cone-shaped form interacts, and the
claw of a root crop by a working body occurs symmetrically from its both sides.
Lets assume further, that the working surface of a wedge A4,B,C| carries out a direct

contact with a root crop in a point K, and a surface 4,B,C, — in a point K,. The straight lines
lead through points of a root crop contact K, and K, and points B, and B, form on section with
the sides of wedges 4,C, and A,C, corresponding points M, and M,. Thus, & is dihedral
angle (£ B, M D, ) between the bottom basis 4; D, C, and a working surface of a wedge A4,B,C,
or accordingly a dihedral angle (£ B, M, D,) between the bottom basis A4, D, C, and a working
surface of a wedge 4,B,C,.

Let's show forces which arise owing to interaction of a root crop with vibrating working
body.
Let from vibrating digging up working body the vertical troubling Qr , force operates which

changes under the harmonious law of such kind:
Q,=Hsinot. €))

Where H — amplitude of troubling forces; @ — frequency of troubling forces.
The given force play the basic role during loosening a ground in a zone of a digger working

channel and withdrawal of a root crop A specified troubling force Qr is applied to a root crop from

its two sides and on the scheme it is presented by two compounds Qr_l and Qr.Z' The given forces

are applied accordingly in points K; and K, on distance # from a conditional point of fastening O
and they cause fluctuation of a root crop in longitudinal-vertical planes which destroy connections
of a root crop with a ground and create for it a condition of withdrawal from a ground.

As a claw of a root crop is symmetric it is obvious, that there will be a following correlation:

1 .
Qtr.l = er.z = EHSIII rt - (2)

Let's disintegrate the given forces into normal N | and N », and tangents compounds Tl and

T, as it is shown on fig. As vibrating digger moves translationally in a direction of an axis O,x,

According to a root crop which is fixed in a ground and during the moment of claw of a root crop

by the working body in the direction of an axis O,x; Motive forces operate also 131 and f’z Also

Let's disintegrate the forces 131 and f’z in two compounds: normal Zl and Zz and tangents S | and
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S, to surfaces 4, B,C, and A4, B,C, accordingly.

Besides in points of contact K; and K, forces of friction act F, and [}, accordingly

which counteract to a root crop sliding on a working surface of wedges A4, B,C; and 4,B,C,

during its claw by vibrating working body also K, operate. Vectors of these forces are directed
opposite to a vector of relative speed of a root crop sliding on a surface of wedges.

z;

V)

Fig. - the Equivalent scheme of vibrating excavation of a sugar beet root crop from a ground

A root crop sliding on a surface of wedges can occur in a direction of forces action 77, 7,

(in parallel lines B,M, and B,M,) in the direction, opposite to the actions of forces S;, S,, due

to forces of resistance of a ground.
The vector of relative speed of a root crop sliding on a surface of wedges can be

disintegrated into the compounds in the directions specified above. So, force of friction Fm also
can be disintegrated into compounds: E in a direction, opposite to vector T, and Ffl —1in a
direction of a vector §1 .

Similarly, force of friction sz also can be disintegrated on two compounds: E —1in a
direction, opposite to vector Tz , and Ez — in a direction of a vector S. 5-

It is obvious, that /; =F,, £, = E,.

In the center of a root crop mass (a point C) force of a root crop mass operates (_?k. Forces

112



Cepis: 306ipHMK HayKoBUX npaub Ne11 T. 2 (66)
TexHi4Hi HayKm BiHHMUbKOro HauioHanbLHOro arpapHoOro yHiBepcurteTty 2012 p.

of resistance of the loosened ground at movement of a root crop in a working channel of digger in a
direction of axes O,1 and O are designated through Exl and Ezl accordingly.

At direct withdrawal of a root crop from a ground the turn of a root crop around of its center
of mass (point C) will be carried out Under the action of pair of resistance forces of the loosened
ground. We shall designate the moment of this pair of forces as M.

At direct withdrawal of a root crop it is possible to consider forces of resistance of the
loosened ground dependent on speed of a root crop movement in the loosened ground or as a first
approximation — simply constants. Therefore for simplification of mathematical model we shall

consider the forces Exl, Ezl and the moment of pair M as constants.
Let's make at first the differential equations of movement of the center of a root crop mass
(point C), i.e. translational movement of a root crop along axes Oy, and O);;. Considering the given

above scheme of forces, the differential equation of movement of the mass centre of a root crop in
the vector form at its direct withdrawal will be the following:

+N,+L+L,+F+F+E+E,+G, +R,+R,,, (3)

=

Where a — acceleration of movement of the mass center of a root crop.

As the process of withdrawal as it has been specified above, occurs at symmetric claw of a
root crop by working body, so the movement of a root crop along a working channel of the digger
occurs actually in longitudinal-vertical planes (planes x;0).;) that is why the vector equation (3) is
reduced to system of two equations in projections to axes Oy; and O.;.

After the definition of values of all forces which enter into the vector equation (3), and their
projections to axes O, and O;; we shall receive two following systems of the differential equations:
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mX, = 25)1 smy/tgy/z +2fPsin’ycosd + fPsin2ycosy — R,

\igTy +1+1g7°p (5)
2P sinytgf
Jigly +1+1g°p

ot |2k -, 2kx, ], k=1,2,...
Thus the system of the differential equations (4) describes the process of directly vibrating
withdrawal of a sugar beet root crop of a ground (i.e. a piece on which a periodic troubling force

—ZfPlsinzy/sin5—Gk—R

mz =

z1»

acts on a root crop), and the system of the differential equations (5) describes the process of
withdrawal of a root crop of a ground when it is not acted by a troubling force. i.e. the same
vibrating of digging up the working body in the different time intervals can carry out the process of
excavation of a root crop as usual share digger.

Let's solve the received systems of the differential equations.

For the given systems of the differential equations (4), (5) initial conditions will be the

following:
Attr=0:
X, = 0, Z = 0, (6)
1
X1 = X0, Z :_ghk' (7

The system of the differential equations (4) is the system of the linear differential equations
of the second order. As it is known, it is solved in quadratures. For the simplification of the record
system of the differential equations (4) we shall introduce the following designations:

! [ cosoigy + fcos® sin [7/ + amzma"j siny +

my | Jig’y +1+1g°B ®)
+ f'cosd cos [7/ +amzmaxj0057} =,

2 smyigy + fsin® ;/sin(;/ + FK1 max )cosé +

ny, tg2y+1+tg2ﬂ 2 )
+ f'sinycosy cos(;/ +aK12ma"ﬂ =y,
1 cosdigf —fCOS5SiIl()/+aKlmanSin5 =¢,> (10)
my _\/tg2y+1+tg2ﬁ 2
2 siny 1gf8 —fSiIl]/SiIl(]/'Fammaijin(s =y, (11)
m | g%y +1+1g°B 2

Considering expressions (8) — (11), the system of the differential equations (4) will get a
following kind:
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R
¥ =¢ Hsinot +y, P ——,
= Vi m, (12)

. R
Z =¢,Hsinwt+y,P — mZI -g.
k

We will integrate the system of the differential equations (12). After twofold integration and
a finding of any arbitrary constants we receive the following solutions of the differential equations
(4) in a final kind:

. H Rt H
X, :—¢1—coswt+y/1f}t—i+¢l—,
@ my, @ (13)
. H Rt H
zlz—¢2—cosa)t+t//2f}t— 1 —gt+¢2 :
0] my, 0]
2 2
X, :—qs'—l;lsina)t+w'P't _ Ryt +¢'Ht+x,0,
® 2 2m, ® (14)
2 2 2
Zl=_¢271;181nwt+M_R27]t_&+¢2Ht_1hk
0] 2 2m, 2 o 3

Systems of the equations (13) and (14) describe the laws of the speed change and the
moving of the mass centre of a root crop during its direct withdrawal from a ground. From the
second equation of system (14) it is possible to define the time ¢ of the direct withdrawal of a root
crop from a ground. For this purpose it is necessary to substitute in the left part of the specified
equation the value z; = 0 and to solve the received equation according to ¢. As the equation is
transcendental to receive analytical expression for definition # is impossible, nevertheless it can be
solved on PC by means of known numerical methods. The calculated mean #; can be applied to the
definition of the unit productivity for a root crop. Excavation by vibrating digging up working
bodies.

Let's solve the system of the differential equations (5). For the simplification of the given
record system we shall also take the following designations:

1 2sinyigy +2fsin’ ycosd + fsin2ycosy |=w] (15)
My, \/tg2y+1+tg2ﬂ
1 2siny g —2fsin’ysind |=y}- (16)
m\ \1g’y +1+1g°p

In view of expressions (15), (16) the system of the differential equations (5) will get a kind:

Y =yR-—",
my
1
) ’ G, R (17)
=Yy —— ——,
my - my

ote|2k-1)r, 2kn, ], k=1,2,...
After twofold integration of system of the equations (17) and a finding of any constants we
shall receive denouement systems of the differential equations (5) in a final kind:
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2 2 R
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"2 2m, 2m, 3 °
ot e[2k-1)r, 2k, ], k=1,2,...

Systems of the equations (18) and (19) accordingly describe the laws of the speed change
and moving of the mass center of a root crop mass during its direct withdrawal out of a ground at
the absence of troubling forces action.

Let's work out the differential equation of turn of a root crop around of its center of mass, or
around of a conditional axis Cy. which passes through the center of mass (point C) in parallel axis
011 According to [8], the specified equation in a general view will have such view:

2
&0 _, .

Ye ? - Ve ’ (20)

Where 6 — an angle of turn of a root crop around axis Cy; I, — the moment of inertia of a root crop

. . e
concerning an axis Cye; M,
c

of all external forces which act on a root crop, concerning an axis Cy,).
The moment of inertia /,. of a root crop concerning an axis Cy. is defined according to [8] of
such expression:

— the rotary moment around of an axis Cy, (the sum of the moments

3 3 2. 21
I, = (80+20tg g)mkh 2D
Substituting expressions (2), (21) in the differential equation (20) and carrying out the
necessary transformations we shall receive the differential equation of turn of a root crop around
axis Cy, at direct vibrating withdrawal from a ground (i.e. at the action of troubling forces on it)
which has a following view:

3.3 ,d’0 o

80+2—0t iy —— Fra ~H (= hy +h—z,)sin@sinet + 2B, cosO(~hy, +h—z,)+

+2Gchos5sina)t+fP] sinyjsin(y+a,<] maxsina)t)cosg(—hk +h—z,)sinf+
1 (22)

+2(2chos5sina)t+fP] sinyjcos(y+a,ﬂ maxsina)t)cosy(—hk +h—z,)cosd —

_M’

ot €2kn, (2k+1)z], k=0,1,2,...

The differential equation of turn of a root crop around axis Cy, at usual withdrawal (i.e. at

the absence of troubling forces), has a following view:
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33 02 20— 2R coso(- iy +h 2fP,sin’
%+?0fg5mk K g7 0080 (= Iy +h—z)+2fBsin’yx

xcosg(—hy +h—z)sin@ + fBsin2ycosy(~h, +h—z )cos@ — M,

(23)

ot €[k -1z, 2kn], k=1,2,.

Let's analyze the received differential equations (22) and (23). The differential equation (22)
is nonlinear. It is possible to solve it by the approached numerical methods with application of PC,
and for each step of application of numerical algorithm of mean z; is necessary to find from the
second equation of system (14) for the corresponding moment of time #. The differential equation
(23) which includes the magnitude z; which is replaceable and, is also nonlinear, and for each
moment of time # the mentioned magnitude z; is necessary for defining from the second equation of
system (19).

Thus, it is finally possible to consider, that the constructed mathematical model of direct
withdrawal process of a sugar beet root crop from a ground at its vibrating excavation. The received
results enable to define kinematic modes of vibrating excavation root crops at the conditions of
inviolate and constructive parameters of vibrating digging up bodies.

Conclusions

1. Two systems of the differential equations which describe plane-parallel movement of a root
crop in a ground at its direct withdrawal which is carried out under action of vertical troubling
forces which is given to a root crop from vibrating digging up body, and traction effort which arises
owing to translational movement of digger.

2. Solution the given differential equations gives an opportunity to find out the law of
movement of a root crop in longitudinal-vertical plane at direct withdrawal from a ground.

3. The received results enable also to define kinematic modes of vibrating excavation of root
crops from their conditions of inviolate not damage and to find rational constructive parametres of
vibrating digging up working bodies.
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