
ISSN 2304�1579

МIНIСТЕРСТВО ОСВIТИ I НАУКИ УКРА�НИ
Одеський нацiональний унiверситет iменi I. I. Мечникова

ВIСНИК
ОДЕСЬКОГО

НАЦIОНАЛЬНОГО

УНIВЕРСИТЕТУ

Ìàòåìàòèêà i ìåõàíiêà

Науковий журнал

Виходить 4 рази на рiк

Серiя заснована у сiчнi 1997 р.

Òîì 18. Âèïóñê 1 (17). 2013

Одеса
«Астропринт»
2013



Çàñíîâíèê: Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íèêîâà

Ðåäàêöiéíà êîëåãiÿ æóðíàëó

I. Ì. Êîâàëü (ãîëîâíèé ðåäàêòîð)
Î. Â. Çàïîðîæ÷åíêî (çàñòóïíèê ãîëîâíîãî ðåäàêòîðà)

Â. Î. Iâàíèöÿ (çàñòóïíèê ãîëîâíîãî ðåäàêòîðà)
�. Ë. Ñòðåëüöîâ (çàñòóïíèê ãîëîâíîãî ðåäàêòîðà)

Ñ. Ì. Àíäði¹âñüêèé
Þ. Ô. Âàêñìàí
Â. Â. Ãë¹áîâ
Ë. Ì. Ãîëóáåíêî
Ë. Ì. Äóíà¹âà

Â. Â. Çàìîðîâ
Â. �. Êðóãëîâ
Â. Ã. Êóøíið
Â. Â. Ìåí÷óê
Î. Â. Ñìèíòèíà

Â. I. Òðóáà
Î. Â. Òþðií
�. À. ×åðêåç
�. Ì. ×åðíîiâàíåíêî

Ðåäàêöiéíà êîëåãiÿ ñåði¨

Ìàòåìàòèêà i ìåõàíiêà

Â. �. Êðóãëîâ (íàóêîâèé ðåäàêòîð)
Â. Ì. �âòóõîâ (çàñòóïíèê íàóêîâîãî ðåäàêòîðà)

À. Àshyralyev
L. Fridman
I. K�atai
A. Laurin�cikas
Ñ. Ê. Àñëàíîâ
Ð. Ä. Áàíöóði
Â. I. Áåðíèê
Î. À. Áîé÷óê
Í. Ä. Âàéñôåëüä
Ï. Ä. Âàðáàíåöü
Î. Â. Âåðáèöüêèé
Î. Í. Âiòþê
Ã. Î. Âîðîïà¹â
I. Ì. Ãàøåíåíêî
Ä. Â. Äìèòðèøèí

À. À. Äîðîãîâöåâ
Â. É. Æóêîâñüêèé
Ì. I. Iâàí÷îâ
À. É. Êàëiíií
Â. Î. Êàïóñòÿí
I. Ò. Êiãóðàäçå
Ï. I. Êîãóò
Àí. Î. Êîðåíîâñüêèé
Î. Â. Êîñòií
Î. Ô. Êðèâèé
Ä. Ä. Ëåùåíêî
À. Ä. Ìiëêî
Ñ. Ì. Ìõèòàðÿí
Î. Â. Îíèùóê
Î. Ã. Íàêîíå÷íèé

Þ. Â. Íåñòåðåíêî
À. Ï. Ïåòðàâ÷óê
Â. Â. Ïi÷êóð
À. Â. Ïëîòíiêîâ
Â. Ã. Ñàìîéëåíêî
Î. Ì. Ñòàíæèöüêèé
Å. Î. Ñòîðîæåíêî
Â. I. Ñóùàíñüêèé
Þ. Â. Òåïëiíñüêèé
Ð. Ñ. Õàïêî
I. Ì. ×åðåâêî
Â. Â. Øàðêî
I. À. Øåâ÷óê
Ã. À. Øèíêàðåíêî
Ñ. À. Ùîãîë¹â

Âiäïîâiäàëüíèé ðåäàêòîð � Î. Ä. Êi÷ìàðåíêî

¾Âiñíèê Îäåñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó. Ìàòåìàòèêà i ìåõàíiêà¿
âíåñåíèé äî Ïåðåëiêó íàóêîâèõ ôàõîâèõ
âèäàíü Óêðà¨íè ïîñòàíîâîþ Ïðåçèäi¨ ÂÀÊ
Óêðà¨íè � 1-05/2 âiä 10.03.2010 ð.

c© Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íèêîâà, 2013



ISSN 2304�1579

MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE
Odesa I. I. Mechnikov National University

VISNYK
ODESKOHO

NATSIONALNOHO

UNIVERSYTETU

(Odesa National University Herald)

Matematyka i Mekhanika
(Mathematics and Mechanics)

Scientific journal

Published four times a year

Series founded in January, 1997

Volume 18. Issue 1 (17). 2013

Odesa
«Astroprint»
2013



Founder: Odesa I. I. Mechnikov National University

Editorial board of the journal

I. M. Koval (Editor-in-chief)
O. V. Zaporozhchenko (Deputy Editor-in-chief)

V. O. Ivanytsia (Deputy Editor-in-chief)
Ye. L. Streltsov (Deputy Editor-in-chief)

S. M. Andrievskyi
Yu. F. Vaksman
V. V. Glebov
L. Ì. Golubenko
L. M. Dunaeva

V. V. Zamorov
V. Ye. Kruglov
V. G. Kushnir
V. V. Menchuk
O. V. Smyntyna

V. I. Truba
O. V. Tiurin
Ye. A. Cherkez
Ye. M. Chernoivanenko

Editorial board of the series

Mathematics and mechanics

V. Ye. Kruglov (Scienti�c Editor)
V. M. Evtukhov (Deputy Scienti�c Editor)

À. Àshyralyev
L. Fridman
I. K�atai
A. Laurin�cikas
S. K. Aslanov
R. D. Bantsuri
V. I. Bernik
O. A. Boichuk
N. D. Vaysfeld
P. D. Varbanets
O. V. Verbitsky
O. N. Vitjuk
G. O. Voropaev
I. M. Gashenenko
D. V. Dmitrishin

A. A. Dorogovtsev
V. I. Zhukodsky
M. I. Ivanchov
A. I. Kalinin
V. O. Kapustyan
I. T. Kiguradze
P. I. Kogut
An. O. Korenovskyi
O. V. Kostin
O. F. Kryvyy
D. D. Leshchenko
A. D. Milko
S. M. Mkhitaryan
O. V. Onishchuk
O. G. Nakonechny

Yu. V. Nesterenko
A. P. Petravchuk
V. V. Pichkur
A. V. Plotnikov
V. G. Samoilenko
O. M. Stanzhytskyi
E. O. Storozhenko
W. I. Sushchansky
Yu. V. Teplinskyi
R. S. Hapko
I. M. Cherevko
V. V. Sharko
I. A. Shevchuk
G. A. Shynkarenko
S. A. Schogolev

Executive Editor � O. D. Kichmarenko

c© Odesa I. I. Mechnikov National University, 2013



ISSN 2304-1579. Âiñíèê Îä. íàö. óí-òó. Ìàò. i ìåõ. � 2013 . � Ò. 18, âèï. 1(17)

ÇÌIÑÒ

Ì À Ò Å Ì À Ò È Ê À

Àðñèðèé À. Â. Ìåòîä ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
ìíîãîçíà÷íîé òðàåêòîðèåé ñ òåðìèíàëüíûì êðèòåðèåì êà÷åñòâà . 7

Áåëîçåðîâ Ã. Ñ. Î ÷èñëå ðåøåíèé îäíîãî ñðàâíåíèÿ â êîëüöå Z[i] 16

Âîðîáüåâ ß. À. Ïëîòíîñòíàÿ òåîðåìà äëÿ Z-ôóíêöèè Ãåêêå ïîëÿ
ãàóññîâûõ ÷èñåë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Ãóíÿâèé Î. À. Íàáëèæåííÿ äðîáîâèõ ÷àñòèí òðèãîíîìåòðè÷íèìè
ïîëiíîìàìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Æó÷îê À. Â., Æó÷îê Þ. Â. Íàïiâðåòðàêöi¨ äåÿêèõ àëãåáðà¨÷íèõ
ñèñòåì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Ñàâàñòðó Î. Â. Î ðàñïðåäåëåíèè öåëûõ òî÷åê íà ïîâåðõíîñòè
u2 + v2 = n3 â àðèôìåòè÷åñêîé ïðîãðåññèè . . . . . . . . . . . . . 67

Ñåðãååâ Ñ. Ñ., ×àí Òõå Âèíü Ìóëüòèïëèêàòèâíûå ôóíêöèè,
âçâåøåííûå ñóììàìè Êëîñòåðìàíà . . . . . . . . . . . . . . . . . . 75

Balyas L. The distribution of the solutions of the congruences of
special form modulo pn . . . . . . . . . . . . . . . . . . . . . . . . . 85

Varbanets S. Linear-inversive prn's generator with power of two mod-
ulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

Lelechenko A. V. Parity of the number of primes in a given interval
and algorithms of the sublinear summation . . . . . . . . . . . . . . 104

Fugelo N. A., Popovich P. Square-free numbers in the sequence {n2+1}115

Ì Å Õ À Í I Ê À

Êðèâèé Î. Ô. Òóíåëüíå âêëþ÷åííÿ ïðè çìiøàíèõ óìîâàõ âçà¹ìîäi¨
iç êóñêîâî-îäíîðiäíèì àíiçîòðîïíèì ïðîñòîðîì . . . . . . . . . . . 121

Øîò I. ß. ×èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê,
ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ . . . . . . . . . . . . . . . . . . . 132



ISSN 2304-1579. Visnyk Odesk. Nats. Univers. Mat. i Mekh. � 2013 . � V. 18, Is. 1(17)

CONTENTS

M A T H E M A T I C S

Arsirii A. V. Method of solving the optimal control problem of the
setvalued trajectory with terminal criteria of quality . . . . . . . . . 7

Belozerov G. S. About number of solutions of one congruence on ring
Z[i] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Vorobyov Y. A. Dense theorem for Hecke Z-function over the �eld of
Gaussian numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Gunyavy O. A. Approximation of the fractional part with help of
trigonometric polynomials . . . . . . . . . . . . . . . . . . . . . . . . 39

Zhuchok A. V., Zhuchok Yu. V. Semiretractions of some algebraic
systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Savastru O. V. About the distribution of integer points on the surface
u2 + v2 = n3 in an arithmetic progression . . . . . . . . . . . . . . . 67

Sergeev S. S., Tran Vinh Tkhe Multiplicative function of the weighted
sum Kloosterman . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Balyas L. The distribution of the solutions of the congruences of
special form modulo pn . . . . . . . . . . . . . . . . . . . . . . . . . 85

Varbanets S. Linear-inversive prn's generator with power of two mod-
ulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

Lelechenko A. V. Parity of the number of primes in a given interval
and algorithms of the sublinear summation . . . . . . . . . . . . . . 104

Fugelo N. A., Popovich P. Square-free numbers in the sequence {n2+1}115

M E C H A N I C S

Kryvyy O. F. Tunnel inclusion in mixed conditions of interaction with
piecewise homogeneous anisotropic space . . . . . . . . . . . . . . . . 121

Shot I. Ya. Numerical solution of problems in the theory of thin shells
compliant to shear and compression . . . . . . . . . . . . . . . . . . 132



ISSN 2304-1579.Âiñíèê Îä. íàö. óí-òó. Ìàò. i ìåõ.�2013 .�Ò. 18, âèï. 1(17).�Ñ. 7�15

Ì À Ò Å Ì À Ò È Ê À

Mathematical Subject Classi�cation: 49M53
ÓÄÊ 917.7

À. Â. Àðñèðèé
Îäåññêèé íàöèîíàëüíèé óíèâåðñèòåò èìåíè È. È. Ìå÷íèêîâà

ÌÅÒÎÄ ÐÅØÅÍÈß ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß
ÌÍÎÃÎÇÍÀ×ÍÎÉ ÒÐÀÅÊÒÎÐÈÅÉ Ñ ÒÅÐÌÈÍÀËÜÍÛÌ

ÊÐÈÒÅÐÈÅÌ ÊÀ×ÅÑÒÂÀ

Àðñiðié À. Â. Ìåòîä ðîçâ'ÿçàííÿ çàäà÷i îïòèìàëüíîãî êåðóâàííÿ áàãà-

òîçíà÷íîþ òðà¹êòîði¹þ ç òåðìiíàëüíèì êðèòåði¹ì ÿêîñòi. Ó äàíié ñòàòòi ðîç-

ãëÿäà¹òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ áàãàòîçíà÷íîþ òðàåêòîði¹þ ç òåðìiíàëüíèì

êðèòåði¹ì ÿêîñòi. Ïðîïîíó¹òüñÿ ÷èñåëüíî-àñèìïòîòè÷íèé ìåòîä ðîçâ'ÿçàííÿ, ùî áàçó-

¹òüñÿ íà çâåäåííi äàíî¨ çàäà÷i äî çàäà÷i ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ.

Êëþ÷îâi ñëîâà: çàäà÷i êåðóâàííÿ, áàãàòîçíà÷íi âiäîáðàæåííÿ, äèôåðåíöiàëüíi ðiâ-

íÿííÿ ç ïîõiäíîþ Õóêóõàðè, êóñêîâî-ñòàëi êåðîâàíi ñèñòåìè.

Àðñèðèé À. Â. Ìåòîä ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ìíîãî-

çíà÷íîé òðàåêòîðèåé ñ òåðìèíàëüíûì êðèòåðèåì êà÷åñòâà. Â äàííîé ñòàòüå

ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ìíîãîçíà÷íîé òðàåêòîðèåé c òåðìè-

íàëüíûì êðèòåðèåì êà÷åñòâà. Ïðåäëàãàåòñÿ ÷èñëåííî-àññèìïòîòè÷åñêèé ìåòîä ðåøå-

íèÿ, îñíîâàííûé íà ñâåäåíèè äàííîé çàäà÷è ê çàäà÷å ìíîãîìåðíîé îïòèìèçàöèè.

Êëþ÷åâûå ñëîâà: çàäà÷è óïðàâëåíèÿ, ìíîãîçíà÷íûå îòîáðàæåíèÿ, äèôôåðåíöèàëü-

íûå óðàâíåíèÿ ñ ïðîèçâîäíîé Õóêóõàðû, êóñî÷íî-ïîñòîÿííûå óïðàâëÿåìûå ñèñòåìû.

Arsirii A. V. Method of solving the optimal control problem of the setval-

ued trajectory with terminal criteria of quality. In the given article we consider

the optimal control problem of the setvalued trajectory with the terminal criteria of quality.

The approximated (numerical) method of control problem decision is offered. This method

is based on leading the initial control problem to the mathematical programming problem.

Key words: control problem, set-valued map, differential equation with the Hukuhara

derivative, piecewise constant control systems.

Ââåäåíèå.

Ñ êîíöà 60-õ ãîäîâ 20 âåêà íà÷àëîñü áóðíîå ðàçâèòèå òåîðèè ìíîãîçíà÷íûõ
îòîáðàæåíèé è â [10] M. Hukuhara ââåë ïðîèçâîäíóþ è èíòåãðàë îò ìíîãîçíà÷íûõ
îòîáðàæåíèé è èññëåäîâàë èõ ñâÿçü ìåæäó ñîáîé. Âïîñëåäñòâèè, â ðàáîòå F.
S. de Blasi è F. Iervolino [7] áûëè ðàññìîòðåíû äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ
ïðîèçâîäíîé Õóêóõàðû, ââåäåíû ðàçëè÷íûå îïðåäåëåíèÿ ðåøåíèé è äîêàçàíû
òåîðåìû èõ ñóùåñòâîâàíèÿ [8, 9], à M. Kisielewicz [13] è À. Â. Ïëîòíèêîâ [5]
ðàññìîòðåëè âîçìîæíîñòü ïðèìåíåíèÿ íåêîòîðûõ ñõåì óñðåäíåíèÿ äëÿ íèõ.

Óðàâíåíèÿ ñ ïðîèçâîäíîé Õóêóõàðû áûëè èñïîëüçîâàíû À. À. Òîëñòîíîãî-
âûì [6] ïðè èçó÷åíèè íåêîòîðûõ ñâîéñòâ �èíòåãðàëüíîé âîðîíêè� äèôôåðåíöè-
àëüíîãî âêëþ÷åíèÿ â Áàíàõîâîì ïðîñòðàíñòâå, à O. Kaleva [11, 12] èñïîëüçîâàë
èõ ïðè èññëåäîâàíèè óðàâíåíèé ñ íå÷åòêèìè íà÷àëüíûìè óñëîâèÿìè.

c© À. Â. Àðñèðèé, 2013



8 À. Â. Àðñèðèé

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ ñèñòåìîé, ñîñòîÿíèå êî-
òîðîé îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïðîèçâîäíîé Õóêóõàðû.
Â ñòàòüÿõ [1, 14] îáîñíîâûâàåòñÿ âîçìîæíîñòü çàìåíû èñõîäíîãî äîïóñòèìîãî
óïðàâëåíèÿ íà ïðèáëèæåííîå êóñî÷íî-ïîñòîÿííîå. Â äàííîé ñòàòüå ïðèâîäèòñÿ
àëãîðèòì ÷èñëåííî-àññèìïòîòè÷åñêîãî ìåòîäà ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è
äëÿ ñëó÷àÿ R2, îñíîâàííûé íà ñâåäåíèè çàäà÷è óïðàâëåíèÿ ê çàäà÷å ìíîãîìåðíîé
îïòèìèçàöèè.

Ïóñòü Rn � n-ìåðíîå âåùåñòâåííîå åâêëèäîâî ïðîñòðàíñòâî âåêòîðîâ x =

= (x1, ..., xn)T ñ íîðìîé ‖x‖ =

√
n∑
i=1

x2
i .

Ïóñòü Conv(Rn) ïðîñòðàíñòâî íåïóñòûõ êîìïàêòíûõ è âûïóêëûõ ïîäìíîæåñòâ
åâêëèäîâîãî ïðîñòðàíñòâà Rn ñ ìåòðèêîé Õàóñäîðôà

h(A,B) = min{r ≥ 0|A ⊂ Sr(B), B ⊂ Sr(A)},

ãäå A,B ∈ Conv(Rn), Sr(a) � øàð ðàäèóñà r ñ öåíòðîì â òî÷êå a.

Îïðåäåëåíèå 1. [4] Ïóñòü A,B ∈ Conv(Rn). Åñëè ñóùåñòâóåò ìíîæå-
ñòâî C ∈ Conv(Rn) òàêîå, ÷òî A = B +C, òî C íàçûâàåòñÿ ðàçíîñòüþ Õóêó-
õàðû ìíîæåñòâ A è B è îáîçíà÷àåòñÿ AhB.

Îïðåäåëåíèå 2. [4] Ìíîãîçíà÷íîå îòîáðàæåíèå F (·) : R1 → Conv(Rn)
äèôôåðåíöèðóåìî ïî Õóêóõàðå â òî÷êå t ∈ R1, åñëè ñóùåñòâóåò DhF (t) ∈
∈ Conv(Rn) òàêîå, ÷òî ïðåäåëû

lim
∆t→0+

1

∆t
(F (t+ ∆t)

h
F (t)), lim

∆t→0+

1

∆t
(F (t)

h
F (t−∆t))

ñóùåñòâóþò è ðàâíû DhF (t).

Îñíîâíûå ðåçóëüòàòû.

Ðàññìîòðèì óïðàâëÿåìîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïðîèçâîäíîé Õóêó-
õàðû âèäà:

DhX(t, u) = A(t)X(t, u) + F (t, u), X(0, u) = X0, (1)

ãäå t ∈ [0, T ]; u(t) ∈ Rn � óïðàâëÿþùåå âîçäåéñòâèå; X(·, u) : [0, T ]×Rn →
→ Conv(Rn) � ìíîãîçíà÷íîå îòîáðàæåíèå, îïðåäåëÿþùåå ñîñòîÿíèå ñèñòåìû;
DhX(t, u) � ïðîèçâîäíàÿ Õóêóõàðû; A(t) � ìàòðèöà ñ ýëåìåíòàìè aij(t) ïîðÿäêà
(n× n); F (·, u) : [0, T ]×Rn → Conv(Rn) � ìíîãîçíà÷íîå îòîáðàæåíèå.

Ââåäåì ñëåäóþùèé êðèòåðèé êà÷åñòâà

I(u) = Φ(X(T, u)), (2)

ãäå Φ(·) : Conv(Rn)→ R1.

Îïðåäåëåíèå 3. [3] Ìíîæåñòâî èçìåðèìûõ ôóíêöèé òàêèõ, ÷òî u(t) ∈
∈ U äëÿ âñåõ t ∈ [0, T ], áóäåì íàçûâàòü ìíîæåñòâîì äîïóñòèìûõ óïðàâëåíèé
è îáîçíà÷àòü LU [0, T ] (èëè LU).
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Äàëåå â êà÷åñòâå ìíîæåñòâà äîïóñòèìûõ óïðàâëåíèé áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå ïðÿìîóãîëüíûå îáëàñòè LU =
n∏
j=1

[ujmin, u
j
max].

Åñëè ïðîâåñòè çàìåíó èñõîäíîãî èçìåðèìîãî óïðàâëåíèÿ u(t) â çàäà÷å óïðàâ-
ëåíèÿ (1), (2) êóñî÷íî-ïîñòîÿííîé ôóíêöèåé, òî ðåøåíèå çàäà÷è ñòàíåò íàìíî-
ãî áîëåå ïðîñòûì. Ðàçðàáîòàí àëãîðèòì ïîñòðîåíèÿ ïðèáëèæåííîãî êóñî÷íî-
ïîñòîÿííîãî óïðàâëåíèÿ.

Òåîðåìà 1. [2, 14] Ïóñòü u(t) = (u1(t), u2(t), ..., un(t)) � èçìåðèìàÿ ôóíê-
öèÿ íà îòðåçêå [0, T ] òàêàÿ, ÷òî uj(t) ∈ [ujmin, u

j
max], j = 1, n äëÿ âñåõ t ∈ [0, T ].

Ðàçîáüåì îòðåçîê [0, T ] íà k ÷àñòåé [(i− 1)∆, i∆], i = 1, k, ∆ = T
k . Òîãäà ñóùå-

ñòâóåò êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ u(t), óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëî-
âèÿì:

1) u(t) � ïîñòîÿííàÿ íà êàæäîì èç îòðåçêîâ [(i− 1)∆, i∆], i = 1, k;
2) ui(t) = {(u1

i (t), ..., u
n
i (t))T : uji (t) ∈ {u

j
min, u

j
max}, i = 1, k, j = 1, n} äëÿ âñåõ

t ∈ [0, T ];
3) äëÿ ëþáîãî t ∈ [0, T ] ñïðàâåäëèâî íåðàâåíñòâî∥∥∥∥∥∥

t∫
0

u(s)ds−
t∫

0

u(s)ds

∥∥∥∥∥∥ ≤ 1

2
‖umax − umin‖∆. (3)

ãäå umin = (u1
min, ..., u

n
min), umax = (u1

max, ..., u
n
max).

Â ñëåäóþùåé òåîðåìå äîêàçàíà áëèçîñòü ðåøåíèé óðàâíåíèÿ (1), ñîîòâåòñòâó-
þùèõ èñõîäíîìó èçìåðèìîìó óïðàâëåíèþ è ïîñòðîåííîìó êóñî÷íî-ïîñòîÿííîìó.

Òåîðåìà 2. [14] Ïóñòü óðàâíåíèå (1) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ìàòðèöà A(t) � èçìåðèìà íà [0, T ];

2) ñóùåñòâóåò êîíñòàíòà a > 0 òàêàÿ, ÷òî ‖A(t)‖ =

√
n∑
i=1

n∑
j=1

a2
ij(t) ≤ a äëÿ

ïî÷òè âñåõ t ∈ [0, T ];
3) ìíîãîçíà÷íîå îòîáðàæåíèå F (t, u) èçìåðèìî ïî t è íåïðåðûâíî ïî u;
4) ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ f(t) > 0 òàêàÿ, ÷òî h(F (t, u), {0}) ≤ f(t)
äëÿ ïî÷òè âñåõ t ∈ [0, T ] è ∀u ∈ LU ;
5) äëÿ âñåõ u1(·), u2(·) ∈ LU è t ∈ [0, T ] ñóùåñòâóåò êîíñòàíòà µ òàêàÿ, ÷òî

h

 t∫
0

F (s, u1(s))ds,

t∫
0

F (s, u2(s))ds

 ≤ µ
∥∥∥∥∥∥

t∫
0

u1(s)ds−
t∫

0

u2(s)ds

∥∥∥∥∥∥ .
Òàêæå ïóñòü u(·) � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëåíèå, à X(t, u) � ñîîò-
âåòñòâóþùåå åìó ìíîãîçíà÷íîå ðåøåíèå óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì
X(0, u) = X0. Ðàçîáúåì îòðåçîê [0, T ] íà k ÷àñòåé è ñêîíñòðóèðóåì óïðàâëåíèå
u(·), ñîãëàñíî òåîðåìå 1, è ïóñòü X(t, u) � ñîîòâåòñòâóþùåå ìíîãîçíà÷íîå
ðåøåíèå óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì X(0, u) = X0. Òîãäà äëÿ âñåõ
t ∈ [0, T ] âûïîëíÿåòñÿ íåðàâåíñòâî

h(X(t, u), X(t, u)) ≤ C1
∆

2
‖umax − umin‖, (4)
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ãäå C1 = µeaT , ∆ = T
k , umax = (u1

max, ..., u
n
max), umin = (u1

min, ..., u
n
min).

Òàêæå äîêàçàíà áëèçîñòü çíà÷åíèé êðèòåðèåâ êà÷åñòâà, ñîîòâåòñòâóþùèõ èñ-
õîäíîìó èçìåðèìîìó óïðàâëåíèþ è ïîñòðîåííîìó êóñî÷íî-ïîñòîÿííîìó.

Òåîðåìà 3. [1] Ïóñòü çàäà÷à (1), (2) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ìàòðèöà A(t) � èçìåðèìà íà [0, T ];

2) ñóùåñòâóåò êîíñòàíòà a > 0 òàêàÿ, ÷òî ‖A(t)‖ =

√
n∑
i=1

n∑
j=1

a2
ij(t) ≤ a äëÿ

ïî÷òè âñåõ t ∈ [0, T ];
3) ìíîãîçíà÷íîå îòîáðàæåíèå F (t, u) èçìåðèìî ïî t è íåïðåðûâíî ïî u;
4) ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ f(t) > 0 òàêàÿ, ÷òî h(F (t, u), {0}) ≤ f(t)
äëÿ ïî÷òè âñåõ t ∈ [0, T ] è ∀u ∈ LU ;
5) äëÿ âñåõ u1(·), u2(·) ∈ LU è t ∈ [0, T ] ñóùåñòâóåò êîíñòàíòà µ òàêàÿ, ÷òî

h

 t∫
0

F (s, u1(s))ds,

t∫
0

F (s, u2(s))ds

 ≤ µ
∥∥∥∥∥∥

t∫
0

u1(s)ds−
t∫

0

u2(s)ds

∥∥∥∥∥∥ ;

6) îòîáðàæåíèå Φ(·) íåïðåðûâíî íà Conv(Rn) è óäîâëåòâîðÿåò óñëîâèþ Ëèï-
øèöà ñ ïîñòîÿííîé λ.

u(t) � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëåíèå äëÿ óðàâíåíèÿ (1) íà ïðîìå-
æóòêå âðåìåíè [0, T ]. Ðàçîáúåì îòðåçîê [0, T ] íà k ÷àñòåé è ñêîíñòðóèðóåì
óïðàâëåíèå u(t), ñîãëàñíî òåîðåìå 1. Òîãäà äëÿ âñåõ t ∈ [0, T ] âûïîëíÿåòñÿ íåðà-
âåíñòâî

|I(u)− I(u)| ≤ C2
∆

2
‖umax − umin‖, (5)

ãäå C2 = λµeaT , ∆ = T
k , umax = (u1

max, ..., u
n
max), umin = (u1

min, ..., u
n
min).

Ïðèâåäåì àëãîðèòì ìåòîäà ðåøåíèÿ äàííîé çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ (1), (2) äëÿ R2. Äëÿ ïðîñòîòû áóäåì ñ÷èòàòü ìàòðèöó A è îòêëîíåíèå F
ïîñòîÿííûìè.

Çàäàäèì ε > 0. Íàéäåì ∆ èç âûðàæåíèÿ:

0 ≤ ∆ ≤ ε

λµeaT ‖umax − umin‖
.

Ïîëó÷àåì ðàçáèåíèå ïðîìåæóòêà âðåìåíè íà k = T
∆ ÷àñòåé:

t0 = 0, tk = T, ti = t0 + i∆, i = 1, ..., k. (6)

Ïóñòü u∗(·) � îïòèìàëüíîå äîïóñòèìîå óïðàâëåíèå. Åñëè ïîñòðîèòü ïðèáëè-
æåííîå êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå uk(·) ñîãëàñíî òåîðåìå 1, òî

|I(u∗)− I(uk)| ≤ λµeaT ∆

2
‖umax − umin‖ <

ε

2
.

Íî ìû íå çíàåì óïðàâëåíèå u∗(·) è ïîýòîìó íå ìîæåì ïîñòðîèòü óïðàâëåíèå
uk(·). Çíà÷èò íàéäåì îïòèìàëüíîå óïðàâëåíèå uk∗(·) ïî äàííîìó ðàçáèåíèþ ∆.
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Î÷åâèäíî, ÷òî I(uk∗) ≥ I(uk). (Òàê êàê ðàçáèåíèå ïðîìåæóòêà âðåìåíè îñòà-
åòñÿ íåèçìåííûì.)

Ñëåäîâàòåëüíî, I(u∗) ≥ I(uk∗) ≥ I(uk), ò.å.

|I(u∗)− I(uk∗)| ≤ λµeaT
∆

2
‖umax − umin‖ <

ε

2
.

Òàê êàê íà êàæäîì èç ïðîìåæóòêîâ [ti−1, ti] óïðàâëåíèå ïîñòîÿííî, òî

uk(t) =


w1, t ∈ [t0, t1]
w2, t ∈ [t1, t2]
. . .
wk, t ∈ [tk−1, tk]

, wi ∈ U. (7)

Çàïèøåì óðàâíåíèå (1) â âèäå èíòåãðàëüíîãî óðàâíåíèÿ ïðè u(t) = uk(t).

X(t, uk) = X0 +

t∫
0

[
AX(s, uk) + F (s, uk(s))

]
ds.

Âîñïîëüçóåìñÿ âîçìîæíîñòüþ àïïðîêñèìàöèè �ëîìàíûìè Ýéëåðà�

X(ti, w1, ..., wi) = X(ti−1, w1, ..., wi−1) + ∆[AX(ti−1, w1, ..., wi−1) + F (ti−1, wi)],

X(t0, u
k) = X0.

Ïðèìåíèì àïïàðàò îïîðíûõ ôóíêöèé

C(X(ti, w1, .., wi), ψ) = C(X(ti−1, w1, ..., wi−1), ψ)+

+∆[C(X(ti−1, w1, ..., wi−1), ATψ) + C(F (ti−1, wi), ψ)]. (8)

Òàêèì îáðàçîì ïîëó÷èëè ðàñ÷åòíóþ ôîðìóëó äëÿ ïîñòðîåíèÿ àïïðîêñèìàöèè
�ëîìàííûìè Ýéëåðà� äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîäíîé Õóêóõàðû.
Çíà÷åíèå C(X(ti−1, w1, ..., wi−1), ATψ) áóäåì èñêàòü ñëåäóþùèì îáðàçîì:

C(X(ti−1, w1, ..., wi−1), ATψ) =

= C(X(ti−1, w1, ..., wi−1),
ATψ

‖ATψ‖
)
∥∥ATψ∥∥ . (9)

Âåêòîð ψ ìåíÿåòñÿ, ïîýòîìó íàéäåííîå çíà÷åíèå C(X(ti−1, w1, ..., wi−1), ATψ)
ñëåäóåò ñóììèðîâàòü ñî çíà÷åíèÿìè C(X(ti−1, w1, ..., wi−1), ψ) è C(F (ti−1, wi), ψ),
êîòîðûì ñîîòâåòñòâóåò òàêîå æå çíà÷åíèå ψ.

Òàêèì îáðàçîì, ðåøàòü óðàâíåíèå (1) â ÿâíîì âèäå äîâîëüíî òðóäíî, ò.ê.
ðåøåíèåì ÿâëÿåòñÿ ìíîãîçíà÷íîå îòîáðàæåíèå, íî ýòî îêàçûâàåòñÿ âïîëíå âû-
ïîëíèìûì, åñëè èìåòü äåëî íå ñ ñàìèì ìíîæåñòâîì, à ñ åãî îïîðíîé ôóíêöèåé.

Ðàçîáüåì ñåãìåíò [0, 2π] íàm ÷àñòåé è ïîëó÷èìm çíà÷åíèé óãëà γ. Î÷åâèäíî,
÷òî òî÷íîñòü íàéäåííîãî óïðàâëåíèÿ çàâèñèò îò m. Òî åñòü ìû áóäåì â äâà ðàçà
óâåëè÷èâàòü ÷èñëî òî÷åê ðàçáèåíèÿ m, ïîêà íå äîñòèãíåì íóæíîé íàì òî÷íîñòè
íàõîæäåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ. Âåêòîð ψ îïðåäåëèì ñëåäóþùèì îáðàçîì

ψ =

(
ψ1

ψ2

)
ψ1 = cos γ,
ψ2 = sin γ.

(10)
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Çàòàáóëèðóåì äëÿ êàæäîãî çíà÷åíèÿ óãëà γ çíà÷åíèå îïîðíîé ôóíêöèè íà-
÷àëüíîãî ìíîæåñòâà X0, ò.å. C(X0, ψ), à òàêæå çíà÷åíèÿ îïîðíîé ôóíêöèè ìíî-
æåñòâà F , ò.å. C(F,ψ). Â êàæäûé ìîìåíò âðåìåíè ti ìû ïîëó÷àåì m çíà÷åíèé
îïîðíîé ôóíêöèè è m çíà÷åíèé îïîðíîãî âåêòîðà ψ, êîòîðûå îïðåäåëÿþò m
òî÷åê íà ãðàíèöå ìíîæåñòâà X(ti, w1, ..., wi). Îäíàêî ñàìè òî÷êè ìû ïîëó÷èòü
íå ñìîæåì, ò.ê. îïîðíàÿ ôóíêöèÿ îïðåäåëÿåò öåëóþ îïîðíóþ ãèïåðïëîñêîñòü è
íåèçâåñòíî, êàêàÿ èìåííî òî÷êà ýòîé ãèïåðïëîñêîñòè ÿâëÿåòñÿ òî÷êîé ãðàíèöû
ìíîæåñòâà X(ti, w1, ..., wi). Íî ìû ñìîæåì ïîñòðîèòü ïðèáëèæåíèå ìíîæåñòâà
X(ti, w1, ..., wi) â âèäå îïèñàííîãî ìíîãîóãîëüíèêà, âåðøèíàìè êîòîðîãî ÿâëÿþò-
ñÿ òî÷êè ïåðåñå÷åíèÿ ãèïåðïëîñêîñòåé, îïðåäåëÿåìûìè îïîðíûìè ôóíêöèÿìè è
îïîðíûìè âåêòîðàìè. Äëÿ íàõîæäåíèÿ êàæäîé j-é âåðøèíû ìíîãîóãîëüíèêà
äëÿ ìíîæåñòâà, îáðàçóåìîãî îòîáðàæåíèåì X(ti, w1, ..., wi) â êîíêðåòíûé ìîìåíò
âðåìåíè, áóäåì ðåøàòü ñèñòåìó óðàâíåíèé{

x1
1ψ

j
1 + x2

1ψ
j
2 = C(X(ti), ψ

j),

x1
1ψ

j+1
1 + x2

1ψ
j+1
2 = C(X(ti), ψ

j+1).
(11)

Ïîñëå ïåðâîãî øàãà ìû ïîëó÷èì âûðàæåíèÿ äëÿ çíà÷åíèé îïîðíîé ôóíêöèè
C(X(t1, w1), ψ) è òî÷åê ãðàíèöû ìíîæåñòâà X(t1, w1), çàâèñÿùèå îò w1,

C(X(t1, w1), ψ) :


C(X(t1, w1), ψ1)
C(X(t1, w1), ψ2)
. . .
C(X(t1, w1), ψm)

 ,

X(t1, w1) :


X1

(1)(t1, w1), X2
(1)(t1, w1) . . . Xn

(1)(t1, w1)

X1
(2)(t1, w1), X2

(2)(t1, w1) . . . Xn
(2)(t1, w1)

. . .
X1

(m)(t1, w1), X2
(m)(t1, w1) . . . Xn

(m)(t1, w1)

 .

Ïîñëå âòîðîãî øàãà � çàâèñÿùèå îò w1 è w2

C(X(t2, w1, w2), ψ) :


C(X(t2, w1, w2), ψ1)
C(X(t2, w1, w2), ψ2)
. . .
C(X(t2, w1, w2), ψm)

 ,

X(t2, w1, w2) :


X1

(1)(t2, w1, w2), X2
(1)(t2, w1, w2) . . . Xn

(1)(t2, w1, w2)

X1
(2)(t2, w1, w2), X2

(2)(t2, w1, w2) . . . Xn
(2)(t2, w1, w2)

. . .
X1

(m)(t2, w1, w2), X2
(m)(t2, w1, w2) . . . Xn

(m)(t2, w1, w2)


è ò.ä.

È, íàêîíåö, ìû ïîëó÷èì âûðàæåíèÿ äëÿ C(X(T,w1, . . . , wk), ψ) è äëÿ
X(T,w1, . . . , wk), çàâèñÿùèå ñîîòâåòñòâåííî îò w1, . . . wk:

C(X(T,w1, . . . , wk), ψ) :


C(X(T,w1, . . . , wk), ψ1)
C(X(T,w1, . . . , wk), ψ2)
. . .
C(X(T,w1, . . . , wk), ψm)

 ,
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X(T,w1, . . . , wk) :


X1

(1)(T,w1, . . . , wk), . . . Xn
(1)(T,w1, . . . , wk)

X1
(2)(T,w1, . . . , wk), . . . Xn

(2)(T,w1, . . . , wk)

. . .
X1

(m)(T,w1, . . . , wk), . . . Xn
(m)(T,w1, . . . , wk)

 .

È òåïåðü, ÷òîáû íàéòè óïðàâëåíèå, îïòèìàëüíîå äëÿ äàííîãîm (îïòèìàëüíîå
áóäåì ïîíèìàòü êàê ìàêñèìèííîå èëè êàê ìàêñèìàêñíîå), êîòîðîå áóäåò ãàðàí-
òèðîâàòü íàì ìàêñèìóì êðèòåðèÿ êà÷åñòâà, íàì ñëåäóåò ðåøèòü çàäà÷ó ìàòåìà-
òè÷åñêîãî ïðîãðàììèðîâàíèÿ:

I(w1, w2, . . . , wk) = Φ(X(T,w1, w2, . . . , wk))→ max, (12)

W : {w1, . . . , wk|w1 ∈ U, ..., wk ∈ U}. (13)

Ñíà÷àëà òðåáóåòñÿ ðåøèòü m çàäà÷ óñëîâíîé ìàêñèìèçàöèè ôóíêöèé k × n
ïåðåìåííûõ (òàê êàê ñàìè âåêòîðû w1, w2 . . . , wk ðàçìåðíîñòè n) íà çàìêíóòîì
ìíîæåñòâå W :

Φ(X(1)(T,w1, w2, . . . , wk))→ max,
w1 ∈ U, w2 ∈ U, . . . wk ∈ U ;

Φ(X(2)(T,w1, w2, . . . , wk))→ max,
w1 ∈ U, w2 ∈ U, . . . wk ∈ U ;

. . . . . . . . .

Φ(X(m)(T,w1, w2, . . . , wk))→ max,
w1 ∈ U, w2 ∈ U, . . . wk ∈ U.

Ïîñëå ÷åãî ìû ïîëó÷èì m çíà÷åíèé öåëåâîé ôóíêöèè è m çíà÷åíèé óïðàâ-
ëåíèÿ (w1, w2, . . . , wk).

Òåïåðü ìû íàõîäèì ìàêñèìàëüíîå çíà÷åíèå èç ïîëó÷åííûõ çíà÷åíèé öåëå-
âûõ ôóíêöèé, è óïðàâëåíèå, ñîîòâåòñòâóþùåå ýòîìó ìàêñèìàëüíîìó çíà÷åíèþ
öåëåâîé ôóíêöèè, è áóäåò èñêîìûì îïòèìàëüíûì äëÿ äàííîãî m óïðàâëåíèåì
u∗.

Áóäåì ñ÷èòàòü, ÷òî îïòèìàëüíîå óïðàâëåíèå íàéäåíî ñ òî÷íîñòüþ ε è ïðå-
êðàùàåì ñ÷åò, åñëè

|I(uk∗m)− I(uk∗2m)| < ε

2
, (14)

ãäå k � ðàçáèåíèå ïðîìóæåòêà âðåìåíè, îíî íå ìåíÿåòñÿ, à m è 2m � ðàçáèåíèå
ñåãìåíòà [0, 2π] íà ïîñëåäíåé è ïðåäïîñëåäíåé èòåðàöèè àëãîðèòìà.

Òåïåðü, òàê êàê äëÿ íàõîæäåíèÿ X(m)(T,w1, w2, . . . , wk) ìû èñïîëüçîâàëè ìå-
òîä �ëîìàíûõ Ýéëåðà� (8), ìû ïðîâåðèì âîçìîæíîñòü óòî÷íèòü çíà÷åíèå êðè-
òåðèÿ êà÷åñòâà. Ïîýòîìó ïðè ïîëó÷åííîì óïðàâëåíèè uk∗2m ðàçäåëèì îòðåçîê
[0, T ] íà 2k ÷àñòåé è íàéäåì X2k(T, uk∗2m), à çàòåì Φ(X2k(T, uk∗2m)). Òåïåðü, åñëè
âûïîëíÿåòñÿ íåðàâåíñòâî

|Φ(X2k(T, uk∗2m))− I(uk∗2m)| > ε

2
, (15)

òî ðàçäåëèì îòðåçîê [0, T ] óæå íà 4k, íàéäåì X4k(T, uk∗2m) è ò.ä., à èíà÷å ïðåêðà-
ùàåì ñ÷åò è áóäåì ñ÷èòàòü, ÷òî êðèòåðèé êà÷åñòâà ðàâåí ïîñëåäíåìó íàéäåííîìó
çíà÷åíèþ.
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Íàêîíåö ìû ñìîæåì ïîëó÷èòü ÷èñëåííîå âûðàæåíèå äëÿ ðåøåíèÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîäíîé Õóêóõàðû, ïîäñòàâèâ â íàéäåííûå âûøå
âûðàæåíèÿ äëÿ X(ti), çàâèñÿùèå îò w1, . . . , wi, ïîëó÷åííûå îïòèìàëüíûå çíà÷å-
íèÿ óïðàâëåíèÿ.

Èñõîäÿ èç ïðèâåäåííîãî âûøå, ìû ìîæåì ïðèâåñòè ôîðìàëèçîâàííóþ çàïèñü
àëãîðèòìà. Èòàê, àëãîðèòì ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåñ-
ñîì, îïèñûâàåìûì äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïðîèçâîäíîé Õóêóõàðû (1),
(2):

ØÀÃ 1. Çàäàåì ε > 0 è íàõîäèì ∆ > 0. Ïîëó÷àåì ðàçáèåíèå ïðîìåæóòêà
âðåìåíè ñ ïîìîùüþ (6) íà k ÷àñòåé. Áóäåì èñêàòü îïòèìàëüíîå äëÿ äàííîãî
∆ > 0 óïðàâëåíèå u∗.

ØÀÃ 2. Îáîçíà÷àåì ÷åðåç wi óïðàâëåíèå íà êàæäîì èç ïðîìåæóòêîâ âðåìåíè
[ti−1, ti] ïî ôîðìóëå (7).

ØÀÃ 3. Ðåøàåì ïðèáëèæåííî çàäà÷ó Êîøè (1) ïðè ïîìîùè ðàñ÷åòíîé ôîð-
ìóëû (8), èñïîëüçóÿ àïïàðàò îïîðíûõ ôóíêöèé äëÿm çíà÷åíèé îïîðíîãî âåêòîðà
ψ, è ïî ôîðìóëå (11) âîññòàíàâëèâàåì m çíà÷åíèé òî÷åê ãðàíèöû ìíîãîçíà÷íîãî
îòîáðàæåíèÿ Y â êàæäûé èç ìîìåíòîâ âðåìåíè. (Òî÷íîñòü íàéäåííîãî óïðàâëå-
íèÿ áóäåò çàâèñåòü îò m.)

ØÀÃ 4. Ïîäñòàâëÿåì íàéäåííîå çíà÷åíèåX â âûðàæåíèå äëÿ êðèòåðèÿ êà÷å-
ñòâà (2) è ïîëó÷èì çàäà÷ó ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ (12), (13). Âåðíåå
ìû ïîëó÷èì m çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, êîòîðûå ìîãóò áûòü
ðåøåíû ëþáûì èç ñóùåñòâóþùèõ ìåòîäîâ. Åñëè ìû ïîíèìàåì îïòèìàëüíîå äëÿ
äàííîãî m óïðàâëåíèå êàê äîñòàâëÿþùåå ìàêñèìóì êðèòåðèþ êà÷åñòâà, òî ýòî
áóäóò m çàäà÷ óñëîâíîé ìàêñèìèçàöèè ôóíêöèé íà çàìêíóòîì ìíîæåñòâå W ,
åñëè êàê äîñòàâëÿþùåå ìèíèìóì êðèòåðèþ êà÷åñòâà � òî ýòî áóäóò m çàäà÷
óñëîâíîé ìèíèìèçàöèè ôóíêöèé íà çàìêíóòîì ìíîæåñòâå W .

ØÀÃ 5. Íàõîäèì îïòèìàëüíîå äëÿ äàííîãî m óïðàâëåíèå � ýòî òî óïðàâ-
ëåíèå, êîòîðîå ïðèâåëî ê ìàêñèìàëüíîé èç ïîëó÷åííûõ m öåëåâûõ ôóíêöèé (â
ñëó÷àå ìàêñèìèçàöèè êðèòåðèÿ êà÷åñòâà) èëè ê ìèíèìàëüíîé èç ïîëó÷åííûõ m
öåëåâûõ ôóíêöèé (â ñëó÷àå ìèíèìèçàöèè êðèòåðèÿ êà÷åñòâà).

ØÀÃ 6. Åñëè ýòî ïåðâàÿ èòåðàöèÿ, òî ïîâòîðÿåì øàãè ñ 3 ïî 5 è çàòåì
ïåðåõîäèì ê øàãó 7. Â ïðîòèâíîì ñëó÷àå ñðàçó æå ïåðåõîäèì ê øàãó 7.

ØÀÃ 7. Åñëè âûïîëíÿåòñÿ íåðàâåíñòâî (14), òî ñ÷èòàåì, ÷òî îïòèìàëüíîå
óïðàâëåíèå íàéäåíî ñ òî÷íîñòüþ ε, ïðåêðàùàåì ñ÷åò è ïåðåõîäèì ê øàãó 8. Èíà÷å
ìû ïåðåõîäèì ê øàãó 3 è çàäàåì ðàçáèåíèå ñåãìåíòà [0, 2π] íà 2m ÷àñòåé.

ØÀÃ 8. Â ñâÿçè ñ òåì, ÷òî íà øàãå 3 èñïîëüçîâàëàñü àïïðîêñèìàöèÿ �ëîìàíû-
ìè Ýéëåðà�, íåîáõîäèìî ïðîâåðèòü âîçìîæíîñòü óòî÷íåíèÿ çíà÷åíèÿ êðèòåðèÿ
êà÷åñòâà. Ïðè ïîëó÷åííîì íà ïîñëåäíåé èòåðàöèè óïðàâëåíèè uk∗2m ðàçäåëèì
îòðåçîê [0, T ] íà 2k ÷àñòåé.

ØÀÃ 9. Íàõîäèì X2k(T, uk∗2m), à çàòåì Φ(X2k(T, uk∗2m)).
ØÀÃ 10. Åñëè íå âûïîëíÿåòñÿ íåðàâåíñòâî (15), òî ñ÷èòàåì, ÷òî êðèòåðèé

êà÷åñòâà ðàâåí ïîñëåäíåìó íàéäåííîìó çíà÷åíèþ. Èíà÷å ðàçáèâàåì ñåãìåíò [0, T ]
íà 4k ÷àñòåé è ïåðåõîäèì ê øàãó 9.
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Çàêëþ÷åíèå. Â ñòàòüå ðàññìàòðèâàëàñü çàäà÷à îïòèìàëüíîãî óïðàâëå-
íèÿ ìíîãîçíà÷íîé òðàåêòîðèåé ñ òåðìèíàëüíûì êðèòåðèåì êà÷åñòâà. Ñîñòîÿíèå
ñèñòåìû â çàäà÷å îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïðîèçâîäíîé
Õóêóõàðû. Ðàçðàáîòàí ÷èñëåííî-àñèìïòîòè÷åñêèé ìåòîä ðåøåíèÿ, îñíîâàííûé
íà ñâåäåíèè äàííîé çàäà÷è ê çàäà÷å ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ ïðè çà-
ìåíå èñõîäíîé ôóíêöèè óïðàâëåíèÿ íà ïðèáëèæåííóþ êóñî÷íî�ïîñòîÿííóþ.

1. Àðñèðèé À. Â. Êóñî÷íî-ïîñòîÿííûå ñèñòåìû óïðàâëåíèÿ ìíîãîçíà÷íûìè òðàåê-
òîðèÿìè ñ òåðìèíàëüíûì êðèòåðèåì êà÷åñòâà [òåêñò] / Àðñèðèé À. Â. // Âåñòíèê
Îäåññêîãî íàöèîíàëüíîãî óíèâåðñèòåòà. Ìàòåì. è ìåõàí. � Îäåññà: ÎÍÓ, 2012. �
Ò. 17, Âûï. 4. � Ñ. 9�15.

2. Àðñèðèé À. Â. Ñèñòåìû óïðàâëåíèÿ ìíîãîçíà÷íûìè òðàåêòîðèÿìè ñ òåðìèíàëü-
íûì êðèòåðèåì êà÷åñòâà [òåêñò] / Àðñèðèé À. Â., Ïëîòíèêîâ À. Â. // Óêðàèíñêèé
ìàòåìàòè÷åñêèé æóðíàë. � Êèåâ, 2009. � Ò. 61, � 8. � Ñ. 1141�1146.

3. Ëè Ý. Á. Îñíîâû òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ [òåêñò] / Ëè Ý. Á., Ìàðêóñ Ë.
� Ì., 1972. � 576 ñ.

4. Ïëîòíèêîâ À. Â.Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ �÷åòêîé� è íå÷åòêîé ìíîãîçíà÷-
íîé ïðàâîé ÷àñòüþ [òåêñò] / Ïëîòíèêîâ À. Â., Ñêðèïíèê Í. Â. // Àñèìïòîòè÷åñêèå
ìåòîäû. � Îäåññà: Àñòðîïðèíò, 2009. � 191 ñ.

5. Ïëîòíèêîâ Â. À. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ìíîãîçíà÷íîé ïðàâîé ÷àñòüþ.
Àñèìïòîòè÷åñêèå ìåòîäû [òåêñò] / Ïëîòíèêîâ Â. À., Ïëîòíèêîâ À. Â., Âèòþê À. Í.
� Îäåññà: Àñòðîïðèíò, 1999. � 354 ñ.

6. Òîëñòîíîãîâ À. À. Äèôôåðåíöèàëüíûå âêëþ÷åíèÿ â áàíàõîâîì ïðîñòðàíñòâå
[òåêñò] / Òîëñòîíîãîâ À. À. � Íîâîñèáèðñê: Íàóêà, 1986. � 296 ñ.

7. de Blasi F. S. Equazioni di�erentiali con soluzioni a valore compatto convesso [text]
/ de Blasi F. S., Iervolino F. // Boll. Unione Mat. Ital. � 1969. � Vol. 2, � 4�5. � P.
491�501.

8. de Blasi F. S. Euler method for di�erential equations with set-valued solutions [text] /
de Blasi F. S., Iervolino F. // Boll.Unione Mat.Ital. � 1971. � Vol. 4, � 4. � P. 941�949.

9. Brandao Lopes Pinto A. J. Uniqueness and existence theorems for di�erential
equations with compact convex valued solutions [text] / Brandao Lopes Pinto A. J.,
de Blasi F. S., Iervolino F. // Boll. U. M. I. � 1970. � � 4. � P. 534�538.

10. Hukuhara M. Integration des applications mesurables dont la valeur est un compact
convexe [text] / Hukuhara M. // Func. Ekvacioj. � 1967. � � 10. � P. 205�223.

11. Kaleva O. Fuzzy di�erential equations [text] // Fuzzy Sets and Systems / Kaleva O. �
1987. � 24, � 3. � P. 301�317.

12. Kaleva O. The Cauchy problem for fuzzy di�erential equations [text] // Fuzzy Sets
and Systems / Kaleva O. � 1990. � 35. � P. 389�396.

13. Kisielewicz M. Di�erential inclusion and optimal control [text] / Kisielewicz M.
� Warszawa: PWN, 1991. � 239 p.

14. Plotnikov A. V. Piecewise Constant Control Set Systems [text] / Plotnikov A. V.,
Arsiry A. V. // American Journal of Computational and Applied Mathematics. � 2011.
� 1(2). � P. 89�93.



ISSN 2304-1579.Âiñíèê Îä. íàö. óí-òó. Ìàò. i ìåõ.�2013 .�Ò. 18, âèï. 1(17).�Ñ. 16�25

Mathematical Subject Classi�cation: 11L05
ÓÄÊ 511

Ã. Ñ. Áåëîçåðîâ
Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È. È. Ìå÷íèêîâà

Î ×ÈÑËÅ ÐÅØÅÍÈÉ ÎÄÍÎÃÎ ÑÐÀÂÍÅÍÈß Â ÊÎËÜÖÅ Z[i]

Á¹ëîçüîðîâ Ã. Ñ. Ïðî êiëüêiñòü ðîçâ'ÿçêiâ îäíi¹¨ åêâiâàëåíöi¨ â êiëüöi Z[i].

Ðîçãëÿäà¹òüñÿ çàäà÷à ïîáóäóâàííÿ òî÷íî¨ ôîðìóëè äëÿ êiëüêîñòi ðiøåíü ρ(α, β, γ) åêâi-

âàëåíöi¨ α(x2 + y2) ≡ β (mod γ) â êiëüöi öiëèõ ãàóñîâèõ ÷èñåë Z[i]. Êîðèñòóþ÷èñü

ìóëüòiïëèêàòèâíiñòþ ôóíêöi¨ ρ(α, β, γ) ïî γ, äîñòàòíüî ïðîðàõóâàòè ρ(α, β, ℘n), äå ℘ �

ïðîñòèé åëåìåíò â Z[i]. Ïðè öüîìó çàäà÷à ïåðåôîðìóëþ¹òüñÿ äî ïðîáëåìè îá÷èñëåííÿ

ñïåöiàëüíèõ òðèãîíîìåòðè÷íèõ ñóì, çîêðåìà, ñóì Ãàóñà. Ïîäiáíi ðåçóëüòàòè ìîæóòü

áóòè âèêîðèñòàíi â àíàëiòè÷íié òåîði¨ ÷èñåë òàì, äå äîñëiäæóþòüñÿ àäèòèâíi çàäà÷i ç

ñóìàìè êâàäðàòiâ öiëèõ ÷èñåë.

Êëþ÷îâi ñëîâà: åêâiâàëåíöiÿ, êiëüöå öiëèõ ãàóñîâèõ ÷èñåë, ñóìà Ãàóñà, ñêií÷åíå ïîëå.

Áåëîçåðîâ Ã. Ñ. Î ÷èñëå ðåøåíèé îäíîãî ñðàâíåíèÿ â êîëüöå Z[i]. Ðàñ-

ñìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ òî÷íîé ôîðìóëû äëÿ ÷èñëà ðåøåíèé ρ(α, β, γ) ñðàâ-

íåíèÿ α(x2 + y2) ≡ β (mod γ) â êîëüöå öåëûõ ãàóññîâûõ ÷èñåë Z [i]. Ïîëüçóÿñü ìóëü-

òèïëèêàòèâíîñòüþ ôóíêöèè ρ(α, β, γ) ïî γ, äîñòàòî÷íî âû÷èñëèòü ρ(α, β, ℘n), ãäå ℘ �

ïðîñòîé ýëåìåíò â Z[i]. Ïðè ýòîì çàäà÷à ïåðåôîðìóëèðóåòñÿ â ïðîáëåìó âû÷èñëåíèÿ
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Êëþ÷åâûå ñëîâà: ñðàâíåíèå, êîëüöî öåëûõ ãàóññîâûõ ÷èñåë, ñóììà Ãàóññà, êîíå÷íîå

ïîëå.

Belozerov G. S. About number of solutions of one congruence on ring Z[i].

The task of building the exact formula for the number of solutions ρ(α, β, γ) of the congru-

ence α(x2 + y2) ≡ β (mod γ) over the ring of Gaussian integer Z [i] is investigated. Using

the multiplicative function ρ(α, β, γ) on γ is sufficient to calculate ρ(α, β, ℘n), where ℘ –

prime element in Z[i]. Here the problem is reformulated into a problem of computing of

special exponential sums, in particular, Gauss sums. The results of this kind of demand in

analytic number theory, in the part where the investigated additive problems with the sums

of the squares of integers.

Key words: congruence, ring of Gaussian integer, Gauss sums , finite field.

Ââåäåíèå.

Îöåíêè ÷èñëà ðåøåíèé ñðàâíåíèé èëè òî÷íûå ôîðìóëû, ïðåäñòàâëÿþùèå ñî-
îòâåòñòâóþùèå êîëè÷åñòâà, áûâàþò ÷àñòî âîñòðåáîâàíû âî ìíîãèõ çàäà÷àõ àíà-
ëèòè÷åñêîé òåîðèè ÷èñåë. Ýòî êàñàåòñÿ íå òîëüêî êîëüöà ðàöèîíàëüíûõ öåëûõ,
íî è äðóãèõ êîëåö öåëûõ àëãåáðàè÷åñêèõ ÷èñåë. Â äàííîì ñëó÷àå ðå÷ü ïîéäåò
î êîëè÷åñòâå ðåøåíèé ñðàâíåíèÿ α(x2 + y2) ≡ β (mod γ), ãäå (α, γ) = 1 â êîëüöå
öåëûõ ãàóññîâûõ ÷èñåë. Åñëè îáîçíà÷èòü óêàçàííîå êîëè÷åñòâî ÷åðåç ρ(α, β, γ),
òî áóäåì ðàññìàòðèâàòü ñóììó

c©Áåëîçåðîâ Ã. Ñ., 2013
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ρ(α, β, γ) =
∑

x,y∈Z[i]

α(x2+y2)≡β (mod γ)

1 . (1)

Â ñèëó èçâåñòíîé ìóëüòèïëèêàòèâíîñòè ôóíêöèè ρ(α, β, γ) ïî γ äîñòàòî÷íî âû-
÷èñëèòü ðåçóëüòàò ïî ìîäóëþ ℘n, ãäå ℘ � ïðîñòîå ÷èñëî â Z[i], ò.å. ëèáî ℘ = p ≡ 3
(mod 4), ëèáî ℘℘̄ = p ≡ 1 (mod 4), ëèáî ℘ = 1 + i.

Îñíîâíûå ðåçóëüòàòû. Ïóñòü ñíà÷àëà ðàññìàòðèâàåòñÿ ñëó÷àé ℘, ãäå
℘℘̄ = p ≡ 1 (mod 4). Îáîçíà÷èì ÷åðåç G℘n , n ∈ N , ïîëíóþ ñèñòåìó âû÷åòîâ ïî
ìîäóëþ ℘n â Z[i], à ÷åðåç G∗℘n � ïðèâåäåííóþ ñèñòåìó âû÷åòîâ â ýòîì êîëüöå.

Ëåììà 1. Èìååò ìåñòî ñîîòíîøåíèå

∑
x∈Gγ

e2πiRe(αxγ ) =

{
N(γ), åñëè α ≡ 0 (mod γ),

0, åñëè α 6≡ 0 (mod γ).
. (2)

Ýòî ýëåìåíòàðíûé ðåçóëüòàò èç òåîðèè òðèãîíîìåòðè÷åñêèõ ñóìì, ãäå N(γ)
åñòü íîðìà ÷èñëà γ. Òîãäà, ïîëüçóÿñü ôîðìóëîé (1), ïîëó÷èì

∑
0

= ρ(α, β, γ) =
∑

x,y∈G℘n

1

N(℘n)

∑
z∈G℘n

e
2πiRe

(
(α(x2+y2)−β)z

℘n

)
=

=
1

N(℘n)

∑
z∈G℘n

e−2πiRe( βz℘n )
∑

x,y∈G℘n
e

2πiRe

(
α(x2+y2)z

℘n

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

∑
z∈G℘n

(z℘n)=℘δ

e−2πiRe( βz℘n )
∑

x,y∈G℘n
e

2πiRe

(
α(x2+y2)z

℘n

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

) ∑
x,y∈G℘n

e
2πiRe

(
α(x2+y2)z

℘n−δ

)
=

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
·
(
H(αz, ℘n−δ)

)2
,

ãäå

H(α, ℘k) =
∑

x∈G℘k
e

2πiRe
(
αx2

℘k

)
, (α, ℘) = 1.

Çàéìåìñÿ ñóììîé H(α, ℘k).

Ëåììà 2. Èìååò ìåñòî ñîîòíîøåíèå äëÿ k ≥ 2

H(α, ℘k) =


N(℘k1), åñëè k = 2k1, k1 ∈ N,

N(℘k1)
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
, åñëè k = 2k1 + 1.
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Äîêàçàòåëüñòâî. Ïîëîæèì x = u+ ℘k−1v, ãäå u ∈ G℘k−1 , v ∈ G℘. Òîãäà

H(α, ℘k) =
∑

u∈G℘n−1

e
2πiRe

(
αu2

℘k

) ∑
v∈G℘

e2πiRe( 2αuv
℘ ),

èáî αx2 = αu2 + 2αuv℘k−1 + α℘2k−2v2, à äëÿ k ≥ 2 2k − 2 ≥ k, ò.å.

αx2 ≡ αu2 + 2αuv℘k−1 + α℘2k−2v2 (mod ℘k).

È äàëåå,

H(α, ℘k) = N(℘)
∑

u∈G
℘k−1

u≡0 (mod ℘)

e
2πiRe

(
αu2

℘k

)
= N(℘)

∑
u∈G

℘k−2

e
2πiRe

(
αu2

℘k−2

)
.

È òåïåðü, ïîëüçóÿñü ñïóñêîì ïî k, èìååì

H(α, ℘k) =


N(℘k1), åñëè k = 2k1, k1 ∈ N,

N(℘k1)
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
, åñëè k = 2k1 + 1.

Ëåììà äîêàçàíà.

Äëÿ íå÷åòíîãî k (k ≥ 1) èìååì
∑
u∈G℘

e
2πiRe

(
αu2

℘

)
=

∑
u∈G℘

e
2πiRe

(
α℘̄u2

p

)
, ãäå

p = ℘℘̄.
Åñëè α℘̄ ≡ a (mod p), ãäå a ∈ Zp, òî ïîñëåäíÿÿ ñóììà ïðåâðàùàåòñÿ â ðà-

öèîíàëüíóþ ñóììó Ãàóññà
p∑
x=1

e2πi ax
2

p = i(
p−1

2 )
2
(
a

p

)
p1/2, à ó÷èòûâàÿ, ÷òî p ≡ 1

(mod 4), òî
p∑
x=1

e2πi ax
2

p =

(
a

p

)
p1/2, ãäå

(
a
p

)
� ñèìâîë Ëåæàíäðà.

Ïîýòîìó, âîçâðàùàÿñü ê ñóììå H(α z, ℘n−δ), ïîëó÷àåì

H(αz, ℘n−δ) =

N(℘)
n−δ

2 , åñëè n− δ ÷åòíî,

N(℘)
n−δ−1

2

(
c

p

)
p1/2, åñëè n− δ íå÷åòíî.

Çäåñü α℘̄z ≡ c (mod p), c ∈ Zp. È, íàêîíåö,

H(αz, ℘n−δ) =


N(℘)

n−δ
2 , åñëè n− δ ÷åòíî,

N(℘)
n−δ

2

(
c

p

)1/2

, åñëè n− δ íå÷åòíî.

Ëåììà 3. Èìååò ìåñòî ñîîòíîøåíèå

∑
z∈G∗

℘k

e
2πiRe

(
βz

℘k

)
=


ϕ(pk), åñëè β

...pk,

−pk−1, åñëè β
...pk−1 è β

...pk,

0, åñëè β
...pk−1,

ãäå ℘℘̄ = p.
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Äîêàçàòåëüñòâî. Â ñèëó òîãî, ÷òî ïðèâåäåííàÿ ñèñòåìà âû÷åòîâ ïî mod ℘k

ñîâïàäàåò ñ ïðèâåäåííîé ñèñòåìîé âû÷åòîâ ïî mod pk, èìåííî G∗℘k
∼= Z∗pk , ïîëó-

÷àåì∑
z∈G∗

℘k

e
2πiRe

(
βz

℘k

)
=
∑
z∈Z∗

pk

e
2πiRe

(
β z

pk

)
=
∑
z∈Z

pk

e
2πiRe

(
β z

pk

) ∑
d\(pk,z)

µ(d) =
∑

1

.

Çäåñü µ(d)� ôóíêöèÿ Ìåáèóñà. Äàëåå,∑
1

=
∑
d\pk

µ(d)
∑
z∈Z

pk

z≡0 (mod d)

e
2πiRe

(
βz

pk

)
=
∑
z∈Z

pk

e
2πiRe

(
βz

pk

)
−
∑
z∈Z

pk

z≡0 (mod p)

e
2πiRe

(
βz

pk

)
=

=
∑
z∈Z

pk

e
2πiRe

(
βz

pk

)
−
∑

z∈Z
pk−1

e
2πiRe

(
βz

pk−1

)
,

îòêóäà, ó÷èòûâàÿ (2), ïîëó÷àåòñÿ ðåçóëüòàò ëåììû.

Âîçâðàùàÿñü ê ñóììå
∑

0

, ïîëó÷àåì

∑
0

= N(℘n) + 1
N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
N(℘n−δ) =

= N(℘n) +

n−1∑
δ=0

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
.

Ïóñòü òåïåðü (β, ℘n) = ℘l. Òîãäà, åñëè l = n, òî∑
0

= N(℘n) +

n−1∑
δ=0

ϕ̄(℘n−δ) = N(℘n)

(
1− 1

N(℘)

) n−1∑
δ=0

1

N(℘δ)
=

= N(℘n) +N(℘n)− 1 = 2N(℘n)− 1.

Çäåñü ϕ̄ � ôóíêöèÿ Ýéëåðà â êîëüöå Z[i].

Åñëè l ≤ n−1, òî ñîãëàñíî ëåììå 3 âíóòðåííÿÿ ñóììà â
∑

0

äîëæíà ðàâíÿòüñÿ

ϕ̄(N(℘n−δ)), åñëè l ≥ n − δ, �N(℘n−δ−1), åñëè l = n − δ − 1 è íóëþ â îñòàëüíûõ
ñëó÷àÿõ. Òîãäà

∑
0

= N(℘n) +

n−1∑
δ=n−l−1

∑
z∈G∗

℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
=

= N(℘n)−N(℘l) +

n−1∑
δ=n−l

ϕ̄(N(℘n−δ)) = N(℘n)− 1.

Ðàññìîòðèì ñëó÷àé ℘ = p ≡ 3 (mod 4). Êàê è ðàíåå, èìååì∑
0

= N(℘n) +
1

N(℘n)

n−1∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
βz

℘n−δ

)
·
(
H(αz, ℘n−δ)

)2
,
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H(αz, pn−δ) =
∑

x∈G
pn−δ

e
2πiRe

(
αzx2

pn−δ

)
,

è ñïóñê ïî pn−δ äàåò

H(α z, pn−δ) =
∑

u∈G
pn−δ−1

e
2πiRe

(
αzu2

pn−δ

) ∑
v∈Gp

e2πiRe( 2αzuv
p ) =

= N(p)
∑

u∈G
pn−δ−2

e
2πiRe

(
αzu2

pn−δ−2

)
.

È, íàêîíåö,

H(αz, pn−δ) =


N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )
∑
u∈Gp

e
2πiRe

(
αzu2

p

)
, åñëè n− δ íå÷åòíî. (3)

Ââèäó òîãî, ÷òî [Gp : Zp] = 2, ìîæíî ñ÷èòàòü, ÷òî âíóòðåííÿÿ ñóììà â (3)
ðàññìàòðèâàåòñÿ â ïîëå Fq, ãäå q = p2. Çäåñü óìåñòíî ïðèâåñòè ðåçóëüòàòû èç
[1]. Èìåííî, ïóñòü ñóììà Ãàóññà â ïîëå Fq îïðåäåëÿåòñÿ âûðàæåíèåì

G(ψ, χ) =
∑
c∈F∗q

ψ(c)χ(c),

ãäå ψ � ìóëüòèïëèêàòèâíûé, à χ � àääèòèâíûé õàðàêòåðû ïîëÿ Fq. Õàðàêòåð
χ íàçûâàåòñÿ êàíîíè÷åñêèì, åñëè χ(x) = e2πitr(x)/p, ãäå p = Char(Fq), à tr(x) �
àáñîëþòíûé ñëåä ýëåìåíòà x.

Ëåììà 4. Ïóñòü p � ïðîñòîå íå÷åòíîå ÷èñëî, s ∈ N , Fq � êîíå÷íîå ïîëå
ïîðÿäêà q = p2. Åñëè η � êâàäðàòè÷íûé õàðàêòåð, à χ � êàíîíè÷åñêèé àääè-
òèâíûé õàðàêòåð ïîëÿ Fq, òî

G(η, χ) =

{
(−1)s−1q1/2, åñëè p ≡ 1 (mod 4),

(−1)s−1isq1/2, åñëè p ≡ 3 (mod 4).

Äîêàçàòåëüñòâî. Â [1].

Ëåììà 5. Ïóñòü χ� íåòðèâèàëüíûé àääèòèâíûé õàðàêòåð ïîëÿ Fq, ãäå q
� íå÷åòíî, è ïóñòü f(x) = a2x

2 + a1x+ a0 ∈ Fq[x]. Òîãäà∑
c∈Fq

χ(f(c)) = χ(a0 − a2
1(4a2)−1)η(a2) · G(η, χ),

ãäå η � êâàäðàòè÷íûé õàðàêòåð ïîëÿ Fq.

Äîêàçàòåëüñòâî. Â [1].
Òåïåðü ïîëó÷àåì∑

u∈Gp

e
2πiRe

(
αzu2

p

)
=
∑
u∈Fq

e
2πitr

(
αzu2

p

)
= η(αz)G(η, e2πitr(x)/p),
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èáî a0 = a1 = 0, a2 = α z. Çíà÷èò,

H(α z, pn−δ) =

{
N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )η(α z)G(η, e2πitr(x)/p), åñëè n− δ íå÷åòíî.
.

Ó÷èòûâàÿ ëåììó 4, èìååì

H(α z, pn−δ) =

{
N(p

n−δ
2 ), åñëè n− δ ÷åòíî,

N(p
n−δ−1

2 )η(α z), åñëè n− δ íå÷åòíî.
.

È òîãäà äëÿ
∑

0

ïîëó÷àåì

∑
0

= N(pn) +
1

N(pn)

n−1∑
δ=0

N(pδ)
∑

z∈G∗
pn−δ

e
−2πiRe

(
β z

pn−δ

)
·N(pn−δ) =

= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β z

pn−δ

)
.

Ïóñòü ñíîâà (β, pn) = pl. Òîãäà, êàê è ðàíåå, äëÿ l = n èìååì∑
0

= 2N(pn)− 1.

Åñëè l ≤ n− 1, òî

∑
0

= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β z

pn−δ

)
= N(pn) +

n−1∑
δ=0

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
,

ãäå (β1, p) = 1. Òîãäà∑
0

= N(pn) +
∑

0≤δ<n−l

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
+

+
∑

n−l≤δ≤n−1

∑
z∈G∗

pn−δ

e
−2πiRe

(
β1 z

pn−δ−l

)
=

= N(pn) +
∑

0≤δ<n−l

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(
β1 z

pn−δ−l

)

+
∑

n−l≤δ≤n−1

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(
β1 z

pn−δ−l

)
=

= N(pn) +
∑

2

+
∑

3

.

Ëåììà 6 (îáîáùåííàÿ ëåììà Ðàìàíóäæàíà). Â óñëîâèÿõ Z[i] è (β, p) = 1
èìååì ∑

z∈G∗
pk

e
2πiRe

(
β z

pk

)
=

{
0, åñëè k > 1,
−1, åñëè k = 1.
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Äîêàçàòåëüñòâî. Àíàëîãè÷íî ëåììå 3.

Òåïåðü â ñîîòâåòñòâèè ñ ëåììîé 6
∑

2

=−N(pl), à
∑

3

= N(pl) · ϕ̄(pn−δ−l).

Ïîýòîìó ∑
0

= N(pn)− 1.

Ðàññìîòðèì ïîñëåäíèé ñëó÷àé ℘ = 1 + i. Ñòàíäàðòíàÿ âûêëàäêà îïÿòü äàåò∑
0

= N(℘n) +
1

N(℘n)

n−2∑
δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(
ᾱβ z

℘n−δ

)
·
(
H(z , ℘n−δ)

)2
.

Èçìåíåíèå â ñóììèðîâàíèè ïî δ ñâÿçàíî ñ òåì, ÷òî H( z, ℘) = 0, è αᾱ ≡ 1
(mod ℘n). À äëÿ H(z, ℘2) íåòðóäíî ïîëó÷èòü çíà÷åíèå, åñëè îáîçíà÷èòü z =
w1 + iw2. Ïðè ýòîì, ó÷èòûâàÿ, ÷òî (z, ℘) = 1, çàìåòèì, ÷òî w1 è w2 èìåþò
ðàçíóþ ÷åòíîñòü. Ïîýòîìó

H(z, ℘2) =

{
0, åñëè w1 ÷åòíî,

4, åñëè w1 íå÷åòíî

È, ñëåäîâàòåëüíî, â ýòîì ñëó÷àå∑
0

= N(℘2) +
1

N(℘2)
·N(℘)

∑
z∈G∗

℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(
ᾱβz

℘2

)
·N
(
℘4
)

=

= N(℘2) +N(℘2) · e−iπ Im(ᾱβ).

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ H(z, ℘3) ìîæíî âîñïîëüçîâàòüñÿ ïîëíîé ñèñòåìîé âû-
÷åòîâ âèäà {0, ±1, ±i, 1± i, 2}. È òîãäà ïîëó÷èì, ÷òî H(z, ℘3) = 0. Ïîýòîìó
ïðè n = 3∑

0

= N(℘3) +
1

N(℘3)
·N(℘)

∑
z∈G∗

℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(
ᾱβz

℘2

)
· (H(z, ℘2))2 =

= N(℘3) +N(℘2) · e−iπ Im(ᾱβ).

Ñíîâà ðàññìîòðèì ñóììó H(z, ℘k), k ≥ 4. Ëåãêî âèäåòü, ÷òî ïðè k = 2k1 è
x = u+ ℘k1v, ãäå u, v ∈ G℘k1 , âûâîäèì äëÿ H

H(z, ℘k) =
∑

u∈G
℘k1

e
2πiRe

(
zu2

pk

)∑
v∈G

℘k1

e
2πiRe

(
2z uv

℘k1

)
=

= N(℘k1)
∑

u∈G
℘k1

2u

...℘k1

e
2πiRe

(
zu2

℘k

)
= N(℘k1)

∑
u1∈G℘2

e
−2πiRe

(
zu2

1
℘4

)
=

= N(℘k1)
∑

u1∈G℘2

e
2πiRe

(
zu2

1
4

)
.
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Åñëè âíîâü îáîçíà÷èòü z = w1 + iw2, òî ïðîñòûå âû÷èñëåíèÿ äàþò

H(z, ℘k) = N(℘k1)


2 , åñëè w1 � íå÷åòíî,

2 , åñëè w1 ≡ 0 (mod 4),

−2 , åñëè w1 ≡ 2 (mod 4).

Ïðè k = 2k1 + 1, k ≥ 4, è x = u+ ℘k1+1v, ãäå u ∈ G℘k1+1 , v ∈ G℘k1 ïîëó÷àåì

H(z, ℘k) =
∑

u∈G
℘k1+1

e
2πiRe

(
zu2

pk

) ∑
v∈G

℘k1

e
2πiRe

(
2z uv

℘k1

)
=

= N(℘k1)
∑

u∈G
℘k1+1

2u

...℘k1

e
2πiRe

(
zu2

℘k

)
= N(℘k1)

∑
u1∈G℘3

e
−2πiRe

(
zu2

1
℘5

)
.

Âû÷èñëÿÿ íåïîñðåäñòâåííî ïîñëåäíþþ ñóììó, íàõîäèì, ÷òî

H(z, ℘k) = N(℘k1)

{
2
√

2 , åñëè w1 + w2 ≡ 1 èëè 7 (mod 8),

−2
√

2 , åñëè w1 + w2 ≡ 3 èëè 5 (mod 8).

Òåïåðü, êàê è ðàíåå, ïîëîæèì (β, ℘n) = ℘l0 . Òîãäà

∑
4

=
∑

z∈G∗
℘n−δ

e
−2πiRe

(
ᾱβz

℘n−δ

) (
H(z, ℘n−δ)

)2
=

∑
z∈G∗

℘n−δ

e
−2πiRe

(
ᾱβ1z

℘n−δ−l0

) (
H(z, ℘n−δ)

)2
,

ãäå β = ℘l0β1, (β1, ℘) = 1. Åñëè l0 ≥ n− δ, òî∑
4

= ϕ̄(℘n−δ) ·
(
H(z, ℘n−δ)

)2
.

À åñëè l0 < n− δ, òî ïðè t = n− δ − l0∑
4

= N(℘l0)
∑
z∈G∗

℘t

e
−2πiRe

(
ᾱβ1z

℘t

) (
H(z, ℘n−δ)

)2
=

=
(
H(z, ℘n−δ)

)2{ −N(℘l0), åñëè t = 1,
0, åñëè t > 1,

ïî ëåììå 6. Òåïåðü äëÿ n ≥ 4

∑
0

= N(℘n) +
1

N(℘n)

(
n−4∑
δ=0

N(℘δ)
∑

4

+

n−2∑
δ=n−3

N(℘δ)
∑

4

)
= N(℘n) +

∑
5

+
∑

6

.
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∑
5

=
1

N(℘n)

n−4∑
δ=0

N(℘δ)
∑

4

=
1

N(℘n)

n−4∑
δ=n−l0

N(℘δ) · ϕ̄(℘n−δ)
(
H(z, ℘n−δ)

)2−
− 1

N(℘)

(
H(z, ℘l0+1)

)2
.

∑
6

=

n−2∑
δ=n−3

N(℘δ−n)
∑

4

= N(℘−3)
∑
z∈G∗

℘3

e
−2πiRe

(
ᾱβ1z

℘3−l0

) (
H(z, ℘3)

)2
+

+N(℘−2)
∑
z∈G∗

℘2

e
−2πiRe

(
ᾱβ1z

℘2−l0

) (
H(z, ℘2)

)2
=

= N(℘−2)
∑
z∈G∗

℘2

e
−2πiRe

(
ᾱβ1z

℘2−l0

) (
H(z, ℘2)

)2
=

=


N(℘2) , åñëè l0 ≥ 2,

−N(℘2) , åñëè l0 = 1,

N(℘2) , åñëè l0 = 0, Im(ᾱβ1) ≡ 0 (mod 2),

−N(℘2) , åñëè l0 = 0, Im(ᾱβ1) ≡ 1 (mod 2).

(4)

Íàêîíåö, ñóììèðóÿ ïî δ â
∑

5

, â èòîãå ïîëó÷àåì

∑
0

=



N(℘) , åñëè n = 1,

2N(℘2) , åñëè n = 2, Im(ᾱβ) ≡ 0 (mod2),

0 , åñëè n = 2, Im(ᾱβ) ≡ 1 (mod2),

N(℘3) +N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 0 (mod2),

N(℘3)−N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 1 (mod2),

N(℘4) +N(℘5)(N(℘)− 1) +
∑

6

, åñëè n = 4,

N(℘n) +N(℘5)(N(℘l0−3)− 1)−
−N(℘l0+2) +

∑
6

, åñëè n ≥ 5,

ãäå
∑

6

îïðåäåëÿåòñÿ ôîðìóëîé (4).

Ñîáèðàÿ âñå âìåñòå, ïîëó÷àåì îñíîâíîé ðåçóëüòàò.

Òåîðåìà. Äëÿ ÷èñëà ðåøåíèé ñðàâíåíèÿ, îïðåäåëÿåìîãî ôîðìóëîé (1), ñïðà-
âåäëèâî ðàâåíñòâî

ρ(α, β, γ) = E(α, β, γ) ·
∏
℘n||γ
℘ 6=1+i

(E(β)N(℘n)− 1) ,

ãäå ℘� ïðîñòûå ýëåìåíòû èç Z[i], à

E(β) =

{
2, åñëè ℘n|β,
1, åñëè ℘n - β,
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E(α, β, γ) =



N(℘) , åñëè n = 1,

2N(℘2) , åñëè n = 2, Im(ᾱβ) ≡ 0 (mod 2),

0 , åñëè n = 2, Im(ᾱβ) ≡ 1 (mod 2),

N(℘3) +N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 0 (mod 2),

N(℘3)−N(℘2) , åñëè n = 3, Im(ᾱβ) ≡ 1 (mod 2),

N(℘4) +N(℘5) +
∑

6

, åñëè n = 4,

N(℘n)−N(℘5) +
∑

6

, åñëè n ≥ 5.

Çäåñü ℘ = 1 + i è ℘n||γ.

Çàêëþ÷åíèå. Íàìè ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ òî÷íîé ôîðìóëû äëÿ
÷èñëà ðåøåíèé ρ(α, β, γ) ñðàâíåíèÿ α(x2 + y2) ≡ β (mod γ) â êîëüöå öåëûõ ãàóñ-
ñîâûõ ÷èñåë Z [i]. Ïîëüçóÿñü ìóëüòèïëèêàòèâíîñòüþ ôóíêöèè ρ(α, β, γ) ïî γ,
çàäà÷à ïåðåôîðìóëèðóåòñÿ â ïðîáëåìó âû÷èñëåíèÿ ñïåöèàëüíûõ òðèãîíîìåòðè-
÷åñêèõ ñóìì, â ÷àñòíîñòè, ñóìì Ãàóññà. Ðåçóëüòàòû ïîäîáíîãî ðîäà âîñòðåáîâàíû
â àíàëèòè÷åñêîé òåîðèè ÷èñåë ïðè èññëåäîâàíèè àääèòèâíûõ çàäà÷ ñ ñóììàìè
êâàäðàòîâ öåëûõ ÷èñåë.

1. Ëèäë Ð. Êîíå÷íûå ïîëÿ / Ëèäë Ð., Íèäåððàéòåð Ã. � Ì. : Ìèð, 1988. � 428 c.



ISSN 2304-1579.Âiñíèê Îä. íàö. óí-òó. Ìàò. i ìåõ.�2013 .�Ò. 18, âèï. 1(17).�Ñ. 26�38

Mathematical Subject Classi�cation: 11N25, 11S40
ÓÄÊ 511

ß. À. Âîðîáüåâ
Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè È. È. Ìå÷íèêîâà

ÏËÎÒÍÎÑÒÍÀß ÒÅÎÐÅÌÀ ÄËß Z-ÔÓÍÊÖÈÈ ÃÅÊÊÅ ÏÎËß
ÃÀÓÑÑÎÂÛÕ ×ÈÑÅË

Âîðîáéîâ ß. À. Ùiëüíiñíà òåîðåìà äëÿ Ãåêå Z-ôóíêöi¨ ïîëÿ ãàóñîâèõ

÷èñåë. Â äàíié ðîáîòi íàìè âèâ÷åíî ðîçïîäiëåííÿ íóëiâ äçåòà-ôóíêöi¨ Ãåêå â êðèòè-

÷íié îáëàñòi íàä ïîëåì ãàóñîâèõ ÷èñåë Q(i). Ìè îòðèìó¹ìî íåòðèâiàëüíó îöiíêó äëÿ

çåòà-ñóìè ðiâíîìiðíî äëÿm i Im(s). Òàêà îöiíêà ¹ àíàëîãîì îöiíêè çåòà-ñóìè äëÿ äçåòà-

ôóíêöi¨ Ðèìàíà. Òàêà îöiíêà ãðà¹ âàæëèâó ðîëü â ïîáóäîâi àñèìïòîòè÷íî¨ îöiíêè äëÿ

÷èñëà íóëiâ äçåòà-ôóíêöi¨ Ãåêå. Âèêîðèñòîâóþ÷è ìîäèôiêîâàíó ëåìó Õàëà i ìåòîä Õèç-

Áðàóíà, ìè âèâîäèìî àíàëîã ùiëüíiñíî¨ òåîðåìè äëÿ Zm(s) òðåòüîãî ñòåïåíÿ ïðè óìîâi

m 6= 0.

Êëþ÷îâi ñëîâà: äçåòà-ôóíêöiÿ, ÷èñëî íóëiâ, ïîëiíîì Äèðèõëå.

Âîðîáüåâ ß. À. Ïëîòíîñòíàÿ òåîðåìà äëÿ Z-ôóíêöèè Ãåêêå ïîëÿ ãàóñ-

ñîâûõ ÷èñåë. Â äàííîé ðàáîòå èçó÷åíî ðàñïðåäåëåíèå íóëåé äçåòà-ôóíêöèè Ãåêêå

â êðèòè÷åñêîé îáëàñòè íàä ïîëåì ãàóññîâûõ ÷èñåë Q(i). Ìû ïîëó÷àåì íåòðèâèàëüíóþ

îöåíêó äëÿ çåòà-ñóììû ðàâíîìåðíî äëÿ m è Im(s). Äàííàÿ îöåíêà ÿâëÿåòñÿ àíàëîãîì

îöåíêè çåòà-ñóììû äëÿ äçåòà-ôóíêöèè Ðèìàíà. Òàêàÿ îöåíêà èãðàåò âàæíóþ ðîëü â

ïîñòðîåíèè àñèìïòîòè÷åñêîé îöåíêè äëÿ ÷èñëà íóëåé äçåòà-ôóíêöèè Ãåêêå. Èñïîëüçóÿ

ìîäèôèöèðîâàííóþ ëåììó Õàëà è ìåòîä Õèç-Áðàóíà, ìû âûâîäèì àíàëîã ïëîòíîñòíîé

òåîðåìû äëÿ Zm(s) â òðåòüåé ñòåïåíè ïðè óñëîâèè m 6= 0.

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ, ÷èñëî íóëåé, ïîëèíîì Äèðèõëå.

Vorobyov Y. A. Dense theorem for Hecke Z-function over the field of Gaus-

sian numbers. In this work the distribution of zeros in critical strip of the Hecke zeta-

function over the Gaussian field Q(i) is studied. We obtain a non-trivial estimation for

zeta-sum of Zm(s) uniformly in m and Im(s), which is analogue of the estimation of zeta-

sum for the Riemann zeta-function. Such estimations play a critical role in construction of

the asymptotic estimation for the number of zeros of the Hecke zeta-function. Using the

modificated Halas lemma and the method of Heath-Brown we deduce an analogue of the

density theorem for Zm(s) with an exponent three if m is not equal to 0.

Key words: zeta-function, number of zeros, Dirichlet polynomial.

Ââåäåíèå. Çíàìåíèòàÿ ôîðìóëà Ðèìàíà-Ìîíãîëüäòà î ÷èñëå íåòðèâèàëü-
íûõ íóëåé äçåòà-ôóíêöèè Ðèìàíà ζ(s) ïðèâîäèò ê ïëîòíîñòíîé ãèïîòåçå

N(σ, T )� T 2(1−σ)+ε, (1)

ãäå N(σ, T ) îçíà÷àåò ÷èñëî íóëåé ζ(s) â ïðÿìîóãîëüíèêå

1

2
≤ σ ≤ <s ≤ 1, |=s| (2)

ε > 0 � ïðîèçâîëüíî ìàëîå ÷èñëî, à ïîñòîÿííàÿ â ñèìâîëå ��� çàâèñèò òîëüêî
îò ε.

c©Âîðîáüåâ ß. À., 2013
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Ýòà ãèïîòåçà åù¼ íå äîêàçàíà, íî íàèëó÷øèì ïðèáëèæåíèåì ê íåé åñòü ðå-
çóëüòàò M. Huxley[3]:

N(σ, T )� T
12
5 (1−σ) log9 T. (3)

Àíàëîãè÷íóþ ïëîòíîñòíóþ ãèïîòåçó ìîæíî ðàññìàòðèâàòü è äëÿ äðóãèõ äçåòà-
ïîäîáíûõ ôóíêöèé â êîíå÷íûõ ðàñøèðåíèÿõ ïîëÿ ðàöèîíàëüíûõ ÷èñåë Q.

Òàê, èç ðàáîòû D. R. Heath-Brown [2] ñëåäóåò ñóùåñòâîâàíèå àáñîëþòíîé ïî-
ñòîÿííîé C, çàâèñÿùåé îò äèñêðèìèíàíòà êâàäðàòè÷íîãî ïîëÿ Q(

√
d), d � áåñ-

êâàäðàòíîå öåëîå ÷èñëî, òàêîå, ÷òî äëÿ ëþáîãî ε > 0 ñïðàâåäëèâà îöåíêà

NQ(
√
d)(σ, T )� T ( 8

3 +ε)(1−σ) (log T )
C
. (4)

Â íàñòîÿùåé ðàáîòå ìû ïîëó÷àåì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ êîëè÷åñòâà
íóëåé Nm(σ, T ) â ïðÿìîóãîëüíèêå (2) äçåòà-ôóíêöèè Ãåêêå Zm(s), îïðåäåëÿåìîé
äëÿ <s > 1 ðàâåíñòâîì

Zm(s) :=
∑
ω

e4mi argωN(ω)−s.

Äëÿ ôóíêöèè Zm(s) ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

π−sΓ (2|m|+ s)Zm(s) = π−(1−s)Γ (2|m|+ 1− s)Zm(1− s).

Â îñíîâå íàøèõ ðàññìîòðåíèé ëåæàò àíàëîãè ðåçóëüòàòîâ H. Montgomery,
M. Jutila, D. R. Heath-Brown è äð. ïî èçó÷åíèþ ôóíêöèè N(σ, T ) äëÿ äçåòà-
ôóíêöèè Ðèìàíà.

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ:
s = σ + it êîìïëåêñíîå ÷èñëî, <s = σ, =s = t;
Z[i] êîëüöî öåëûõ ãàóññîâûõ ÷èñåë a+ bi, a, b ∈ Z, i2 = −1;
Q(i) ïîëå ãàóññîâûõ ÷èñåë a+ bi, a, b ∈ Q;
N(ω) íîðìà ãàóññîâîãî ÷èñëà ω, N(ω) = a2 + b2;
argω àðãóìåíò ãàóññîâîãî ÷èñëà ω;
exp (z) = ez;
���, �O� ñèìâîë Âèíîãðàäîâà ��� è ñèìâîë Ëàíäàó �O� ýêâèâàëåíòíû;∑
ω

îçíà÷àåò, ÷òî ñóììèðîâàíèå èäåò ïî öåëûì

ãàóññîâûì ω, îòëè÷íûì îò íóëÿ;
Γ(z) îáîçíà÷àåò Γ-ôóíêöèþ Ýéëåðà.

Âñïîìîãàòåëüíûå ëåììû è ïðåäâàðèòåëüíûå ðåçóëüòàòû.

Ñíà÷àëà ïðèâåä¼ì íåêîòîðûå ëåììû, èñïîëüçóåìûå â äàëüíåéøåì.

Ëåììà 1. Ïóñòü s = σ + it, −1 ≤ σ ≤ 2; m ∈ Z, m 6= 0. Òîãäà äëÿ
X = 1

2π

(
t2 + (4m+ σ)2

)
èìååì

Zm(s)�
∑
ω

N(ω)≤X

e4mi argωN(ω)−s +O
(
log
(
t2 +m2

))
.
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Ýòî óòâåðæäåíèÿ ñëåäóåò èç ïðèáëèæ¼ííîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ
äëÿ Zm(s) (íàïðèìåð, â ôîðìå Ëàâðèêà [9]).

Ðàññìîòðèì ïîëèíîì Äèðèõëå íàä Z[i]

Sm(s) =
∑
ω

N<N(ω)≤2N

a(ω)e4mi argω.

Ïóñòü J � êîíå÷íîå ìíîæåñòâî êîìïëåêñíûõ ÷èñåë s = σ + it, äëÿ êîòîðûõ
σ ≥ σ0, T0 ≤ t ≤ T + T0, ïðè÷¼ì, åñëè s, s′ � ðàçëè÷íûå ýëåìåíòû èç J, òî äëÿ
ñîîòâåòñòâóþùèõ çíà÷åíèé èõ ìíèìûõ ÷àñòåé èìååì |t − t′| ≥ 1. Òîãäà èç [10]
(òåîðåìà 7.5) íàõîäèì

min
s∈J
|S(s)|2 � J−1 (T +N)

 ∑
N<N(ω)≤2N

|a(ω)|2N(ω)−2σ0

 (logN + 1) .

Íàì íåîáõîäèìà òàêæå ñëåäóþùàÿ ëåììà.

Ëåììà 2. Ïóñòü µ è ν � ïîëîæèòåëüíûå ïîñòîÿííûå, òàêèå, ÷òî

|Zm(σ + it)| �
(
t2 +m2

)µ (
log
(
t2 +m2

))ν
ðàâíîìåðíî ïî σ ≥ θ ≥ 0. Òîãäà â ïðèíÿòûõ âûøå îáîçíà÷åíèÿõ èìååì

|J| � N

 ∑
ω

N<N(ω≤2N)

|a(ω)|2N(ω)−2σ0

 · (min
s∈J
|S(s)|2

)−1

+

+N
θ
µT

 ∑
N<N(ω)≤2N

|a(ω)|2N(ω)−2σ0

1+ 1
µ

×

×
(

min
s∈J
|S(s)|2

)−1− 1
µ (

log (T 2 +m2)
) ν
µ .

Ýòà ëåììà åñòü àíàëîã ìîäèôèöèðîâàííîé ëåììû Hal�asz-Montgomery, äîêà-
çàííîé Heath�Brown [2]. Å¼ äîêàçàòåëüñòâî ïðîõîäèò ïî ñõåìå äîêàçàòåëüñòâà
Heath�Brown.

Èç ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ Zm(s) è ïðèíöèïà Ôðàãìåíà�Ëèíäå-
ë¼ôà ñëåäóåò îöåíêà

Zm(s)� (t2 +m2)
1
2−σ log (t2 +m2), 0 ≤ σ ≤ 1, |=s| = |t| ≥ 2. (5)

Êðîìå òîãî, äëÿ σ ≥ 1
2 , |=s| ≥ 2, èìååì (ñì. Ð. Êàóôìàí [6])

Zm(s)� (t2 +m2)
1
6 (log (t2 +m2))4. (6)
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Ïîýòîìó â ëåììå 2 ïðè θ = 0 ìîæíî ñ÷èòàòü µ = 1
2 , ν = 1, à ïðè θ = 1

2 èìååì
µ = 1

6 , ν = 4.

Ëåììà 3. Ñóùåñòâóåò àáñîëþòíàÿ ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ
2 ≤ N ≤ t2 +m2∣∣∣∣∣∣

∑
N(ω)≤N

e4mi argωN(ω)−it

∣∣∣∣∣∣� N exp

(
−C log3N

(log (t2 +m2))2

)
.

Äîêàçàòåëüñòâî. Ðàññìàòðèâàåìàÿ ñóììà åñòü àíàëîã äçåòîâîé ñóììû, êî-
òîðàÿ èãðàåò êëþ÷åâóþ ðîëü â ïîñòðîåíèè îöåíîê äçåòà-ôóíêöèè Ðèìàíà â êðè-
òè÷åñêîé ïîëîñå. (ñì. À. À. Êàðàöóáà [6], A. Ivi�c [4]). Ìû áóäåì ñëåäîâàòü ñõåìå
äîêàçàòåëüñòâà èç êíèãè [5]. Èç ðàâåíñòâà

logω = log |ω|+ i argω

âûâîäèì
e4mi argωN(ω)−it = exp (i(4m=logω − 2t<logω)).

Çàéìåìñÿ îöåíêîé ñóììû

S(N1) =
∑

N1<N(ω)≤2N1≤N
0≤argω≤π2

exp (i(4m=logω − 2t<logω)). (7)

ßñíî, ÷òî ∣∣∣∣∣∣
∑

N(ω)≤N

e4mi argωN(ω)−it

∣∣∣∣∣∣� max
2≤N1≤ 1

2N
|S(N1)| · logN. (8)

Â êîìïëåêñíîé ïëîñêîñòè ðàññìîòðèì ðåø¼òêó L ñ äëèíîé ôóíäàìåíòàëüíîé
îáëàñòè ` (` > 1, áîëåå òî÷íî, çíà÷åíèå ` îïðåäåëèì ïîçäíåå) òàê, ÷òî öåíòðû å¼
ÿ÷ååê ðàñïîëîæåíû â òî÷êàõ ñ öåëûìè êîîðäèíàòàìè, à îñè ïàðàëëåëüíû êîîð-
äèíàòíûì îñÿì. Ïóñòü L(N1) îáîçíà÷àåò íàèìåíüøóþ ÷àñòü ðåø¼òêè L, ñîäåð-
æàùóþ îáëàñòü

G(N1) :
{
N1 < N(ω) ≤ 2N1, 0 ≤ argω ≤ π

2

}
,

è ïóñòü C(N1) � ìíîæåñòâî öåíòðîâ ðåø¼òêè, ëåæàùèõ â G(N1). Îáîçíà÷èì
÷åðåç ∆ � ôóíäàìåíòàëüíóþ îáëàñòü ñ öåíòðîì â (0, 0).

Ìû èìååì

S(N1) =
∑

z∈C(N1)

∑
ω∈∆

exp (i(4m=log (z + ω)− 2t<log (z + ω)))+

+O
(
eN

1
2

1

)
.

(9)
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Ðàâåíñòâî (9) íå çàâèñèò îò âûáîðà ðàñïîëîæåíèÿ öåíòðîâ ðåø¼òêè L. Ðàç-
ëè÷íûõ ðàñïîëîæåíèé öåíòðîâ ðåø¼òêè ìîæåò áûòü íå áîëåå ([`])2. Ïðîâåä¼ì
óñðåäíåíèÿ ïî âñåì ïîëîæåíèÿì ðåø¼òêè L. Èìååì

S(N1)� 1

`2

∑
06=z∈C(N1)

∣∣∣∣∣∑
ω∈∆

exp
(
i
(

4m=log
(

1 +
ω

z

)
− 2t<

(
1 +

ω

z

)))∣∣∣∣∣+
+O

(
`N

1
2

1

)
.

(10)

Ïîëîæèì

` = 2
[
N

5
11

1

]
+

1

2
, r =

[
11 log (t2 +m2)

logN1

]
+ 1,

Fr(x+ iy) =

r∑
q=1

(−1)r−1

q

(
x+ iy

z

)q
, x, y ∈ R, z ∈ Q(i).

Òîãäà äëÿ ω = x+ iy, |x| ≤ `, |y| ≤ ` ìû èìååì

exp
(
i
(
4m=log

(
1 + ω

z

)
− 2t<log

(
1 + ω

z

)))
=

= exp (i (4m=Fr(x+ iy)− 2t<Fr(x+ iy))) +O

(
(t2 +m2)

1
2

(
`
|z|

)r+1
)
.

Òåïåðü äëÿ ÷¼òíîãî r ïðîñòûå âû÷èñëåíèÿ äàþò

4m=Fr(x+ iy)− 2t<Fr(x+ iy) =

= (−1)rt
r|z|r x

r +
(

(−1)r−12t
(r−1)|z|z−1 + (−1)r−14m

|z|r y
)
xr−1+

+
(

(−1)r−12t
3!(r−2)|z|r−2 + (−1)r−24m

|z|r−1 y + (−1)r−12t(r−1)
2!|z|r y2

)
xr−2 + · · ·

· · ·+
(
−2t
|z| −

4m
|z|2 y + · · ·+ (−1)r−14m

|z|r yr−1
)
x.

Äëÿ íå÷¼òíîãî r ñëåäóåò çàìåíèòü x íà y, t íà 2m.
Îáîçíà÷èì

W =
∑
|x|≤`

∑
|y|≤`

exp (i(4m=Fr(x+ iy)− 2t<Fr(x+ iy))).

È òåïåðü, ïîâòîðÿÿ ðàññóæäåíèÿ èç êíèãè À. À. Êàðàöóáû ([5], 58�59 è 66�
69), ìû ïîëó÷èì óòâåðæäåíèå ëåììû.

Ëåììà 4. Â îáëàñòè 1
2 ≤ <s ≤ 1, |t| ≥ 2 ñïðàâåäëèâà îöåíêà

Zm(s)� (t2 +m2)a(1−σ)
3/2

log4(t2 +m2), (11)

ãäå a > 1 � àáñîëþòíàÿ ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî. Ïóñòü m = 0. Â ñèëó ðàâåíñòâà

Z0(s) = 4ζ(s)L(s, χ4),

ãäå L(s, χ4) � L-ôóíêöèÿ Äèðèõëå ñ íåãëàâíûì õàðàêòåðîì ïî ìîäóëþ 4, óòâåð-
æäåíèå ëåììû ñëåäóåò èç àíàëîãè÷íûõ îöåíîê äëÿ ζ(s) è L(s, χ4) (ñì. [4], 160�
161).

Ïóñòü m 6= 0. Äëÿ N < X = 1
2π (t2 + (4m+ σ)2) log (t2 +m2), â ñèëó ëåììû 1,

ìîæåì çàïèñàòü

Zm(s) =
∑

N(ω)≤N

e4mi argωN−σ−it(ω)+

+
∑

N<N(ω)≤X

e4mi argωN−σ−it(ω) +O(1)� N1−σ
∑

N(ω)≤N

1

N(ω)
+

+
∑

N<N(ω)≤X

e4mi argω(N(ω))−σ−it +O(1) =

=
∑

N<N(ω)≤X

e4mi argω(N(ω))−σ−it +O
(
N1−σ logN

)
.

(12)

Ïîëîæèì N =
[
exp

(
(log (t2 +m2))

2/3

)]
.

Òîãäà

N1−σ ≤ e(1−σ) logN ≤ e2(q−σ)(log (t2+m2))
2/3
,

åñëè (1− σ)(log (t2 +m2))
2/3 ≤ 1.

Åñëè æå (1− σ)(log (t2 +m2))
2/3 > 1, òî

(1− σ)(log (t2 +m2))2 ≤
(

(1− σ)(log(t2 +m2))
2/3

)3/2

=

= (1− σ)
3/2 log (t2 +m2),

à ïîòîìó

N1−σ ≤ (t2 +m2)a(1−σ)
3/2
, ñ íåêîòîðîé ïîñòîÿííîé a ≥ 2. (13)

Äàëåå, äëÿ âûáðàííîãî çíà÷åíèÿ N ïðèìåíåíèå ÷àñòè÷íîãî ñóììèðîâàíèÿ
äà¼ò äëÿ íåêîòîðîãî δ0 > 0

∑
N<N(ω)≤X

e4mi argω(N(ω))−σ−it � X−σ

∣∣∣∣∣∣
∑

N<N(ω)≤X

e4mi argω(N(ω))−it

∣∣∣∣∣∣+

+

X∫
N

u−σ−1

∣∣∣∣∣∣
∑

N<N(ω)≤u

e4mi argωN(ω)−it

∣∣∣∣∣∣ du.



32 Âîðîáüåâ ß. À.

Â ñèëó ëåììû 4 ïîëó÷àåì∑
N<N(ω)≤X

e4mi argωN(ω)−it �

� N exp
(
−C log3 N

(log (t2+m2))2 +X exp
(
−C log3 X

(log (t2+m2))2

))
.

À ïîòîìó íàéä¼òñÿ σ0 > 0 òàêîå, ÷òî∑
N<N(ω)≤X

e4mi argωN(ω)−it � (t2 +m2)1−σ0 � X1−σ0 .

Ïîýòîìó, ñíîâà èñïîëüçóÿ ëåììó 4, ïîëó÷àåì ñ íåêîòîðûì 0 < C1 ≤ C∑
N<N(ω)≤X

e4mi argωN(ω)−σ−it �

� X1−σ−σ0 +
X∫
N

u−σ exp
(
−C1

log3 u
(log (t2+m2))2

)
du�

� (t2 +m2)(1−σ)
3/2

+
logX∫
logN

exp
(
v(1− σ)− C1

v3

(log (t2+m2))2

)
dv,

åñëè 1− σ1 ≤ σ ≤ 1 äëÿ íåêîòîðîãî ìàëîãî ôèêñèðîâàííîãî σ1 > 0.
Èç âûðàæåíèÿ ïîäûíòåãðàëüíîé ôóíêöèè ïîñëåäíåãî èíòåãðàëà âèäíî, ÷òî

íàéä¼òñÿ 0 < ε < C1 òàêîå, ÷òî

logX∫
logN

exp
(
v(1− σ)− C1

v3

(log (t2+m2))2

)
dv ≤

≤ max
logN<v≤logX

{
exp

(
v(1− σ)− (C1 − ε) v3

(log (t2+m2))2

)
×

×
logX∫
logN

exp
(
− εv3

(log (t2+m2))2

)
dv

}
.

Â èíòåãðàëå ñäåëàåì çàìåíó v3 = u(log (t2 +m2))2, ÷òî äà¼ò

logX∫
logN

�

log3 X

(log (t2+m2))2∫
log3 N

(log (t2+m2))2

e−uu−
2/3(log (t2 +m2))

2/3du�

� (log (t2 +m2))
2/3

∞∫
0

e−uu−
2/3du� (log (t2 +m2))

2/3 .

Êðîìå òîãî, ôóíêöèÿ f(v) = v(1−σ)− (C1− ε) v3

(log (t2+m2))2 íå âîçðàñòàåò ïðè

v ≥
(

1−σ
C1−ε

) 1
2

log (t2 +m2). Ïîýòîìó ìû ïîëó÷àåì äëÿ logN ≥ (log (t2 +m2))
2/3
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ñëåäóþùóþ îöåíêó∑
N<N(ω)≤X

e4mi argωN(ω)−σ−it � (t2 +m2)a1(1−σ)
3/2

(log (t2 +m2))b1 , (14)

ãäå a1 > 0, 0 < b1 ≤ 4.
Òåïåðü èç (12)-(14) ñëåäóåò óòâåðæäåíèå ëåììû.

Îñíîâíûå ðåçóëüòàòû. Â ýòîé ñåêöèè ìû ïðèâîäèì íàøè îñíîâíûå ðåçóëü-

òàòû, ñâÿçàííûå ñ îöåíêîé ôóíêöèè

Nm(σ, T ) :=

{
ρ ∈ C : Zm(ρ) = 0, <ρ ≥ σ ≥ 1

2
, |=ρ| ≤ T

}
.

Ìû áóäåì ñóùåñòâåííî èñïîëüçîâàòü íåðàâåíñòâà (5) è (6) ïðåäûäóùåé ñåê-
öèè.

Ðàññìîòðèì ïàðó Ìåëëèíà e−x è Γ(z):

e−x =
1

2πi

2+i∞∫
2−i∞

Γ(z)x−zdz, (x > 0).

Òîãäà, ïîëàãàÿ x = N(ω)
Y , Y > 1, ïîëó÷èì

e−
N(ω)
Y =

1

2πi

2+i∞∫
2−i∞

Γ(z)Y zN(ω)−zdz. (15)

Ðàññìîòðèì ïîëèíîì Äèðèõëå

MX(s) =
∑

N(ω)≤X

a(ω)N(ω)−s,

ãäå s = σ + it, log2 T ≤ |t| ≤ T , 1 � X ≤ Y � TC (C > 4 � êîíñòàíòà),
à êîýôôèöèåíòû am(ω) ÿâëÿþòñÿ êîýôôèöèåíòàìè ðàçëîæåíèÿ Z−1

m (s) â ðÿä
Äèðèõëå:

Zm(s) =
∑
ω

am(ω)

N(ω)s
, <s > 1.

Î÷åâèäíî, ÷òî

am(ω) =



1, åñëè N(ω) = 1;

(−1)ke4mi argω, åñëè ω = p1 · · · pk, pi � ðàçëè÷íûå íåàññîöèè-
ðîâàííûå ïðîñòûå ãàóññîâû ÷èñëà;

0, â îñòàëüíûõ ñëó÷àÿõ.
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Â äàëüíåéøåì X è Y ðàññìàòðèâàþòñÿ êàê ïàðàìåòðû, çàâèñÿùèå îò T , è
êàæäûé ðàç âûáèðàþòñÿ îòäåëüíî.

ßñíî, ÷òî Zm(s)MX(s)→ 1, êîãäà X →∞ ïðè σ > 1.
Ìû èìååì, â ñèëó (15),

Zm(s)MX(s) =
∑
ω

Cm(ω)e−
N(ω)
T N(ω)−s =

1

2πi

2+i∞∫
2−i∞

f(s, z)dz, (16)

ãäå f(s, z) = Zm(s+ z)MX(s+ z)Y zΓ(z).
Ó÷èòûâàÿ âûáîð MX(s), ìû ìîæåì çàïèñàòü ïðàâóþ ÷àñòü (16) â âèäå

4e−
1
Y +

∑
ω

N(ω)>X

Cm(ω)e−
N(ω)
T N(ω)−s.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà â (16) ïåðåíåñåì êîíòóð èíòåãðèðîâàíèÿ íà ïðÿ-
ìóþ <z = 1

2 − σ < 0, ïðè ýòîì ìû ïðîéäåì ÷åðåç äâà ïîëþñà ïîäûíòåãðàëüíîé
ôóíêöèè â òî÷êàõ z = 1− s è z = 0, åñëè m = 0, è åäèíñòâåííûé ïðîñòîé ïîëþñ
â òî÷êå z = 0, åñëè m 6= 0.

Ìû ìîæåì ñ÷èòàòü, ÷òî m 6= 0, òàê êàê ñëó÷àé m = 0 ìîæíî ðàññìàòðèâàòü
îòäåëüíî, èñïîëüçóÿ èçâåñòíûå ðåçóëüòàòû î ðàñïðåäåëåíèè íóëåé ζ(s) è L(s, χ4).

Ïîýòîìó èç (16) íàõîäèì

4e−
1
Y +

∑
ω

N(ω)>X

Cm(ω)e−
N(ω)
T N(ω)−s =

= Zm(s)MX(s) + 1
2πi

a+i∞∫
a−i∞

f(s, z)dz,

(17)

ãäå a := a(s) = 1
2 −<s = 1

2 − σ.
Ïóñòü ρ � íóëü Zm(s) â ïîëîñå 1

2 ≤ <ρ ≤ 1. Òîãäà ïåðâîå ñëàãàåìîå â ïðàâîé
÷àñòè (17) èñ÷åçàåò.

Ïîñêîëüêó |e− 1
Y − 1| ≤ 1

4 äëÿ Y > 5, òî (17) ïîêàçûâàåò, ÷òî õîòÿ áû îäíî èç
âûðàæåíèé ∑

ω
N(ω)>X

Cm(ω)e−
N(ω)
T ,

1

2πi

a+i∞∫
a−i∞

f(s, z)dz (18)

ïî àáñîëþòíîìó çíà÷åíèþ ≥ 1.
Îáîçíà÷èì ÷åðåç N1, N2 êîëè÷åñòâà ðàçëè÷íûõ êîðíåé ρ = β + iγ, β ≥ σ,

|γ| ≤ T , Z-ôóíêöèè Ãåêêå Zm(s), äëÿ êîòîðûõ I-å èëè II-å âûðàæåíèå â (18) íå
ìåíüøå 1 ïî àáñîëþòíîìó çíà÷åíèþ. Èç ëåììû 12 ðàáîòû J. P. Kubilius [8] âèäíî,
÷òî êðàòíîñòü òàêèõ êîðíåé íå ïðåâîñõîäèò O(log (T |m|)), ïîýòîìó çàêëþ÷àåì

Nm(σ, T )� (N1 +N2) log (T |m|). (19)

Âîçüì¼ì íåêîòîðîå η, 0 < η < 1 (ïîçäíåå åãî óòî÷íèì) è ïîëîæèì X = T η ≤
≤ Y ≤ T 4.
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Èç îöåíîê Zm(s) (ñì. ôîðìóëû (5) è (6)), òðèâèàëüíîé îöåíêè MX(s) � X
è ôîðìóëû Ñòèðëèíãà äëÿ Γ(z), âèäíî, ÷òî f(ρ, z) äîïóñêàåò îöåíêó

|f(ρ, z)| ≤ e− 1
2 |γ|,

åñëè <z = a(ρ), |=z| > A log T , ãäå A � äîñòàòî÷íî áîëüøîå.
Ïîýòîìó ñóùåñòâóåò B = B(η) òàêîå, ÷òî∣∣∣∣∣∣∣

1

2πi

a±i∞∫
a±iB log T

f(ρ, z)dz

∣∣∣∣∣∣∣ ≤
1

16
. (20)

Äàëåå, ïîñêîëüêó ïðè |z| > 1
log T , <z = a(ρ), âûïîëíÿåòñÿ íåðàâåíñòâî |Γ(z)| �

� log T (ýòî ñëåäóåò èõ ôîðìóëû Ñòèðëèíãà äëÿ Γ(z)), òî ìû èìååì

|MX(ρ+ z)Y zΓ(z)| � XY a(ρ) log T. (21)

Ïîýòîìó, åñëè ïåðâîå âûðàæåíèå â (18) íå ìåíüøå 1, òî

1

2π

γ+B log T∫
γ−B log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣ du� (
XY a(ρ) log T

)−1

, (22)

åñëè òîëüêî a(σ) < − 1
log T . Â ïðîòèâíîì ñëó÷àå ìû èìååì òðèâèàëüíî N(σ, T )�

� T 2(1−σ) log T (ñì. ëåììó 6).
Òåïåðü ïðèìåíåíèå íåðàâåíñòâà Êîøè-Øâàðöà äà¼ò

γ+A log T∫
γ−A log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣2 du� X−2Y −2a(ρ)(log T )−2.

À ïîòîìó ñóììèðîâàíèå ïî âñåì êîðíÿì ρ, äàþùèì âêëàä â N2, ïðèâîäèò ê
îöåíêå

T+A log T∫
T−A log T

∣∣∣∣Zm(1

2
+ iu

)∣∣∣∣2 · n(u)du� N2X
−2Y −2a(σ)(log T )−2, (23)

çäåñü n(u) îçíà÷àåò êîëè÷åñòâî òåõ íóëåé ρ, äëÿ êîòîðûõ |γ − u| ≤ A log T , ÷òî â
ñèëó ëåììû 6 äà¼ò n(u)� (log T )2.

Äàëåå, â ñèëó îöåíêè (ñì. [1], ëåììà 10)

T∫
−T

∣∣∣∣Zm(1

2
+ it

)∣∣∣∣2 dt� (T + |m|) logb(T + |m|), (b-êîíñòàíòà), (24)

ëåâàÿ ñòîðîíà (23) åñòü O(T + |m|)(log (T + |m|))b+2.
Ñðàâíåíèå îöåíîê (23) è (24) ïðèâîäèò ê íåðàâåíñòâó

N2 � X2Y 2a(σ)(T + |m|)(log (T + |m|))b+5 � (T + |m|)1+2ηY 2( 1
2−σ). (25)
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Âûâîä îöåíêè âåëè÷èíû N1 ïîëíîñòüþ ñîâïàäàåò ñ ðàññóæäåíèÿìè èç ðàáîòû
[2], ÷òî â ïðèíÿòûõ íàìè îáîçíà÷åíèÿõ äà¼ò

N1 � (T + |m|+N0)N1−2σ
0 (log (T 2 +m2))C1 (26)

è
N1 �

(
N2−2σ

0 + T |m|N3−4σ
0

)
(log (T 2 +m2))C1 , (27)

ãäå ïàðàìåòð N0 óäîâëåòâîðÿåò íåðàâåíñòâó

Y α � N0 � Y α(log (T 2 +m2)),
1

2
≤ α ≤ 1.

Åñëè òåïåðü ó÷åñòü, ÷òî 1− 2σ < 0, òî èç (25), (26) ïîëó÷àåì

Nm(σ, T )� (T |m|)1+3ηY 1−2σ +
(
Y 1−2σ + T |m|Y 1

2−σ
)

log (TM)
C1+1

. (28)

Âîçüì¼ì Y = (T |m|)2(3−2σ)−1

.
Òîãäà ïîñëå ïðîñòûõ óïðîùåíèé ïîëó÷èì äëÿ η = 1

15 , σ ≥
2
3

Nm(σ, T )� (T |m|)
4(1−σ)
3−2σ ,

2

3
≤ σ ≤ 5

6
.

Ïîëàãàÿ Y = (T |m|)(α(2σ−1))−1

, η = ε
3 , íàõîäèì

(TM)1+3ηY 1−2σ = (TM)1+3η− 1
α � T ε.

Ïîýòîìó èç (25), (27) ïîëó÷àåì äëÿ 5
6 ≤ σ ≤ 1 + ε

Nm(σ, T )� (T |m|)
2(1−σ)
2σ−1 (log T |m|)C .

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Â ïðÿìîóãîëüíèêå 2
3 ≤ σ ≤ 1− ε äëÿ m 6= 0 ñïðàâåäëèâû îöåíêè

Nm(σ, T )� (T |m|)
4(1−σ)
3−2σ (log (T |m|))C 2

3
≤ σ ≤ 5

6
.

Nm(σ, T )� (T |m|)
2(1−σ)
2σ−1 (log (T |m|))C 5

6
< σ ≤ 1− ε,

ñ ïîñòîÿííîé â ñèìâîëå ′′ �′′, çàâèñÿùåé òîëüêî îò ε.

Â ñëó÷àå m = 0 îöåíêè äëÿ N0(σ, T ) ñîâïàäàþò ñ îöåíêàìè ôóíêöèè N(σ, T )
äëÿ äçåòà-ôóíêöèè Ðèìàíà (ñì., íàïðèìåð, [4]).

Òåïåðü çàéìåìñÿ îöåíêîé Nm(σ, T ) âáëèçè ïðÿìîé σ = 1.

Òåîðåìà 2. Äëÿ 1− ε ≤ σ < 1 èìååò ìåñòî îöåíêà

Nm(σ, T )�ε (T 2 +m2)b(1−σ)
3/2

logC T 2 +m2,

ãäå b è C � àáñîëþòíûå ïîëîæèòåëüíûå ïîñòîÿííûå.
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Ýòî óòâåðæäåíèå åñòü ñëåäñòâèå àíàëîãà îöåíêè Ìîíòãîìåðè ([10], òåîðåìà
12.3)

Nm(σ, T )�

 max
α≤σ≤1
|s−1|≥1
|=s|≤T

|Zm(s)| logC1 T


2(1−σ)(3σ−1−a)
(2σ−1−a)(σ−a)

logC2(T + |m|),

ãäå C1, C2 � ïîëîæèòåëüíûå ïîñòîÿííûå, 1
2 ≤ a ≤ 1, σ ≥ 1+a

2 ,
è îöåíêè Zm(s) èç ëåììû 5.

Ñëåäñòâèåì òåîðåìû 1 è 2 ÿâëÿåòñÿ �ïëîòíîñòíàÿ� òåîðåìà

Òåîðåìà 3. Ñóùåñòâóåò àáñîëþòíàÿ ïîñòîÿííàÿ C ≥ 1 òàêàÿ, ÷òî ïðè
σ ≥ 1

2 , T ≥ 2

Nm(σ, T )�


(T |m|)3(1−σ) logC (T |m|), |m| ≥ 1,

T
12
5 (1−σ) log9 T, m = 0.

Äîêàçàòåëüñòâî. Äëÿ m = 0 èìååì Z0(s) = 4ζ(s)L(s, χ4), à ïîòîìó òðå-
áóåìûé ðåçóëüòàò ñëåäóåò èçâåñòíûõ îöåíîê N0(σ, T ), ïîëó÷åííûõ Huxley [3] è
Montgomery [10]. Äëÿ m 6= 0 ìû ó÷èòûâàåì, ÷òî

Nm(σ, T )� T |m| log T |m| � (T |m|)3(1−σ) log T |m|,

åñëè 3(1− σ) ≥ 1, òî åñòü 1
2 ≤ σ ≤

2
3 .

Äëÿ 2
3 ≤ σ ≤ 1− ε òðåáóåìûé ðåçóëüòàò äà¼ò òåîðåìà 1, èáî ïîëó÷åííûå òàì

îöåíêè äëÿ 2
3 ≤ σ ≤

5
6 è

5
6 ≤ σ ≤ 1− ε äîñòèãàþò ìàêñèìóìà ïðè σ = 5

6 . Íàêîíåö,
äëÿ 1−ε ≤ σ ≤ 1 óòâåðæäåíèå ñëåäóåò èç òåîðåìû 2, åñëè ïîëîæèòü ε ≤ 9b−2.

Â çàêëþ÷åíèå çàìåòèì, ÷òî óñðåäí¼ííûå ïî ïàðàìåòðóm îöåíêè äëÿNm(σ, T )
ðàññìàòðèâàëèñü â ðàáîòàõ Ô. Á. Êîâàëü÷èê [7] è M. D. Coleman [1].

Ïî ìåòîäó ðàáîòû [1] ìîæíî ïîëó÷èòü îöåíêó

Nm(σ, T )� (T |m|) 10
3 (1−σ) log1 9T |m|,

êîòîðàÿ ñëàáåå ïîëó÷åííîé â íàñòîÿùåé ðàáîòå.

Çàêëþ÷åíèå. Ïîëó÷åíà íåòðèâèàëüíàÿ îöåíêà äëÿ çåòà-ñóììû ðàâíîìåð-
íî äëÿ m è Im(s), ÿâëÿþùàÿñÿ àíàëîãîì îöåíêè çåòà-ñóììû äëÿ äçåòà-ôóíêöèè
Ðèìàíà. Òàêàÿ îöåíêà èãðàåò âàæíóþ ðîëü â ïîñòðîåíèè àñèìïòîòè÷åñêîé îöåí-
êè äëÿ ÷èñëà íóëåé äçåòà-ôóíêöèè Ãåêå. Èñïîëüçóÿ ìîäèôèöèðîâàííóþ ëåììó
Õàëà è ìåòîä Õèç-Áðàóíà äîêàçàí àíàëîã ïëîòíîñòíîé òåîðåìû äëÿ Zm(s) â òðå-
òüåé ñòåïåíè ïðè óñëîâèè m 6= 0.
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Âñòóï. Ïðè ïiäðàõóíêó êiëüêîñòi öiëèõ òî÷îê â ðiçíîìàíiòíèõ îáëàñòÿõ
äîâîäèòüñÿ îöiíþâàòè ñóìè ó âèãëÿäi

∑
a<n≤b

ψ(f(n)), äå

ψ(x) = {x} − 1/2,

à {x}− äðîáîâà ÷àñòèíà äiéñíîãî ÷èñëà x.
Îäèí ç ìåòîäiâ ðîçãëÿäó òàêèõ ñóì � öå çàìiíà ôóíêöi¨ ψ(x) òðèãîíîìåòðè-

÷íèì ðÿäîì

ψ(x) =

M∑
m=−M
m 6=0

e−2πimx

2πim
+ EM (x),

äå M îáèðà¹òüñÿ íàñòiëüêè âåëèêèì, ùîá ïîõèáêà EM (x) áóëà äîñòàòíüî ìàëîþ.
Ïîäðîáèöi ìîæíà çíàéòè, íàïðèêëàä, â [1] àáî â [2]. Òàêèì ÷èíîì çàäà÷à çâîäè-
òüñÿ äî îòðèìàííÿ îöiíîê òðèãîíîìåòðè÷íèõ ñóì ó âèãëÿäi∑

a<n≤b

e2πimf(n).

Àëå äëÿ ïîõèáêè EM (x) âèêîíó¹òüñÿ îöiíêà EM (x)� min
{

1, 1
M‖x‖

}
, äå ‖x‖−

âiäñòàíü äî íàéáëèæ÷îãî äî x öiëîãî ÷èñëà. Òàêèì ÷èíîì, ÿêùî ìè õî÷åìî
îòðèìàòè ïîõèáêó EM (x)� 1/E äëÿ 1� E, òî ìè çìóøåíi îáðàòè M � E/‖x‖.

c© Î. À. Ãóíÿâèé, 2013
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Òîáòî, ôóíêöiÿ ψ(x) çàìiíþ¹òüñÿ òðèãîíîìåòðè÷íèì ïîëiíîìîì, ñòóïiíü ÿêîãî
îöiíþ¹òüñÿ ÿê E/‖x‖. Â öié ðîáîòi ïîêàçàíî, ùî ôóíêöiþ ψ(x) ìîæíà çàìiíèòè
ç ïîõèáêîþ, íå áiëüøîþ çà 1/E, òðèãîíîìåòðè÷íèì ïîëiíîìîì, ñòóïiíü ÿêîãî
îöiíþ¹òüñÿ ÿê lnE/‖x‖.

Îñíîâíi ðåçóëüòàòè. Îòæå, îòðèìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà. Íåõàé X � òàêà ìíîæèíà äiéñíèõ ÷èñåë, ùî

∀x ∈ X ‖x‖ ≥ 1/D ,

äå D ≥ 2. Òîäi ∀E > 2 iñíó¹ òðèãîíîìåòðè÷íèé ïîëiíîì

Td(x) =
∑

0<|k|≤d

ame
−2πikx

ñòåïóíÿ d� D lnE, òàêèé, ùî

∀x ∈ X ψ(x)− Td(x)� 1/E .

Ïåðåä äîâåäåííÿì òåîðåìè îòðèìà¹ìî äîïîìiæíi ðåçóëüòàòè.

Ëåìà 1. Íåõàé K(t)− òàêà ôóíêöiÿ, ùî

∀t ∈ R K(t+ 1) = K(t) = K(−t) ,

1∫
0

K(t)dt = 1.

Íåõàé ψ(t) = {t} − 1/2, äå {t}− äðîáîâà ÷àñòèíà äiéñíîãî ÷èñëà t òà

S(x) =

1∫
0

ψ(x+ t)K(t)dt.

Òîäi, ôóíêöiÿ S(x) ¹ íàáëèæåííÿì äî ôóíêöi¨ ψ(x). Äî òîãî æ

ψ(x)− S(x) =

x∫
1/2

K(t)dt.

Äîâåäåííÿ. Äëÿ t /∈ Z ψ(1− t) = ψ(−t) = −ψ(t). Òîäi, ç âèçíà÷åííÿ ôóíêöi¨
S(x) òà âëàñòèâîñòåé ôóíêöi¨ K(t)

S(1− x) = S(−x) =

1∫
0

ψ(−x+ t)K(t)dt =

= −
1∫

0

ψ(x− t)K(t)dt = −
0∫
−1

ψ(x+ t)K(−t)dt =

= −
1∫

0

ψ(x+ t)K(−t)dt = −
1∫

0

ψ(x+ t)K(t)dt = −S(x),
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òîáòî S(1− x) = S(−x) = −S(x). Íåõàé x ∈ [0, 1), òîäi

ψ(x+ t)− ψ(x) =
{
t : t ∈ [0, 1− x); t− 1 : t ∈ [1− x, 1]

}
,

êðiì òîãî ψ(x) =
1∫
0

ψ(x)K(t)dt. Îòæå, äëÿ x ∈ [0, 1)

S(x)− ψ(x) =

1∫
0

ψ(x+ t)K(t)dt−
1∫

0

ψ(x)K(t)dt =

=

1∫
0

(ψ(x+ t)− ψ(x))K(t)dt =

=

1−x∫
0

tK(t)dt+

1∫
1−x

(t− 1)K(t)dt =

1∫
0

tK(t)dt−
1∫

1−x

K(t)dt.

Àíàëîãi÷íî äëÿ x ∈ (0, 1)

S(1− x)− ψ(1− x) = −(S(x)− ψ(x)) =

1∫
0

tK(t)dt−
1∫
x

K(t)dt.

Âiäíiìàþ÷è âiä îäíi¹¨ ðiâíîñòi iíøó, îòðèìó¹ìî

2(S(x)− ψ(x)) =

1∫
x

K(t)dt−
1∫

1−x

K(t)dt =

1−x∫
x

K(t)dt = 2

1/2∫
x

K(t)dt,

çâiäêè ψ(x)− S(x) =
x∫

1/2

K(t)dt, ùî i ïîòðiáíî áóëî äîâåñòè.

Çàóâàæåííÿ 1. Íåõàé

Dn(t) =

n∑
k=−n

e2πikt = 1 + 2

n∑
k=1

cos 2πkt =
sinπt(2n+ 1)

sinπt
−

ÿäðî Äiðiõëå äëÿ n ∈ N.

Î÷åâèäíî, ∀t ∈ R Dn(t+ 1) = Dn(t) = Dn(−t) ,
1∫
0

Dn(t)dt = 1. Òîäi ÿêùî

âçÿòè Sn(x) =
1∫
0

ψ(x+ t)Dn(t)dt, òî

ψ(x)− Sn(x) =

x∫
1/2

Dn(t)dt.
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À äëÿ iíòåãðàëà ìîæíà îòðèìàòè íàñòóïíó îöiíêó

x∫
1/2

Dn(t)dt� min

{
1,

1

n‖x‖

}
,

äå ‖x‖ � âiäñòàíü äî íàéáëèæ÷îãî âiä x öiëîãî ÷èñëà.

Çàóâàæåííÿ 2. Çàôiêñó¹ìî m,n ∈ N òà ðîçãëÿíåìî ôóíêöiþ

D2m
n (t) =

(
sinπt(2n+ 1)

sinπt

)2m

−

òðèãîíîìåòðè÷íèé ïîëiíîì ñòåïóíÿ 2mn. Ïîçíà÷èìî Kn,m(t) =
D2m
n (t)

a(n,m) , äå

a(n,m) =
1∫
0

D2m
n (t)dt. Òîäi ∀t ∈ R Kn,m(t+ 1) = Kn,m(t) = Kn,m(−t) ,

1∫
0

Kn,m(t)dt = 1, i ÿêùî

Sn,m(x) =

1∫
0

ψ(x+ t)Kn,m(t)dt,

òî ψ(x) − Sn,m(x) =
x∫

1/2

Kn,m(t)dt = 1
a(n,m)

x∫
1/2

D2m
n (t)dt. Òàêèì ÷èíîì, ùîá îöi-

íèòè ïîõèáêó ψ(x)−Sn,m(x), ïîòðiáíî îöiíèòè çâåðõó iíòåãðàë
x∫

1/2

D2m
n (t)dt òà

îöiíèòè çíèçó ÷èñëî a(n,m).

Ëåìà 2 (ïðî îöiíêó ñóìè
m∑
k=1

qk√
k
). Íåõàé q > 0, òîäi

m∑
k=1

qk√
k
�


q : ln q ≤ −1;

1/
√
| ln q| : −1 ≤ ln q ≤ −1/m;√

m : 0 ≤ | ln q| � 1/m;
qm/(

√
m ln q) : 1/m� ln q � 1;
qm/
√
m : 1� ln q.

Äîâåäåííÿ. Äëÿ ln q ≤ −1

m∑
k=1

qk√
k
<

m∑
k=1

qk <
q

1− q
� q.

Äëÿ 0 ≤ | ln q| � 1/m
m∑
k=1

qk√
k
�

m∑
k=1

1√
k
�
√
m.
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Äëÿ 1/m� | ln q| � 1

m∑
k=1

qk√
k

=
∑

k≤1/| ln q|

qk√
k

+
∑

1/| ln q|<k≤m

qk√
k
.

Àëå ∑
k≤1/| ln q|

qk√
k
�

∑
k≤1/| ln q|

1√
k
� 1√

| ln q|
.

ßêùî ln q < 0, òî ôóíêöiÿ qt√
t
ñïàäà¹, i òîäi

∑
a<k≤m

qk√
k
� qa√

a
+

m∫
a

qt√
t
dt.

À
m∫
a

qt√
t
dt =

qt√
t ln q

∣∣∣∣m
t=a

+
1

2 ln q

m∫
a

qt

t3/2
dt <

qa√
a| ln q|

,

çâiäêè ∑
a<k≤m

qk√
k
� qa√

a| ln q|
.

Îáðàâøè a = 1/| ln q|, îòðèìó¹ìî îöiíêó

∑
1/| ln q|<k≤m

qk√
k
� 1√

| ln q|
,

çâiäêè äëÿ −1� ln q � −1/m

m∑
k=1

qk√
k
� 1√

| ln q|
.

ßêùî 1/m� ln q � 1 òà 1
2 ln q ≤ t, òî ôóíêöiÿ

qt√
t
çðîñòà¹. Òàêîæ äëÿ 1

2 ln q < a

∑
a<k≤m

qk√
k
� qm√

m
+

m∫
a

qt√
t
dt.

Àëå

S(a) =

m∫
a

qt√
t
dt =

qt√
t ln q

∣∣∣∣m
t=a

+
1

2 ln q

m∫
a

qt

t3/2
dt <

qm√
m ln q

+
1

2a ln q
S(a),

çâiäêè

S(a)� qm

√
m ln q

(
1− 1

2a ln q

) .
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Òàêèì ÷èíîì,

S

(
1

ln q

)
=

m∫
1/ ln q

qt√
t
dt� qm

√
m ln q

(
1− 1

2

) � qm√
m ln q

,

i òîäi
m∑
k=1

qk√
k
� 1√

ln q
+

qm√
m ln q

� qm√
m ln q

.

Àíàëîãi÷íî, äëÿ 1� ln q

m∑
k=1

qk√
k
� qm√

m
+

m∫
1

qt√
t
dt =

qm√
m

+ S(1).

Àëå

S(1) =

m∫
1

qt√
t
dt� qm

√
m ln q

(
1− 1

2 ln q

) � qm√
m ln q

,

çâiäêè
m∑
k=1

qk√
k
� qm√

m
.

Çáèðàþ÷è ðàçîì âñi îöiíêè, îòðèìó¹ìî îñòàòî÷íèé ðåçóëüòàò.

Ëåìà 3 (ïðî îöiíêó iíòåãðàëà
x∫

1/2

D2m
n (t)dt). Äëÿ x ∈ (0, 1) ñïðàâåäëèâi íà-

ñòóïíi îöiíêè:
äëÿ ψ(x)� 1/(n

√
m)

x∫
1/2

D2m
n (t)dt� ψ(x);

äëÿ 1/(n
√
m)� ψ(x)� 1/

√
m

x∫
1/2

D2m
n (t)dt� ψ(x)√

m
+

1

n
√
m

;

äëÿ 1/
√
m� ψ(x)

x∫
1/2

D2m
n (t)dt� 1

m
√
mψ(x) sin2m−1 πx

+
1

n
√
m sin2m πx

.

Äîâåäåííÿ. Íåõàé äëÿ âèçíà÷åíîñòi, 1/2 < x < 1. Äàëi îöiíèìî

x∫
1/2

D2m
n (t)dt =

x∫
1/2

(
sinπt(2n+ 1)

sinπt

)2m

dt.
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Îòæå, ìà¹ìî

1

2
+

k

2n+ 1
≤ x⇔ 2n+ 1 + 2k ≤ 2x(2n+ 1)⇔

⇔ 2k ≤ (2x− 1)(2n+ 1)⇔ k ≤ ψ(x)(2n+ 1).

Ïîçíà÷èìî xk = 1
2 + k

2n+1 , K = [ψ(x)(2n+ 1)] � öiëà ÷àñòèíà, òîäi

x∫
1/2

D2m
n (t)dt =

K∑
k=1

xk∫
xk−1

D2m
n (t)dt+

x∫
xK

D2m
n (t)dt.

Äàëi
xk∫

xk−1

D2m
n (t)dt >

1

sin2m πxk−1

xk∫
xk−1

sin2m πt(2n+ 1)dt;

xk∫
xk−1

D2m
n (t)dt <

1

sin2m πxk

xk∫
xk−1

sin2m πt(2n+ 1)dt.

Àëå xk − xk−1 = 1
2n+1 òà

sin2m πt(2n+ 1) =
Cm2m
4m

+
2

4m

m∑
r=1

(−1)rCm−r2m cos 2πtr(2n+ 1),

çâiäêè
xk∫

xk−1

cos 2πtr(2n+ 1)dt = 0. Òàêèì ÷èíîì,

xk∫
xk−1

sin2m πt(2n+ 1)dt =
Cm2m

4m(2n+ 1)
.

Îòæå
x∫

1/2

D2m
n (t)dt <

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+

x∫
xK

D2m
n (t)dt.

Äëÿ Cm2m êîðèñòó¹ìîñü îöiíêîþ

Cm2m =
4m√
πm

(1 +O(1/m)),

ÿêó ìîæíà îòðèìàòè ç ôîðìóëè Ñòiðëiíãà äëÿ ln Γ(s).
Àíàëîãi÷íî

x∫
xK

D2m
n (t)dt <

1

sin2m πx

xK+1∫
xK

sin2m πt(2n+ 1)dt =

=
Cm2m

4m(2n+ 1) sin2m πx
� 1

n
√
m sin2m πx

.
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Òàêèì ÷èíîì,

x∫
1/2

D2m
n (t)dt <

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Ç iíøîãî áîêó,

x∫
1/2

D2m
n (t)dt >

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk−1

=

=
Cm2m

4m(2n+ 1)

(
K∑
k=1

1

sin2m πxk
+ 1− 1

sin2m πxK

)
=

=
Cm2m

4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Îòæå,

x∫
1/2

D2m
n (t)dt =

Cm2m
4m(2n+ 1)

K∑
k=1

1

sin2m πxk
+O

(
1

n
√
m sin2m πx

)
.

Êðiì òîãî,

K∑
k=1

1

sin2m πxk
= (2n+ 1)

x∫
1/2

dt

sin2m πt
+O

(
1

sin2m πx

)
.

Òîäi îñòàòî÷íî

x∫
1/2

D2m
n (t)dt =

Cm2m
4m

x∫
1/2

dt

sin2m πt
+O

(
1

n
√
m sin2m πx

)
.

Ïîçíà÷èìî äàëi

Im(x) =

x∫
1/2

dt

sin2m πt
.

Òîäi

Im(x) =

x∫
1/2

sin2 πt+ cos2 πt

sin2m πt
dt = Im−1(x) +

x∫
1/2

cos2 πt

sin2m πt
dt.
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Àëå

x∫
1/2

cos2 πt

sin2m πt
dt =

= −
(

cosπt

π(2m− 1) sin2m−1 πt

)∣∣∣∣x
t=1/2

− 1

2m− 1

x∫
1/2

sinπt

sin2m−1 πt
dt =

= − cosπx

π(2m− 1) sin2m−1 πx
− 1

2m− 1
Im−1(x).

Òàêèì ÷èíîì,

Im(x) =
m− 1

m− 1/2
Im−1(x)− cosπx

2π(m− 1/2) sin2m−1 πx
.

Êðiì òîãî,

I1(x) =

x∫
1/2

dt

sin2 πt
= −

(
cosπt

π sinπt

)∣∣∣∣x
t=1/2

= − cosπx

π sinπx
.

Îòæå,

Im(x) = − cosπx

2π(m− 1
2 ) sin2m−1 πx

×
(

1 +
m− 1

m− 3
2

sin2 πx+

+
(m− 1)(m− 2)

(m− 3
2 )(m− 5

2 )
sin4 πx+ . . .+

(m− 1)(m− 2) . . . 1

(m− 3
2 )(m− 5

2 ) . . . 1
2

sin2m−2 πx

)
.

Òîáòî

Im(x) =

= − cosπx

2π(m− 1
2 ) sin2m−1 πx

m−1∑
k=0

(m− 1)(m− 2) . . . (m− k)

(m− 3
2 )(m− 5

2 ) . . . (m− k − 1
2 )

sin2k πx.

Äàëi,

ln

(
(m− 1)(m− 2) . . . (m− k)

(m− 3/2)(m− 5/2) . . . (m− k − 1/2)

)
=

=

k∑
r=1

ln

(
1 +

1

2m− 2r − 1

)
=

m−1∑
r=m−k

ln

(
1 +

1

2r − 1

)
=

=

m−1∑
r=m−k

1

2r − 1
+O

(
m−1∑
r=m−k

1

(2r − 1)2

)
.
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Àëå

m−1∑
r=m−k

1

(2r − 1)2
<

<
1

(2m− 2k − 1)2
− 1

(2m− 1)2
+

1

4

m∫
m−k

dt

(t− 1/2)2
� k

m(m− k)
.

Òàêîæ

m−1∑
r=m−k

1

2r − 1
=

∑
m−k+1/2<r≤m+1/2

1

2r − 1
+

1

2m− 2k − 1
− 1

2m− 1
=

=
2k

(2m− 2k − 1)(2m− 1)
+

m+1/2∫
m−k+1/2

dt

2t− 1
− 2

m+1/2∫
m−k+1/2

ψ(t)
dt

(2t− 1)2
=

= ln

√
m

m− k
+O

(
k

m(m− k)

)
.

Òàêèì ÷èíîì,

ln

(
(m− 1) . . . (m− k)

(m− 3/2) . . . (m− k − 1/2)

)
= ln

√
m

m− k
+O

(
k

m(m− k)

)
.

Îòæå,

(m− 1) . . . (m− k)

(m− 3/2) . . . (m− k − 1/2)
=

√
m

m− k
+O

(
k√

m(m− k)3/2

)
.

Òîäi

Im(x)� cosπ(1− x)

m sin2m−1 πx

m−1∑
k=0

√
m

m− k
sin2k πx =

=
sinπx · cosπ(1− x)√

m

m∑
k=1

1√
k sin2k πx

=
sinπx · cosπ(1− x)√

m

m∑
k=1

qk√
k
,

äå q = sin−2 πx ≥ 1.
Äàëi âèêîðèñòîâó¹ìî ðåçóëüòàòè ëåìè 2. Äëÿ x, áëèçüêèõ äî 1/2,

ln q = ln(sin−2 πx) = −2 ln cosπ(x− 1/2) = −2 ln
(

1− 2 sin2 π

2
ψ(x)

)
� ψ2x),

à îòæå,

0 ≤ | ln q| � 1/m ⇔ ψ2(x)� 1/m ⇔ ψ(x)� 1/
√
m .

Òîäi, ÿêùî ψ(x)� 1/
√
m, òî

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

�

� cosπψ(x) sinπψ(x)� ψ(x).
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Äëÿ 1/m� ln q � 1, òîáòî, êîëè 1/
√
m� ψ(x)� 1,

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

� cosπ(1− x)

m sin2m−1(πx) ln(sin−1 πx)
.

Àëå
cosπ(1− x)

ln(sin−1 πx)
=

sinπψ(x)

−2 ln(1− 2 sin2 π
2ψ(x))

� 1

ψ(x)
,

çâiäêè

Im(x)� 1

mψ(x) sin2m−1 πx
.

Äëÿ 1� ln q

Im(x)� sinπx · cosπ(1− x)√
m

m∑
k=1

1√
k sin2k πx

�

� cosπ(1− x)

m sin2m−1 πx
� 1

mψ(x) sin2m−1 πx
.

Çáèðàþ÷è ðàçîì îòðèìàíi îöiíêè, ìà¹ìî äëÿ

x∫
1/2

D2m
n (t)dt =

Cm2m
4m

Im(x) +O

(
1

n
√
m sin2m πx

)
:

äëÿ ψ(x)� 1/
√
m

x∫
1/2

D2m
n (t)dt� ψ(x)√

m
+

1

n
√
m

;

äëÿ 1/
√
m� ψ(x)

x∫
1/2

D2m
n (t)dt� 1

m
√
mψ(x) sin2m−1 πx

+
1

n
√
m sin2m πx

.

Êðiì òîãî, êîëè ψ(x)� (n
√
m)−1,

x∫
1/2

D2m
n (t)dt =

x∫
1/2

(
sinπt(2n+ 1)

sinπt

)2m

dt�
x∫

1/2

dt� ψ(x).

Òàêèì ÷èíîì, ëåìó äîâåäåíî.

Ëåìà 4 (ïðî îöiíêó a(n,m) çíèçó). Ñïðàâåäëèâà íàñòóïíà îöiíêà

a(n,m) =

1∫
0

D2m
n (t)dt� (2n+ 1)2m−1

√
m

.
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Äîâåäåííÿ. Ìà¹ìî äëÿ äîñòàòíüî ìàëîãî δ > 0

a(n,m) =

1∫
0

D2m
n (t)dt�

δ∫
0

(
sinπt(2n+ 1)

sinπt

)2m

dt�

�
δ∫

0

(
πt(2n+ 1) +O

(
(πnt)3

))2m
(πt)2m

dt� (2n+ 1)2m

δ∫
0

(
1 +O

(
(πnt)2

))2m
dt�

� (2n+ 1)2m

δ∫
0

(
1 +O

(
m(nt)2

))
dt.

Âçÿâøè δ = 1√
m(2n+1)

, îòðèìó¹ìî

a(n,m)� (2n+ 1)2m−1

√
m

.

Ëåìà 5 (ïðî îöiíêó äëÿ ψ(x)− Sn,m(x)). Íåõàé Kn,m(t) =
D2m
n (t)

a(n,m) , äå

a(n,m) =
1∫
0

D2m
n (t)dt, Sn,m(x) =

1∫
0

ψ(x + t)Kn,m(t)dt. Òîäi äëÿ ψ(x) − Sn,m(x)

ñïðàâåäëèâi íàñòóïíi îöiíêè:
äëÿ ψ(x)� 1/(n

√
m)

ψ(x)− Sn,m(x)�
√
m

(2n+ 1)2m−1
ψ(x);

äëÿ 1/(n
√
m)� ψ(x)� 1/

√
m

ψ(x)− Sn,m(x)� |ψ(x)|
(2n+ 1)2m−1

+
1

(2n+ 1)2m
;

äëÿ 1/
√
m� ψ(x)

ψ(x)− Sn,m(x)�

� 1

m|ψ(x)|[(2n+ 1) sin(π‖x‖)]2m−1
+

1

[(2n+ 1) sin(π‖x‖)]2m
.

Äîâåäåííÿ. Òàê ÿê

ψ(x)− Sn,m(x) =

x∫
1/2

Kn,m(t)dt =
1

a(n,m)

x∫
1/2

D2m
n (t)dt,

òî ëåìà 5 ¹ íàñëiäêîì ëåìè 3 òà ëåìè 4.

Çàóâàæåííÿ 3. Îñòàííüîþ îöiíêîþ âàðòî êîðèñòóâàòèñÿ òiëüêè ó âèïàä-
êó (2n + 1) sinπx > 1, òîáòî, êîëè x çíàõîäèòüñÿ äîñòàòíüî äàëåêî âiä öiëèõ
÷èñåë, à ñàìå äëÿ 1/n� ‖x‖. Â iíøîìó âèïàäêó êîðèñòó¹ìîñü îöiíêîþ

ψ(x)− Sn,m(x) =
1

a(n,m)

x∫
1/2

D2m
n (t)dt ≤ 1

a(n,m)

1∫
1/2

D2m
n (t)dt =

1

2
.
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Äîâåäåííÿ. Äîâåäåìî äàëi òåîðåìó.
Íåõàé n =

[
eD
4 + 1

2

]
, òîäi eD4 −

1
2 < n ≤ eD

4 + 1
2 , çâiäêè

eD

2
< 2n+ 1 ≤ eD

2
+ 2.

Äî òîãî æ, ∀x ∈ R sinπ‖x‖ ≥ 2‖x‖ . Òàêèì ÷èíîì, ∀x ∈ X

(2n+ 1) sin(π‖x‖) ≥ (2n+ 1)2‖x‖ ≥ 2(2n+ 1)

D
> e.

Íåõàé m =
[

1
2 lnE

]
+ 1, òîäi 1

2 lnE < m ≤ 1
2 lnE + 1, çâiäêè E < e2m.

Kn,m(x) =
D2m
n (x)
a(n,m) , äå a(n,m) =

1∫
0

D2m
n (t)dt. Áåðåìî d = 2nm òà

Td(x) = Sn,m(x) =

1∫
0

ψ(x+ t)Kn,m(t)dt =
∑

0<|k|≤d

ake
−2πikx,

äå d = 2nm = 2
[
eD
4 + 1

2

] ([
1
2 lnE

]
+ 1
)
≤
(
eD
2 + 1

) (
1
2 lnE + 1

)
� D lnE.

Äëÿ îöiíêè ψ(x)− Td(x) = ψ(x)− Sn,m(x) âèêîðèñòîâó¹ìî ëåìó 5.
ßêùî ψ(x)� 1/

√
m, òî

ψ(x)− Sn,m(x)� |ψ(x)|
(2n+ 1)2m−1

+
1

(2n+ 1)2m
�

� 1√
m(2n+ 1)2m−1

+
1

(2n+ 1)2m
� 1√

m

(
2

eD

)2m−1

+

(
2

eD

)2m

=

=
e√
m

1

e2m(D/2)2m−1
+

1

e2m(D/2)2m
� 1

e2m
<

1

E
.

ßêùî 1/
√
m� ψ(x), òî

ψ(x)− Sn,m(x)�

� 1

m|ψ(x)|[(2n+ 1) sin(π‖x‖)]2m−1
+

1

[(2n+ 1) sin(π‖x‖)]2m
�

� 1

[(2n+ 1) sin(π‖x‖)]2m
<

1

e2m
<

1

E
.

Îòæå, òåîðåìó äîâåäåíî.

Âèñíîâêè. Òàêèì ÷èíîì, ïîêàçàíî, ùî ôóíêöiþ ψ(x) ìîæíà çàìiíþâàòè
òðèãîíîìåòðè÷íèìè ïîëiíîìàìè íåâåëèêîãî ñòóïåíÿ. Öå äîçâîëÿ¹ êðàùå îöiíþ-
âàòè ñóìè

∑
a<n≤b

ψ(f(n)).
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Ïðè âèâ÷åííi ôàêòîð-íàïiâãðóï åôåêòèâíîþ ¹ òåõíiêà íàïiâðåòðàêöié, âïåðøå âèçíà-

÷åíèõ ó ðîáîòàõ Â. Ì. Óñåíêà, ÿêà äîçâîëÿ¹ âèêîðèñòîâóâàòè íàïiâðåòðàêöi¨ çàìiñòü

ãîìîìîðôiçìiâ i ìóòàöi¨ çàìiñòü ôàêòîð-íàïiâãðóï. Ç âèêîðèñòàííÿì íàïiâðåòðàêöié íà-

ïiâãðóï ñóòò¹âî ïîëåãøó¹òüñÿ çàäà÷à çíàõîäæåííÿ êîíãðóåíöié íàïiâãðóï. Ó öié ðîáîòi

íàâåäåíî ðåçóëüòàòè, îòðèìàíi çà äîïîìîãîþ òåõíiêè íàïiâðåòðàêöié. Ðîçãëÿíóòî òåõíi-

êó íàïiâðåòðàêöié ãðóï, çàïðîïîíîâàíó Â.Ì. Óñåíêîì. Òåõíiêó íàïiâðåòðàêöié ìîíî¨äiâ

ðîçïîâñþäæåíî íà äîâiëüíi íàïiâãðóïè. Ó òåðìiíàõ íàïiâðåòðàêöié ïðåäñòàâëåíî îïèñè

Ãåðõàðäà, Ïåòðè÷à òà Ñiëüâè iäåìïîòåíòíèõ êîíãðóåíöié âiëüíî¨ íàïiâãðóïè. Âèçíà÷å-

íî ïîíÿòòÿ íàïiâðåòðàêöi¨ äiìîíî¨äà òà íàâåäåíî ïðèêëàä çàñòîñóâàííÿ íàïiâðåòðàêöié

äî âèâ÷åííÿ êîíãðóåíöié äiìîíî¨äiâ. Ðîçãëÿíóòî êîíñòðóêöi¨ ñèìåòðè÷íî¨ 0-êàòåãîði¨

òà ñèìåòðè÷íî¨ iíâåðñíî¨ 0-êàòåãîði¨. Îõàðàêòåðèçîâàíî îäèí òèï íàïiâðåòðàêöié ñè-

ìåòðè÷íî¨ 0-êàòåãîði¨ òà îäèí òèï íàïiâðåòðàêöié ñèìåòðè÷íî¨ iíâåðñíî¨ 0-êàòåãîði¨. Ó

òåðìiíàõ ìàòðè÷íèõ íàïiâãðóï îïèñàíî áóäîâó ìóòàöié âiäïîâiäíèõ 0-êàòåãîðié.

Êëþ÷îâi ñëîâà: íàïiâðåòðàêöiÿ, ãðóïà, íàïiâãðóïà, äiìîíî¨ä, ñèìåòðè÷íà 0-êàòåãîðiÿ.

Æó÷îê À. Â., Æó÷îê Þ. Â. Ïîëóðåòðàêöèè íåêîòîðûõ àëãåáðàè÷å-

ñêèõ ñèñòåì. Ïðè èçó÷åíèè ôàêòîð-ïîëóãðóïï ýôôåêòèâíà òåõíèêà ïîëóðåòðàêöèé,

âïåðâûå îïðåäåëåííûõ â ðàáîòàõ Â. Ì. Óñåíêî, êîòîðàÿ ïîçâîëÿåò èñïîëüçîâàòü ïîëó-

ðåòðàêöèè âìåñòî ãîìîìîðôèçìîâ è ìóòàöèè âìåñòî ôàêòîð-ïîëóãðóïï. Ñ èñïîëüçîâà-

íèåì ïîëóðåòðàêöèé ïîëóãðóïï ñóùåñòâåííî îáëåã÷àåòñÿ çàäà÷à íàõîæäåíèÿ êîíãðóýí-

öèé ïîëóãðóïï. Â ýòîé ðàáîòå ïðèâåäåíû ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ òåõíèêè

ïîëóðåòðàêöèé. Ðàññìîòðåíà òåõíèêà ïîëóðåòðàêöèé ãðóïï, ïðåäëîæåííàÿ Â. Ì. Óñåí-

êî. Òåõíèêà ïîëóðåòðàêöèé ìîíîèäîâ ðàñïðîñòðàíåíà íà ïðîèçâîëüíûå ïîëóãðóïïû. Â

òåðìèíàõ ïîëóðåòðàêöèé ïðåäñòàâëåíû îïèñàíèÿ Ãåðõàðäà, Ïåòðè÷à è Ñèëüâû èäåì-

ïîòåíòíûõ êîíãðóýíöèé ñâîáîäíîé ïîëóãðóïïû. Îïðåäåëåíî ïîíÿòèå ïîëóðåòðàêöèè

äèìîíîèäà è ïðèâåäåí ïðèìåð ïðèìåíåíèÿ ïîëóðåòðàêöèé ê èçó÷åíèþ êîíãðóýíöèé äè-

ìîíîèäîâ. Ðàññìîòðåíû êîíñòðóêöèè ñèììåòðè÷åñêîé 0-êàòåãîðèè è ñèììåòðè÷åñêîé

èíâåðñíîé 0-êàòåãîðèè. Îõàðàêòåðèçîâàíû îäèí òèï ïîëóðåòðàêöèé ñèììåòðè÷åñêîé

0-êàòåãîðèè è îäèí òèï ïîëóðåòðàêöèé ñèììåòðè÷åñêîé èíâåðñíîé 0-êàòåãîðèè. Â òåð-

ìèíàõ ìàòðè÷íûõ ïîëóãðóïï îïèñàíî ñòðîåíèå ìóòàöèé ñîîòâåòñòâóþùèõ 0-êàòåãîðèé.

Êëþ÷åâûå ñëîâà: ïîëóðåòðàêöèÿ, ãðóïïà, ïîëóãðóïïà, äèìîíîèä, ñèììåòðè÷åñêàÿ

0-êàòåãîðèÿ.

Zhuchok A. V., Zhuchok Yu. V. Semiretractions of some algebraic sys-

tems. The technique of semiretractions which first appeared in the papers of V.M. Usenko

is effective to the study of quotient semigroups. It allows to use semiretractions instead of

homomorhisms and mutations instead of quotient semigroups. With the help of semiretrac-

tions the problem of finding of congruences on semigroups is simplified. In this paper we give
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results obtained with the help of the technique of semiretractions. We consider the technique

of semiretractions of groups proposed by V.M. Usenko. The technique of semiretractions of

monoids is extended to arbitrary semigroups. In terms of semiretractions the descriptions of

idempotent congruences on free semigroups obtained in the works of Gerhard, Petrich and

Silva are presented. The notion of a semiretraction of a dimonoid is defined and an example

of an application of semiretractions to the study of congruences on dimonoids is given. The

constructions of a symmetric 0-category and a symmetric inverse 0-category are considered.

One type of semiretractions of a symmetric 0-category and one type of semiretractions of a

symmetric inverse 0-category are characterized. In terms of matrix semigroups the structure

of mutations of the corresponding 0-categories are described.

Key words: semiretraction, group, semigroup, dimonoid, symmetric 0-category.

Âñòóï. Ïðè âèâ÷åííi ôàêòîð-íàïiâãðóï åôåêòèâíîþ ñòà¹ òåõíiêà íàïiâðå-
òðàêöié, óïåðøå âèçíà÷åíèõ ó ðîáîòàõ Â.Ì. Óñåíêà (äèâ., íàïðèêëàä, [1]), ÿêà
äîçâîëÿ¹ iíòåðiîðèçóâàòè êëàñè÷íi ôàêòîðèçàöiéíi ìåòîäè âèêîðèñòàííÿì íàïiâ-
ðåòðàêöié çàìiñòü ãîìîìîðôiçìiâ i ìóòàöié çàìiñòü ôàêòîð-íàïiâãðóï. Ç âèêîðè-
ñòàííÿì ëiâèõ (ïðàâèõ, ñèìåòðè÷íèõ) íàïiâðåòðàêöié íàïiâãðóïè ñóòò¹âî ïîëåã-
øó¹òüñÿ çàäà÷à çíàõîäæåííÿ ïðàâèõ (ëiâèõ, äâîái÷íèõ) êîíãðóåíöié öi¹¨ íàïiâ-
ãðóïè. Áiëüø òîãî, ëiâi (ïðàâi, ñèìåòðè÷íi) íàïiâðåòðàêöi¨ âçà¹ìíîîäíîçíà÷íî (ç
òî÷íiñòþ äî åêâiâàëåíòíîñòi) âiäïîâiäàþòü òðàíñâåðñàëÿì ðîçáèòòiâ íàïiâãðóï,
ÿêi âèçíà÷àþòüñÿ ïðàâèìè (ëiâèìè, äâîái÷íèìè) êîíãðóåíöiÿìè.

Ó [2] âèçíà÷åíî ïîíÿòòÿ íàïiâðåòðàêöi¨ ãðóïè, ÿêå óçàãàëüíþ¹ ïîíÿòòÿ ðåòðà-
êöi¨ (iäåìïîòåíòíîãî åíäîìîðôiçìó) òà äîçâîëÿ¹ ç ¹äèíî¨ òî÷êè çîðó ðîçãëÿäàòè
òàêi êîíñòðóêöi¨ ÿê äîâiëüíi ðîçøèðåííÿ ãðóï i çàãàëüíi äîáóòêè. Ïðè öüîìó âè-
íèêà¹ òåõíiêà, àíàëîãi÷íà òåõíiöi ïiðñîâñüêî¨ äåêîìïîçèöi¨ åíäîìîðôiçìiâ ïðÿìèõ
äîáóòêiâ.

Âiäçíà÷èìî, ùî â ðîáîòàõ Ãåðõàðäòà, Ïåòðè÷à i Ñiëüâè [3 � 7] îïèñàíî êîíãðó-
åíöi¨ âiëüíî¨ íàïiâãðóïè, ôàêòîð-íàïiâãðóïè çà ÿêèìè ¹ âiëüíèìè â ìíîãîâèäàõ
íàïiâãðóï iäåìïîòåíòiâ. Âèÿâëÿ¹òüñÿ, ùî òåõíiêà, ÿêà âèêîðèñòîâó¹òüñÿ â öèõ
ïðàöÿõ, çáiãà¹òüñÿ ç òåõíiêîþ íàïiâðåòðàêöié íàïiâãðóï.

Îïèðàþ÷èñü íà âèùåçãàäàíi ðåçóëüòàòè, ïðèðîäíüî âèíèêà¹ çàäà÷à ïîøè-
ðåííÿ ïîíÿòòÿ íàïiâðåòðàêöi¨ íà iíøi àëãåáðà¨÷íi ñòðóêòóðè. Òàê, ó [8] áóëî
âèçíà÷åíî ïîíÿòòÿ íàïiâðåòðàêöi¨ äiìîíî¨äà òà íàâåäåíî äåÿêi çàñòîñóâàííÿ íà-
ïiâðåòðàêöié äî âèâ÷åííÿ êîíãðóåíöié äiìîíî¨äiâ.

Ó öié ðîáîòi ðîçãëÿíóòî òåõíiêó íàïiâðåòðàêöié ãðóï, íàïiâãðóï òà äiìîíî¨äiâ,
à òàêîæ íàâåäåíî äåÿêi ¨¨ çàñòîñóâàííÿ.

Îñíîâíi ðåçóëüòàòè.

1. Íàïiâðåòðàêöi¨ ãðóï. Ó öüîìó ïóíêòi íàâåäåíî òåõíiêó íàïiâðåòðàêöié
ãðóï [2], çàïðîïîíîâàíó Â.Ì. Óñåíêîì.

1.1. Çàãàëüíi çàóâàæåííÿ. Ó ï.1 ãðóïîâó îïåðàöiþ áóäåìî ïîçíà÷àòè çiðî-
÷êîþ *, çáåðiãàþ÷è ìóëüòèïëiêàòèâíå ïîçíà÷åííÿ çà îïåðàöi¹þ êîìïîçèöi¨ ïåðå-
òâîðåíü. Íåéòðàëüíèé åëåìåíò ãðóïè G áóäåìî ïîçíà÷àòè ÷åðåç θG (îïóñêàþ÷è
íèæíié iíäåêñ ó âèïàäêàõ, êîëè öå íå âèêëèêà¹ íåïîðîçóìiíü), à åëåìåíò, ïðîòè-
ëåæíèé åëåìåíòó g ∈ G � ÷åðåç ḡ (òîáòî g ∗ ḡ = ḡ ∗ g = θG). ×åðåç ιG ïîçíà÷èìî
òîòîæíèé àâòîìîðôiçì ãðóïè G (áóäåìî ãîâîðèòè, ùî ιG � îïåðàòîðíà îäèíèöÿ
ãðóïè G), à ÷åðåç oG � ¨¨ íóëüîâèé åíäîìîðôiçì (òîáòî goG = θ äëÿ âñiõ g ∈ G).
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Äëÿ g, h ∈ G ïîêëàäåìî [g;h] = g ∗ h ∗ g ∗ h, hig = ḡ ∗ h ∗ g. Ñèìâîë ig ïðè öüîìó
áóäåìî òðàêòóâàòè ÿê îáðàç åëåìåíòà g ∈ G ïðè êàíîíi÷íîìó ãîìîìîðôiçìi

i : G→ Int G : g 7→ ig

ãðóïè G â ãðóïó IntG ¨¨ âíóòðiøíiõ àâòîìîðôiçìiâ.
ßêùî φ, ψ � ïåðåòâîðåííÿ ãðóïè G, òî ÷åðåç φ ∗ψ áóäåìî ïîçíà÷àòè ¨õ ñóìó:

g(φ ∗ ψ) = gφ ∗ gψ, g ∈ G.
ÃðóïàG íàçèâà¹òüñÿ çàãàëüíèì äîáóòêîì ñâî¨õ ïiäãðóï U iH, ÿêùî G = U∗H,

U
⋂
H = {θG}. Ïðè öüîìó ãîâîðÿòü, ùî ãðóïà G ôàêòîðèçóþ÷à àáî, ùî âîíà

ôàêòîðèçó¹òüñÿ â çàãàëüíèé äîáóòîê ñâî¨õ ïiäãðóï. Ó íàø ÷àñ çàãàëüíi äîáóòêè
¹ îäíèì iç îñíîâíèõ îá'¹êòiâ îáøèðíî¨ i ðîçãàëóæåíî¨ òåîði¨ ïðî âëàñòèâîñòi ãðóï,
ùî ïiääàþòüñÿ îïèñó â òåðìiíàõ ¨õ ïiäãðóï.

Îñíîâíi ïîíÿòòÿ øðåéåðîâî¨ òåîði¨ ðîçøèðåíü ãðóï áóäåìî âèêîðèñòîâóâàòè
â òàêié iíòåðïðåòàöi¨.

Íåõàé H1, H2 � ãðóïè, äëÿ ÿêèõ âèçíà÷åíî âiäîáðàæåííÿ

q : H2 ×H2 → H1 : (x; y) 7→ (x; y)q,

σ : H2 → AutH1 : x 7→ σx,

ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿì

(t;u)q ∗ (t ∗ u; υ)q = (u; υ)qσt ∗ (t;u ∗ υ)q, t, u, υ ∈ H2,

σu∗υ = συσui(u;υ)q
, u, υ ∈ H2.

Ìíîæèíà H1 ×H2 â öèõ óìîâàõ ïåðåòâîðþ¹òüñÿ â ãðóïó âiäíîñíî îïåðàöi¨

(u1; υ1) ∗ (u2; υ2) = (u1 ∗ u2συ1 ∗ (u1; υ2)q; υ1 ∗ υ2),

u1, u2 ∈ H1, υ1, υ2 ∈ H2.

Öþ ãðóïó íàçèâàþòü øðåé¹ðîâèì äîáóòêîì ãðóï H1 i H2, ÿêèé âèçíà÷à¹òüñÿ
ñèñòåìîþ ôàêòîðiâ (q;σ) (àáî, êîðîòøå, øðåé¹ðîâèì (q;σ)-äîáóòêîì). Øðåé¹ðî-
âèé (q;σ)-äîáóòîê ãðóï H1 i H2 áóäåìî ïîçíà÷àòè ÷åðåç (H1;H2)Sσ

q .
1.2. Íàïiâðåòðàêöi¨. Ëiâîþ íàïiâðåòðàêöi¹þ ãðóïè G íàçèâà¹òüñÿ òàêå ¨¨

ïåðåòâîðåííÿ τ , äëÿ ÿêîãî

(x ∗ y)τ = (xτ ∗ y)τ, x, y ∈ G (1)

ïðè áóäü-ÿêèõ x, y ∈ G. ßêùî æ çàìiñòü (1) âèêîíó¹òüñÿ óìîâà

(x ∗ y)τ = (x ∗ yτ)τ,

òî ãîâîðÿòü ïðî ïðàâó íàïiâðåòðàêöiþ ãðóïè G.
Î÷åâèäíà äâîÿêiñòü ïîíÿòü ëiâî¨ òà ïðàâî¨ íàïiâðåòðàêöié äîçâîëÿ¹ íàì îáìå-

æèòèñÿ ðîçãëÿäîì ëiâèõ íàïiâðåòðàêöié.
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Ó ìíîæèíi óñiõ iäåìïîòåíòíèõ ïåðåòâîðåíü ãðóïè G ëiâi íàïiâðåòðàêöi¨ õàðà-
êòåðèçóþòüñÿ òàêîþ âëàñòèâiñòþ òðàíñâåðñàëüíîñòi:

Ëåìà. ([2], ëåìà ï.2.1) Iäåìïîòåíòíå ïåðåòâîðåííÿ τ ãðóïè G òîäi é ëèøå
òîäi áóäå ëiâîþ íàïiâðåòðàêöi¹þ öi¹¨ ãðóïè, êîëè iñíó¹ ïiäãðóïà H ≤ G òàêà,
ùî

xτ = yτ ⇔ x ∗ y ∈ H,
ÿêi á íå áóëè x, y ∈ G.

Ëiâà íàïiâðåòðàêöiÿ τ ãðóïè G íàçèâà¹òüñÿ ðåãóëÿðíîþ, ÿêùî Gτ = Imτ �
ïiäãðóïà ãðóïè G. Ïåðåòâîðåííÿ τ ′ = ιG ∗ τ , äå ιG � îïåðàòîðíà îäèíèöÿ ãðóïè
G (ï.1.1), íàçèâà¹òüñÿ äîïîâíåííÿì íàïiâðåòðàêöi¨ τ .

Òâåðäæåííÿ. ([2], òâåðäæåííÿ ï.2.3) Ëiâà íàïiâðåòðàêöiÿ τ ãðóïè G ¹ ðå-
ãóëÿðíîþ òîäi é ëèøå òîäi, êîëè ¨¨ äîïîâíåííÿ τ ′ ¹ ïðàâîþ íàïiâðåòðàêöi¹þ.

Òåîðåìà. ([2], òåîðåìà ï.2.4) Äëÿ áóäü-ÿêî¨ ãðóïè G íàñòóïíi òâåðäæåííÿ
¹ åêâiâàëåíòíèìè:

1) ãðóïà G ôàêòîðèçóþ÷à;
2) iñíóþòü ðåãóëÿðíà ïðàâà é ðåãóëÿðíà ëiâà íàïiâðåòðàêöi¨ τ1 i, âiäïîâiäíî,

τ2 òàêi, ùî
τ1 ∗ τ2 = ιG, τ1τ2 = τ2τ1 = oG.

Íàïiâðåòðàêöi¹þ ãðóïè G íàçèâàþòü òàêó ¨¨ ëiâó íàïiâðåòðàêöiþ τ , ÿêà ¹
òàêîæ i ïðàâîþ. Iíøèìè ñëîâàìè, ïåðåòâîðåííÿ τ ãðóïè G íàçèâà¹òüñÿ íàïiâðå-
òðàêöi¹þ, ÿêùî ïðè áóäü-ÿêèõ x, y ∈ G âèêîíóþòüñÿ óìîâè:

(x ∗ y)τ = (xτ ∗ y)τ,

(x ∗ y)τ = (x ∗ yτ)τ.

ßêùî τ � äåÿêà íàïiâðåòðàêöiÿ ãðóïè, òî ¨¨ ÿäðî (çà âèçíà÷åííÿì)

Kerτ = {x ∈ G|xτ = θτ}
¹, ÿê íå âàæêî ïåðåâiðèòè áåçïîñåðåäíüî, ïiäãðóïîþ ãðóïè G.

Êðèòåðié òîãî, ùî ëiâà íàïiâðåòðàêöiÿ ¹ ïðàâîþ, äà¹

Ëåìà. ([2], ëåìà ï.4.1) Äëÿ áóäü-ÿêî¨ ëiâî¨ íàïiâðåòðàêöi¨ τ äîâiëüíî¨ ãðóïè
G íàñòóïíi óìîâè ðiâíîñèëüíi :

1) τ ¹ ïðàâîþ íàïiðåòðàêöi¹þ ãðóïè G;
2) ÿäðî Kerτ ëiâî¨ íàïiâðåòðàêöi¨ τ ¹ íîðìàëüíîþ ïiäãðóïîþ ãðóïè G.

Îïåðàòîðíi âëàñòèâîñòi íàïiâðåòðàêöié õàðàêòåðèçóþòüñÿ òàê:

Ëåìà. ([2], ëåìà ï.4.2) Ïåðåòâîðåííÿ τ òîäi é ëèøå òîäi ¹ íàïiâðåòðàêöi¹þ
ãðóïè G, êîëè θτ = θ i

(x ∗ y)τ = (xτ ∗ yτ)τ

äëÿ âñiõ x, y ∈ G.

ßêùî τ � íàïiâðåòðàêöiÿ ãðóïè G, òî ìíîæèíà Gτ = Imτ ¹, ÿê ëåãêî ïåðåâi-
ðèòè, ãðóïîþ âiäíîñíî îïåðàöi¨
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x(∗τ )y = (x ∗ y)τ, x, y ∈ Imτ.

Öþ ãðóïó íàçèâàþòü τ -ìóòàöi¹þ ãðóïè G i ïîçíà÷àþòü ÷åðåç Gτ . Íåâàæêî
ïîìiòèòè, ùî Gτ ∼= G/Kerτ . Òàêèì ÷èíîì, ïðè íàÿâíîñòi íàïiâðåòðàêöi¨ τ äëÿ
ãðóïè G âèíèêà¹ ïðåäñòàâëåííÿ ó âèãëÿäi øðåé¹ðîâîãî äîáóòêó (ï.1.1) ãðóïKerτ
iGτ . Ñèñòåìà ôàêòîðiâ, ùî âiäïîâiäà¹ öüîìó øðåé¹ðîâîìó äîáóòêó, âèçíà÷à¹òüñÿ
ðiâíîñòÿìè

(x; y)q = (x ∗ y)τ ′, x, y ∈ Gτ, (2)

σx = ix, x ∈ Gτ, (3)

äå τ ′ � äîïîâíåííÿ íàïiâðåòðàêöi¨ τ , à ÷åðåç ig ïîçíà÷åíî âíóòðiøíié àâòîìîðôiçì
ãðóïè G, ÿêèé âiäïîâiäà¹ åëåìåíòó g ∈ G (äèâ. ï.1.1).

ßêùî, íàâïàêè, G = (H1;H2)Sσ
q � øðåé¹ðîâèé äîáóòîê ãðóï H1 i H2, òî

áåçïîñåðåäíüî ïðåâiðÿ¹òüñÿ, ùî ïåðåòâîðåííÿ

τ : G→ G : (u; υ) 7→ (θ; υ)

¹ íàïiâðåòðàêöi¹þ ãðóïè G. Ïðè öüîìó

H1 = Kerτ, H2 = Gτ

i ìàþòü ìiñöå ñïiââiäíîøåííÿ (2), (3).

Òâåðäæåííÿ. ([2], òâåðäæåííÿ ï.4.3) Äëÿ áóäü-ÿêèõ ãðóï G, H1, H2 íàñòó-
ïíi óìîâè åêâiâàëåíòíi :

1) G = (H1;H2)Sσ
q ;

2) iñíó¹ íàïiâðåòðàêöiÿ τ ãðóïè G, äëÿ ÿêî¨ H1
∼= Kerτ , H2 = Gτ i äëÿ âñiõ

x, y ∈ Gτ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (2), (3).

Ó [2] âiäçíà÷åíî, ùî çà äîïîìîãîþ íàïiâðåòðàêöié äëÿ øðåé¹ðîâèõ äîáóòêiâ
âäà¹òüñÿ îòðèìàòè àíàëîã òåîðåìè ï. 3.3 ç [2], ÿêà ïðåäñòàâëÿ¹ ñîáîþ óçàãàëüíå-
ííÿ ïiðñîâñüêî¨ äåêîìïîçèöi¨ íàïiâãðóïè åíäîìîðôiçìiâ ïðÿìîãî äîáóòêó ãðóï.

2. Íàïiâðåòðàêöi¨ íàïiâãðóï. Ó öüîìó ïóíêòi òåõíiêó íàïiâðåòðàêöié ìî-
íî¨äiâ [1], çàïðîïîíîâàíó Â.Ì. Óñåíêîì, ïîøèðåíî íà äîâiëüíi íàïiâãðóïè. Äîâå-
äåííÿ íàâåäåíèõ ðåçóëüòàòiâ ãðóíòó¹òüñÿ íà òèõ ñàìèõ ìiðêóâàííÿõ, ùî é äîâå-
äåííÿ âiäïîâiäíèõ ðåçóëüòàòiâ ðîáîòè [1].

Íåõàé Eq(X) � ìíîæèíà óñiõ åêâiâàëåíòíîñòåé äîâiëüíî¨ ìíîæèíè X, I=(X)
� ìíîæèíà iäåìïîòåíòiâ ñèìåòðè÷íî¨ íàïiâãðóïè =(X). Ìiæ ìíîæèíàìè Eq(X)
òà I=(X) iñíó¹ âçà¹ìíîîäíîçíà÷íà (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) âiäïîâiäíiñòü,
ÿêà ïîëÿãà¹ â òîìó, ùî äëÿ áóäü-ÿêîãî ξ ∈ I=(X) âèêîíó¹òüñÿ óìîâà (x;xξ) ∈ ∇ξ,
äå ∇ξ � âiäíîøåííÿ ðiâíîçíà÷íîñòi ïåðåòâîðåííÿ ξ, òîáòî

∇ϕ = {(x; y) |x, y ∈ X, xϕ = yϕ}, ϕ ∈ =(X).

Òàêèì ÷èíîì, ìíîæèíà Imξ ïåðåòâîðåííÿ ξ ∈ I=(X) ¹ òðàíñâåðñàëëþ ðîçáè-
òòÿ, ùî âèçíà÷à¹òüñÿ âiäíîøåííÿì ∇ξ. Íàâïàêè, ÿêùî îáðàç Imξ ïåðåòâîðåííÿ
ξ ∈ =(X) ¹ òðàíñâåðñàëëþ ðîçáèòòÿ, ùî âèçíà÷à¹òüñÿ äåÿêîþ åêâiâàëåíòíiñòþ
π ∈ Eq(X), ïðè÷îìó (x;xξ) ∈ π äëÿ âñiõ x ∈ X, òî ξ2 = ξ, à ∇ξ = π.
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Äëÿ äîâiëüíî¨ íàïiâãðóïè S âàæëèâó ðîëü ïðè öüîìó âiäiãðà¹ äåÿêà ïiäìíî-
æèíà ìíîæèíè I=(S), åëåìåíòè ÿêî¨ âiäïîâiäàþòü êîíãðóåíöiÿì (ìîæëèâî îäíî-
ái÷íèì) íàïiâãðóïè S.

Ïåðåòâîðåííÿ τ íàïiâãðóïè S íàçèâàþòü ëiâîþ íàïiâðåòðàêöi¹þ, ÿêùî

(xy)τ = (xτ y)τ (4)

äëÿ âñiõ x, y ∈ S. ßêùî çàìiñòü òîòîæíîñòi (4) âèêîíó¹òüñÿ íàñòóïíà:

(xy)τ = (xyτ)τ, (5)

òî ãîâîðÿòü ïðî ïðàâó íàïiâðåòðàêöiþ.
Äâî¨ñòiñòü ïîíÿòü ëiâî¨ òà ïðàâî¨ íàïiâðåòðàêöié ¹ î÷åâèäíîþ. Òîìó ó âèïàä-

êó îäíîái÷íèõ íàïiâðåòðàêöié îáìåæèìîñÿ ðîçãëÿäîì ëiâèõ íàïiâðåòðàêöié.
ßêùî äëÿ τ ∈ =(S) âèêîíóþòüñÿ îáèäâi òîòîæíîñòi (4), (5), òî ïåðåòâîðåííÿ

τ íàçèâàþòü (ñèìåòðè÷íîþ) íàïiâðåòðàêöi¹þ íàïiâãðóïè S.
Íåîáõiäíi òà äîñòàòíi óìîâè, çà ÿêèìè iäåìïîòåíòíå ïåðåòâîðåííÿ íàïiâãðóïè

¹ ¨¨ ëiâîþ íàïiâðåòðàêöi¹þ, äà¹

Ëåìà. Iäåìïîòåíòíå ïåðåòâîðåííÿ τ íàïiâãðóïè S ¹ ¨¨ ëiâîþ íàïiâðåòðà-
êöi¹þ òîäi é ëèøå òîäi, êîëè âiäíîøåííÿ ðiâíîçíà÷íîñòi ∇τ ¹ ïðàâîþ êîíãðó-
åíöi¹þ öi¹¨ íàïiâãðóïè.

Íåõàé µ � äîâiëüíà ïðàâà êîíãðóåíöiÿ íàïiâãðóïè S, a ∈ S, [µ]a = {s ∈
∈ S |(a; s) ∈ µ}. ßêùî ðîçãëÿíóòè äåÿêå ôiêñîâàíå êîíñòàíòíå ïåðåòâîðåííÿ ea ∈
∈ =([µ]a) (sea = a, s ∈ [µ]a) i ïîêëàñòè xe = xea ⇔ x ∈ [µ]a äëÿ âñiõ x ∈ S, òî
îòðèìà¹ìî iäåìïîòåíòíå ïåðåòâîðåííÿ ìíîæèíè S òàêå, ùî ∇e = µ. Îòæå, ìà¹
ìiñöå

Ëåìà. Äëÿ êîæíî¨ ïðàâî¨ êîíãðóåíöi¨ µ íàïiâãðóïè S iñíó¹ ¨¨ ëiâà íàïiâðå-
òðàêöiÿ τ òàêà, ùî ∇τ = µ.

Ëiâi íàïiâðåòðàêöi¨ τ1, τ2 íàïiâãðóïè S íàçèâàþòü åêâiâàëåíòíèìè, ÿêùî ìà¹
ìiñöå ðiâíiñòü ∇τ1 = ∇τ2 .

Çàãàëüíó õàðàêòåðèñòèêó (ñèìåòðè÷íèõ) íàïiâðåòðàêöié äà¹

Òâåðäæåííÿ. Äëÿ iäåìïîòåíòíîãî ïåðåòâîðåííÿ π íàïiâãðóïè S åêâiâà-
ëåíòíèìè ¹ òâåðäæåííÿ:

1) π ¹ ñèìåòðè÷íîþ íàïiâðåòðàêöi¹þ;
2) π ¹ ëiâîþ íàïiâðåòðàêöi¹þ, à âiäíîøåííÿ ∇π ¨¨ ðiâíîçíà÷íîñòi ¹ êîíãðó-

åíöi¹þ íàïiâãðóïè S;
3) π ¹ ïðàâîþ íàïiâðåòðàêöi¹þ, à âiäíîøåííÿ ∇π ¨¨ ðiâíîçíà÷íîñòi ¹ êîíãðó-

åíöi¹þ íàïiâãðóïè S;
4) äëÿ âñiõ x, y ∈ S âèêîíó¹òüñÿ òîòîæíiñòü: (xy)π = (xπ yπ)π.

ßêùî τ � iäåìïîòåíòíà íàïiâðåòðàêöiÿ íàïiâãðóïè S, òî ìíîæèíà Imτ ¹ íà-
ïiâãðóïîþ âiäíîñíî îïåðàöi¨ x ·τ y = (xy)τ, x, y ∈ Imτ. Íàïiâãðóïó Sτ = (Imτ, ·τ )
íàçèâàþòü τ -ìóòàöi¹þ íàïiâãðóïè S. Âiäîáðàæåííÿ S → Sτ : x 7→ xτ ïðè öüîìó
¹ ãîìîìîðôiçìîì íàïiâãðóï, êîíãðóåíöiÿ ÿêîãî, çðîçóìiëî, çáiãà¹òüñÿ ç âiäíîøå-
ííÿì ðiâíîçíà÷íîñòi íàïiâðåòðàêöi¨.
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Íàâïàêè, ÿêùî ϕ : S → T � äåÿêèé ãîìîìîðôiçì íàïiâãðóï, ∆ϕ � âiäïîâiäíà
êîíãðóåíöiÿ, òî, âèçíà÷èâøè ïåðåòâîðåííÿ τ : S → S óìîâàìè

(x;xτ) ∈ ∆ϕ, xτ = yτ ⇔ (x; y) ∈ ∆ϕ,

îòðèìà¹ìî iäåìïîòåíòíó íàïiâðåòðàêöiþ íàïiâãðóïè S òàêó, ùî Sτ ∼= Imϕ.
Òàêèì ÷èíîì, çàäà÷à îïèñó êîíãðóåíöié íàïiâãðóï çàäàíîãî êëàñó ¹ åêâiâà-

ëåíòíîþ çàäà÷i îïèñó êëàñiâ åêâiâàëåíòíèõ íàïiâðåòðàêöié. Òîáòî, çíàþ÷è äiþ
íàïiâðåòðàêöi¨ íà íàïiâãðóïi, ìè ìîæåìî ïîáóäóâàòè ¹äèíó êîíãðóåíöiþ, ùî ¨é
âiäïîâiäà¹, òà, íàâïàêè, çíàþ÷è áóäîâó êîíãðóåíöi¨ íà íàïiâãðóïi, ìîæëèâî çà-
äàòè êëàñ åêâiâàëåíòíèõ íàïiâðåòðàêöié � íàïiâðåòðàêöié, âiäíîøåííÿ ðiâíîçíà-
÷íîñòi çà ÿêèìè çáiãàþòüñÿ ç çàäàíîþ êîíãðóåíöi¹þ.

Âiäçíà÷èìî, ùî íàïiâðåòðàêöi¨ ðiçíèõ íàïiâãðóï òà ìîíî¨äiâ ðîçãëÿäàëèñÿ
òàêîæ ó [9 � 19].

3. Íàïiâðåòðàêöi¨ âiëüíèõ íàïiâãðóï. Ðîáîòè Ãåðõàðäòà, Ïåòðè÷à [3 �
5] i Ïåòðè÷à, Ñiëüâè [6], [7] ïðèñâÿ÷åíi îïèñó âiäíîñíî âiëüíèõ íàïiâãðóï iäåìïî-
òåíòiâ. Ó öèõ ïðàöÿõ çíàéäåíî âñi ïåðåòâîðåííÿ τ âiëüíî¨ íàïiâãðóïè òàêi, ùî
íàïiâãðóïè (Imτ, ∗) ç îïåðàöiÿìè x ∗ y = (xy)τ ¹ âiëüíèìè ó ìíîãîâèäàõ íàïiâ-
ãðóï iäåìïîòåíòiâ. Ïðè öüîìó âèÿâëÿ¹òüñÿ, ùî òàêi ïåðåòâîðåííÿ ¹ ñèìåòðè÷íè-
ìè íàïiâðåòðàêöiÿìè âiëüíî¨ íàïiâãðóïè, à íàïiâãðóïè (Imτ, ∗) � âiäïîâiäíèìè
ìóòàöiÿìè (äèâ. ï.2). Îòæå òåõíiêà íàïiâðåòðàêöié íàïiâãðóï ñòà¹ êîðèñíîþ òà
åôåêòèâíîþ ïðè îïèñi êîíãðóåíöié âiëüíèõ íàïiâãðóï.

Ó öüîìó ïóíêòi ìè ñôîðìóëþ¹ìî îñíîâíi ðåçóëüòàòè [7], êîðèñòóþ÷èñü òåð-
ìiíîëîãi¹þ òà ïîçíà÷åííÿìè ï.2.

Íåõàé F θ = F θ[X] � âiëüíèé ìîíî¨ä â àëôàâiòi X = {x1, x2, ..., xn, ..} , θ �
ïîðîæí¹ ñëîâî, F = F [X] � âiëüíà íàïiâãðóïà â òîìó æ àëôàâiòi.

Äëÿ âñiõ ñëiâ w â àëôàâiòi X ïîêëàäåìî
c(w) � ìíîæèíà åëåìåíòiâ x ∈ X, ÿêi âõîäÿòü äî çàïèñó åëåìåíòà w,
~w (

←
w) � ïî÷àòêîâå (êiíöåâå) ñëîâî ìiíiìàëüíî¨ äîâæèíè ñëîâà w, äëÿ ÿêîãî

c(w) = c(~w) (c(w) = c(
←
w)),

wf
′

(wr
′
) � îñòàííÿ (ïåðøà) ëiòåðà ñëîâà ~w (

←
w),

wf (wr) � ñëîâî, îòðèìàíå ç ~w (
←
w) âèêðåñëåííÿì ëiòåðè wf

′
(wr

′
),

wg2 � ïåðøà ëiòåðà ñëîâà w,
wk2 � ñëîâî, îòðèìàíå ç w âèêðåñëåííÿì óñiõ ëiòåð, êðiì òèõ, ÿêi âïåðøå

ç'ÿâèëèñÿ â çàïèñó,
w̄ � ñëîâî, îòðèìàíå ç w çàïèñîì ó çâîðîòíüîìó ïîðÿäêó.
ßêùî τ � äîâiëüíå ïåðåòâîðåííÿ íàïiâãðóïè F [X] àáî ìîíî¨äó F θ[X] , w ∈

∈ F [X] , òî ïîêëàäåìî θτ = θ, wτ̄ = w̄τ .
Äëÿ âñiõ w ∈ F [X] , τ ∈ {g, k}, n > 2 âèçíà÷èìî iíäóêòèâíî ïåðåòâîðåííÿ τn

âiëüíî¨ íàïiâãðóïè F [X]:

wτn = (wfτn)(wf
′
)(wτ̄n−1). (6)

Ðîçãëÿíåìî äàëi ñèñòåìó ñëiâ M2 = x2x1, G2 = x2,K2 = x2x1x2 i äëÿ n > 2
âèçíà÷èìî iíäóêòèâíî ôîðìóëè:

Mn = xnMn−1, In = MnxnIn−1, Im ∈ {Km, Gm} , m ≥ 2. (7)
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Âiäçíà÷èìî, ùî ó ôîðìóëi (6) τ ïîçíà÷à¹ g (âiäïîâiäíî, k) òîäi é ëèøå òîäi,
êîëè ó ôîðìóëi (7) I ïîçíà÷à¹ G (âiäïîâiäíî, K).

Íåõàé Mn = In òà Mn = In � íàïiâãðóïîâi òîòîæíîñòi, n > 2.

Òåîðåìà. ([7], ëåìè 2.3, 2.4) Áóäü-ÿêå ïåðåòâîðåííÿ τ ∈ {gn, kn|n ≥ 2}
âiëüíî¨ íàïiâãðóïè F [X] ¹ ¨¨ íàïiâðåòðàêöi¹þ. Ïðè öüîìó τ -ìóòàöiÿ (F [X])

τ

íàïiâãðóïè F [X] ¹ âiëüíîþ íàïiâãðóïîþ ó ìíîãîâèäi íàïiâãðóï iäåìïîòåíòiâ,
âèçíà÷åíèõ òîòîæíiñòþ Mn = In.

Ó äâî¨ñòèé ñïîñiá îòðèìó¹òüñÿ

Òåîðåìà. ([7], ëåìè 2.3, 2.4) Áóäü-ÿêå ïåðåòâîðåííÿ τ ∈ {ḡn, k̄n|n ≥ 2}
âiëüíî¨ íàïiâãðóïè F [X] ¹ ¨¨ íàïiâðåòðàêöi¹þ. Ïðè öüîìó τ -ìóòàöiÿ (F [X])τ

íàïiâãðóïè F [X] ¹ âiëüíîþ íàïiâãðóïîþ ó ìíîãîâèäi íàïiâãðóï iäåìïîòåíòiâ,
âèçíà÷åíèõ òîòîæíiñòþ Mn = In.

Âèçíà÷èìî ïåðåòâîðåííÿ µτ òà δτ , τ ∈ {gn+1, kn|n ≥ 2} âiëüíî¨ íàïiâãðóïè
F [X] çà ïðàâèëàìè:

wµτ = (wfτ)(wf
′
), wδτ = (wr

′
) (wrτ̄)

äëÿ âñiõ w ∈ F [X].

Ïðè öüîìó áóäåìî ââàæàòè, ùî µg2 = g2, δg2 = ḡ2.
Çà äîïîìîãîþ ïåðåòâîðåííü µτ òà δτ âèçíà÷èìî òåïåð ïåðåòâîðåííÿ zαβ âiëü-

íî¨ íàïiâãðóïè F [X]. Äëÿ öüîãî ðîçãëÿíåìî ìíîæèíó

D = {(kn+1, kn), (gn+1, kn), (gn+1, gn+1), (kn, gn+1), (kn, kn+1),
(gn+1, gn), (kn, gn), (kn, kn), (gn, kn), (gn, gn+1)|n ≥ 2}

i äëÿ êîæíîãî (α;β) ∈ D ïîêëàäåìî

wzαβ = wµαwδβ , w ∈ F [X].

Ëåìà. ([7], ëåìà 4.3) Áóäü-ÿêå ïåðåòâîðåííÿ zαβ ((α, β) ∈ D) âiëüíî¨ íàïiâ-
ãðóïè F [X] ¹ ¨¨ íàïiâðåòðàêöi¹þ.

Íåõàé u = ϑ � íàïiâãðóïîâà òîòîæíiñòü. ×åðåç (u = ϑ) áóäåìî ïîçíà÷àòè
ìíîãîâèä íàïiâãðóï, âèçíà÷åíèõ òîòîæíiñòþ u = ϑ. Ìà¹ ìiñöå

Òåîðåìà. ([7], òåîðåìà 4.6) ßêùî (αm, βn) ∈ D, ν = (Mm = Am) ∨ (Mn =

= Bn), òî zαmβn-ìóòàöiÿ (F [X])z
αmβn

íàïiâãðóïè F [X] ¹ âiëüíîþ ó ìíîãîâèäi
íàïiâãðóï iäåìïîòåíòiâ, âèçíà÷åíèõ òîòîæíiñòþ ν.

Åëåìåíò a íàïiâãðóïè S íàçâåìî ìåäiàëüíîþ îäèíèöåþ, ÿêùî xax = x äëÿ
âñiõ x ∈ S. Íàïiâãðóïó, êîæåí åëåìåíò ÿêî¨ ¹ ìåäiàëüíîþ îäèíèöåþ, íàçâåìî
íàïiâãðóïîþ ìåäiàëüíèõ îäèíèöü.

Íàâåäåìî ðåçóëüòàò, ÿêèé ñòîñó¹òüñÿ ìíîãîâèäó íàïiâãðóï ìåäiàëüíèõ îäè-
íèöü.
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Òåîðåìà. ([7], òâåðäæåííÿ 6.2) Âiäîáðàæåííÿ

π : F [X]→ F [X] : w 7→ wπ = (w g2) (w g2)

¹ íàïiâðåòðàêöi¹þ âiëüíî¨ íàïiâãðóïè F [X]. Ïðè öüîìó π-ìóòàöiÿ (F [X])π íà-
ïiâãðóïè F [X] ¹ âiëüíîþ ó ìíîãîâèäi íàïiâãðóï ìåäiàëüíèõ îäèíèöü.

Âèçíà÷èìî iíäóêòèâíî ïåðåòâîðåííÿ b âiëüíî¨ íàïiâãðóïè F [X], ïîêëàâøè

θ b = θ, w b = (w f b)(w f
′
)(w r

′
)(wrb)

äëÿ âñiõ w ∈ F [X].

Òåîðåìà. ([7], òâåðäæåííÿ 6.2) Ïåðåòâîðåííÿ b âiëüíî¨ íàïiâãðóïè F [X] ¹
íàïiâðåòðàêöi¹þ òàêîþ, ùî b-ìóòàöiÿ (F [X])b íàïiâãðóïè F [X] ¹ âiëüíîþ íà-
ïiâãðóïîþ iäåìïîòåíòiâ.

Ðåçóëüòàòè ðîáîòè [7] íå îïèñóþòü íàïiâðåòðàêöi¨ âiëüíèõ íàïiâãðóï, ìóòàöi¨
çà ÿêèìè ¹ âiëüíèìè â ìíîãîâèäàõ ëiâèõ íîðìàëüíèõ íàïiâãðóï iäåìïîòåíòiâ,
ïðàâèõ íîðìàëüíèõ íàïiâãðóï iäåìïîòåíòiâ, íîðìàëüíèõ íàïiâãðóï iäåìïîòåíòiâ,
êîìóòàòèâíèõ íàïiâãðóï iäåìïîòåíòiâ. Öi íàïiâðåòðàêöi¨ îïèñàíî îêðåìî â ðîáîòi
[14].

4. Íàïiâðåòðàêöi¨ äiìîíî¨äiâ. Äiìîíî¨äîì [20] íàçèâà¹òüñÿ àëãåáðà ç äâî-
ìà àñîöiàòèâíèìè îïåðàöiÿìè, ùî çàäîâîëüíÿþòü äåÿêi òðè àêñiîìè (äèâ. íèæ-
÷å). Öå ïîíÿòòÿ áóëî ââåäåíî Æ.-Ë. Ëîäå äëÿ âèâ÷åííÿ âëàñòèâîñòåé àëãåáð
Ëåéáíiöà. Ó âèïàäêó, êîëè îïåðàöi¨ äiìîíî¨äà çáiãàþòüñÿ, âií ïåðåòâîðþ¹òüñÿ â
íàïiâãðóïó.

Ó öüîìó ïóíêòi âèçíà÷åíî ïîíÿòòÿ íàïiâðåòðàêöi¨ äiìîíî¨äà òà íàâåäåíî ïðè-
êëàä çàñòîñóâàííÿ íàïiâðåòðàêöié äî âèâ÷åííÿ êîíãðóåíöié äiìîíî¨äiâ. Ðåçóëü-
òàòè öüîãî ïóíêòó íàëåæàòü [8].

Íàãàäà¹ìî, ùî íåïîðîæíÿ ìíîæèíà D ç âèçíà÷åíèìè íà íié áiíàðíèìè àñî-
öiàòèâíèìè îïåðàöiÿìè ≺ i �, ÿêi çàäîâîëüíÿþòü óìîâè:

(x ≺ y) ≺ z = x ≺ (y � z),

(x � y) ≺ z = x � (y ≺ z),

(x ≺ y) � z = x � (y � z)

äëÿ âñiõ x, y, z ∈ D, íàçèâà¹òüñÿ äiìîíî¨äîì. Ãîìîìîðôiçìîì äiìîíî¨äà D1 â
äiìîíî¨ä D2 íàçèâà¹òüñÿ âiäîáðàæåííÿ f : D1 → D2 òàêå, ùî

(x ≺ y)f = xf ≺ yf, (x � y)f = xf � yf

äëÿ âñiõ x, y ∈ D1.
Ïåðåòâîðåííÿ τ äiìîíî¨äa D íàçèâà¹òüñÿ ëiâîþ íàïiâðåòðàêöi¹þ, ÿêùî

(x ≺ y)τ = (xτ ≺ y)τ, (8)

(x � y)τ = (xτ � y)τ (9)
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ïðè áóäü-ÿêèõ x, y ∈ D. ßêùî çàìiñòü (8), (9) âèêîíóþòüñÿ òîòîæíîñòi

(x ≺ y)τ = (x ≺ yτ)τ, (10)

(x � y)τ = (x � yτ)τ, (11)

òî ãîâîðÿòü ïðî ïðàâó íàïiâðåòðàêöiþ.
ßêùî äëÿ ïåðåòâîðåííÿ τ äiìîíî¨äà D âèêîíóþòüñÿ òîòîæíîñòi (8) � (11), òî

ïåðåòâîðåííÿ τ íàçèâà¹òüñÿ (ñèìåòðè÷íîþ) íàïiâðåòðàêöi¹þ äiìîíî¨äa D.
ßêùî íàïiâðåòðàêöiÿ τ äiìîíî¨äa D = (D,≺, �) ¹ ñèìåòðè÷íîþ, òî âèíèêà¹

äiìîíî¨ä Dτ = (Imτ,≺τ ,�τ ), ó ÿêîìó îïåðàöi¨ âèçíà÷àþòüñÿ çà ïðàâèëàìè:

x ≺τ y = (x ≺ y)τ, x, y ∈ Imτ,
x �τ y = (x � y)τ, x, y ∈ Imτ.

Äiìîíî¨ä Dτ íàçèâà¹òüñÿ τ -ìóòàöi¹þ äiìîíî¨äà D. Íåâàæêî ïîìiòèòè, ùî
âiäîáðàæåííÿ τ# : D → Dτ : x 7→ xτ# = xτ ¹ ãîìîìîðôiçìîì äiìîíî¨äiâ.

Âiäçíà÷èìî: ÿêùî îïåðàöi¨ äiìîíî¨äà çáiãàþòüñÿ, òî âèçíà÷åííÿ ëiâî¨ (ïðàâî¨,
äâîái÷íî¨) íàïiâðåòðàêöi¨ äiìîíî¨äà çáiãà¹òüñÿ ç âèçíà÷åííÿì ëiâî¨ (ïðàâî¨, äâîái-
÷íî¨) íàïiâðåòðàêöi¨ íàïiâãðóïè (äèâ. ï.2). Òàêèì ÷èíîì, ïîíÿòòÿ íàïiâðåòðàêöi¨
äiìîíî¨äà óçàãàëüíþ¹ ïîíÿòòÿ íàïiâðåòðàêöi¨ íàïiâãðóïè.

Íàâåäåìî îäèí ðîçâ'ÿçîê çàäà÷i áåçïîñåðåäíüîãî îïèñó íàïiâðåòðàêöié äiìî-
íî¨äiâ.

Íåõàé D = (D,≺, �) � äîâiëüíèé äiìîíî¨ä, I, J � äîâiëüíi íåïîðîæíi ìíî-
æèíè, äëÿ ÿêèõ âèçíà÷åíî âiäîáðàæåííÿ

p : J × I → D : (j, i) 7→ (j, i)p = pji.

Âèçíà÷èìî íà ìíîæèíi D
′

= I ×D × J îïåðàöi¨ çà ïðàâèëàìè:

(i, g, j) ≺
′

(k, h, l) = (i, g ≺ pjk ≺ h, l) ,

(i, g, j) �
′

(k, h, l) = (i, g � pjk � h, l) .

Ëåìà. ([8], ëåìà ï.3.3) Àëãåáðà (D
′
,≺′ ,�′) ¹ äiìîíî¨äîì.

Äiìîíî¨ä, îòðèìàíèé òàêèì ñïîñîáîì, íàçèâà¹òüñÿ äiìîíî¨äîì Ðiñà é ïîçíà-
÷à¹òüñÿ ÷åðåç D

′
= D

′
(I,D, J ; p).

Íåõàé D
′

= D
′
(I,D, J ; p) � äiìîíî¨ä Ðiñà, τ � iäåìïîòåíòíà íàïiâðåòðàêöiÿ äi-

ìîíî¨äà D, α òà β � òàêi iäåìïîòåíòè ñèìåòðè÷íèõ íàïiâãðóï =(I) òà, âiäïîâiäíî,
=(J), ùî âèêîíó¹òüñÿ óìîâà:

pji = pjβ iα, j ∈ J, i ∈ I.

Íåõàé äàëi D
′′
(Iα,Dτ , Jβ; p

′
) � äiìîíî¨ä Ðiñà òàêèé, ùî

p
′

: Jβ × Iα→ Dτ : (jβ, iα) 7→ (jβ, iα)p
′

= p
′

jβ iα
= pjβ iατ.

Âèçíà÷èìî ïåðåòâîðåííÿ σ[α;β]
τ äiìîíî¨äà D

′
, ïîêëàâøè

(i, a, j)σ[α;β]
τ = (iα, aτ, jβ)

äëÿ âñiõ (i, a, j) ∈ D′ .
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Òåîðåìà. ([8], òåîðåìà ï.3.4)

Áóäü-ÿêå ïåðåòâîðåííÿ σ
[α;β]
τ äiìîíî¨äà Ðiñà D

′
¹ íàïiâðåòðàêöi¹þ, äëÿ ÿêî¨

ìà¹ ìiñöå ðiâíiñòü (D
′
)σ

[α;β]
τ = D

′′
(Iα,Dτ , Jβ; p

′
).

5. Íàïiâðåòðàêöi¨ ñèìåòðè÷íèõ 0-êàòåãîðié. Ó öüîìó ïóíêòi îïèñà-
íî îäèí òèï íàïiâðåòðàêöié ñèìåòðè÷íî¨ 0-êàòåãîði¨ òà îäèí òèï íàïiâðåòðàêöié
ñèìåòðè÷íî¨ iíâåðñíî¨ 0-êàòåãîði¨. Ïðè öüîìó âèâ÷à¹òüñÿ áóäîâà ìóòàöié âiäïî-
âiäíèõ 0-êàòåãîðié â òåðìiíàõ ìàòðè÷íèõ íàïiâãðóï.

Íàãàäà¹ìî âèçíà÷åííÿ ñèìåòðè÷íî¨ 0-êàòåãîði¨. Íåõàé X � äîâiëüíà íåïîðî-
æíÿ ìíîæèíà, U(X) � ìíîæèíà óñiõ íåïîðîæíiõ ïiäìíîæèí ìíîæèíè X. Äëÿ
áóäü-ÿêèõ A,B ∈ U(X) ÷åðåç Map(A;B) ïîçíà÷àòèìåìî ìíîæèíó âñiõ ñþð'¹ê-
òèâíèõ âiäîáðàæåíü ϕ : A→ B : x 7→ xϕ ìíîæèíè A íà ìíîæèíó B.

ßêùî ϕ ∈ Map(A;B), òî ÷åðåç Domϕ áóäåìî ïîçíà÷àòè îáëàñòü âèçíà÷åííÿ
âiäîáðàæåííÿ ϕ, à ÷åðåç Imϕ � éîãî îáëàñòü çíà÷åíü (îáðàç), òîáòî Domϕ = A,
Imϕ = B. Íà ìíîæèíi

SymX = {ϕ ∈Map(A;B)|A,B ∈ U(X)}

ïðèðîäíüî âèçíà÷åíîþ ¹ ÷àñòêîâà îïåðàöiÿ êîìïîçèöi¨ âiäîáðàæåíü. ßêùî ϕ,ψ ∈
∈ SymX òàêi, ùî ϕ ∈ Map(A;B), ψ ∈ Map(C;D), òî ïðî êîìïîçèöiþ ϕψ ìîæíà
ãîâîðèòè ëèøå ó âèïàäêó, êîëè B

⋂
C 6= ∅, à ñàìå: ÿêùî M = B

⋂
C 6= ∅, òî

êîìïîçèöi¹þ ϕψ âiäîáðàæåíü ϕ i ψ íàçèâà¹òüñÿ âiäîáðàæåííÿ

ϕ|Eψ|M : E → F : x 7→ x(ϕψ) = (xϕ)ψ,

äå E = ϕ−1(M), F = ψ(M).
Íà öüîìó øëÿõó âèíèêà¹ íàïiâãðóïî¨ä (ìíîæèíà ç áiíàðíîþ ÷àñòêîâîþ îïå-

ðàöi¹þ), ÿêèé íàçèâàþòü íàïiâãðóïî¨äîì ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè X òà
ïîçíà÷àþòü ÷åðåç P=(X). Öåé íàïiâãðóïî¨ä íå ¹ àëãåáðà¨÷íîþ êàòåãîði¹þ.

Äiéñíî, íåõàé ϕ ∈ Map(A;B), ψ ∈ Map(C;D) i η ∈ Map(E;F ) òàêi âiä-
îáðàæåííÿ iç P=(X), ùî äîáóòêè ϕψ, ψη âèçíà÷åíî i xψ /∈ Domη äëÿ êîæíîãî
x ∈ B

⋂
C. Öå îçíà÷à¹, ùî Imϕψ

⋂
E = ∅, òîáòî äîáóòîê (ϕψ)η âiäîáðàæåíü ϕψ

òà η íå ¹ âèçíà÷åíèì. Îòæå, íàïiâãðóïî¨ä ÷àñòêîâèõ ïåðåòâîðåíü íå ¹ ëîêàëüíî
àñîöiàòèâíèì [21].

Âèìîãè äî âèçíà÷åííÿ êîìïîçèöi¨ ϕψ ñþð'¹êòèâíèõ âiäîáðàæåíü ϕ,ψ ∈ SymX,
äå ϕ ∈ Map(A;B), ψ ∈ Map(C;D), ìîæíà ïîñèëèòè: ââàæàòèìåìî êîìïîçèöiþ
ϕψ âèçíà÷åíîþ ëèøå çà óìîâè B = C. Íàïiâãðóïî¨ä, ùî ïðè öüîìó âèíèêà¹ íà
ìíîæèíi SymX, íàçèâà¹òüñÿ ñèìåòðè÷íîþ êàòåãîði¹þ íà ìíîæèíi X òà ïîçíà-
÷à¹òüñÿ ÷åðåç SymX.

Ñèìåòðè÷íà êàòåãîðiÿ SymX íà âiäìiíó âiä íàïiâãðóïî¨äà ÷àñòêîâèõ ïåðå-
òâîðåíü ¹ ëîêàëüíî-àñîöiàòèâíèì íàïiâãðóïî¨äîì.

Äiéñíî, ÿêùî ϕ, ψ òà η iç SymX òàêi, ùî äîáóòêè ϕψ, ψη âèçíà÷åíî, òî
Imϕ = Domψ, Imψ = Domη. Îñêiëüêè Domψη = Domψ, Imϕψ = Imψ, òî
äîáóòêè (ϕψ)η i ϕ(ψη) ¹ âèçíà÷åíèìè, ïðè öüîìó (ϕψ)η = ϕ(ψη).

ßêùî íàïiâãðóïî¨ä P=(X) ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè X äîïîâíèòè
çîâíiøíiì àíóëÿòîðîì 0 i äëÿ âñiõ ϕ ∈ Map(A;B), ψ ∈ Map(C;D) òàêèõ, ùî
B
⋂
C 6= ∅, ïîêëàñòè ϕψ = 0, òî îòðèìà¹ìî íàïiâãðóïó P=0(X) = P=(X)

⋃
{0},

ÿêà íàçèâà¹òüñÿ íàïiâãðóïîþ ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè X.
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Âèÿâëÿ¹òüñÿ, ùî íàïiâãðóïà P=0(X) íå ¹ 0-êàòåãîðiéíîþ [22], îñêiëüêè äëÿ
òîòîæíüîãî ïåðåòâîðåííÿ iX ìíîæèíè X òà âiäîáðàæåíü ϕ ∈ Map(A;A), ψ ∈
∈ Map(B;B), äå A = {a}, B = {b} (a, b ∈ X, a 6= b), ìà¹ìî: ϕiX 6= 0, iXψ 6= 0,
ϕiXψ = 0.

Ïðè¹äíóþ÷è äî ñèìåòðè÷íî¨ êàòåãîði¨ SymX çîâíiøíié íóëü 0 i äîâèçíà÷èâ-
øè îïåðàöiþ êîìïîçèöi¨ ϕψ çà ïðàâèëîì: ϕψ = 0, êîëè B 6= C, îòðèìà¹ìî ãðó-
ïî¨ä, ÿêèé íàçèâà¹òüñÿ ñèìåòðè÷íîþ 0-êàòåãîði¹þ íà ìíîæèíi X i ïîçíà÷à¹òüñÿ
÷åðåç Sym0X.

Íà âiäìiíó âiä íàïiâãðóïè ÷àñòêîâèõ ïåðåòâîðåíü, ñèìåòðè÷íà 0-êàòåãîðiÿ ¹
êàòåãîðiéíîþ â íóëi íàïiâãðóïîþ, ùî ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî. Âiäçíà÷èìî,
ùî äåÿêi ñòðóêòóðíi âëàñòèâîñòi ñèìåòðè÷íî¨ 0-êàòåãîði¨ òà ¨¨ ïiäíàäïiâãðóïè �
ñèìåòðè÷íî¨ iíâåðñíî¨ 0-êàòåãîði¨, âèâ÷àëèñÿ â [21], [23].

Íåõàé X � äîâiëüíà íåïîðîæíÿ ìíîæèíà. Âèçíà÷èìî áiíàðíå âiäíîøåííÿ λ
íà ìíîæèíi U(X) òàêèì ñïîñîáîì:

(A;B) ∈ λ⇔ |A| ≥ |B| .

Ïiäìíîæèíó T iç Sym0X, äå 0 /∈ T , íàçâåìî λ-ñèñòåìîþ (íåíóëüîâèõ) ïðåä-
ñòàâíèêiâ äàíî¨ íàïiâãðóïè, ÿêùî äëÿ âñiõ (A;B) ∈ λ iñíó¹ ëèøå îäèí åëåìåíò
ϕ ∈ Map(A;B), äëÿ ÿêîãî ϕ ∈ T . ßêùî T � äåÿêà λ-ñèñòåìà ïðåäñòàâíèêiâ
Sym0X i ψ ∈ T

⋂
Map(A;B), äå (A;B) ∈ λ, òî ïðåäñòàâíèêà ψ ïîçíà÷àòèìåìî

÷åðåç ψAB .
×åðåç TX ïîçíà÷èìî ìíîæèíó âñiõ λ-ñèñòåì ïðåäñòàâíèêiâ Sym0X. Âèçíà-

÷èìî ïåðåòâîðåííÿ δT ∈ =(Sym0X), äå T ∈ TX , ïîêëàâøè δT (0) = 0 òà

δT (ϕ) = ϕAB ⇔ ϕ ∈Map(A;B) ((A;B) ∈ λ)

äëÿ êîæíîãî ϕ ∈ Sym0X, ϕ 6= 0.

Ëåìà. Ïåðåòâîðåííÿ δT ¹ íàïiâðåòðàêöi¹þ íàïiâãðóïè Sym0X ïðè áóäü-
ÿêîìó T ∈ TX .

Äîâåäåííÿ. Íåõàé ϕ,ψ ∈ Sym0X. ßêùî õî÷à á îäèí ç öèõ åëåìåíòiâ äîðiâíþ¹
íóëþ àáî ϕ,ψ ∈ Sym0X òàêi, ùî ϕ 6= 0 6= ψ i Imϕ 6= Domψ, òî

δT (ϕψ) = δT (0) = δT (δT (ϕ)δT (ψ)).

Â iíøèõ âèïàäêàõ, òîáòî êîëè ϕ,ψ ∈ Sym0X òàêi, ùî ϕ 6= 0 6= ψ òà Imϕ = Domψ,
îòðèìó¹ìî:

δT (ϕψ) = (ϕψ)Domϕψ Imϕψ = ηDomϕ Imψ, äå η = ϕψ,

δT (δT (ϕ)δT (ψ)) = δT (ϕDomϕ ImϕψDomψ Imψ) = δT (φ) = φDomϕ Imψ,

äå ϕDomϕ ImϕψDomψImψ = φ ∈Map(Domϕ; Imψ),

çâiäêè ηDomϕ Imψ = φDomϕ Imψ.
Ëåìó äîâåäåíî.

Íåõàé M = X ×X, 0 � çîâíiøíié åëåìåíò, òîáòî 0 /∈ M . Íà ìíîæèíi M0 =
= (X ×X)

⋃
{0} âèçíà÷èìî îïåðàöiþ çà ïðàâèëîì:
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(a; b)(c; d) =

{
(a; d), b = c,
0, b 6= c,

(a; b)0 = 0(a; b) = 00 = 0.

Ìíîæèíà M0 ç òàêîþ îïåðàöi¹þ ¹ íàïiâãðóïîþ ç íóëåì, îñêiëüêè íàïiâãðó-
ïî¨ä M çàäîâîëüíÿ¹ óìîâàì Êîíðàäà (äèâ. [22]). Îòðèìàíó íàïiâãðóïó íàçâåìî
ìàòðè÷íîþ íàïiâãðóïîþ òà ïîçíà÷èìî ÷åðåç M0

X .
Âiäçíà÷èìî, ùî ìàòðè÷íà íàïiâãðóïà M0

X ¹ íàïiâãðóïîþ Áðàíäòà [22].
ßêùî ρ � äåÿêå òðàíçèòèâíå áiíàðíå âiäíîøåííÿ íà ìíîæèíi X, òî ìíîæèíà

ρ0, äå ρ0 = ρ
⋃
{0}, ¹ ïiäíàïiâãðóïîþ ìàòðè÷íî¨ íàïiâãðóïèM0

X . Öþ ïiäíàïiâãðó-
ïó áóäåìî ïîçíà÷àòè M0

X(ρ).

Òâåðäæåííÿ. Äëÿ áóäü-ÿêî¨ íàïiâðåòðàêöi¨ δT íàïiâãðóïè Sym0X δT -ìóòàöiÿ
(Sym0X)δT ¹ içîìîðôíîþ íàïiâãðóïi M0

U(X)(λ).

Äîâåäåííÿ. Âèçíà÷èìî âiäîáðàæåííÿ

f : (Sym0X)δT →M0
X(λ) : ϕAB 7→ f(ϕAB),äå

f(ϕAB) =

{
(A;B), ϕAB 6= 0,
0, ϕAB = 0,

ÿêå, ÿê íåâàæêî ïåðåñâiä÷èòèñÿ, ¹ ãîìîìîðôiçìîì.
Äiéñíî, ïðè áóäü-ÿêèõ ϕAB , ϕCD ∈ (Sym0X)δT , ϕAB 6= 0 6= ϕCD ìàòèìåìî:

f(ϕAB ϕCD) =

=

{
f(ϕAD) = (A;D) = (A;B)(C;D) = f(ϕAB) f(ϕCD), B = C,
f(0) = 0 = (A;B)(C;D) = f(ϕAB)f( ϕCD), B 6= C.

ßêùî ïðèíàéìíi îäèí ç åëåìåíòiâ ϕAB , ϕCD ∈ (Sym0X)δT äîðiâíþ¹ 0, òî
ïåðåâiðêà òîòîæíîñòi ãîìîìîðôiçìó äëÿ f ¹ òðèâiàëüíîþ. Êðiì öüîãî, âiäîáðà-
æåííÿ f ¹ ái¹êöi¹þ.

Òâåðäæåííÿ äîâåäåíî.

×åðåç BSym0X ïîçíà÷èìî ïiäìíîæèíó iç ñèìåòðè÷íî¨ 0-êàòåãîði¨ Sym0X,
ÿêà ñêëàäà¹òüñÿ ç óñiõ âçà¹ìíîîäíîçíà÷íèõ ÷àñòêîâèõ ïåðåòâîðåíü ìíîæèíè X
â îá'¹äíàííi ç íóëåì, òîáòî

BSym0X = {ϕ ∈ Sym0X|ϕ = 0 ∨ (ϕ 6= 0, ϕ− ái¹êöiÿ)}.

Íåâàæêî ïîìiòèòè, ùî BSym0X ¹ ïiäíàïiâãðóïîþ íàïiâãðóïè Sym0X. �¨
íàçèâàþòü ñèìåòðè÷íîþ iíâåðñíîþ 0-êàòåãîði¹þ íà ìíîæèíi X (äèâ., íàïðèêëàä,
[23]).

Íåõàé µ � âiäíîøåííÿ ðiâíîïîòóæíîñòi íà ìíîæèíi U(X). Ïiäìíîæèíó H iç
BSym0X, äå 0 /∈ T , íàçâåìî µ-ñèñòåìîþ (íåíóëüîâèõ) ïðåäñòàâíèêiâ öi¹¨ íàïiâ-
ãðóïè, ÿêùî äëÿ âñiõ (A;B) ∈ µ iñíó¹ ëèøå îäèí åëåìåíò ψ ∈ Map(A;B), äëÿ
ÿêîãî ψ ∈ H. ßêùî H � µ-ñèñòåìà ïðåäñòàâíèêiâ BSym0X i ψ ∈ H

⋂
Map(A;B),

äå (A;B) ∈ µ, òî ïðåäñòàâíèêà ψ ïîçíà÷àòèìåìî ÷åðåç ψAB .
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Ïîçíà÷èìî ÷åðåç HX ìíîæèíó âñiõ µ-ñèñòåì ç BSym0X i âèçíà÷èìî ïåðå-
òâîðåííÿ δH ∈ =(BSym0X), äå H ∈ HX , ïîêëàâøè δH(0) = 0 òà

δH(ψ) = ψAB ⇔ ψ ∈Map(A;B) ((A;B) ∈ µ)

äëÿ êîæíîãî ψ ∈ BSym0X, ψ 6= 0.

Òâåðäæåííÿ. Äëÿ áóäü-ÿêîãî H ∈ HX ïåðåòâîðåííÿ δH ¹ íàïiâðå-
òðàêöi¹þ íàïiâãðóïè BSym0X òàêîþ, ùî δH-ìóòàöiÿ (BSym0X)δH içîìîðôíà
íàïiâãðóïi M0

U(X)(µ).

Äîâåäåííÿ. Àíàëîãi÷íî òîìó ÿê â ïîïåðåäíié ëåìi ìîæíà äîâåñòè, ùî δH ¹
íàïiâðåòðàêöi¹þ íàïiâãðóïè BSym0X ïðè áóäü-ÿêîìóH ∈ HX . Êðiì òîãî, áåçïî-
ñåðåäíüîþ ïåðåâiðêîþ ìîæíà ïåðåêîíàòèñÿ, ùî âiäîáðàæåííÿ f : (BSym0X)δH →
→M0

U(X)(µ), ÿêå âèçíà÷à¹òüñÿ óìîâîþ:

f(ψAB) =

{
(A;B), ψAB 6= 0,
0, ψAB = 0

äëÿ êîæíîãî ψAB ∈ (BSym0X)δH , ¹ içîìîðôiçìîì.
Òâåðäæåííÿ äîâåäåíî.

Âèñíîâêè. Ó ðîáîòi ðîçãëÿíóòî çàñòîñóâàííÿ òåõíiêè íàïiâðåòðàêöié, çà-
ïðîïîíîâàíî¨ Â. Ì. Óñåíêîì, äî âèâ÷åííÿ òàêèõ àëãåáðà¨÷íèõ ñèñòåì ÿê ãðóïè,
íàïiâãðóïè òà äiìîíî¨äè.
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Î ÐÀÑÏÐÅÄÅËÅÍÈÈ ÖÅËÛÕ ÒÎ×ÅÊ ÍÀ ÏÎÂÅÐÕÍÎÑÒÈ
U2 + V 2 = N3 Â ÀÐÈÔÌÅÒÈ×ÅÑÊÎÉ ÏÐÎÃÐÅÑÑÈÈ

Ñàâàñòðó Î. Â. Ïðî ðîçïîäië öiëèõ òî÷îê íà ïîâåðõíi u2 + v2 = n3 â àðè-

ôìåòè÷íié ïðîãðåñi¨. Ó ðîáîòi ïîáóäîâàíà àñèìïòîòè÷íà ôîðìóëà äëÿ ñóìàòîðíî¨

ôóíêöi¨, ÿêà ïîçíà÷à¹ êiëüêiñòü öiëèõ òî÷îê, ðîçòàøîâàíèõ íà ïîâåðõíi u2 + v2 = n3.

Äîñëiäæåííÿì öi¹¨ ïðîáëåìè çàéìàëèñÿ K�uhleitner M. è Nowak W. Ó ñòàòòi ðîçãëÿäà¹-

òüñÿ äiîôàíòîâå ðiâíÿííÿ ó âèïàäêó, êîëè 0 < n ≤ x, x � çðîñòàþ÷èé ïàðàìåòð, n ≡ l

(mod q), (l, q) = 1. Êîðèñòóþ÷èñü çàãàëüíîþ ñõåìîþ îöiíêè ñåðåäíiõ çíà÷åíü ðÿäiâ Äè-

ðèõëå, îòðèìàíà îöiíêà äëÿ ñåðåäíüî¨ êiëüêîñòi öiëèõ ðîçâ'ÿçêiâ âêàçàíîãî ðiâíÿííÿ,

ÿêà íåòðèâiàëüíà ïðè q � x
1
2
−ε (log x)−4 .

Êëþ÷îâi ñëîâà: àñèìïòîòè÷íà ôîðìóëà, äiîôàíòîâi ðiâíÿííÿ, L-ôóíêöiÿ Äèðèõëå,

àðèôìåòè÷íà ïðîãðåñiÿ.

Ñàâàñòðó Î. Â. Î ðàñïðåäåëåíèè öåëûõ òî÷åê íà ïîâåðõíîñòè u2 +v2 = n3

â àðèôìåòè÷åñêîé ïðîãðåññèè. Â ðàáîòå ïîñòðîåíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ

ñóììàòîðíîé ôóíêöèè, îáîçíà÷àþùåé êîëè÷åñòâî öåëûõ òî÷åê, ëåæàùèõ íà ïîâåðõíî-

ñòè u2+v2 = n3. Èññëåäîâàíèåì ýòîé ïðîáëåìû çàíèìàëèñü K�uhleitner M. è Nowak W. Â

ñòàòüå ðàññìàòðèâàåòñÿ äèîôàíòîâî óðàâíåíèå â ñëó÷àå, êîãäà 0 < n ≤ x, x � ðàñòóùèé
ïàðàìåòð, n ≡ l (mod q), (l, q) = 1. Èñïîëüçóÿ ìåòîä ïðîèçâîäÿùèõ ðÿäîâ Äèðèõëå,

îáùóþ ñõåìó îöåíêè ñðåäíèõ çíà÷åíèé ýòèõ ðÿäîâ, ïîëó÷åíà îöåíêà äëÿ ñðåäíåãî êî-

ëè÷åñòâà öåëî÷èñëåííûõ ðåøåíèé óêàçàííîãî óðàâíåíèÿ, êîòîðàÿ íåòðèâèàëüíàÿ ïðè

q � x
1
2
−ε (log x)−4 . Âû÷èñëèìûå êîíñòàíòû â ãëàâíîì ÷ëåíå çàâèñÿò òîëüêî îò q.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêàÿ ôîðìóëà, äèîôàíòîâû óðàâíåíèÿ, L-ôóíêöèÿ

Äèðèõëå, àðèôìåòè÷åñêàÿ ïðîãðåññèÿ.

Savastru O. V. About the distribution of integer points on the surface

u2 + v2 = n3 in an arithmetic progression. The aim of our paper is to construct the

asymptotic formula for the summatory function, that denote the number of integer points

on the surface u2 + v2 = n3. This problem was investigated by Kühleitner M. and Nowak

W. We consider this diophantine equation in an arithmetic progression, when 0 < n ≤ x,

x is a large parameter, n in residue class l (mod q), (l, q) = 1. The proof of theorem is

based on the method of generating Dirichlet series. Using the Phragmen-Lindelöf theorem

and the general scheme of the estimation of the mean values of Dirichlet series we obtained

the non-trivial result for the average number of integer solutions of the above equation for

q � x
1
2
−ε (log x)−4 . The computable constants in main term depend only of q. The ana-

logical result can be proved in general case, when (l, q) > 1.

Key words: asymptotic formula, diophantine equation, L-Dirichlet function,arithmetic pro-

gression.
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Ââåäåíèå.

Ïóñòü k ∈ N. Ââåäåì â ðàññìîòðåíèå ôóíêöèþ Ak(x), îáîçíà÷àþùóþ êîëè-
÷åñòâî öåëî÷èñëåííûõ ðåøåíèé äèîôàíòîâîãî óðàâíåíèÿ

u2 + v2 = nk, (1)

ïðè óñëîâèè 0 < n ≤ x. Òîãäà

Ak(x) =
∑
n≤x

r(nk), (2)

ãäå r(n) îáîçíà÷àåò êîëè÷åñòâî ïðåäñòàâëåíèé ïîëîæèòåëüíîãî öåëîãî ÷èñëà n â
âèäå ñóììû äâóõ êâàäðàòîâ öåëûõ ÷èñåë.

Ñóììàòîðíûå ôóíêöèè òàêîãî âèäà ïðè k = 2 èçó÷àëèñü â ðàáîòàõ [1], [5].
Â ðàáîòå [1] òàêæå ðàññìàòðèâàëñÿ âîïðîñ î ÷èñëå ðåøåíèé óðàâíåíèÿ (1) ïðè
k > 2.

Fischer K.H. [8], K�uhleitner M., NowakW. [10] è Recknagel W. [11] èññëåäîâàëè
ðàñïðåäåëåíèå öåëûõ òî÷åê íà ñîîòâåòñòâóþùåé ïîâåðõíîñòè ïðè k = 3. Â ðàáîòå
Âàðáàíöà Ï.Ä. [12] áûëà ïîñòðîåíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ïðèìè-
òèâíûõ òî÷åê íà ýëëèïòè÷åñêèõ êîíóñàõ â àðèôìåòè÷åñêîé ïðîãðåññèè. Ïîýòîìó
åñòåñòâåííûì îáðàçîì âîçíèê âîïðîñ ðåøåíèÿ ïîäîáíîé çàäà÷è íà ïîâåðõíîñòè
(1) ïðè k = 3.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àñèìïòîòè÷åñêîé ôîðìóëû äëÿ
ñóììàòîðíîé ôóíêöèè A3(x, l, q), îáîçíà÷àþùåé ÷èñëî öåëûõ òî÷åê (u, v, n), ëå-
æàùèõ íà ïîâåðõíîñòè u2 + v2 = n3, ïðè óñëîâèè n ≤ x,
n ≡ l (mod q), ãäå l, q ∈ N, (l, q) = 1.

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ:
s = σ + it ∈ C, σ = <s, t = =s;
(a, b) � íàèáîëüøèé îáùèé äåëèòåëü ÷èñåë a è b;
ζ(s) � äçåòà-ôóíêöèÿ Ðèìàíà;
L(s, χ4) � L-ôóíêöèÿ Äèðèõëå ñ íåãëàâíûì õàðàêòåðîì ïî mod 4;
χ � õàðàêòåð Äèðèõëå ïî mod q;
χ0 � ãëàâíûé õàðàêòåð Äèðèõëå ïî mod q;∑
χ
� ñóììà ïî âñåì õàðàêòåðàì ïî mod q;

′∑
χ′

� ñóììà ïî âñåì ïðèìèòèâíûì õàðàêòåðàì χ′ ïî mod q;

τ(n) � ôóíêöèÿ ÷èñëà äåëèòåëåé;
ϕ(n) � ôóíêöèÿ Ýéëåðà;
ñèìâîë Âèíîãðàäîâà ′′ �′′ îçíà÷àåò òî æå, ÷òî è ñèìâîë Ëàíäàó ′′O′′.

Îñíîâíûå ðåçóëüòàòû.

1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Ïðèâåäåì íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ, èñïîëüçóåìûå â äàëü-

íåéøåì.
Ïóñòü L(s, χ) � L-ôóíêöèÿ Äèðèõëå ñ õàðàêòåðîì ïî mod q

L(s, χ) =

∞∑
n=1

χ(n)

ns
, Rs > 1.
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Õîðîøî èçâåñòíî, ÷òî L(s, χ) ÿâëÿåòñÿ öåëîé ôóíêöèåé (ñì., íàïðèìåð, [4]), åñëè
χ 6= χ0. Â ñëó÷àå χ = χ0 L-ôóíêöèÿ Äèðèõëå L(s, χ0) àíàëèòè÷íà âî âñåé êîì-
ïëåêñíîé s-ïëîñêîñòè, êðîìå òî÷êè s = 1, ãäå îíà èìååò ïîëþñ ïåðâîãî ïîðÿäêà

ñ âû÷åòîì ϕ(q)
q = Πp|q

(
1− 1

p

)
.

Ðàññìîòðèì ïîâåäåíèå ôóíêöèè L(s, χ) â îáëàñòè
1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T .

Ëåììà 1. Ïðè 1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T , ñïðàâåäëèâà îöåíêà

L(s, χ)�χ (q|t|)
1−σ

2 (log T ) . (3)

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíîãî ïðèìèòèâíîãî õàðàêòåðà χ ïî mod q
ïðè s = 1

2 + it èìååò ìåñòî ñëåäóþùàÿ îöåíêà ([9])

L(s, χ)� (q|s|) 1
4 . (4)

Ïðè s = 1 + 1
log T + it

L(s, χ)� log T. (5)

Òåïåðü èç (4) è (5) íà îñíîâàíèè ïðèíöèïà Ôðàãìåíà-Ëèíäåëåôà äëÿ
1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T ïîëó÷àåì

L(s, χ)� (q|t|)
1+ 1

log T
−σ

1
2

+ 1
log T (log T )

σ− 1
2

1
2

+ 1
log T �

� (q|t|)
1−σ

2 (qT )
C

log T (log T ) ,

ãäå C > 0. Ó÷èòûâàÿ, ÷òî ïðè q, T � xA, ãäå 0 ≤ A < 1, ñïðàâåäëèâà îöåíêà
q

C
log T = O(1), ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ëåììà 2. Åñëè |T | > 2, q > 2, òîãäà ïðè 1
2 ≤ σ ≤ 1 + 1

log T

′∑
χ

T∫
−T

|L(σ + it;χ)|4dt� ϕ(q)T log4(qT ). (6)

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ñëåäóåò èç òåîðåìûÌîíòãîìåðè ([3],
c.77) è òåîðåìû Ãàáðèýëà î âûïóêëîñòè ñðåäíåãî çíà÷åíèÿ ïî äâóì ïåðåìåííûì
([6], c.238).

Èñõîäÿ èç îïðåäåëåíèÿ ñóììàòîðíîé ôóíêöèè A3(x, l, q), åå ìîæíî ïðåäñòà-
âèòü â âèäå

A3(x, l, q) =
∑

n≡l (mod q)
n≤x

r(n3). (7)
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Òîãäà â îáëàñòè Rs > 1 èìååì

F (s) =

∞∑
n≡l (mod q)

n≤x

r(n3)

ns
=

4

ϕ(q)

∑
χ

χ(l)

∞∑
n=1

r(n3)
4 χ(n)

ns
.

Êàê èçâåñòíî, 1
4r(n) ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé ôóíêöèåé. Åñëè p � ïðîñòîå

÷èñëî, òî îíà ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ

1

4
r(pα) =


α+ 1, åñëè p ≡ 1 (mod 4),
1, åñëè p ≡ 3 (mod 4), α− ÷åòíîå,
0, åñëè p ≡ 3 (mod 4), α− íå÷åòíîå,
1, åñëè p = 2.

(8)

Òîãäà â îáëàñòè Rs > 1 èìååì

F (s, χ) =

∞∑
n=1

r(n3)
4 χ(n)

ns
.

Ïîêàæåì, ÷òî ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî

F (s, χ) = (L(s, χ)L(s, χχ4))
2
G(s, χ), (9)

ãäå G(s, χ) � ðåãóëÿðíà â îáëàñòè Rs > 1
2 .

Äåéñòâèòåëüíî,

F (s, χ) =
∏
p

(
1 +

r(p3)
4 χ(p)

ps +
r(p6)

4 χ(p)

p2s + . . .

)
=
(
1 + 1

2s + . . .
)
×

×
∏

p≡1 (mod 4)

(
1 + 4χ(p)

ps + 7χ(p2)
p2s + . . .

)
·

∏
p≡3(mod 4)

(
1 + χ(p2)

p2s + χ(p4)
p4s + . . .

)
=

= 1
1− 1

2s
·

∏
p≡1(mod 4)

1+2
χ(p)
ps

(1−χ(p)
ps )

2 ·
∏

p≡3(mod 4)

1

1−(χ(p)
ps )

2 .

(10)

Ñ äðóãîé ñòîðîíû

L2(s, χ)L2(s, χχ4) =

( ∏
p ≡1(mod 4)

1

1−χ(p)
ps

·
∏

p ≡3(mod 4)

1

1−χ(p)
ps

)2

×

×

( ∏
p ≡1(mod 4)

1

1−χ(p)
ps

·
∏

p ≡3(mod 4)

1

1+
χ(p)
ps

)2

=

=
∏

p ≡1(mod 4)

1

(1−χ(p)
ps )

4 ·
∏

p ≡3(mod 4)

1(
1−(χ(p)

ps )
2
)2 .

Ïîäñòàâëÿÿ â (10), ïîëó÷àåì

F (s, χ) = L2(s, χ)L2(s, χχ4) · 1
1− 1

2s
×

×
∏

p≡1(mod 4)

(
1 + 2χ(p)

ps

)(
1− χ(p)

ps

)2

·
∏

p≡3(mod 4)

(
1−

(
χ(p)
ps

)2
)

=

= L2(s, χ)L2(s, χχ4)G(s, χ),
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ãäå
G(s, χ) = 1

1− 1
2s
×

×
∏

p≡1(mod 4)

(
1 + 2χ(p)

ps

)(
1− χ(p)

ps

)2

·
∏

p≡3(mod 4)

(
1−

(
χ(p)
ps

)2
)
.

(11)

Òàêèì îáðàçîì, â îáëàñòè Rs > 1

F (s) =
4

ϕ(q)

∑
χ

χ(l)L2(s, χ)L2(s, χχ4)G(s, χ). (12)

2. Îñíîâíàÿ òåîðåìà.
Âîñïîëüçóåìñÿ ôîðìóëîé Ïåððîíà, ïîëàãàÿ c = 1 + 1

log x , T > 1, ε > 0.

A3(x, l, q) =
1

2πi

c+iT∫
c−iT

F (s)
xs

s
ds+O

(
x log2 x

Tq

)
+Oε(x

ε). (13)

Â (13) ïåðåíåñåì êîíòóð èíòåãðèðîâàíèÿ íà ïðÿìóþ Rs = 1
2 + (log x)−1. Ïðè

ýòîì ìû ïðîéäåì ÷åðåç ïîëþñ ïîäûíòåãðàëüíîé ôóíêöèè â òî÷êå s = 1. Ðàñ-
ñìîòðèì èíòåãðàë ïî êîíòóðó Γ, êîòîðûé ïðåäñòàâëÿåò ñîáîé ïðÿìîóãîëüíèê ñ
âåðøèíàìè c±iT , 1

2 +(log x)−1±iT . Ïîäûíòåãðàëüíàÿ ôóíêöèÿ àíàëèòè÷íà íà Γ
è âíóòðè íåãî, èñêëþ÷àÿ ïîëþñ âòîðîé êðàòíîñòè â òî÷êå s = 1 (çà ñ÷åò L2(s, χ)
èëè L2(s, χχ4)). Òàêèì îáðàçîì, â ñèëó òåîðåìû Êîøè, èìååì

1

2πi

c+iT∫
c−iT

F (s)
xs

s
ds = res

s=1

(
F (s)

xs

s

)
+

1

2πi
(I1 + I2 + I3) , (14)

ãäå

I1 =

1
2 +(log x)−1+iT∫

1
2 +(log x)−1−iT

F (s)
xs

s
ds,

I2 =

1
2 +(log x)−1−iT∫

1+(log x)−1−iT

F (s)
xs

s
ds, I3 =

1+(log x)−1+iT∫
1
2 +(log x)−1+iT

F (s)
xs

s
ds.

Èñïîëüçóÿ îöåíêè (3) èç ëåììû 1, ìû ïîëó÷àåì âêëàä ãîðèçîíòàëüíûõ ó÷àñòêîâ
èíòåãðèðîâàíèÿ:

I2, I3 � x1+ 1
log x · T−1− 1

2 log x log T + x
1
2 + 1

log x · T−
3
4−

1
2 log x log T. (15)

Äàëåå îñòàëîñü ðàññìîòðåòü èíòåãðàë I1. Êàê èçâåñòíî, åñëè ÷åðåç χ′ îáî-
çíà÷èòü ïðèìèòèâíûé õàðàêòåð ïî mod q′, êîòîðûé èíäóöèðóåò õàðàêòåð χ ïî
mod q, òîãäà (ñì.[2]) â îáëàñòè Rs > 1

L(s, χ) = L(s, χ)
∏

p|q, p-q′

(
1− χ(p)

ps

)
.



72 Î. Â. Ñàâàñòðó

Ïîýòîìó

I1 =

1
2 +(log x)−1+iT∫
1
2 +(log x)−1−iT

4
ϕ(q)

∑
χ
χ(l)L2(s, χ)L2(s, χχ4)G(s, χ)x

s

s ds�

� x
1
2

+ 1
log x

ϕ(q) ×

×

[∑
q′|q
×

[
′∑

χ′ mod q

T∫
1

∣∣∣L( 1
2 + 1

log x + it, χ′)
∣∣∣2 ∣∣∣L( 1

2 + 1
log x + it, χ′χ4)

∣∣∣2 1
t dt

]]
.

Â ñèëó íåðàâåíñòâà Êîøè è ëåììû 2 ïîëó÷àåì ñëåäóþùóþ îöåíêó

I1 � τ(q)x
1
2 log5 T. (16)

Âû÷èñëèì âû÷åòû â òî÷êå s = 1 ïîäûíòåãðàëüíîé ôóíêöèè â (13).
Åñëè q ≡ 0(mod 4), òî ñóùåñòâóåò åäèíñòâåííûé õàðàêòåð χ ïî mod q, òà-

êîé, ÷òî χχ4 = χ0 � ãëàâíûé õàðàêòåð ïî mod q (ïðè ýòîì χ0χ4 íå ÿâëÿåòñÿ
ãëàâíûì). Åñëè æå q 6≡ 0(mod 4), òî òàêîãî õàðàêòåðà íå ñóùåñòâóåò. Ðàññìîòðèì
ñíà÷àëà ñëó÷àé, êîãäà q 6≡ 0(mod 4), òîãäà ïðåäñòàâèì F (s) â âèäå

F (s) = 4
ϕ(q)L

2(s, χ0)L2(s, χ0χ4)G(s, χ0)+

+ 4
ϕ(q)

( ∑
χ 6=χ0

χ(l)L2(s, χ)L2(s, χχ4)G(s, χ)

)
.

Êàê èçâåñòíî, â îêðåñòíîñòè òî÷êè s = 1

L(s, χ0) =
ϕ(q)

q

(
(s− 1)−1 + γ + . . .

)
,

xs

s
= x+ (x log x− x))(s− 1) + . . . ,

ãäå γ � ïîñòîÿííàÿ Ýéëåðà. Ïîýòîìó ïîñëå íåñëîæíûõ òåõíè÷åñêèõ âû÷èñëåíèé
ïîëó÷àåì

res
s=1

(
F (s)x

s

s

)
= res

s=1

(
4

ϕ(q)L
2(s, χ0)L2(s, χ0χ4)G(s, χ0)x

s

s

)
=

= A1(q)x log x+A0(q)x,
(17)

ãäå

A1(q) =
π2

4q
G(1, χ0)

∏
p|q

(
1− 1

p

)
, (18)

A0(q) =

= π
q

∏
p|q

(
1− 1

p

) [
2L′(1, χ4) + π

4 (2γ − 1)G(1, χ0) +G′(1, χ0)
]
,

(19)

ôóíêöèÿ G(s, χ) îïðåäåëÿåòñÿ â (11).
Ïðè q ≡ 0(mod 4) è l ≡ 1(mod 4) îñîáåííîñòü âîçíèêàåò ïðè χ = χ0 è χ4.

Ó÷èòûâàÿ, ÷òî G(s, χ0) = G(s, χ4), ïîëó÷àåì
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res
s=1

(
F (s)x

s

s

)
= res

s=1

(
4

ϕ(q)

∑
χ=χ0,χ4

L2(s, χ)L2(s, χχ4)G(s, χ)x
s

s

)
=

= 2 [A1(q)x log x+A0(q)x] .

(20)

Èç ñîîòíîøåíèé (13)�(20), ïîëàãàÿ T = x
1
2 , ìû ïðèõîäèì ê ñëåäóþùåé òåî-

ðåìå.

Òåîðåìà 1. Ïóñòü l, q ∈ N, 0 < l ≤ q, (l, q) = 1. Òîãäà ïðè x → ∞ ñïðàâåä-
ëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

A3(x, l, q) = δq [A1(q)x log x+A0(q)x] +O
(
x

1
2 τ(q) log5 x

)
,

ãäå A1(q), A0(q) � âû÷èñëèìûå êîíñòàíòû, çàâèñÿùèå îò q è îïðåäåëÿåìûå ñî-
îòíîøåíèÿìè (18) è (19),

δq =

{
1, åñëè q 6≡ 0 (mod 4),
2, åñëè q ≡ 0 (mod 4) è l ≡ 1 (mod 4).

Çàìå÷àíèå 1. Ïðè q ≡ 0 (mod 4), l ≡ 3 (mod 4) óðàâíåíèå u2 + v2 = n3 íå
èìååò ðåøåíèé, ïîýòîìó ýòîò ñëó÷àé ìû èñêëþ÷àåì èç ðàññìîòðåíèÿ.

Çàêëþ÷åíèå. Â äàííîé ñòàòüå èññëåäîâàëñÿ âîïðîñ î ñðåäíåì çíà÷åíèè
÷èñëà ðåøåíèé äèîôàíòîâîãî óðàâíåíèÿ u2 + v2 = n3 â àðèôìåòè÷åñêîé ïðî-
ãðåññèè. Ïîëó÷åííûé ðåçóëüòàò íåòðèâèàëåí äëÿ âñåõ q � x

1
2−ε (log x)

−4. Êðî-
ìå òîãî, àíàëîãè÷íîå óòâåðæäåíèå ìîæíî ïîëó÷èòü è äëÿ îáùåãî ñëó÷àÿ, êîãäà
(l, q) > 1.
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ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÛÅ ÔÓÍÊÖÈÈ, ÂÇÂÅØÅÍÍÛÅ
ÑÓÌÌÀÌÈ ÊËÎÑÒÅÐÌÀÍÀ

Ñåðã¹¹â Ñ. Ñ., ×àí Òõå Âiíü Ìóëüòèïëiêàòèâíi ôóíêöi¨, çâàæåíi ñóìà-

ìè Êëîñòåðìàíà. Ïîáóäîâàíà àñèìïòîòè÷íà ôîðìóëà ñóìàòîðíî¨ ôóíêöi¨ äëÿ ñóìè

Êëîñòåðìàíà K(s, a; q), çâàæåíî¨ ìóëüòèïëiêàòèâíèìè ôóíêöiÿìè f(n) ñïåöiàëüíîãî âè-

ãëÿäó, à ñàìå çãîðòêîþ Äiðiõëå öiëêîì ìóëüòiïëiêàòèâíèõ ôóíêöié òà òîòîæíî¨ 1.

Êëþ÷îâi ñëîâà: ñóìà Êëîñòåðìàíà, ôóíêöi¨ äiëüíèêiâ, àñèìïòîòè÷íi îöiíêè.

Ñåðãååâ Ñ. Ñ., ×àí Òõå Âèíü Ìóëüòèïëèêàòèâíûå ôóíêöèè, âçâåøåí-

íûå ñóììàìè Êëîñòåðìàíà. Ïîñòðîåíà àñèìïòîòè÷åñêàÿ ôîðìóëà ñóììàòîðíîé

ôóíêöèè äëÿ ñóììû Êëîñòåðìàíà K(s, a; q), âçâåøåííîé ìóëüòèïëèêàòèâíûìè ôóíê-

öèÿìè f(n) ñïåöèàëüíîãî âèäà, à èìåííî ñâåðòêîé Äèðèõëå âïîëíå ìóëüòèïëèêàòèâíûõ

ôóíêöèé è òîæäåñòâåííîé 1.

Êëþ÷åâûå ñëîâà: ñóììà Êëîñòåðìàíà, ôóíêöèè äåëèòåëåé, àñèìïòîòè÷åñêèå îöåí-

êè.

Sergeev S. S., Tran Vinh Tkhe Multiplicative function of the weighted sum

Kloosterman. Constructed asymptotic formula summatory functions for Kloosterman

sums K(s, a; q), weighted by multiplicative function f(n) of a special kind namely Dirichlet

convolution of completely multiplicative functions and constant 1. This problem is significant

because of the importance estimates for Kloosterman sums of a special type in progressions

over Gaussian integers. Also the method of proof can be applyed to obtain estimates of

different kinds of the Kloosterman sums.

Key words: sum Kloosterman divisor function, asymptotic estimates.

Ââåäåíèå. Êëàññè÷åñêèå ñóììû Êëîñòåðìàíà âîçíèêëè â àíàëèòè÷åñêîé
òåîðèè ÷èñåë ïî÷òè 90 ëåò òîìó íàçàä è íà ïðîòÿæåíèè ýòîãî ïåðèîäà ïîñòîÿííî
èñïîëüçóþòñÿ êàê èíñòðóìåíò èññëåäîâàíèÿ âî ìíîãèõ çàäà÷àõ ìàòåìàòèêè è å¼
ïðèëîæåíèé.

Ïðèìåíåíèÿì ñóìì Êëîñòåðìàíà â ìàòåìàòèêå ïîñâÿùåíî ìíîãî ðàáîò, íà-
ïðèìåð, [1], [3], [5], [6]. Â ðÿäå çàäà÷, ñâÿçàííûõ ñ ïîñòðîåíèåì ïñåâäî-ñëó÷àéíûõ
÷èñåë (ñì. [2]) è ñïåöèàëüíûõ ëèíåéíûõ êîäîâ (ñì.[4], [7]), âîçíèêàåò íåîáõîäè-
ìîñòü âû÷èñëèòü ñóììû, ñîäåðæàùèå ñóììû Êëîñòåðìàíà è èõ ñòåïåíè.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àñèìïòîòè÷åñêèõ îöåíîê äëÿ
ñóììàòîðíûõ ôóíêöèé, àññîöèèðîâàííûõ ñ âçâåøåííûìè ñóììàìè Êëîñòåðìàíà
ìóëüòèïëèêàòèâíûìè ôóíêöèÿìè ñïåöèàëüíîãî âèäà.

Ïóñòü a, b, q ∈ Z , q > 1.
Ðàññìîòðèì ñóììó Êëîñòåðìàíà

K (a, b; q) =
∑
S(c)

e2πi ax+bx
′

q

c©Ñåðãååâ Ñ. Ñ., ×àí Òõå Âèíü, 2013
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çäåñü c =
{
x ∈ Z?q , xx

′ ≡ 1 ( mod q)
}
Z?q êàê îáû÷íî îáîçíà÷àåò ïðèâåäåííóþ

ñèñòåìó âû÷åòîâ ïî ìîäóëþ q, à øòðèõ ïðè x, îçíà÷àåò, ÷òî xx
′ ≡ 1(mod q).

Äëÿ ïðîèçâîëüíîé âïîëíå ìóëüòèïëèêàòèâíîé ôóíêöèè g(n) îïðåäåëèì ìóëü-
òèïëèêàòèâíóþ ôóíêöèþ f(n) ïîñðåäñòâîì ñîîòíîøåíèÿ

f(n) =
∑
d|n

g(d),

ãäå çàïèñü d|n îçíà÷àåò, ÷òî ñóììèðîâàíèå èä¼ò ïî âñåì äåëèòåëÿì d ÷èñëà n.
Îáîçíà÷èì

F (x) =
∑
n6x

f(n)K(a, b; n)

è áóäåì íàçûâàòü F (x) âçâåøåííîé ñóììàòîðíîé ôóíêöèåé äëÿ f(n).
Â ïîñëåäóþùåì íàì ïîíàäîáÿòñÿ ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ:

s = σ + it � êîìïëåêñíîå ÷èñëî, σ = Re s, t = Ims;
Zq (ñîîòâåòñòâåííî Z?q ) � ïîëíàÿ (ïðèâåäåííàÿ) ñèñòåìà âû÷åòîâ ïî ìîäóëþ q;
HOD(a, b) = (a, b) � íàèáîëüøèé îáùèé äåëèòåëü a è b;
µ(n) � ôóíêöèÿ Ìåáèóñà;
ϕ(n) � ôóíêöèÿ Ýéëåðà;
Γ(z) � ãàììà-ôóíêöèè Ýéëåðà;
äëÿ (x, q) = 1 îáîçíà÷àåì ÷åðåç x

′
ìóëüòèïëèêàòèâíîå îáðàòíîå äëÿ x ïî ìîäóëþ

q;
ζ(s) � äçåòà-ôóíêöèÿ Ðèìàíà;
ζ(s; δ0, δ1) - äçåòà-ôóíêöèÿ Ëåðõà.

Ðàäè óäîáñòâà â ôîðìóëàõ òèïà a ≡ b(modq) ìû ìèøåì a ≡ b(q).

Ïðåäâàðèòåëüíûå ðåçóëüòàòû. Ìû ïðèâåä¼ì íåêîòîðûå âñïîìîãà-
òåëüíûå óòâåðæäåíèÿ, êîòîðûå íàì ïîíàäîáÿòñÿ äëÿ ïîëó÷åíèÿ îñíîâíûõ ðå-
çóëüòàòîâ.

Ëåììà 1. Ïóñòü a, q ∈ Z, q > 1.

q−1∑
x=0

e2πi axq =

{
q, åñëè a ≡ 0( mod q)

0, èíà÷å.

Ëåììà 2 ([8], ñòð. 48). Ïóñòü ζ(s, δ), 0 < δ 6 1 � äçåòà-ôóíêöèè Ãóðâèöà,
îïðåäåëÿåìàÿ äëÿ Re s > 1 àáñîëþòíî ñõîäÿùèìñÿ ðÿäîì

ζ(s, δ) =

∞∑
n=0

1

(n+ δ)s
.

Òîãäà ζ(s, δ) àíàëèòè÷åñêè ïðîäîëæàåìà íà âñþ êîìïëåêñíóþ s�ïëîñêîñòü,
êðîìå òî÷êè s = 1, ãäå îíà èìååò ïîëþñ 1-ãî ïîðÿäêà ñ âû÷åòîì 1. Êðîìå òîãî,
ñïðàâåäëèâî ñîîòíîøåíèå Ãóðâèöà äëÿ Re s < 0

ζ(s, a) =
2Γ(1− s)
(2π)1−s

{
sin

πs

2

∞∑
n=1

cos 2πnδ

n1−s + cos
πs

2

∞∑
n=1

sin 2πnδ

n1−s

}
.
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Ïóñòü δ0, δ1 ∈ R, δ0 < δ1 ≤ 1. Ôóíêöèÿ Ëåðõà â îáëàñòè Re s > 1 îïðåäåëåíà
àáñîëþòíî ñõîäÿùèìñÿ ðÿäîì

ξ (s; δ0, δ1) =

∞∑
n=0

e2πinδ1

(n+ δ0)
s .

Ëåììà 3. ([3], ñòð. 42). Ôóíêöèÿ Ëåðõà àíàëèòè÷åñêè ïðîäîëæàåìà íà âñþ
êîìïëåêñíóþ s-ïëîñêîñòü, êðîìå áûòü ìîæåò òî÷êè s = 1, åñëè δ1 ∈ Z, è â ýòîì
ñëó÷àå îíà èìååò â òî÷êå s = 1 ïîëþñ 1-ãî ïîðÿäêà ñ âû÷åòîì 1. Êðîìå òîãî,
ñïðàâåäëèâî ôóíêöèîíàëüíîå óðàâíåíèå

ξ (s; δ0, δ1) = (2π)
s−1

Γ (1− s)
{
e
πi
2 (1−s)ξ (1− s, {δ1}, δ0) +

+e−
πi
2 (1−s)ξ (1− s; {1− δ1}, δ0)

}
.

(Çäåñü {δ1}, {1− δ1} � äðîáíûå äîëè òî δ1 è 1− δ1).
Ñëåäñòâèå. Â ïîëîñå −ε ≤ Re s = σ ≤ 1 + ε, |Ims| ≥ 3 ñïðàâåäëèâû ñëåäóþ-

ùèå îöåíêè

ξ (s; 0, δ) <<

{
|t| 1−σ2 log|t|, åñëè − ε ≤ σ ≤ 1

2

|t| 1−σ3 log|t|, åñëè 1
2 ≤ σ ≤ 1 + ε.

Íàïîìíèì íåêîòîðûå ñâîéñòâà ñóìì Êëîñòåðìàíà.
Ïóñòü q = q1q2, (q1, q2) = 1 è ïóñòü q1q1 ≡ 1(mod q2), q2q2 ≡ 1(mod q1). Òîãäà

èìååò ìåñòî �êâàçè�ìóëüòèïëèêàòèâíîñòü� ñóììû Êëîñòåðìàíà.

K (a, b; q) = K (aq2, bq2; q1) ·K (aq1, bq1; q2) .

Äàëåå, åñëè (a, q) = 1, òî

K (a, b; q) = K (1, ab; q) .

Ëåììà 4 ([6]). Ïóñòü p � ïðîñòîå ÷èñëî. Òîãäà

|K (a, b; pm)| 6 2 (a, b)
1
2 p

m
2 .

(Ýòà îöåíêà ïðèíàäëåæèò À. Âåéëþ [9]).
Ëåììà 5. Ïóñòü q = q1q2, (q1, q2) = 1, q1 � áåñêâàäðàòíàÿ ÷àñòü q, q2 �

êâàäðàòíî-ïîëíàÿ ÷àñòü q, è ïóñòü (b, q) = d = d1d2, d1|q1, d2|q2. Òîãäà äëÿ
d1d2 > 1 èìååì

K (1, b; q) =

{
0, åñëè d2 > 1,

µ (d1)K
(

1, bd
2
; q
d1

)
, åñëè d2 = 1,

ãäå d1d1 ≡ 1
(

mod q
d1

)
.

Äîêàçàòåëüñòâî. Â ñèëó êâàçè-ìóëüòèïëèêàòèâíîñòè ñóììû Êëîñòåðìàíà
îòíîñèòåëüíî q íàì äîñòàòî÷íî ðàññìîòðåòü òîëüêî ñëó÷àé q = pm, p � ïðîñòîå.
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Åñëè m = 1, òî îáÿçàòåëüíî d2 = 1, è òîãäà (b, q) = (b, p) = p. Òàê ÷òî ìû
èìååì â ýòîì ñëó÷àå

K (1, b; pm) = K (1, 0; p) =
∑
x∈Z?p

e2πi xp = −1 = µ (d1)K (1, 0; 1) .

Ïóñòü òåïåðü m > 2 è ïóñòü(b, pm) = pk, k > 0. Òîãäà d1 = 0, d2 = pk.
Îáîçíà÷èì m1 =

[
m
2

]
> 1, è ïîëîæèì x = x0 (1 + pm−m1y), ãäå x0 ∈ Z?

pm−m1
,

y ∈ Zpm .
Òîãäà x

′
= x

′

0

(
1− pm−m1y + p2(m−m1)y2

)
, ãäå ìóëüòèïëèêàòèâíîå îáðàòíîå

x
′

0 áåð¼òñÿ ïî ìîäóëþ pm.
Ïîýòîìó ìû ìîæåì çàïèñàòü (ïîëàãàÿ b = pkb0, (b0, p) = 1):

K
(
1, b0p

k; pm
)

=
∑

x0∈Z?
pm−m1

∑
y∈Zpm1

e2πi
f(x0,y)
pm ,

ãäå f(x0, y) = x0 + b0p
kx
′

0 + pm−m1

(
y − b0pkx

′

0p
m−m1y + b0p

kx
′

0p
m−m1y2

)
.

Ïîýòîìó, â ñèëó ëåìììû 1,

K
(
1, b0p

k; pm
)

=
∑

x0∈Z?
pm−m1

e2πi
x0+b0p

kx
′
0

pm
∑

y∈Zpm1

e2πi y
pm1 = 0.

Ñëåäñòâèå. Äëÿ ëþáîé ìóëüòèïëèêàòèâíîé ôóíêöèè f(n) ïîä óñëîâèåì
f(n)� nε, ε � ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî, èìååì äëÿ Re s > 1

∞∑
n=1

f(n)K(1, n; q)

ns
=
∑
d\q1

µ(d)

∞∑
n = 1

(n, q) = d

µ(n)

ns
K
(

1, nd
2
;
q

d

)
,

ãäå q1 � áåñêâàäðàòíàÿ ÷àñòü q, à dd ≡ 1
(

mod q
d

)
.

Ëåììà 6. Ïóñòü q(n) � âïîëíå ìóëüòèïëèêàòèâíàÿ ôóíêöèÿ ïîä óñëîâèåì

q(n)� nε, ε > 0 � ïðîèçâîëüíî ìàëîå, è ïóñòü f(n) =
∑
d|n

g(d).

Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî q > 1 è öåëîãî a, (a, q) = 1, â îáëàñòè Re s > 1
ñïðàâåäëèâî ðàâåíñòâî

∞∑
n=1

f(n)K(1,an;q)
ns =

=
∑
d|q1

µ(d)
∑

t1t2| qd

µ(t1)µ(t2)
ts1t

s
2

∑
S(c)

g(d)Zg

(
s; a1d1d

q
d

)
Zg

(
s; a2d2d

q
d

)
,

ãäå c =
{
a1, a2 ∈ Z?q

d
, a1a2 ≡ 1

(
mod q

d

)}
, à ôóíêöèÿ Zg

(
s, cq

)
îïðåäåëåíà ðÿäîì

Zg

(
s;
c

q

)
=

∞∑
n=1

g(n)e2πi cnq

ns
, Re s > 1, (c, q) = 1.
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Äîêàçàòåëüñòâî. Ïóñòü q = q1q2, (q1, q2) = 1, q1 � áåñêâàäðàòíàÿ ÷àñòü q,
è ïóñòü d \ q1. Òîãäà

(
d, qd

)
= 1, à ïîòîìó ñóùåñòâóåò d òàêîå, ÷òî dd ≡ 1

(
mod q

d

)
.

Ïðèíèìàÿ âî âíèìàíèå âïîëíå-ìóëüòèïëèêàòèâíîñòü ôóíêöèè q(n) è ñëåäñòâèå
èç ëåììû 5, ïîëó÷àåì äëÿ d \ q1

∑
S(c1)

∑
d1d2=d

g(d1)g(d2)
∑
S(c2)

g(n1)g(n2)

(n1d1)
s

(n2d2)
s e

2πi
a1n1d1d+a2n2d2d

q
d =

=

∞∑
n = 1

(n, q) = d

n−s
∑

d1d2=d

g(d)
∑
S(c3)

g(n1)g(n2)
∑
S(c1)

e
2πi

a1d1n1d+a2n2d2d
q
d =

=
∞∑

n = 1
(n, q) = d

f(n) · n−sK
(

1, a · n · d2
;
q

d

)
.

(1)

Ñ äðóãîé ñòîðîíû, ëåâàÿ ÷àñòü ðàâåíñòâà (1) ðàâíà

∑
S(c1)

∑
d1d2=d

g(d1)g(d2)

∞∑
S(c2)

g(n1)g(n2)

(n1n2)
s e

2πi
a1n1d1d+a2n2d2d

q
d =

=
∑
S(c1)

∑
d1d2=d

∑
t1,t2\ qd

µ(t1)µ(t2)

ts1t
s
2

g(t1t2)
∑

n1,n2=1

g(n1)
e

2πi
a1n1t1d1d

q
d

ns1
·

·e
2πi

a2n2t2d2d
q
d

ns2
=

=
∑
S(c1)

∑
t1,t2\ qd

µ(t1)

ts1
· µ(t2)

ts2

∑
d1d2=d

Zg

(
s;
a1t1d1d

q
d

)
Zg

(
s;
a2t2d2d

q
d

)
,

(2)

ãäå

c1 =
{
a1, a2 ∈ Z?q

d
, a1a2 ≡ 1

(
mod q

d

)}
,

c2 =
{

(n1, n2) = 1,
(
n1,

q
d

)
=
(
n2,

q
d

)
= 1
}
,

c3 = {n1, n2, n1d1 · n2d2 = n} .

Òåïåðü, óìíîæàÿ (1), (2) íà µ(d) è ñóììèðóÿ ïî âñåì d, d|q1, ìû, â ñèëó ëåììû
5 è õîðîøî èçâåñòíîãî òîæäåñòâà Ñåëüáåðãà�Êóçíåöîâà [5] ïîëó÷àåì òðåáóåìîå
óòâåðæäåíèå.

Îñíîâíûå ðåçóëüòàòû. Èç äîêàçàííîé âûøå ëåììû 6 âèäíî, ÷òî äëÿ
ïîëó÷åíèÿ õîðîøåé àñèìïòîòè÷åñêîé îöåíêè ñóììàòîðíîé ôóíêöèè, àññîöèè-
ðîâàííîé ñ ôóíêöèåé
f(n)K (1, an; q), âàæíî èìåòü îïðåäåë¼ííóþ èíôîðìàöèþ î äçåòà-ïîäîáíîé ôóíê-

öèè Zg
(
s; cq

)
. Íåòðóäíî çàìåòèòü ÷òî, åñëè â êà÷åñòâå g(n) âçÿòü âïîëíå ìóëü-

òèïëèêàòèâíóþ ôóíêöèþ âèäà g(n) = χ(n)dα, ãäå χ(n) � õàðàêòåð Äèðèõëå ïî
íåêîòîðîìó ìîäóëþ D, à α � ôèêñèðîâàííîå êîìïëåêñíîå ÷èñëî, òî ôóíêöèþ
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Zg

(
s; cq

)
óäà¼òñÿ âûðàçèòü ÷åðåç äçåòà-ôóíêöèþ Ðèìàíà ζ(s) è L � ôóíêöèþ

Äèðèõëå L (s, χ1) ñ íåêîòîðûì õàðàêòåðîì Äèðèõëå. Â ýòîé ñòàòüå ìû ðàññìîò-
ðèì äâà ñëó÷àÿ g(n) = 1, n ∈ N, è g(n) = χ4(n), ãäå χ4(n) åñòü íåãëàâíûé õàðàêòåð
Äèðèõëå ïî ìîäóëþ 4.

Òîãäà ó÷èòûâàÿ, ÷òî
∑
d|n

g(d) =
∑
d|n

X4(d) = r(n)
4 , ãäå r(n) � êîëè÷åñòâî ïðåä-

ñòàâëåíèé n ñóììîé äâóõ êâàäðàòîâ öåëûõ ÷èñåë, ìû ïîñòðîèì àñèìïòîòè÷åñêóþ
ôîðìóëó äëÿ ñóììû ∑

n6x

r(n)K(1, an; q), a ∈ Z.

∑
d|n

dα = σα(n) � ñóììà âñåõ äåëèòåëåé n â ñòåïåíè α, σ0(n) = τ(n),∑
dαχ4(n) = r(n)

4 , α = 0.
È òîãäà ïðèõîäèì, ñîîòâåòñòâåííî, ê ñóììå âèäà∑

n6x

τ(n)K(1, an; q),

ãäå τ(n) � ÷èñëî äåëèòåëåé n.
Îáà ýòèõ ñëó÷àÿ ðàññìàòðèâàþòñÿ îäíàêîâî, íî ñëó÷àé τ(n) òåõíè÷åñêè ïðî-

ùå. Ìû ýòîò ñëó÷àé â äàëüíåéøåì è ðàññìàòðèâàåì.
Òàêèì îáðàçîì, â îáëàñòè Re s > 0 ëåììà 3 äà¼ò

F (s) =

∞∑
n=1

τ(n)K(1, an; q)

ns
=
∑
d|q1

µ(d)F (s; d, q)

ds
, (3)

ãäå

F (s; d, q) =
∑
t1t2| qd

µ(t1)µ(t2)

(n1n2)
s

∑
a1a2≡1( qd )

∑
d1d2=d

ζ

(
s; 0,

a1d1t1d
q
d

)
ζ

(
s; 0,

a2d2t2d
q
d

)
.

Â ñèëó ëåììû 3, çàêëþ÷àåì, ÷òî F (s) àíàëèòè÷åñêè ïðîäîëæàåìà íà âñþ
s � ïëîñêîñòü, êðîìå áûòü ìîæåò òî÷êè s = 1, ãäå F (s) ìîæåò èìåòü ïîëþñ 2-ãî
ïîðÿäêà. Ïîýòîìó èç (3) ïî ôîðìóëå Ïåððîíà íàõîäèì∑

n6x

τ(n)K(1, an; q) = ress=1(F (s)xss−1) + ress=0(F (s)xss−1)+

+
1

2πi

−ε+iT∫
−ε−iT

F (s)
xs

s
ds+O

 c∫
−ε

|F (σ ± iT )| x
s

T
dσ

+O

(
xc

T (c− 1)2
q

1
2 τ(q)

)
, (4)

ãäå c > 1, T > 1, ε > 0 áóäóò îïðåäåëåíû ïîçäíåå.
(Çäåñü ìû ó÷ëè, ÷òî êîýôôèöèåíòû ïðîèçâîäÿùåãî ðÿäà Äèðèõëå äëÿ

τ(n)K(1, an; q) îöåíèâàþòñÿ âåëè÷èíîé τ(n)q
1
2 τ(q).)
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Äëÿ âû÷èñëåíèÿ èíòåãðàëîâà â (4) íàì íåîáõîäèìà îöåíêà ôóíêöèè F (s) â
ïîëîñå −ε ≤ Re s ≤ 1 + ε, |Ims| > 3.

Èç (3) ìû ñðàçó èìååì

F (1 + ε+ it) <<

∞∑
n=1

τ(n)|K(1, an; q)|
n1+ε

<< τ(q)q
1
2

1

ε
. (5)

Êðîìå òîãî, ñëåäñòâèå ëåììû 3 äàåì äëÿ Re s = −ε

F (s, d, q) << |t|1+ε q

d
τ(d)τ2

( q
d

)
log2|t|.

À ïîòîìó

F (−ε+ it) << |t|1+εqτ3(q)log2|t|. (6)

Òåïåðü, â ñèëó ïðèíöèïà Ôðàãìåíà�Ëèíäåë¼ôà, íàõîäèì

F (s) << t
1−σ
1+2ε q

1+σ+3ε
2(1+2ε) τ3(q)log2|t|. (7)

Ïîýòîìó äëÿ c = 1 + ε èìååì

1+ε∫
−ε

F (s)
xs

s
ds << max

(
1

ε
τ(q)q

1
2
x

T
, qτ3(q)

(
log2T

)
T ε
)
. (8)

Äàëåå, èç ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ ôóêíöèè Ëåðõà (ñì. ëåììà 2) íà
ïðÿìîé Re s = −ε ïîëó÷àåì:

F (s) =
∑
d|q

µ(d)F (s;d,q)
ds =

=
∑
d|q1

µ(d)
ds

∑
t1t2| qd

µ(t1)µ(t2)
(t1t2)s

∑
a1a2≡1(mod qd )

∑
d1d2=d

Γ2(1−s)
(2π)2−2s×

×
2∏
j=1

[
e
πi(1−s)

2 ζ
(

1− s,
{
ajdjtjd

q
d

}
, 0
)

+ e
−πi(1−s)

2 ζ
(

1− s; 1−
{
ajdjtjd

q
d

}
, 0
)]
.

(9)

(çäåñü {u} îçíà÷àåò äðîáíóþ äîëþ u).
Ïîñêîëüêó Re(1 − s) = 1 + ε > 0, òî ïîäñòàâëÿÿ âìåñòî ζ(1 − s, x, 0) ïðåä-

ñòàâëåíèå â âèäå àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà Äèðèõëå è ïðîâîäÿ ñòàíäàðòíûå
ïðåîáðàçîâàíèÿ, ìû ïðèäåì ê ðàâåíñòâó

1

2πi

−ε+iT∫
−ε−iT

F (s)
xs

s
ds =

∑
d|q1

µ(d)
∑
t1t2| qd

µ(t1)µ(t2)
∑
S(c1)

∞∑
n=1

1

n
I(n, a, t, d), (10)

ãäå

I(n, a, t, d) =
1

2πi

−ε+iT∫
−ε−iT

Γ2(1− s)
∑
S(c2)

e
πi(1−s)

2 (±1±1)

(
xn1n2π

2

q2t1t2

)
ds

s
.
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c1 =
{
a1a2 ≡ 1

( q
d

)
; d1, d2 ∈ N, d1d2 = d

}
.

c2 =
{
n = n1n2, nj = ±ajdjtjd(mod

q

d
), j = 1, 2

}
.

Î÷åâèäíî, ÷òî èíòåãðàë I(n, a, t, d) åñòü ñóììà ÷åòûðåõ èíòåãðàëîâ (êàê ðå-
çóëüòàò âû÷èñëåíèÿ ïðîèçâåäåíèÿ â (9)), èç íèõ äâà, êîòîðûì ñîîòâåòñòâóåò âû-
áîð çíàêîâ +1, +1 èëè -1, -1, äàþò íàèáîëüøèé âêëàä â îöåíèâàåìûé èíòåãðàë∫
F (s)x

s

s ds.

Îáîçíà÷èì y = π2xn1n2

q2t1t2
. Òîãäà èíòåãðàë â (10) ïðèíèìàåò âèä

1

2πi

∫ −ε+iT
−ε−iT

Γ2(1− s)eπs2 s y
s

s
ds.

Ïîñëåäíèé èíòåãðàë âîçíèêàåò â êëàññè÷åñêîé çàäà÷å äåëèòåëåé Äèðèõëå.
Åãî îöåíêà ïîëó÷åíà â ([8], ñ. 314-317).

Ïîýòîìó ïðîâîäÿ ñòàíäàðòíûå âû÷èñëåíèÿ, ïîëó÷àåì

I(n, a, t, d) <<

{
y−ε, åñëè n > N = T 2

4π2x ,

y
1
4 , åñëè n ≤ N.

(11)

Ñëåäîâàòåëüíî èç (10), (11)

1

2πi

−ε+iT∫
−ε−iT

F (s)
xs

s
ds << q

1
2T

1
2 τ2(q)log2T. (12)

Îñòàëîñü âû÷èñëèòü âû÷åòû ôóêíöèè F (s)x
s

s â òî÷êàõ s = 0 è s = 1.
Ìû èìååì

ress=0

(
F (s)

xs

s

)
=
∑
S(c)

µ(t1)µ(t2)

t1t2

∑
a1a2≡1( qd )

ζ

(
0; 0,

a1d1t1d
q
d

)
×

×ζ
(

0; 0,
a2d2t2d

q
d

)
= O

(
qτ2(q)

)
. (13)

reslims=1

(
F (s)x

s

s

)
=

=
∑
S(c)

µ(t1)µ(t2)
t1t2

∑
a1a2≡1( qd )

reslims=1

(
ζ
(
s; 0, a1d1t1d

q
d

)
ζ
(
s; 0, a2d2t2d

q
d

)
xs

s

)
, (14)

ãäå â (13) è (14) c =
{
d|q1; d1d2 = d; t1t2| qd

}
.

Çàìåòèì, ÷òî ζ(s; 0; δ) èìååò îñîáóþ òî÷êó â ò. s = 1 òîëüêî â ñëó÷àå δ ∈ Z.
Íî òàê êàê ÍÎÄ

(
ajdjd,

q
d

)
= 1, òî âû÷åò ìîæåò áûòü íå ðàâíûì íóëþ ïðè q2 > 1,

åñëè òîëüêî t1 = q2 èëè t = q2 (âñïîìíèì, ÷òî q2 � êâàäðàòíî ïîëíàÿ ÷àñòü q,
ñëåäîâàòåëüíî µ(t1)µ(t2) = 0), à çíà÷èò ñîîòâåòñòâóþùèå ñëàãàåìûå îáðàÿòñÿ â
íóëü. Ñëåäîâàòåëüíî, äëÿ q2 > 1 âêëàä â âû÷åòû ðàâåí íóëþ. Åñëè q2 = 1, ò.å.
q1 = q, òî ïðè t1 = q

d èëè t2 = q
d âû÷åò ïîäûíòåãðàëüíîé ôóíêöèè îòëè÷åí îò

íóëÿ. È ìû èìååì
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reslims=1

(
F (s)

xs

s

)
=
∑
d|q

∑
d∈Z∗q

d

( µ
(
q
d

)
fracqd

)2

(xlogx+ (2γ − 1)x+

+ x
∑
t| qd
t 6= q

d

ζ

(
1; 0,

dtd
q
d

)


 =
∏
r|q

(
1 +

p− 1

p2

)
(xlogx+ (2γ − 1)x+

+ x
∑
d|q

∑
l∈Z∗q

d

∑
t| qd
t 6= q

d

ζ

(
1; 0,

ltd
q
d

)
 , (15)

ãäå γ � ïîñòîÿííàÿ Ýéëåðà.
Òåïåðü, ñîáèðàÿ îöåíêè (8), (10), (11) è ïîëàãàÿ T = x

2
3 , ε = 1

logx , c = 1 + 1
logx ,

ìû, â ñèëó (13), (15) ïîëó÷àåì óòâåðæäåíèå ñëåäóþùåé òåîðåìû.
Òåîðåìà. Ïóñòü q � íàòóðàëüíîå ÷èñëî, q = q1q2, ãäå (q1, q2) = 1, q1 �

áåñêâàäðàòíàÿ ÷àñòü q, à q2 � êâàäðàòíî ïîëíàÿ ÷àñòü q. Òîãäà äëÿ (a, q) = 1 è
x→∞ ñïðàâåäëèâà àññèìïòîòè÷åñêàÿ ôîðìóëà∑

n≤x

τ(n)K(1, an; q) = A(x, q) +O(x
1
3 q

1
2 τ3(q)log2x),

ãäå A(x, q) =

{
0, åñëè q2 > 1,

(15), åñëè q2 = 1.

Çàêëþ÷åíèå. Èçëîæåííîå âûøå äîêàçàòåëüñòâî òåîðåìû äëÿ (a, q) = 1
ëåãêî ïåðåëîæèòü íà ñëó÷àé (a, q) > 1, ïðè ýòîì ïîðÿäîê ðîñòà (îòíîñèòåëüíî x),
ñîõðàíÿåòñÿ, íî èçìåíÿþòñÿ êîíñòàòíû â (15).

Çàìåòèì, ÷òî óòâåðæäåíèå, àíàëîãè÷íîå äîêàçàííîé òåîðåìå, ìîæíî ïîëó-
÷èòü â ñëó÷àå g(n) = χk(n), ãäå χk(n) íåãëàâíûé õàðàêòåð ìîäóëÿ k.
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THE DISTRIBUTION OF THE SOLUTIONS OF THE
CONGRUENCES OF SPECIAL FORM MODULO pn

Áàëÿñ Ë. Ðîçïîäiëåííÿ ðîçâ'ÿçêiâ êîíãðóåíöié ñïåöiàëüíîãî òèïó çà ìî-

äóëåì pn. Ìè îòðèìó¹ìî íåòðèâiàëüíó àñèìïòîòè÷íó ôîðìóëó äëÿ ÷èñëà ðîçâ'ÿçêiâ

êîíãðóåíöi¨ ax3 + by4 ≡ c (mod pn).
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Áàëÿñ Ë. Ðàñïðåäåëåíèå ðåøåíèé ñðàâíåíèé ñïåöèàëüíîãî âèäà ïî ìîäó-

ëþ pn. Ìû ïîëó÷àåì íåòðèâèàëüíóþ àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ ÷èñëà ðåøåíèé

ñðàâíåíèÿ ax3 + by4 ≡ c (mod pn).
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Balyas L. The distribution of the solutions of the congruences of special form

modulo pn. We obtain nontrivial asymptotic formula for the number of the solutions of

the congruence ax3 + by4 ≡ c (mod pn)

Key words: exponential sum, asymptotic formula, solution of the congruence.

Introduction. In 1918 I. M. Vinogradov and G. Polya nearly at the same time
got the non-trivial estimate for the number of quadratic residue classes prime modulo
in the interval [1, x], where x < p. It was the first problem on the distribution of
solutions of the congruence f(x, y) ≡ 0 (mod pn), where f(x, y) is a polynomial with
coefficients from the field Zp. Nowadays the problem on the incomplete residue system
is defined in the following manner.

Let f(x1, · · · , xn) be a polynomial with integer coefficients and let Zq be a residue
class ring modulo q, where q ∈ N\ {1}; let Aq(a1, b1, · · · , an, bn) be the number of
solutions of the congruence

f(x1, · · · , xn) ≡ 0 (mod q), (x1, · · · , xn) ∈ R, (1.1)

where

R :=

 ai ≤ xi < ai + bi, i = 1, n,
0 ≤ ai < ai + bi < q,
ai, bi ∈ N

⋃
{0} , i = 1, n

 . (1.2)

The purpose of our work is the derivation of the asymptotic formula for the
congruence of special form with the use of the solutions of proper congruences modulo
pn, where p is prime and n ∈ N\ {1}.

Notation. Latin letter p (with an index or without one) is always the notation
of a prime number.

c© L. Balyas, 2013
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Zp – residue class field prime modulo p.
Zq – residue class ring modulo q.
”� ”, ”O” – Landau and Vinogradov symbols respectively.
(a1, . . . , ak) – greatest common divisor of a1, . . . , ak ∈ Z.
νp(a) – index of power, with which a prime number p is included in canonical

decomposition of a ∈ Z. If (a, p) = 1, then νp(a) = 0.

Auxiliary arguments. The purpose of our work is the derivation of the asymp-
totic formula for congruence analogously to Postnikova work [2].

ax3 + by4 ≡ c (mod pn), (2.1)

where p ≥ 5, (a, b, c, p) = 1.
The congruence (2.1) is equivalent to the congruence

y4 ≡ c− ax3 (mod pn). (2.2)

Let (x0, y0) be an arbitrary solution of the congruence

y4 ≡ c− ax3 (mod p). (2.3)

If there is no such solution, our initial congruence has no solutions at all.
Firstly one can concede that x0 6≡ 0 (mod p). For every t, t = 0, pn−1 we set

A(t) ≡ c− a(x0 + pt)3 (mod pn).
Let the congruence

y4 ≡ c− ax3
0 (mod p), (2.4)

have κ, κ ≥ 1 solutions. From elementary theory of numbers we have that the
congruence

y4 ≡ A(t) (mod pn), (2.5)

also has κ, κ ≥ 1 solutions for every t.
Let us denote y1(t), . . . , yκ(t) as all the solutions of the congruence (2.5). Fur-

thermore, we have κ solutions y1(0), . . . , yκ(0) in the case, when t = 0. Let y(0) be
one of these solutions.

Lemma 1. 2.1 Let s =
[
p−1
p−2 (n+ νp(a))

]
. Then there exists the polynomial f(t),

deg f(t) = s
f(t) = Φ0(x0) + pλ1Φ1(x0)t+ · · ·+ pλsΦs(x0)ts,

such that
yi(t) ≡ yi(0)f(t) (mod pn), i = 1, . . . , κ.

Moreover, all the coefficients Φj(x0) ∈ Z, λj ∈ N ∪ {0}, j = 0, s, λ0 = 0, λj ≥ j p−2
p−1 ,

j = 1, s.

Proof. From (y0, p) = 1 we obtain that the congruence (c−ax3
0)x ≡ 1 (mod pn)

has the unique solution. Let us denote it as x
′

0.
We shall suppose, that 0 ≤ x0 ≤ p− 1, 1 ≤ x′0 ≤ pn−1. We consider the expansion

in series of the function

U(w) =
(

1− 3awx2
0x
′

0 − 3ax0x
′

0w
2 − ax

′

0w
3
) 1

4
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in powers of w:

U(w) =

∞∑
j=0

Xjw
j .

We equate the two expressions for the derivative of the function (using the written
above equations) and easily get:

∞∑
j=1

jXjw
j−1(1− 3awx2

0x
′

0 − 3ax0x
′

0w
2 − ax

′

0w
3) =

= −1

4

∞∑
j=0

Xjw
j(3ax2

0x
′

0 + 6ax0x
′

0w + 3ax
′

0w
2).

After this we equate the coefficients at equal powers of w and get the recurrence
relation:

(j + 1)Xj+1 =
9j

4
ax2

0x
′

0Xj +
3(j − 1)

2
ax0x

′

0Xj−1 +
j − 2

4
ax
′

0Xj−2. (2.6)

We should notice that X0, X1, X2 can be directly defined:

X0 = 1, X1 = −3ax2
0x
′

0

4
, X2 = −3ax0x

′

0

4
− 3

32
a2x4

0x
′2

0 .

Let us consider the following polynomial

Us(w) =

s∑
j=0

Xjw
j ,

in which a value of s will be defined later. Now in view of this formula we shall
consider the following equations:

U4
s (w)−B(w)4 = (Us(w)−B(w)) (Us(w) +B(w))

(
U2
s (w)−B(w)2

)
(2.7)

where B(w) =
(

1− 3awx2
0x
′

0 − 3ax0x
′

0w
2 − ax′0w3

) 1
4

.

From the expansion in series of B(w) we obtain that the coefficients at powers of
w in the expansion in series at the left of (2.7) go to zero, when j = 0, s. Since the
coefficients Xj ∈ Q, the coefficients of Us(pt) are rational numbers too.

But we have

Us(pt) =

s∑
j=0

Xjp
jtj .

Let us denote
Xjp

j = pλj
cj
dj
, (cj , p) = (dj , p) = 1. (2.8)

From formula (2.6) we can see that the denominators at j = 2, 3, . . . in formula

Xj+1 =
9j

4(j + 1)
ax2

0x
′

0Xj +
3(j − 1)

2(j + 1)
ax0x

′

0Xj−1 +
j − 2

4(j + 1)
ax
′

0Xj−2
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are the divisors of 22jj!.
From the formula for an index of power, with which a prime number p is included

in canonical decomposition into factors, we have

νp
(
Xjp

j
)
≥ j − j

p− 1
+ νp(a) = j

p− 2

p− 1
+ νp(a) (2.9)

Let us consider the series U(w) over the field of p-adic numbers Qp. Then from
the result that has been received before we get, that for every w ∈ Qp, ‖w‖p < 1 the
series converges and, furthermore, for w = pt, t ∈ Z we have:

U(pt) = Us(pt) (mod pn), if s =

[
p− 1

p− 2
(n+ νp(a))

]
.

We shall define ej from the congruence ejdj ≡ cj (mod pn) and put

f(t) =

s∑
j=0

ejp
λj tj .

We know that Xj depend on x0. That is why we shall write that

ej = Φj(x0), j = 0, s.

Thus, we established the assertion of lemma.

Lemma 2. 2.2 Let p ≥ 5 be a prime number. With the notations of Lemma 2.1
for j = 3, 4, . . . , s we have:

min (λj , λj−1, λj−2) ≤ j + 7 +
5j − 7

p− 1
.

Proof. Let us consider for every j = 1, s the following values Xj , Yj , Zj , which
are defined by the relations:

X0 = 1, X1 = −3ax2
0x
′

0

4
, X2 = −3ax0x

′

0

4
− 3

32
a2x4

0x
′2

0 ,

Y0 = 0, Y1 = 1, Y2 = −3ax2
0x
′

0

4
,

Z0 = 0, Z1 = 0, Z2 = 1,

and for j = 3, 4, . . . , s, Xj , Yj and Zj satisfy the recurrence relation (2.6).
We shall consider the determinants

∆j =

∣∣∣∣∣∣
Xj−2 Xj−1 Xj

Yj−2 Yj−1 Yj
Zj−2 Zj−1 Zj

∣∣∣∣∣∣ , j = 3, 4, . . . , s.

In particular,∆3 = − 3ax2
0x
′
0

4 .
From now on we consider appearing fractions modulo pn.



The dist. of sol. of cong. of spec. form modpn 89

We know that
(
x
′

0, p
)

= 1. But then νp(∆3) = νp(a). Furthermore, for j ≥ 4 we

easily get

∆j =
j − 3

4j
ax
′

0∆j−1 = (ax
′

0)j−3 1

j(j − 1)(j − 2)
∆3. (2.10)

Let us denote

νp
(
Xjp

j
)

= νp(λj), νp
(
Yjp

j
)

= νp(µj), νp
(
Zjp

j
)

= νp(τj).

It is clear that µj = λj−1, τj = λj−2. And from formula (2.10) we obtain

j(j − 1)(j − 2)

∣∣∣∣∣∣
Xj−2p

j−2 Xj−1p
j−1 Xjp

j

Yj−2p
j−2 Yj−1p

j−1 Yjp
j

Zj−2p
j−2 Zj−1p

j−1 Zjp
j

∣∣∣∣∣∣ =
(
ax
′

0

)j−3

∆3p
3j−3.

We factor out from the rows of the determinant

pmin (λj ,λj−1,λj−2), pmin (µj ,µj−1,µj−2), pmin (τj ,τj−1,τj−2)

and come to conclusion:

min (λj , λj−1, λj−2) + min (µj , µj−1, µj−2) + min (τj , τj−1, τj−2) ≤ 3j − 3.

But we already know that

µj , µj−1, µj−2 ≥ (j − 3)
p− 2

p− 1
+ νp(a),

τj , τj−1, τj−2 ≥ (j − 4)
p− 2

p− 1
+ νp(a).

That is why we obtain:

min (λj , λj−1, λj−2) ≤ 3j + (2j − 7)
p− 2

p− 1
+ (j − 6)νp(a).

When νp(a) = 0, the result takes the form:

min (λj , λj−1, λj−2) ≤ j + 7 +
5j − 7

p− 1
.

Now we consider the case, when x0 ≡ 0 (mod p). If the congruence y4 ≡ c
(mod p) has no solutions, the congruence (2.5) has no solutions (x, y) under the
condition x ≡ 0 (mod p).

That is why we suggest that our congruence has a solution. Let y1, . . . , yk be
all its solutions. A solution of the congruence (2.5) we search in the form x = pt,
yj = yj(t), j = 1, k, where

yj(t) ≡ yj(0)
(
1 + p3a1t

3 + pλ2a2t
6 + · · ·+ arp

λr t3r
)
, t = 0, pn−1.

Moreover, r ≤
[
n−1

3

]
and

λj ≥ 4, j = 2, . . . , r, (ai, p) = 1, i = 1, . . . , r.
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Main Results. Let A(T1, T2) be the number of solutions of the congruence (2.2),
which belong to the rectangle R = {0 ≤ x ≤ T1, 0 ≤ y ≤ T2}. Then let A(T1, T2) be

the number of pairs of fractional portions
{
x
pn ,

y
pn

}
, that have got into the rectangle{

0 ≤ u ≤ T1

pn , 0 ≤ v ≤ T2

pn

}
, when a pair (x, y) range over the set of the solutions of

the congruence (2.2).

Let χ(v) be the characteristic function of the interval
[
0, T2

pn

]
. Using the descrip-

tion of the solutions of the congruence (2.2), we can write

A(T1, T2) =

κ∑
i=1

∑
x0

∗ ∑
0≤t<T1

p

X

(
yi(t)

pn

)
+

κ∑
i=1

∑
0≤t<T1

p

X

(
yi(t)

pn

)
=
∑

1
+
∑

2
,

where the sign ”∗” means the summation over such x0 ∈ Zp, that x0 6= 0 and the
congruence y4 ≡ c− ax3

0 (mod p) has solutions (it has κ, κ ≥ 1 solutions y0 ∈ Zp).
Furthermore, yi(t) runs all the solutions of the congruence (2.5) in the first sum

and the congruence y4 ≡ c− a(pt)3 (mod pn) (2.5)
′

for the second sum respectively.
We shall extend the characteristic function χα,β(u) of the interval [α, β], 0 <

β + α ≤ 1 periodically with period 1 to the whole real axis. We need the following
assertion.

Lemma 3. (Vinogradov’s ”glasses”, see [1]) Let 0 < ∆ < 1
2 , ∆ ≤ β−α ≤ 1−∆.

Then for every natural r there exists the periodical function with period 1 ϕ(u) such,
that:

ϕ(u) = 1, if α+ ∆ ≤ u ≤ β −∆;

ϕ(u) = 0, if 0 ≤ u ≤ α+ ∆ or β + ∆ ≤ u < 1;

0 ≤ ϕ(u) ≤ 1, if α−∆ ≤ u ≤ α+ ∆ or β −∆ ≤ u ≤ β + ∆,

and the function is monotone in each of these intervals.
Moreover, the function ϕ(u), has the expansion in a Fourier series

ϕ(x) = β − α+

m=+∞∑
m=−∞
m6=0

ame
2πimu,

where |am| ≤ min
(

1
|m| , β − α,

1
|m|

(
r

π|m|

)r)
.

Furthermore, we need the theorem of Vinogradov on the estimate of the expo-
nential sum.

Theorem 1. Let f(x) = a1x + a2x
2 + · · · + an+1x

n+1 be a polynomial with
real coefficients. Moreover, ar = a

q + θ
q2 , (a, q) = 1, 1 < q < r for some r ∈

{2, 3, . . . , n+ 1}. Let us define τ from the condition:

1. q = P τ , 1 < q ≤ P ;

2. τ = 1, P < q < P r−1;
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3. q = P r−τ , P r−1 < q < P r.

Then ∣∣∣∣∣
P∑
x=1

e2πimf(x)

∣∣∣∣∣ < (8n)
nl
2 m

2ρ
τ P 1−r,

where m ∈ N, l = log 12n(n+1)
τ , ρ = τ

3n2l .

Theorem 2. 3.1 Let p ≥ 5 be a prime number and 1 < T2 ≤ pn, p
5n+43

9 ≤ T1 ≤
pn, n ≥ 13. Then for the number of the solutions A(T1, T2) of the congruence (2.2)
(with the condition (a, p) = 1), for which the following asymptotic formula is true:

a (T1, T2) =
T1T2

pn
· N(a, c; p)

p
+O

(
T

1− 1
28n3 log 27n3

1 e7n(logn)2

)
, (3.1)

where N(a, c; p) is the number of the solutions of the congruence y4 ≡ c−ax3 (mod p).

Proof. From the equation (3.1) it follows, that it is sufficient to us to calculate
the inner sums in the sums

∑
1 and

∑
2. Let us calculate the inner sum in the first

sum. From the description of y(t) (see Lemma 2.1) we obtain:

∑
t1<

T1
p

χ

(
y(t)

pn

)
=
∑
t1<

T1
p

χ

(
Φ0(x0) + pλ1Φ1(x0)t+ · · ·+ pλsΦs(x0)ts

pn

)
,

where s =
[
p−1
p−2 (n+ νp(a))

]
.

We shall consider the most important case, when νp(a) = 0, because the general
case may be resolved to the case νp(a) = 0. We choose 0 < ∆ ≤ T1

2p (we shall

define its value more precisely later). Let ϕ1(u) be the function from the Vinogradov
lemma about ”glasses” for α = −∆, β = T2

pn + ∆ and let ϕ2(u) be the function for

α = ∆, β = T2

pn −∆. We can see from Picture 1, that for every u ∈ R the inequality

ϕ1(u) ≤ χ(u) ≤ ϕ2(u) takes place and that is why∑
u∈[0,1)

χ(u) =
∑

u∈[0,1)

ϕ1(u) +O (∆) =
∑

u∈[0,1)

ϕ2(u) +O (∆) . (3.2)

From the lemma about ”glasses” we have

−∆ 0 ∆ T1
p −∆ T1

p
T1
p + ∆

ϕ1(u) ϕ2(u)

χ(u)
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∑
t1<

T1
p

χ

(
Φ0(x0) + pλ1Φ1(x0)t+ · · ·+ pλsΦs(x0)ts

pn

)
=

=
∑
t1<

T1
p

ϕ1

(
Φ0(x0) + pλ1Φ1(x0)t+ · · ·+ pλsΦs(x0)ts

pn

)
+O (∆) =

=
T1T2

pn+1
+O

(
T1∆

p

)
+

∞∑
m=1

|am| ·
∑
t1<

T1
p

e2πi
yi(0)(pλ1Φ1(x0)t+··· )

pn +O (∆) .

(3.3)

Let us define the largest value of j, for which by Lemma 2 the following condition
takes place:

min (λj , λj−1, λj−2) ≤ j + 7 +
5j − 7

p− 1
≤ j + 7 +

5j − 7

4
≤ (n− 1) . (3.4)

Thus, we get that j =
[

4n−25
9

]
.

Now with the help of Vinogradov theorem we shall get the estimate for the inner
sum with respect to t in the formula (3.3) on such index of

[
4n−25

9

]
or
[

4n−25
9

]
− 1,

for which λj ≤ n− 1. Thus, we have 4n−34
9 ≤ λj . From (yi(0), p) = 1, (Φj(x0), p) = 1

we get, that the coefficient at tj has the form of the irreducible fraction
yi(0)Φj(x0)

pn−λj

and 1 ≤ n− λj ≤ 5n+34
9 .

By our suggestion p
5n+34

9 ≤ T1 ≤ pn, and that is why we have, that pn−1 ≥ T1

p ≥
p

5n+34
9 . In terms of Vinogradov theorem P = T1

p , and this means, that we have come

to the first case of the theorem. Let us put pn−λj = P τ . That is why P τ ≤ P , τ ≤ 1.
On the other side we have n − λj ≤ 1, p ≤ P τ , p ≤ p(n−1)τ . We have the estimate

1
n−1 ≤ τ ≤ 1.

Let us put l = log 12(s−1)s
τ . By virtue of the fact, that s ≥ n, τ < 1, s ≤ 3

2n, we
have that log 12(n− 1)n ≤ l ≤ log 27n2(n− 1).

Let us denote more

ρ =
τ

3(s− 1)2l
,

1

7n3 log 27n2
≤ ρ ≤ 1

3(n− 1)2 log 12(n− 1)n
.

And then Vinogradov theorem gives the following result:∣∣∣∣∣∣∣
∑
t1<

T1
p

e2πim
yi(0)(pλ1Φ1(x0)t+···+pλsΦs(x0)ts)

pn

∣∣∣∣∣∣∣ ≤
≤ (12n)

3
4n log 27n2(n−1)m

1
3(n−1)2 log 12(n−1)n

(
T1

p

)1− 1
7n3 log 27n3

.

We divide the sum over m into two parts: m ≤ 1
∆ and m > 1

∆ . We use the estimate

|am| ≤ 1
|m| for the first sum and the estimate |am| ≤ 1

|m|

(
2

π|m|∆

)2

for the second
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sum.
And then, using Abel lemma on partial summation, choosing

∆ =

(
T1

p

)− 1
7n3 log 27n3

and taking account of the condition n ≥ 13, we obtain:

∑
1

=

κ∑
i=1

∑
x0

∗ ∑
t<

T1
p

χ

(
yi(t)

pn

)
=

=

κ∑
i=1

∑
x0

(
T1T2

pn+1
+O

((
T1

p

)1− 1
14n3 log 27n3

e7n log2 n

))
.

We do the same things for the second sum and obtain the similar result. And after
that we get the asymptotic formula (3.1).

Remark 1. One can consider the congruence xm + y3 ≡ 1 (mod pn) on the
condition, that (m, p) = 1, p ≥ 5 and get similar results.

Conclusion. Nontrivial asymptotic formula for the number of the solutions of
the congruence ax3 + by4 ≡ c (mod pn) was obtained.

1. Vinogradov I.M. Osnovy teorii chisel / Vinogradov I.M. – M.;L.: Gostehizdat, 1952.
— 180 p. (in russian)

2. Postnikova L. P. Raspredelenie reshenij sravneniya x2 + y2 ≡ 1 (mod pn) / Post-
nikova L. P. // Matematicheskij sbornik. – 1964. – 65 (2). – P. 228-238 (in russian).
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PARITY OF THE NUMBER OF PRIMES IN A GIVEN INTERVAL
AND ALGORITHMS OF THE SUBLINEAR SUMMATION

Âàðáàíåöü Ñ. Ëiíiéíî-iíâåðñíèé ãåíåðàòîð ïñåâäîâèïàäêîâèõ ÷èñåë çà

ìîäóëåì ñòóïåíÿ äâiéêè. Ðîçãëÿíóòî óçàãàëüíåííÿ iíâåðñíîãî êîíãðóåíòíîãî ãåíå-

ðàòîðà ïñåâäîâèïàäêîâèõ ÷èñåë çà ìîäóëåì ñòóïåíÿ ïðîñòîãî ÷èñëà. Îòðèìàíi îöiíêè

åêñïîíåíöiéíèõ ñóì íà ïîñëiäîâíîñòi ïñåâäîâèïàäêîâèõ ÷èñåë.

Êëþ÷îâi ñëîâà: iíâåðñíi êîíãðóåíòíi ïñåâäîâèïàäêîâi ÷èñëà, åêñïîíåíöiéíà ñóìà,

äèñêðåïàíñiÿ.

Âàðáàíåö Ñ. Ëèíåéíî-èíâåðñíûé ãåíåðàòîð ïñåâäîñëó÷àéíûõ ÷èñåë ïî

ìîäóëþ ñòåïåíè äâîéêè. Ðàññìîòðåíî îáîáùåíèå èíâåðñíîãî êîíãðóýíòíîãî ãå-

íåðàòîðà ïñåâäîñëó÷àéíûõ ÷èñåë ïî ìîäóëþ ñòåïåíè ïðîñòîãî ÷èñëà. Äàíû îöåíêè

ýêñïîíåíöèàëüíûõ ñóìì íà ïîñëåäîâàòåëüíîñòè ïñåâäîñëó÷àéíûõ ÷èñåë.

Êëþ÷åâûå ñëîâà: èíâåðñíûå êîíãðóýíòíûå ïñåâäîñëó÷àéíûå ÷èñëà, ýêñïîíåíöèàëü-

íàÿ ñóììà, äèñêðåïàíñèÿ.

Varbanets S. Linear-inversive prn’s generator with power of two modu-

lus. Generalization of the inversive congruential generator of pseudorandom numbers with

prime-power modules is considered and the trigonometrical sums on sequence of pseudoran-

dom numbers are estimated.

Key words: inversive congruential pseudorandom numbers, exponential sum, discrepancy.

Introduction. Nonlinear methods of generating uniform pseudorandom num-
bers in the interval [0, 1) have been introduced and studied during the last twenty five
years. The development of this attractive fields of research is described in the works
of Lehn, Eichenauer, Niederreiter, Emmerich etc. A particularly promising approach
is the inversive congruential method. Four types of inversive congruential generators
can be distinguished, depending on whether the modulus is a prime, an odd prime
power, a power of two or a product of distinct prime numbers. In the case of prime-
power modulus the inversive congruential generator is defined in the following way:

Let p be a prime, p ≥ 3, m be a natural number. For given a, b ∈ Z we
take an initial value y0, and let y−1

n denotes a multiplicative inverse for yn in Z∗pm if
(yn, p) = 1, and y−1

n = 0 if m = 1 and yn ≡ 0(mod p). Then the recurrence relation

yn+1 ≡ ay−1
n + b(mod pm) (1)

generates a sequence y0, y1, . . . which we call the inversive congruential sequence mod-
ulo pm.
The case p ≥ 3, m = 1 studied in [2],[6]. For the case p = 2, m > 3 the relevant
investigation presented in [1, 3, 4].

c© S. Varbanets, 2013
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In 1996 T. Kato, L.-M. Wu and N. Yanagihara[4] studied a non-linear congruential
generator for the modulus M = 2m defined by the congruence

yn+1 ≡ ayn + b+ cyn (mod M), n = 0, 1, . . . (2)

with the conditions

(y0, 2) = (a, 2) = 1, b ≡ c ≡ 2 (mod 2). (3)

Note that the conditions (3) guarantee infinity of the process of generation. This
authors obtained the condition whereby the recursion (2) generates the sequence {yn}
with the maximal period τ = 2m−1. They also give the estimate for the discrepancy
of the sequence {xn}, xn = yn

pm .
In the present note we give the representation of elements yn as polynomials of n

and y0 and that permits to improve the results from [7].
The essential nature of our method consists in the construction of representations

of yn as the polynomial on initial value y0 and number n.
It is purpose of the present work to demonstrate that the sequence of PRN’s

{xn} =
{
yn
2m

}
, n = 0, 1, . . ., generated by the recursion (2), satisfies the requirements

of equidistribution on [0, 1) and passes the serial test on unpredictability.

Notation. Variables of summation automatically range over all integers satisfy-
ing the condition indicated. For m ∈ N and M = 2m the notation ZM (respectively,
Z∗M ) denotes the complete(respectively, reduced) system of residues modulo M . We
write gcd(a, b) = (a, b) for notation a great common divisor of a and b. For z ∈ Z,
(z, 2) = 1 let z−1 be the multiplicative inverse of a modulo M . We write ν2(A) = α
if 2α|A, 2α+1 6 |A. For real t, the abbreviation e(t) = e2πit is used.

Auxiliary results. We need the following two simple statements.
Let f(x) be a periodic function with period τ . For any N ∈ N, 1 ≤ N ≤ τ , we

denote

SN (f) :=

N∑
x=1

e(f(x)).

Lemma 1. In above notations we have

|SN (f)| ≤ max
1≤n≤τ

∣∣∣∣∣
τ∑
x=1

e
(
f(x) +

nx

τ

)∣∣∣∣∣ · (1 + log τ). (4)

This lemma is well-known.

Lemma 2 ([7]). Let p be a prime number and let f(x), g(x) be polynomials over
Z

f(x) = A1x+A2x
2 + 2(A3x

3 + · · · ),
g(x) = B1x+ +2(B2x

2 + · · · ),

and let, moreover, ν2(A2) = α > 0, ν2(Aj) ≥ α, j = 3, 4, . . ..
Then we have the following estimates
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∣∣∣∣∣∣
∑

x∈Z2m

e

(
f(x)

2m

)∣∣∣∣∣∣ ≤
{

2
m+α

2 +1 if ν2(A1) ≥ α,
0 else;

(5)

∣∣∣∣∣∣
∑

x∈Z∗
2m

e

(
f(x) + g(x−1)

2m

)∣∣∣∣∣∣ ≤


2
m
2 +1 if B1 is odd,

2
m+α+4

2 if ν2(A1) ≥ `,
ν2(Bj) ≥ α, . . . ,

0 if ν2(A1) < α ≤ ν2(Bj),
j = 1, 2, 3, . . . ,

(6)

Now we will obtain the representation of yn in the form of rational function on
y0.
Let n = 2k. We put

y2k =

∑̀
≥0

A2k
` y

`
0∑̀

≥0

B2k
` y

`
0

, A2k
` , B

2k
` ∈ Z. (7)

After simple calculations by recursion (2) we infer

y2(k+1) =

∑̀
≥0

A
2(k+1)
` y`0∑̀

≥0

B
2(k+1)
` y`0

,

where

A
2(k+1)
` =

∑
s+t=`

s∑
i=0

t∑
j=0

(aAiBs−iAjBt−j + abBiAjBs−iBt−j+

+ b2AiAjBs−iBt−j + bcAiAjAs−iBt−j + a2cBiBjBs−iBt−j+

+ abcBiAjBs−iBt−j + ac2BiBs−iAjAt−j + abcAiBjBs−iBt−j+

+ b2cAiAjBs−iAt−j + bc2AiAjBs−iAt−j + ac2AiBjAs−iBt−j+

+ bc2AiAjAs−iBt−j + c3AiAjAs−iAt−j ) ;

B
2(k+1)
` =

∑
s,t≥0
s+t=`

s∑
i=0

t∑
j=0

(aBiAjBs−iBt−j +AiAjBt−j(bBs−i + cAs−i))

(Here, for the sake of comfort we write Aj , Bj instead A
(2k)
i , B

(2k)
j ).

Let j′n (respectively, j′′n) be a exponent of y0, for which
(
A

(2k)
j′n

, 2
)

= 1 (respec-

tively,
(
A

(2k)
j′′n

, 2
)

= 1).

By induction we infer easy

i′2k =
22k + 2

3
, j′′2k = j′2k − 1.
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Moreover,

ν2

(
A

(2k)
`

)
≥
∣∣∣∣j′2k − `2

∣∣∣∣ · ν2(b),

ν2

(
B

(2k)
`

)
≥
∣∣∣∣j′′2k − `2

∣∣∣∣ · ν2(b).

Thus, the numerator and the denominator of fraction in (7) for k ≥ 2m0 + 1, m0 =[
m
ν2(b)

]
, over Z2m contain at the most 4m0 + 1 summands, i.e.

y2k

(
j′n+2m0∑
`=j′n−2m0

A
(2k)
` y`0

)
(

j′′n+2m0∑
`=j′′n−2m0

B
(2k)
` y`

) . (8)

Divide on ak the numerator and the denominator in (8). Then we obtain the following
representation

y2k =

∑
A`y

`∑
B`y`

, A` ≡ a−kA`, B` ≡ a−kB`(mod 2m). (9)

Now the coefficients A`, B` are polynomials on k with coefficients, which depend
only on a, b0, c0, m, where b = 2ν2(b)b0, c = 2ν2(b)c0, and these coefficients have the
indicated above properties of divisibility on power of 2.

By the congruence for every t ∈ Z

1

1− 2t
≡ 1 + 2t+ 22t2 + · · ·+ 2m−1tm−1(mod M)

and taking into account that in denominator of y2k it has only one power y0 (just

y
i′′2k
0 ) with coefficient Bj′′2k , (Bj′′2k , 2) = 1, we may write

y2k ≡ F (k, y0, y
−1
0 )(mod 2m), F (u, v, w) ∈ Z[u, v, w]. (10)

The analogous representation holds for y2k+1

y2k+1 ≡ G(k, y0, y
−1
0 )(mod M). (11)

Let ν2(b) ≤ ν2(c). We make more precise the representations (10), (11). Using
the principle of mathematical induction it is not difficult to check the correctness of
the following relations for k ≥ 2m+ 1:

y2k = kb+ kacy−1
0 + (1− k(k − 1)a−1b2)y0 + (−ka−1b)y2

0+

+ (−ka−1c+ k2a−2b2)y3
0 + 2αF0(k, y0, y

−1
0 ),

(12)

y2k+1 = (k + 1)b+ (a− k(k + 1)b2)y−1
0 + (−kab)y−2

0 +

+ (−ka2c+ k2ab2)y−3
0 + (k + 1)cy0 + 2αG0(k, y0, y

−1
0 ),

(13)

where α := min (ν2(b3), ν2(bc));
F0(u, v, w), G0(u, v, w) ∈ Z[u, v, w], F0(0, v, w) = G0(0, v, w) = 0.

Thus, we get the following result.
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Lemma 3. Let {yn} is the sequence of PRN’s generated by the recursion (2)
with conditions (y0, 2) = (a, 2) = 1, 0 < ν2(b) < ν2(c). There exist the polynomials
F0(u, v, w), G0(u, v, w) over Z, F0(0, v, w) = G0(0, v, w) = 0 such that the relations
(12) and (13) are right for any k ≥ 2m+ 1.

Corollary 1. Let m ≥ 3. Then the sequence {yn} defined by recursion (2) is
purely periodic, where b = 2νb0, (b0, 2) = 1, c = 2µc0, (c0, 2) = 1, µ > ν > 0;
ν2(a− y2

0) = ν0 ≥ 1. And its period τ is equal

(i) 2m−2ν+1 if m ≥ 2ν, ν0 > ν;

(ii) 2m−2ν−β0+1 if m > 2ν, ν0 = ν, β0 = ν2

(
y2

0−a
2ν0 + b0

)
;

(iii) 2m−ν−ν0+1 if m ≥ ν + nu0, ν0 < ν.

Proof. The first part of corollary follows as in [7].
To prove the second part, we have

y2k ≡ y0(mod 2m)⇐⇒
kb(1− a−1y2

0)− k(k − 1)a−1b2y0+
+ka−1cy−1

0 (a2 − y4
0) + 2αF0(k) ≡ 0(mod 2m).

(14)

It follows that k must be a least positive integer for which the congruence k ≡
0(mod 2`) holds, where

` =

{
ν2(b) + ν2(a− y2

0) if ν2(a− y2
0) < ν2(b) ≤ 1

2m;
2ν2(b) if ν2(b) ≤ 1

2m, ν2(a− y2
0) > ν2(b).

Remark 1. From (i), (ii) of Corollary 2 we obtain that for ν0 ≥ ν the maximal
period τ = 2m−2ν+1 achieves, if and only if, ν0 > ν and m ≥ 2ν. In the work [4] this
assertion was obtained only for ν = 1.

Exponential sums on sequence of PRN's. In this section we determine the
estimates of certain exponential sums over the linear-inversive congruential sequence
{yn} which was defined in (2).

For h1, h2 ∈ Z we denote

σk,`(h1, h2;M) :=
∑

y0∈Z∗M

e

(
h1yk + h2y`

M

)
, (h1, h2 ∈ Z). (15)

Here we consider yk, y` as a functions at y0 generated by (2) (see, formula (13)).

Theorem 1. Let (h1, h2, 2) = 1, ν2(h1 + h2) = β, ν2(h1k + h2`) = γ. The
following estimates

|σk,`(h1, h2;M)| ≤



2
m+2

2 if k 6≡ `(mod 2);
0 if k ≡ `(mod 2)

and β < γ + ν, m− β − ν > 0;
2m−1 if k ≡ `(mod 2)

and β ≥ γ + ν, m− ν − γ ≤ 0;

2
m+ν+γ+2

2 if k ≡ `(mod 2)
and β ≥ γ + ν, m− ν − γ > 0.
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hold.

Proof. We consider two cases:
(I) If k and ` be non-negative integers of different parity, we obtain the statement of
theorem by (12), (13) and Lemma 2.

(II) Let k and ` be integers of identical parity. Then for k := 2k, ` := 2`, we
have modulo M :

h1y2k + h2y2` =
= B0 +B1y0 +B2y

2
0 +B3y

3
0 +B−1y

−1
0 + 2αK(y0, y

−1
0 ) := F2(y0, y

−1
0 ),

where B1 = h1 + h2 + 22νB′1,
B2 = −ab(h1k + h2`) + 2αB′2,
B3 = −a−2b2(h1k

2 + h2`
2)− a−1c(h1k + h2`) + 2αB′3,

B−1 = ac(h1k + h2`) + 2αB′−1,

moreover, B′1, B′2, B′3, B′−1 and coefficients of K(y0, y
−1
0 ) contain multipliers of form

h1k
j + h2`

j , j ≥ 0.
Let ν2(h1 + h2) = β ≥ ν, ν2(h1k + h2`) = γ ≥ 0, δ = min (β, γ).

The application of Lemma 1 gives

|σ2k,2`(h1, h2;M)| ≤


0 if β < γ + ν, m− β − ν > 0,

2
m+ν+γ+2

2 if β ≥ γ + ν, m− ν − γ > 0,
2m−2 if β ≥ γ + ν, m− ν − γ ≤ 0,

where ϕ(2m−1) is the totient Euler function.
For k ≡ ` ≡ 1(mod 2) we have the analogous result.
This finishes the proof of Theorem 1.

Remark 2. The case ν2((h1, h2,M)) > 1 reduces easily to the case ν2((h1, h2, 2)) =
0.

Let h be integer, (h,M) = 2s, 0 ≤ s < m, and let τ be a least period length of
the sequence of PRN’s {yn}, n = 0, 1, . . ., defined in (2). For 1 ≤ N ≤ τ we denote

SN (h, y0) =

N−1∑
n=0

e

(
hyn
M

)
. (16)

The sum SN (h, y0) calls the exponential sum on the sequence of PRN’s {yn}.
We shall obtain the bound for SN (h, y0).
By the relation (12)-(13) we get for k ≥ 2m+ 1:

y2k = A0 +A1k +A2k
2 +A3k

3 := F (k), (17)

y2k+1 = B0 +B1k +B2k
2 +B3k

3 := G(k), (18)
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where
A0 = A0(y0) ≡ y0(mod 2α)

A1 = A1(y0) ≡ b(1− a−1y2
0) + a−1b2y0 + acy−1

0 (1− a−2y4)(mod 2α)

A2 = A2(y0) ≡ −a−1b2y0 + a−2b2y3
0(mod 2α) = −a−1b2y0(1− a−1y2

0)

B0 = B0(y0) ≡ b+ ay−1
0 + cy0(mod 2α)

B1 = B1(y0) ≡ b(1− ay−2
0 )− b2y−1

0 − y0c(1− a2y−4
0 )(mod 2α)

B2 = B2(y0) ≡ −b2y−1
0 + ab2y−3

0 (mod 2α) = −b2y−1
0 (1− ay−2

0 )

A3 = A3(y0, k) ≡ B3(y0, k) ≡ B3 ≡ 0(mod 2α),

α = min (3ν, ν + µ).

(19)

After all this preliminary work, it is straightforward to prove two main result of this
section:

Theorem 2. Let the linear-inversive congruential sequence generated by the re-
cursion (2) has the period τ , and let ν2(b) = ν, ν2(c) = µ, ν < µ, α = min (3ν, ν + µ),
ν2(a− y2

0) = ν0, 2ν ≤ m. Then the following bounds

|Sτ (h, y0)| ≤


O(m) if p = 2, ν0 < ν, ν2(h) < m− 2ν;

4 · 2
m+ν2(h)

2 if ν0 ≥ ν, ν2(h) < m− 2ν;
τ else,

hold.

Proof. From the formulas (17)-(18) we have

|Sτ (h, y0)| =

∣∣∣∣∣
τ−1∑
n=0

e

(
hyn
M

)∣∣∣∣∣ =

∣∣∣∣∣∣
2`−1∑
n=0

e

(
hyn
M

)∣∣∣∣∣∣ ≤
≤

∣∣∣∣∣∣∣∣
2`−1∑
k1=0
k=2k1

e

(
hy2k1

M

)∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
2`−1∑
k1=0

k=2k1+1

e

(
hy2k1+1

M

)∣∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
2`−1∑
k=0

e

(
hF (k)

M

)∣∣∣∣∣∣+

∣∣∣∣∣∣
2`−1∑
k=0

e

(
hG(k)

M

)∣∣∣∣∣∣+O(m).

(20)

In the last part of the formula (20) we into account that the representation yn as
a polynomial on k holds only for k ≥ 2m+ 1.

By (18), the Corollaries 1 and Lemma 2 (from (5)) we easy obtain

|Sτ (h, y0)| ≤


O(m) if p = 2, ν0 < ν, ν2(h) < m− 2ν,

2
m+ν2(h)+4

2 if ν0 ≥ ν, ν2(h) < m− 2ν,
τ else.

The constants implied by the O-symbol are absolute.

Corollary 2. Let 1 ≤ N < τ . Then in the notations of Theorem 2 we have

|SN (h, y0)| ≤
{
N if ν + ν2(h) ≥ m,
2
m+ν(h)+4

2 log τ if ν + ν2(h) < m.
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This statement follows from Theorem 2 and Lemma 1.
Let N ≤ 2m−1.

We will study SN (h, y0) at the average over y0 ∈ Z∗M .

Theorem 3. Let a, b, c be parameters of the linear-inversive congruential gener-
ator (2) and let (a, 2) = 1, 0 < ν = ν2(b) < ν2(c), 1 ≤ N ≤ 2m−1, ν2(h) = 2s, s < m.
Then the average value of the SN (h, y0) over y0 ∈ Z∗M satisfies

SN (h) =
1

2m−1

∑
y0∈Z∗M

|SN (h, y0)| ≤ N 1
2 2−

m
4 2
√

10 · 2
ν+s

4 ,

where s = ν2((h,M)), h = h02s.

Proof. First we will consider the case s = 0, i.e. (h, 2) = 1. By the Cauchy-
Schwarz inequality we get for σk,` = σk,`(h,−h;M)

|SN (h)|2 ≤ 1
2m−1

∑
y0∈Z∗M

|SN (h, y0)|2 = 1
2m−1

N−1∑
k,`=0

∑
y0∈Z∗M

e
(
h(yk−y`)

M

)
≤

≤ 1
2m−1

∑
k,`=0

|σk,`| = 1
2m−1

∞∑
r=0

N−1∑
k,`=0

ν2(k−`)=r

|σk,`| = 1
2m−1

m−1∑
γ=0

N−1∑
k,`=0

ν2(k−`)=γ

|σk,`|+

+ 1
2m−1

N−1∑
k=0
k=`

|σk,k| = N + 1
2m−1

m−1∑
γ=0

N−1∑
k,`=0

ν2(k−`)=γ

|σk,`|.

Using Theorem 1 we, after simple calculations, obtain

|SN (h)|2 ≤ N +
1

2m−1

m−1∑
γ=0


N−1∑
k,`=0

k 6≡`(mod 2)
ν2(k−`)=γ

|σk,`|+
N−1∑
k,`=0

k≡`(mod 2)
ν2(k−`)=γ

|σk,`|

 ≤
≤ N 1

2 2−
m
4

(
2 +
√

10 · 2 ν4
)
.

(21)

Now an argument similar to the one used to prove (21) leads to general bound

|SN (h)| ≤ N 1
2 2−

m−s
4

(
2 +
√

10 · 2 ν4
)
. (22)

The estimates of exponential sums obtained in this section we will use for study
of properties of the sequence PRN’s {yn}.

Discrepancy. Equidistribution and statistical independence properties of pseu-
dorandom numbers can be analyzed based on the discrepancy of certain point sets in
[0, 1)s.

For N arbitrary points t0, t1, . . . , tN−1 ∈ [0, 1)s, the discrepancy is defined by

D
(s)
N (t0, t1, . . . , tN−1) := sup

I

∣∣∣∣AN (I)

N
− |I|

∣∣∣∣ ,
where the supremum is extended over all subintervals I of [0, 1)s, AN (I) is the num-
ber of points among t0, t1, . . . , tN−1 falling into I, and |I| denotes the s-dimensional
volume I.
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Let {yn} be the sequence of PRN’s generated by (2) and let xn = yn
M , n = 0, 1, . . ..

From our sequence {xn} we derive the sequence {X(s)
n } of points in [0, 1)s putting

X
(s)
n := (xn, xn+1, . . . , xn+s−1).

We will say the sequence {xn} passes d-dimensional serial test on independence

if for every s ≤ d the sequence {X(s)
n } has uniform distribution.

Theorem 4. The discrepancy D
(s)
N , s = 1, 2, 3, 4, of points constructed by linear-

inversive congruential generator (2) with parameters a, b, c, which satisfy the condi-
tion

0 < ν2(b) = ν, 2ν < µ = ν2(c), ν2(a− y2
0) = ν0 ≥ 1, m ≥ 2ν, ν0 > ν,

the following bound

D(s)
τ ≤

s

2m−ν+1
+ 2−

m−2ν
2 logsM. (23)

holds.

Proof. Consider only the case s = 3 (This case is the most complex). In order
to apply Turan-Erdös-Koksma inequality in the Niederreiter’s form[6] we must have
an estimate for sum

τ−1∑
n=0

e

(
h1yn + h2yn+1 + h3yn+2

M

)
.

Without loss of generality, we can suppose that (h1, h2, h3, 2) = 1. From (17)-(19)
we can write

h1y2k + h2y2k+1 + h3y2k+2 =
= (h1y0 + h2(ay−1

0 + b+ cy0) + h3y0)+
+k
[
h1((1− a−1y2

0)b+ ay−1
0 c(1− a−2y4

0) + y0b
2)+

+h2(−((1− a−1y2
0)b+ by−1

0 + a2cy−1
0 ))+

+h3(b(1− a−1y2
0) + bay−1

0 (1− a−1y2
0)+

+y0b
2 + 2a−1y0b

2(1− a−1y2
0))
]

+
+k2b2(h1a

2 − h2y0(a−1 − a−2y2
0) + h2a

2) + 2αL(h1, h2, h3, k) =
= C0 + C1k + C2k

2 + 2αL(h1, h2, h3, k),

(24)

say.
Since the congruences

C1 ≡ 0(mod 22ν+1)

C2 ≡ 0(mod 22ν+1)

cannot be held simultaneously (taking into account that 1 − a−1y2
0 6≡ 0 (mod 2ν0))

we obtain (by Lemma 2)

|
∑

1
| ≤

{
2
m+ν

2 +1 if A1(h1, h2, h3) ≡ 0(mod 22ν),
0 else.

(25)

Similarly, we have

|
∑

2
| ≤

{
2
m+ν

2 +1 if B1(h1, h2, h3) ≡ 0(mod 22ν),
0 else,

(26)

where B1(h1, h2, h3) defined by the representation

h1y2k+1 + h2y2k+2 + h3y2k+3 = B0 +B1k +B2k
2 + 2αM(h1, h2, h3, k).

Now, Lemma 4 and simple calculations give

D(3)
τ ≤

3

2m−ν+1
+ 2−

m−2ν
2 log3M.
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The assertions of theorem 4 stay held if write N instead τ for N ≤ τ .

The Theorem 4 shows that the sequence of PRN’s {xn} passe the s-dimensional
test on unpredictability (for s ≤ 4) if this sequence generated by the linear-inversive
generator (2) under indicated conditions on the parameters a, b, c, y0.

Conclusion. Since every nonlinear congruential generator passes also the s-
dimensional lattice test for all s ≤ 4 we conclude that the sequence of PRN’s {xn}
generated by (2) may be use in applications.
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PARITY OF THE NUMBER OF PRIMES IN A GIVEN INTERVAL
AND ALGORITHMS OF THE SUBLINEAR SUMMATION

Ëåëå÷åíêî À. Â. Ïàðíiñòü êiëüêîñòi ïðîñòèõ ÷èñåë íà çàäàííîìó iíòåðâà-

ëi òà àëãîðèòìè ñóáëiíiéíîãî ïiäñóìîâóâàííÿ. Ïðîïîíó¹òüñÿ àëãîðèòì âèçíà÷å-

ííÿ ïàðíîñòi êiëüêîñòi ïðîñòèõ ÷èñåë íà [a, b] ⊂ [x, 2x], äå b−a ≤ x1/2+c òà c ∈ (0, 1/2], çà

O(xmax(c,7/15)+ε) îïåðàöié. Àëãîðèòì áàçó¹òüñÿ íà ñóáëiíiéíèõ ìåòîäàõ ïiäñóìîâóâàííÿ,

ðîçðîáêà êîòðèõ ñòàíîâèòü îñíîâíó ÷àñòèíó ñòàòòi. Äîâåäåíî òåîðåìó ùîäî ñóáëiíié-

íîãî ïiäñóìîâóâàííÿ øèðîêîãî êëàññó ìóëüòèïëiêàòèâíèõ ôóíêöié.

Êëþ÷îâi ñëîâà: àëãîðèòìi÷íà òåîðiÿ ÷èñåë, ôóíêöiÿ ðîçïîäiëó ïðîñòèõ ÷èñåë, ïiä-

ñóìîâóâàííÿ ìóëüòèïëiêàòèâíèõ ôóíêöié, ñóáëiíiéíå ïiäñóìîâóâàííÿ.

Ëåëå÷åíêî À. Â. ×åòíîñòü êîëè÷åñòâà ïðîñòûõ ÷èñåë íà çàäàííîì èí-

òåðâàëå è àëãîðèòìû ñóáëèíåéíîãî ñóììèðîâàíèÿ. Ïðåäëàãàåòñÿ àëãîðèòì

îïðåäåëåíèÿ ÷åòíîñòè ÷èñëà ïðîñòûõ íà îòðåçêå [a, b] ⊂ [x, 2x], ãäå b − a ≤ x1/2+c è

c ∈ (0, 1/2], çà O(xmax(c,7/15)+ε) øàãîâ. Àëãîðèòì îñíîâàí íà ñóáëèíåéíûõ ìåòîäàõ ñóì-

ìèðîâàíèÿ, ðàçðàáîòêà êîòîðûõ ñîñòàâëÿåò îñíîâíóþ ÷àñòü ñòàòüè. Äîêàçàíà òåîðåìà

î ñóáëèíåéíîì ñóììèðîâàíèè øèðîêîãî êëàññà ìóëüòèïëèêàòèâíûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: âû÷èñëèòåëüíàÿ òåîðèÿ ÷èñåë, ôóíêöèÿ ðàñïðåäåëåíèÿ ïðîñòûõ

÷èñåë, ñóììèðîâàíèå ìóëüòèïëèêàòèâíûõ ôóíêöèé, ñóáëèíåéíîå ñóììèðîâàíèå.

Lelechenko A. V. Parity of the number of primes in a given interval and

algorithms of the sublinear summation. An algorithm to determine the parity of

the number of primes in an interval [a, b] ⊂ [x, 2x], where b − a ≤ x1/2+c and c ∈ (0, 1/2],

in O(xmax(c,7/15)+ε) steps is proposed. The algorithm is based on methods of the sublinear

summation, which the primary part of the paper is devoted to. A theorem on the sublinear

summation of a wide class of multiplicative functions is proven.

Key words: computational number theory, prime-counting function, summation of multi-

plicative functions, sublinear summation.

Introduction. How many operations are required to find any prime p > x (not
necessary the closest) for given x?

A direct approach is to apply AKS primality test [1], which was improved by
Lenstra and Pomerance [5] to run in time O(log6+ε x), on consecutive integers starting
with x. Such method leads to an algorithm with average complexity O(log7+ε x),
because in average we should run AKS log x times before a next prime encounters.

But in the worst case available estimates of the complexity are much bigger; they
depend on upper bounds of the gaps between primes. The best currently known result
on the gaps between primes is by Baker, Harman and Pintz: for large enough x there
exists at least one prime in the interval

[x, x+ x0.525+ε].

c© A. V. Lelechenko, 2013
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Thus we obtain that the worst case of an algorithm may need up to

O(x0.525+ε)� x1/2

operations.
One can propose another algorithm, which is distinct from the pointwise testing.

Suppose that there is a test, which allows to determine whether a given interval
[a, b] ⊂ [x, 2x] contains at least one prime in A(x) operations. Then (starting with
interval [x, 2x]) we are able to find a prime p > x in A(x) log x operations using a
dichotomy.

A test to determine whether a given interval contains at least one prime can be
built atop Lagarias—Odlyzko formula for π(x) [6], which provides an algorithm with
O(x1/2+ε)� x1/2 complexity. See [8] for more detailed discussion.

In [8] Tao, Croot and Helfgott offer a hypothesis that there exists an algorithm
to compute π(x) in O(x1/2−c+ε) operations, where c > 0 is some absolute constant.
This implies that a prime p > x can be found in O(x1/2−c+ε)� x1/2 steps. Authors
prove the following weaker theorem [8, Th. 1.2].

Theorem 1 (Tao, Croot and Helfgott, 2012). There exists an absolute con-
stant c > 0, such that one can (deterministically) decide whether a given interval
[a, b] in [x, 2x] of length at most x1/2+c contains an odd number of primes in time
O(x1/2−c+o(1)).

The aim of our paper is to prove the following result.

Theorem 2. Let [a, b] ⊂ [x, 2x], b − a ≤ x1/2+c, c is arbitrarily constant such
that 0 < c ≤ 1/2. Then a parity of #{p ∈ [a, b]} can be determined in time

O(xmax(c,7/15)+ε).

Main Results.

1. The general summation algorithm. Consider the summation∑
n≤x

f(x),

where f is a multiplicative function, from the complexity’s point of view.

Generally speaking, a property of the multiplicativity does not impose significant
restrictions on pointwise computational complexity. Multiplicative functions can be
both easily-computable (e. g., f(n) = nk for every k) and hardly-computable: e. g.,

f(pα) =

{
2, if there are pα consecutive zeroes in digits of π
1, otherwise.

Luckily the vast majority of multiplicative functions, which have applications in
the number theory, are relatively easily-computable.

Definition 1. A multiplicative function f is called easily-computable, if for any
prime p, integer α > 0 and real ε > 0 the value of f(pα) can be computed in time
O(pεαm) for some absolute constant m, depending only on f .
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Example 1. The (two-dimensional) divisor function τ2(pα) = α + 1, the (two-
dimensional) unitary divisor function τ∗2 (pα) = 2, the totient function ϕ(pα) = pα−
−pα−1, the sum-of-divisors function σ(pα) = (pα+1− 1)/(p− 1), the Möbius function
µ(pα) = [α < 2](−1)α are examples of easily-computable multiplicative functions for
any m > 0.

Example 2. Let a(n) be the number of non-isomorphic abelian groups of order
n. Then a(pα) = P (α), where P (n) is a number of partitions of n. It is known [4,
Note I.19], that P (n) is computable in O(n3/2) operations. Thus function a(n) is an
easily-computable multiplicative function with m = 3/2.

The number of rings of n elements is known to be multiplicative, but no explicit
formula exists currently for α > 4. See OEIS [9] sequences A027623, A037289 and
A037290 for further discussions.

Example 3. The Ramanujan tau function τR is a rare example of an important
number-theoretical multiplicative function, which is not easily-computable. The best
known result is due to Charles [2]: a value of τR(pα) can be computed by p and α in
O(p3/4+ε + α) operations.

Surely pointwise product and sum of easily-computable functions are also easily-
computable ones. The following statement shows that the Dirichlet convolution

(f ? g)(n) =
∑
d|n

f(d)g(n/d)

also saves a property of easily-computability.

Lemma 1. If f and g are easily-computable multiplicative functions, then

h := f ? g

is also easily-computable.

Proof. By definition of easily-computable functions there exists m such that
f(pα) and g(pα) can be both computed in O(pεαm) time.

By definition of the Dirichlet convolution

h(pα) =

α∑
a=0

f(pa)g(pα−a).

This means that computation of h(pα) requires

α∑
a=0

O(pεam + pε(α− a)m)� pεαm+1

operations.

Firstly, consider a trivial summation algorithm: calculate values of function point-
wise and sum them up. For an easily-computable multiplicative function the major-
ity of time will be spend on the factoring numbers from 1 to x one-by-one. But no
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sum(ff, x) =
Σ = 0
A← {k}xk=1

B ← {1}xk=1

for prime p ≤
√
x

F ← {ff(p, α)}log x/ log pα=1

for k ← p, 2p, . . . , bx/pcp
α← max{a | pa|k}
A[k]← A[k]/pα

B[k]← B[k] · F [α]
for n← 1, . . . , x

if A[n] 6= 1⇒ B[n]← B[n] · ff(n, 1)
for n← 1, . . . , x

Σ← Σ +B[n]
return Σ

Listing 1: Pseudocode of Algorithm M. Here ff(p, α) stands for the routine
that effectively computes f(pα).

polynomial-time factoring algorithm is currently known; the best algorithms (e. g.,
GNFS [10]) have complexities about

exp
(

(c+ ε)(log n)
1
3 (log log n)

2
3

)
,

which is very expensive.

We propose a faster general method like the sieve of Eratosthenes. We shall refer
to it as to Algorithm M.

Algorithm M. Consider an array A of length x, filled with integers from 1 to x,
and an array B of the same length, filled with 1. Values of f(n) will be computed in
the corresponding cells of B.

For each prime p ≤
√
x cache values of f(p), f(p2), . . . , f(pblog x/ log pc) and take

integers
k = p, 2p, 3p, . . . , bx/pcp

one-by-one; for each of them determine α such that pα ‖ k and replace A[k] by A[k]/pα

and B[k] by B[k] · f(pα).
After such steps cells of A contain 1 or primes p >

√
x. So for each n such

that A[n] 6= 1 multiply B[n] by f(A[n]).
Now array B contains computed values of f(1), . . . , f(n). Sum up its cells to end

the algorithm.

Algorithm M can be encoded in pseudocode as it is shown in Listing 1.
Note that (similarly to the sieve of Eratosthenes) instead of the continuous array

of length x one can manipulate with the set of arrays of length Ω(
√
x). Inner cycles

can be run independently of the order; they can be paralleled easily. Also one can
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compute several easily-computable functions simultaneously with a slight modification
of Algorithm M.

Lemma 2. If f is an easily-computable multiplicative function then Algorithm M
runs in time O(x1+ε).

Proof. The description of Algorithm M shows that its running time is asymp-
totically lesser than∑

p≤
√
x

pε
∑

α≤log x/ log p

αm +
∑
p≤
√
x

x

p
+

∑
√
x<p≤x

pε � x1+ε.

2. The fast summation.

Definition 2. We say that function f sums up with the deceleration a, if func-
tion F (x) =

∑
n≤x f(x) can be computed in O(xa+ε) time.

Denote the deceleration of f as dec f . Notation dec f = a means exactly that
there exists a method to sum up function f with the deceleration a (not necessarily
there is no faster method).

Example 4. Lemma 2 shows that any easily-computable multiplicative function
sums up with the deceleration 1.

Example 5. Function f(n) = nk, k ∈ Z+, sums up in time O(1), because there
is an explicit formula for F (x) using Bernoulli numbers. Thus its deceleration is equal
to 0. Note that Dirichlet series of f is ζ(s− k), including case ζ(s) when k = 0.

One can check that the same can be said about f(n) = χ(n)nk, where χ is an
arbitrary multiplicative character modulo m. We just split F (x) into m sums of
powers of the elements of arithmetic progressions. In this case Dirichlet series equals
to L(s− k, χ).

Example 6. The characteristic function of k-th powers, k ∈ N, sums up in O(1)
trivially, so its deceleration equals to 0. Dirichlet series of such function is ζ(ks).

Consider now f such that f(nk) = χ(n) and f(n) = 0 otherwise, where χ is a
multiplicative character. Then

∞∑
n=1

f(n)

ns
= L(ks, χ).

Such function f also sums up in O(1), because F (x) =
∑
n≤x1/k χ(n) (see Example

5).
Generally, if function f has Dirichlet series F(s) and function g has Dirichlet

series F(ks) then dec g = (dec f)/k.

Example 7. Consider Mertens function M(x) :=
∑
n≤x µ(n). In [3] an algorithm

of computation of M(x) is proposed with time complexity O(x2/3 log1/3 log x) and

memory consumption O(x1/3 log2/3 log x). We obtain decµ = 2/3.
Note that Dirichlet series of µ equals to 1/ζ(s).
One can see that a function µk such that µk(nk) = µ(n) and µk(n) = 0 otherwise

sums up with the deceleration 2/(3k). Its Dirichlet series is 1/ζ(ks).
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Example 8. In [8] an algorithm of computation of T2(x) :=
∑
n≤x τ2(n) in

O(x1/3+ε) time is described. Another algorithm with the same complexity may be
found in [7], accompanied with detailed account and pseudocode implementation.
Thus dec τ2 = 1/3.

Theorem 3. Let f and g be two easily-computable multiplicative functions, which
sums up with decelerations a := dec f and b := dec g such that a + b < 2. Then
h := f ? g sums up with the deceleration

dech =
1− ab

2− a− b
.

Proof. Let

F (x) :=
∑
n≤x

f(n), G(x) :=
∑
n≤x

g(n), H(x) :=
∑
n≤x

h(n).

By definition of the Dirichlet convolution

H(x) =
∑
n≤x

∑
d1d2=n

f(d1)g(d2) =
∑

d1d2≤x

f(d1)g(d2).

Rearrange items: ∑
d1d2≤x

=
∑
d1≤xc
d2≤x/d1

+
∑

d1≤x/d2

d2≤x1−c

−
∑
d1≤xc
d2≤x1−c

,

where an absolute constant c ∈ (0, 1) will be defined below in (2). Now

H(x) =
∑
d≤xc

f(d)G
(x
d

)
+

∑
d≤x1−c

g(d)F
(x
d

)
− F (xc)G(x1−c). (1)

As far as we can calculate f(1), . . . , f(xc) with Algorithm M in O(xc+ε) steps, we can
compute the first sum at the right side of (1) in time

O(xc+ε) +
∑
d≤xc

O
(x
d

)b+ε
� xb+ε

∑
d≤xc

d−b−ε �

� xb+εxc(1−b−ε) � xc+b(1−c)+ε.

Similarly the second sum can be computed in O(x1−c+ac+ε) operations. The last item
of (1) can be computed in time O(xac+ε + xb(1−c)+ε).

It remains to select c such that c+ b(1− c) = 1− c+ ac. Thus

c =
1− b

2− a− b
, (2)

which implies the deceleration (1− ab)/(2− a− b).

Example 9. Function σk(n) maps n into the sum of k-th powers of its divisors.
Thus σk(n) =

∑
d|n d

k, which is the Dirichlet convolution of f(n) = nk and 1(n) = 1.

So Example 5 and Theorem 3 shows that decσk = 1/2.
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Example 10. Consider r(n) = #{(k, l) | k2 + l2 = n}. It is well-known that
r(n)/4 is a multiplicative function, and 1

4R(x) :=
∑
n≤x r(n)/4 is the number of

integer points in the first quadrant of the circle of radius
√
x. Then R(x) can be

naturally computed in O(x1/2) steps, so dec r = 1/2.
Dirichlet series of r(n)/4 equals to ζ(s)L(s, χ4), where χ4 is the single non-

principal character modulo 4. This representation shows that r(·)/4 = χ4 ? 1. Thus
Example 5 together with Theorem 3 gives us another way to estimate the deceleration
of r.

Example 11. By Möbius inversion formula for the totient function we have

ϕ(n) =
∑
d|n

dµ(n/d).

This representation implies that decϕ = 3/4 (see Example 7 for decµ). Jordan’s
totient functions have the same deceleration, because

Jk(n) =
∑
d|n

dkµ(n/d).

Theorem 4. Let f be an easily-computable multiplicative function. Consider

fk := f ? · · · ? f︸ ︷︷ ︸
k factors

.

Then

dec fk = 1− 1− dec f

k
.

Proof. Follows from iterative applications of Lemma 1 and Theorem 3 and from
the identities

1− a2

2− 2a
= 1− 1− a

2
,

1− a(k + a− 1)/k

2− 1 + (1− a)/k − a
= 1− 1− a

k + 1
.

Example 12. For the multidimensional divisor function τk representations

τ2k = τ2 ? . . . ? τ2︸ ︷︷ ︸
k factors

,

τ2k+1 = τ2 ? . . . ? τ2︸ ︷︷ ︸
k factors

?1

imply that by Example 8 and Theorem 4 function τ2k sums up with the deceleration
1− 2/(3k), and τ2k+1 with the deceleration 1− 2/(3k + 2).

In other words

dec τk =

{
1− 4/(3k), k is even,

1− 4/(3k + 1), k is odd.
(3)

Considering
τ−k = µ ? · · · ? µ︸ ︷︷ ︸

k factors

,

we obtain by Example 7 and Theorem 4 that dec τ−k = 1− 1/(3k).
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Theorems 3 and 4 cannot provide the deceleration lower than 1/2 even in the best
case. To overcome this barrier we should develop better instruments.

Theorem 5. Let f and g be two easily-computable multiplicative functions, which
sums up with decelerations a := dec f and b := dec g such that a+ b < 2. Let

h(n) :=
∑

d
k1
1 d

k2
2 =n

f(d1)g(d2). (4)

Then h sums up with the deceleration

dech =
1− ab

(1− a)k2 + (1− b)k1
.

Proof. Following the outline of the proof of Theorem 3 we obtain identity

H(x) =
∑

d≤xc/k1

f(d)G

(
k2

√
x/dk1

)
+

∑
d≤x(1−c)/k2

g(d)F

(
k1

√
x/dk2

)
−

− F (xc/k1)G(x(1−c)/k2).

Thus we need y(x) operations to calculate H(x), where

y(x)�
∑

d≤xc/k1

( x

dk1

)b/k2

+
∑

d≤x(1−c)/k2

( x

dk2

)a/k1

+

+ xac/k1 + xb(1−c)/k2 �
� xb/k2+(1−bk1/k2)·c/k1 + xa/k1+(1−ak2/k1)·(1−c)/k2+

+ xac/k1 + xb(1−c)/k2 .

Substitution

c =
(1− b)k1

(1− a)k2 + (1− b)k1

completes the proof.
In terms of Dirichlet series identity (4) means that

H(s) = F(k1s)G(k2s)

where

F(s) =

∞∑
n=1

f(n)

ns
, G(s) =

∞∑
n=1

g(n)

ns
, H(s) =

∞∑
n=1

h(n)

ns
.

One can prove (similarly to Lemma 1) that convolutions of form (4) save a prop-
erty of the easily-computability.

Example 13. Function τ∗2 sums up with the deceleration 7/15, because

τ∗2 (n) =
∑
d2|n

µ(d)τ2(n/d2).



112 A. V. Lelechenko

Example 14. As soon as

τ2
2 (n) =

∑
d2|n

µ(d)τ4(n/d2),

we obtain dec τ2
2 = 5/9.

The discussion in Examples 5, 6, 7 leads to the following general statement.

Theorem 6. Let f be a multiplicative function such that

∞∑
n=1

f(n)

ns
=

M1∏
m=1

ζ(kms)
±1

M2∏
m=1

zm(lms− nm), (5)

where each of zm is either ζ or L(·, χ), M1, M2, km, lm, nm ∈ N. Then f sums up in
sublinear time: its deceleration is strictly less than 1.

Theorem 6 clearly shows that the concept of fast summation can be easily gener-
alized over various quadratic fields. Following theorem is an example of such kind of
results.

Theorem 7. Consider the ring of Gaussian integers Z[i]. Let

tk : Z[i]→ Z

be a k-dimensional divisor function on this ring. Let

Tk(x) :=
∑

N(α)≤x

tk(α),

where N(a+ ib) = a2 + b2. Then Tk(x) can be computed in sublinear time.

Proof. It is well-known that

1

4

∑
α∈Z[i]

tk(α)

Ns(α)
= ζk(s)Lk(s, χ4) =

∞∑
n=1

f(n)

ns
,

where
f(n) :=

∑
N(α)=n

tk(α).

But by Theorem 4
decχ4 ? · · · ? χ4︸ ︷︷ ︸

k factors

= 1− 1/k.

By (3) we obtain that for even k

dec f =
1− (1− 1/k)

(
1− 4/(3k)

)
1/k + 4/(3k)

= 1− 4

7k

and for odd k

dec f =
1− (1− 1/k)

(
1− 4/(3k + 1)

)
1/k + 4/(3k + 1)

= 1− 4

7k + 1
.
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3. Proof of the Theorem 2. The proof follows the outline of the proof of [8,
Th. 1.2], but uses improved bound for the complexity of the computation of

T ∗2 (x) :=
∑
n≤x

τ∗2 (n).

Proof. Trivially we have∑
a≤n≤b

τ∗2 (n) = T ∗2 (b)− T ∗2 (a− 1).

As soon as τ∗2 (n) = 2ω(n), where ω(n) =
∑
p|n 1, all summands in the left side are

divisible by 4, beside those, which corresponds to n = pj . Moving to the congruence
modulo 4, we obtain

2

O(log x)∑
j=1

#
{
p ∈

[
a1/j , b1/j

]}
≡ T ∗2 (b)− T ∗2 (a− 1) (mod 4).

As far as a > x and b − a ≤ O(x1/2+c), then for j > 1 interval
[
a1/j , b1/j

]
con-

tains O(xc) elements; thus all such summands can be computed in O(xc+ε) steps
using AKS primality test [1]. The right side of the congruence is computable in
O(x7/15+ε) operations due to Example 13.

The discussion above shows that the desired quantity

#
{
p ∈ [a, b]

}
≡ T ∗2 (b)− T ∗2 (a− 1)

2
−

−
O(log x)∑
j=2

#
{
p ∈

[
a1/j , b1/j

]}
(mod 2)

can be computed in O(xmax(c,7/15)+ε) steps.

Conclusion. Further development of algorithms of the sublinear summation
(e. g., summation of µ in arithmetic progressions) will lead to the generalization of
Theorem 6 over broader classes of functions. Also one can investigate summation of
f such that its Dirichlet series is infinite, but sparse product of form (5).
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SQUARE-FREE NUMBERS IN THE SEQUENCE {n2 + 1}

Ôóãåëî Ì. À., Ïîïîâè÷ Ï. Áåçêâàäðàòíi ÷èñëà ïîñëiäîâíîñòi {n2 + 1}.
Íåõàé B2(x) ¹ ÷èñëîì áåçêâàäðàòíèõ ÷èñåë, ùî íàëåæàòü ïîñëiäîâíîñòi çñóíóòèõ êâà-

äðàòiâ â iíòåðâàëi [1, x). Ðàíiøå áóëî âèâ÷åíî ðîçïîäiëåííÿ çíà÷åíü äåÿêèõ àðèôìåòè-

÷íèõ ôóíêöié íà äàíié ïîñëiäîâíîñòi. Ôóíêöiÿ B2(x) ïðåäñòàâëÿ¹ ñîáîþ óçàãàëüíåííÿ

ðàõóíêîâî¨ ôóíêöi¨ äëÿ áåçêàäðàòíèõ öiëèõ â iíòåðâàëi [1, x). Ð. Áåëìàí [1] îòðèìàâ

íåòðèâiàëüíó îöiíêó äëÿ B2(x). Â äàíié ðîáîòi ìè óòî÷íþ¹ìî îöiíêó Áåëìàíà, êîðè-

ñòóþ÷èñü ïî¹äíàííÿì åëåìåíòàðíîãî òà àíàëiòè÷íîãî ìåòîäiâ.

Êëþ÷îâi ñëîâà: áåçêâàäðàòíi ÷èñëà, àñèìïòîòè÷íà ôîðìóëà, ðiâíÿííÿ Ïåëà.

Ôóãåëî Í. À., Ïîïîâè÷ Ï. Áåñêâàäðàòíûå ÷èñëà ïîñëåäîâàòåëüíîñòè

{n2 + 1}. Ïóñòü B2(x) ýòî ÷èñëî áåñêâàäðàòíûõ ÷èñåë, ïðèíàäëåæàùèõ ïîñëåäîâà-

òåëüíîñòè ñäâèíóòûõ êâàäðàòîâ â èíòåðâàëå [1, x). Ðàíåå áûëî èçó÷åíî ðàñïðåäåëåíèå

çíà÷åíèé íåêîòîðûõ àðèôìåòè÷åñêèõ ôóíêöèé íà äàííîé ïîñëåäîâàòåëüíîñòè. Ôóíê-

öèÿ B2(x) ïðåäñòàâëÿåò ñîáîé îáîáùåíèå ñ÷åòíîé ôóíêöèè äëÿ áåñêàäðàòíûõ öåëûõ â

èíòåðâàëå [1, x). Ð. Áåëëìàí [1] ïîëó÷èë íåòðèâèàëüíóþ îöåíêó äëÿ B2(x). Â äàííîé

ðàáîòå ìû óòî÷íÿåì îöåíêó Áåëëìàíà, èñïîëüçóÿ ñî÷åòàíèå ýëåìåíòàðíîãî è àíàëèòè-

÷åñêîãî ìåòîäîâ.

Êëþ÷åâûå ñëîâà: áåñêâàäðàòíûå ÷èñëà, àñèìïòîòè÷åñêàÿ ôîðìóëà, óðàâíåíèå Ïåë-

ëà.

Fugelo N. A., Popovich P. Square-free numbers in the sequence {n2 + 1}.
Let B2(x) be the number of square-free numbers belonging to the sequence of shifting square

on the interval [1, x). The distribution of values of some arithmetic functions on the rele-

vant sequence has been studied ahead. The function B2(x) is the generalization of counting

function for square-free integers on interval [1, x). R. Bellman [1] found a non-trivial esti-

mation for B2(x). In this work we extend the Bellman’s estimate, using the compatibility

of elementary and analytic methods.

Key words: square-free numbers, asymptotic formula, Pell’s equation.

Introduction. The sequence of natural numbers of form {n2 + 1}, n = 1, 2, . . .,
has the complex structure. It’s the talk of such fact that it is unknown the set of prime
numbers p = n2 +1 are finite or infinite. That is why the study of number-theoretical
function on the sequence {n2 + 1}, n ∈ N is very interesting problem, but challenging
task. Recall two important results:∑

n≤x

ϕ(n2 + 1)

n2 + 1
=
x

2

∏
p≡1 (mod 4)

(
1− 2

p2

)
+O (log x) (Schwartz), (1)

∑
n≤x

τ(n2 + 1) = c1x log x+ c2x+O
(
x

2
3

)
(Motohashi). (2)

c© Fugelo N. A., Popovich P., 2013
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In present paper we construct an asymptotic formula for the sum

B2(x) =
∑
n≤x

µ2(n2 + 1),

where ϕ(n), τ(n), µ(n) are respectively Euler’s function, divisor function, Möbius
function.

It is obvious that B2(x) determines the number of square-free integers among of
n2 + 1, n = 1, 2, . . . , [x]. The function B2(x) is generalization of the function

B1(x) =
∑
n≤x

µ2(n),

which study usually by ”elementary method” or method of the Dirichlet generating
series. Unfortunately, the study of B2(x) by method of the Dirichlet generating series
does not make sense, because µ2(n2 + 1) does not a multiplicative function. We will
combine ”elementary” and analytical methods to study the B2(x). We proved the
following theorem.

Theorem 1. For x→∞ we have∑
n≤x

µ2(n2 + 1) = xO
(
x

1
2 (log x)

3
)

with an absolute constant in symbol ”O”.

Auxiliary arguments. For a fix natural k we consider pair of the equations
(as n and d):

n− kd2 = ±1. (3)

The pair of equations calls the Pell’s equation.

Denote by Q
(√

k
)

a real quadratic extension of Q. Every solution (n, d) of the

Pell’s equation defines the tetrad of numbers ±n± d
√
k each of which has a norm

n2 − kd2 = ±1 (thereof call unity of field). There exists a number ε0 = n0 ± d0

√
k,

ε0 > 1, such that N(ε0) = n2
0 − kd2

0 = ±1, and every ε = n ± d
√
k with norm

n2 − kd2 = ±1 is a degree of ε0, ε = εa0 , a ∈ N. That number calls a fundamental
unit. So there is one-one correspondence between the solutions (n, d) and natural
numbers a (for given unity). Hence, it follows that if (n0, d0) be the solution of the
Pell’s equation and ε0 be an associated unity then we have for any solution (n, d):

n− d
√
k = (n0 − d0

√
k)2 =(

n2
0 +

(
a
2

)
kd2

0n
a−2
0 + · · ·

)
−
((

a
1

)
na−1

0 d0 + · · ·
)√

k,

n = na0 +

(
a
2

)
kd2

0n
a−2
0 + · · · ,

d =

(
a
1

)
na−1

0 d0 +

(
a
3

)
na−3

0 d3
0k + · · · .

(4)
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Lemma 1. Let Ak(x) be the number of solutions of the Pell’s equation (3) under
the condition n ≤ x. Then the following estimation

Ak(x) = Ok (log x)

holds.

This assertion follows from (4).
Denote by ρ(m) the number of solutions of the congruence u2 ≡ −1 (mod m),

1 ≤ u ≤ m. It is clear for a prime p we have

ρ(pα) =

 2 if p ≡ 1 (mod 4), α = 1, 2, . . . ,
0 if p ≡ 3 (mod 4) or p = 2, α > 1,
1 if p = 2, α = 1.

Lemma 2. For x→∞∑
n≤x

ρ(n) = x+O
(
x

1
2 (log x)3

)
.

Proof. We have

F (s) =

∞∑
n=1

ρ(n)

ns
=
ζ(s)L(s, χ4)

ζ(2s)
·
(

1 +
1

2s

)−1

, <s > 1.

The Perron’s formula gives

∑
n≤x

ρ(n) =
1

2πi

c+iT∫
c−iT

F (s)
xs

s
ds+O

(
xc

T (c− 1)

)
, c > 1, T > 1. (5)

Therefore, we infer

∑
n≤x

ρ(n) =
1

2πi

c+iT∫
c−iT

ζ(s)L(s, χ4)

ζ(2s)

(
1 +

1

2

)−1
xs

s
ds+

+res lim
s=1

{
ζ(s)L(s, χ4)

ζ(2s)(1 + 2−s)
· x

s

s
ds+O

(∫
c

lim
1/2

xσT 1−σ log T 8 · ds
T

)
+

+O

(
xc

T (c− 1)

)}
.

(6)

By the inequality Cauchy-Bunyakovsky we obtain for the first integral in (6)

1/2+iT∫
1/2−iT

∣∣ζ(s)L(s, χ4)ζ−1(2s)(1 + 2−s)−1
∣∣ x 1

2

|s|
dt =

= O

x 1
2

 T∫
−T

∣∣∣∣ζ(
1

2
+ it)

∣∣∣∣2 dtt ·
T∫
−T

∣∣∣∣L(1

2
+ it, χ4

)∣∣∣∣2 dtt
 · log T

 =

= O
(
x

1
2 (log T )3

)
.
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Next,

res lim
s=1

{
ζ(s)L(s, χ4)

ζ(2s)(1 + 2−s)
· x

s

s

}
= x · π

4
· 6

π2
· 2

3
= x,

c∫
1/2

∣∣ζ(s)L(s, χ4)ζ−1(2s)(1 + 2−s)−1
∣∣ xσ
T
dσ = O

 c∫
1/2

( x
T

)σ
(log T )3dσ

 =

= O

(( x
T

) 1
2

log3 T

)
+O

(
xc

T c
log3 T

)
.

Here, we used the estimations for ζ(s), L(s, χ4) with <s ≥ 1
2 , 1 ≤ |=s| ≤ T and

also the estimations of the second moments ζ(s), L(s, χ4) on half line <s = 1
2 . Taking

c = 1 + 1
log x , T = x

1
2 we obtain our assertion.

Main Results. R. Bellman[1] (pp.146-148) have been obtained the asymptotic
formula

B2(x) = cx+O

(
x

log x

)
, c =

∏
p

(
1− ρ(p)

p2

)
. (7)

Repeating the argument used by Bellman in the proof of (7) we can make more
precise this result:

B2(x) = cx+O

(
x

log x(log log x)A1

)
,

where A1 is a large constant.

P. Bellman made an attempt to obtain an error term in form O
(
x

2
3 log x

)
. How-

ever, the assertion of author that the equation n2 − kd2 = −1 (as to n and k) has

O(log x) solutions n ≤ x, k ≤ x for every fixed d ≤ x 2
3 , is fallible (example, for d = 1

this equation has O
(
x

1
2

)
solutions).

For this reason the Bellman’s arguments does not lead to goal. We use other
method.

By the equality

µ2(n) =
∑
d2|n

µ(d)

we derive ∑
n≤x

µ2(n2 + 1) =
∑
n≤x

∑
d2|(n2+1)

µ(d) =
∑
k,d

1≤kd2=n2+1≤x2+1

µ(d) =

=
∑

k≤x
2
3 (log x)−

2
3

+
∑

x
2
3 (log x)−

2
3<k≤x2+1

=
∑

1
+
∑

2
,

(8)

say.
We have ∣∣∣∑

1

∣∣∣ ≤∑
n≤x

∑
k≤( x

log x )
2
3

n2−kd2=1

= O
(
x

2
3 (log x)

1
3

)
. (9)
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(We taken into account that by Lemma 1 for every k ≤
(
x log−1 x

) 2
3 it exists O(log x)

values of n and d, n ≤ x, for which n2 − kd2 = ±1).

Next, by k > (x log−1 x)
2
3 and kd2 ≤ x2 + 1, we have d ≤ x 2

3 (log x)
1
3 .

Therefore∑
2

=
∑

k>x
2
3 log−

2
3 x

∑
d≤x

2
3 log

1
3 x

kd2=n2+1≤x2+1

µ(d) =
∑

d≤x
2
3 log

1
3 x

µ(d)
∑

n2+1≡0 (mod d2)

x
1
3 log−

1
3 x<n≤x

1 =

=
∑
d≤x

1
2

+
∑

x
1
2<d≤x

2
3 log

1
3 x

=
∑

21
+
∑

22
.

(10)

Application Lemma 2, gives∑
21

=
∑
d≤x

1
2

µ(d)
∑

n2+1≡0 (mod d2)

x
1
3 log−

1
3 x<n≤x

1 =
∑
d≤x

1
2

µ(d)
{ x
d2
ρ(d2)

}
+O

(
ρ(d2)

)
+

+O

(
x

1
3 · ρ(d2)

(log x)
1
3 d2

)
= x

∞∑
d=1

µ(d)ρ(d2)

d2
+O

x ∑
d>x

1
2

ρ(d2)

d2

+O

∑
d≤x

1
2

ρ(d2)

+

+O

 x
1
3

(log x)
1
3

∑
d≤x

1
2

ρ(d2)

d2

 = x
∏
p

p≡1 (mod 4)

(
1− ρ(p2)

p2

)
+O

(
x

1
2

)
.

(11)
Moreover,

∑
22

= O

 ∑
x

1
2<d≤x

2
3 log

1
3 x

∑
n2+1≡0 (mod d2)

n≤x

1

 =

= O

 ∑
x

1
2<d≤x

2
3 log

1
3 x

{ x
d2
ρ(d2) + ρ(d2)

} =

= O
(
x

1
2

)
+O

(
x

2
3 log

1
3 x
)

= O
(
x

2
3 log

1
3 x
)
.

(12)

Now from (7)-(11) derive

B2(x) = x
∏
p

p≡1 (mod 4)

(
1− ρ(p2)

p2

)
+O

(
x

2
3 log

1
3 x
)
.

Conclusion. With the similar method it may be obtained the asymptotic for-
mula for the sum ∑

n≤x

µ2(n+ a), a 6= −b2, b ∈ Z,
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and hence, taking into account well-known result about the sum
∑
n≤x

µ2(n)µ2(n+ k)

it is reputed that the distribution of square-free numbers over the sequence of values
of quadratic polynomial have been studied.

1. Bellman R. Analytic number theory – An Introduction [text] / Bellman R. – Addison-
Wesley, Reading, Massachusetts, 1980.
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Îäåñüêà íàöiîíàëüíà ìîðñüêà àêàäåìiÿ
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ÏÐÎÑÒÎÐÎÌ

Êðèâèé Î. Ô. Òóíåëüíå âêëþ÷åííÿ ïðè çìiøàíèõ óìîâàõ âçà¹ìîäi¨ iç

êóñêîâî-îäíîðiäíèì àíiçîòðîïíèì ïðîñòîðîì. Ðîçãëÿíóòî çàäà÷ó ïðî òóíåëü-

íå æîðñòêå âêëþ÷åííÿ, ùî âèõîäèòü îäíèì êiíöåì â ïëîùèíó ç'¹äíàííÿ äâîõ ðiçíèõ

àíiçîòðîïíèõ ïiâïðîñòîðiâ, ÿêi çíàõîäÿòüñÿ â óìîâàõ óçàãàëüíåíî¨ ïëîñêî¨ äåôîðìàöi¨.

Íà âêëþ÷åííi ðåàëiçîâàíi çìiøàíi óìîâè êîíòàêòíî¨ âçà¹ìîäi¨: ç÷åïëåíå îäíi¹þ ãðàííþ

iç ñåðåäîâèùåì i çíàõîäèòüñÿ â óìîâàõ ãëàäêîãî êîíòàêòó íà iíøié ãðàíi. Çà äîïîìî-

ãîþ ïîáóäîâàíîãî ðîçðèâíîãî ðîçâ'ÿçêó çàäà÷ó çâåäåíî äî ñèñòåìè ï'ÿòè ñèíãóëÿðíèõ

iíòåãðàëüíèõ ðiâíÿíü ç íåðóõîìîþ îñîáëèâiñòþ. Âñòàíîâëåíi óìîâè iñíóâàííÿ i àñèì-

ïòîòèêè ðîçâ'ÿçêiâ âêàçàíî¨ ñèñòåìè. Îòðèìàíi çàëåæíîñòi ïîêàçíèêiâ îñîáëèâîñòåé

íàïðóæåíü â âåðøèíi âêëþ÷åííÿ âiä éîãî ðîçòàøóâàííÿ i àíiçîòðîïíèõ âëàñòèâîñòåé

ïiâïðîñòîðiâ.

Êëþ÷îâi ñëîâà: êóñêîâî-îäíîðiäíèé àíiçîòðîïíèé ïðîñòið, âêëþ÷åííÿ, ðîçðèâíèé

ðîçâ'ÿçîê, ñèíãóëÿðíi iíòåãðàëüíi ðiâíÿííÿ, íåðóõîìà îñîáëèâiñòü.

Êðèâîé À. Ô. Òóííåëüíîå âêëþ÷åíèå ïðè ñìåøàííûõ óñëîâèÿõ âçàèìî-

äåéñòâèÿ ñ êóñî÷íî-îäíîðîäíûì àíèçîòðîïíûì ïðîñòðàíñòâîì. Ðàññìîòðåíà

çàäà÷à î òóííåëüíîì âêëþ÷åíèè, âûõîäÿùåì îäíèì êîíöîì â ïëîñêîñòü ñîåäèíåíèÿ

äâóõ ðàçëè÷íûõ àíèçîòðîïíûõ ïîëóïðîñòðàíñòâ, íàõîäÿùèõñÿ â óñëîâèÿõ îáîáùåííîé

ïëîñêîé äåôîðìàöèè. Íà âêëþ÷åíèè ðåàëèçîâàíû ñìåøàííûå óñëîâèÿ êîíòàêòíîãî

âçàèìîäåéñòâèÿ: ñöåïëåíèå îäíîé èç ãðàíåé ñî ñðåäîé è ãëàäêèé êîíòàêò äðóãîé. Ñ ïî-

ìîùüþ ïîñòðîåííîãî ðàçðûâíîãî ðåøåíèÿ çàäà÷è ñâåäåíû ê ñèñòåìå ïÿòè ñèíãóëÿðíûõ

èíòåãðàëüíûõ óðàâíåíèé ñ íåïîäâèæíîé îñîáåííîñòüþ. Óñòàíîâëåíû óñëîâèÿ ðàçðåøè-

ìîñòè è àñèìïòîòèêà ðåøåíèé óêàçàííîé ñèñòåìû. Ïîëó÷åíû çàâèñèìîñòè ïîêàçàòåëåé

íàïðÿæåíèé â âåðøèíå âêëþ÷åíèÿ îò åãî ïîëîæåíèÿ è àíèçîòðîïíûõ ñâîéñòâ ïîëóïðî-

ñòðàíñòâ.

Êëþ÷åâûå ñëîâà: êóñî÷íî-îäíîðîäíîå àíèçîòðîïíîå ïðîñòðàíñòâî, âêëþ÷åíèå, ðàç-

ðûâíîå ðåøåíèå, ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ, íåïîäâèæíàÿ îñîáåííîñòü.

Kryvyy O. F. Tunnel inclusion in mixed conditions of interaction with piece-

wise homogeneous anisotropic space. The problem of the tunnel inclusion that goes

on one end to the splice plane of the of two different anisotropic half spaces in situations

of generalized plane strain. Implemented to enable mixed conditions of contact interaction:

cohesion one of the faces with the medium and sleek contact with the other. With the

constructed of discontinuous solution problems are reduced to a system of a system of five

singular integral equations with fixed singularity. Establishes the conditions the solvability

and the asymptotic behavior of solutions of this system. The dependencies of stress exponent

c© Î. Ô. Êðèâèé, 2013



122 Î. Ô. Êðèâèé

at the apex of inclusion of its provisions and the anisotropic properties of half-spaces.

Key words: inhomogeneous anisotropic spaces, crack, inclusion, discontinuous solution,

singularity equations, fixed singularity cohesion.

Âñòóï. Çàäà÷i ïðî ìiæôàçíi äåôåêòè â êóñêîâî-îäíîðiäíèõ àíiçîòðîïíèõ
ñåðåäîâèùàõ ðîçãëÿäàëè áàãàòî àâòîðiâ. Ïðè öüîìó äîñëiäæåííÿ, â îñíîâíîìó,
îáìåæóâàëèñü ïëîñêèìè âèïàäêàìè [1-6]. Â ðîáîòàõ [7-9] çà äîïîìîãîþ ïîáó-
äîâàíèõ iíòåãðàëüíèõ ñèíãóëÿðíèõ ñïiââiäíîøåíü äîñëiäæåíi ìiæôàçíi òóíåëüíi
äåôåêòè â êóñêîâî-îäíîðiäíîìó àíiçîòðîïíîìó ñåðåäîâèùi, ÿêå çíàõîäèòüñÿ â
äâîâèìiðíîìó ñòàíi (óçàãàëüíåíà ïëîñêà äåôîðìàöiÿ ([10]). Â öié ïðàöi âêàçàíèé
ìåòîä óçàãàëüíåíî íà âèïàäîê âíóòðiøíüîãî òóíåëüíîãî âêëþ÷åííÿ. Çîêðåìà
ïîáóäîâàíî ðîçðèâíèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòî-
ðó çà íàÿâíîñòi âíóòðiøíiõ äåôåêòiâ i iíòåãðàëüíi ñïiââiäíîøåííÿ, ùî çâ'ÿçóþòü
ñòðèáêè i ñóìè ïåðåìiùåíü òà íàïðóæåíü íà âêàçàíèõ äåôåêòàõ â ïðîñòîði óçà-
ãàëüíåíèõ ôóíêöié ïîâiëüíîãî çðîñòàííÿ. Â ðåçóëüòàòi çàäà÷à ïðî òóíåëüíå
âêëþ÷åííÿ, ÿêå âèõîäèòü ïiä äîâiëüíèì êóòîì â ïëîùèíó ç'¹äíàííÿ äâîõ ðiçíèõ
àíiçîòðîïíèõ ïiâïðîñòîðiâ i ïåðåáóâà¹ â óìîâàõ ïîâíîãî ç÷åïëåííÿ íà îäíié iç
ãðàíåé i óìîâàõ ãëàäêîãî êîíòàêòó íà iíøié, çâåäåíà äî ñèñòåìè ï'ÿòè ñèíãó-
ëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (ÑIÐ) ç íåðóõîìèìè îñîáëèâîñòÿìè. Îá ðóíòîâàíî
iñíóâàííÿ i âèÿâëåíà àñèìïòîòèêà ïîâåäiíêè ðîçâ'ÿçêiâ îòðèìàíèõ ñèñòåì ÑIÐ.
Îòðèìàíi çàëåæíîñòi ïîêàçíèêiâ îñîáëèâîñòåé íàïðóæåíü â âåðøèíàõ âêëþ÷åííÿ
âiä àíiçîòðîïíèõ âëàñòèâîñòåé ìàòåðiàëiâ i êóòà íàõèëó âêëþ÷åííÿ.

Îñíîâíi ðåçóëüòàòè.

1. Ïîáóäîâà ðîçðèâíîãî ðîçâ'ÿçêó äëÿ êóñêâî-îäíîðiäíîãî àíiçîòðî-
ïíîãî ñåðåäîâèùà. Íåõàé ïðîñòið, ÿêèé ñêëàäåíèé iç äâîõ ðiçíèõ àíiçîòðîïíèõ
ïiâïðîñòîðiâ, ç'¹äíàíèõ â ïëîùèíi x = 0, çíàõîäèòüñÿ â äâîâèìiðíîìó ñòàíi, áåç
íàÿâíîñòi ïëîùèí ïðóæíî¨ ñèìåòði¨, òîáòî â óìîâàõ óçàãàëüíåíî¨ ïëîñêî¨ äåôîð-
ìàöi¨ [10]. Â ïðîñòîði ìiñòÿòüñÿ äîâiëüíi êóñêîâî-íåïåðåðâíi öèëiíäðè÷íi ïîâåðõ-
íi, íàïðÿìíi ÿêèõ ïàðàëåëüíi îñi OZ, â ðåçóëüòàòi ïåðåòèíó îñòàííiõ ïëîùèíîþ
XOY óòâîðþ¹òüñÿ êóñêîâî-íåïåðåðâíèé êîíòóð `. Íà âêàçàíèõ ïîâåðõíÿõ ðîç-
òàøîâàíi íàñêðiçíi äåôåêòè çàãàëüíî¨ ïðèðîäè (òèïó òðiùèí, âiäøàðîâàíèõ i íå
âiäøàðîâàíèõ âêëþ÷åíü). Âèõîäÿ÷è iç ðiâíÿííÿ ðiâíîâàãè òà óçàãàëüíåíîãî çà-
êîíó Ãóêà, âiäíîñíî êîìïîíåíòè òåíçîðà íàïðóæåíü òà âåêòîðà ïåðåìiùåíü:

−→η = {ηk(x, y)}8k=1 = {σx, σy, τxy, τxz, τyz, u, v, w}, (1)

îòðèìà¹ìî íàñòóïíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

D[x, ∂1, ∂2]−→η = f, x 6= 0, (x, y) /∈ l, (2)

äå

D[x, ∂1, ∂2] =

∥∥∥∥ D∗ O3×3

−B(x) DT
∗

∥∥∥∥ , B(x) = {βkj(x)}5j,k=1, βkj(x) =

{
β+
kj , x > 0,

β−kj , x < 0.

D∗ =

∥∥∥∥∥∥
∂1 0 ∂2 0 0
0 ∂2 ∂1 0 0
0 ∂2 0 ∂1 ∂2

∥∥∥∥∥∥ , ∂1 ≡
∂

∂x
, ∂2 ≡

∂

∂y
,
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f = { − X0, −Y0, 0, 0, 0, 0, 0, 0}, β±kj � êîåôiöi¹íòè óçàãàëüíåíîãî çàêîíó Ãó-
êà âiäïîâiäíî äëÿ âåðõíüîãî òà íèæíüîãî ïiâïðîñòîðiâ, X0, Y0 ïðîåêöi¨ îá'¹ìíèõ
ñèë íà âiäïîâiäíi îñi. Íîðìàëüíi íàïðóæåííÿ σz ïðè öüîìó âèçíà÷èìî çà ôîð-
ìóëîþ σz = −β−1

66

∑5
j=1 β6jvj . Â ïëîùèííi x = 0 ââàæà¹ìî âèêîíàíèìè óìîâè

íåïåðåðâíîñòi:
χ− = 0, (3)

äå χ− =
{
χ−k (y)

}6
= {〈η1〉−, 〈η3〉−, 〈η4〉−, 〈η6〉−, 〈η7〉−, 〈η8〉−} , 〈ηk〉− � ñòðèáêè

ôóíêöié ηk ïðè ïåðåõîäi ïëîùèíè x = 0. Äëÿ ïîäàííÿ óìîâ íà ëiíi¨ `, äå ìî-
æëèâi ðîçðèâè âñiõ êîìïîíåíò âåêòîðà ~η, ââåäåìî â êîæíié òî÷öi ëiíi¨ ` ëîêàëüíó
ñèñòåìó êîîðäèíàò (N,S, Z). Íàïðÿìîê îñi S ñïiâïàäà¹ ç íàïðÿìêîì äîòè÷íî-
ãî âåêòîðà s äî ëiíi¨ ` â äàíié òî÷öi, íàïðÿìîê îñi N ñïiâïàäà¹ ç íàïðÿìêîì
íîðìàëüíîãî âåêòîðà n, ÿêèé âèáèðà¹òüñÿ çëiâà âiä äîòè÷íîãî âåêòîðà, âiñü Z çà-
ëèøà¹òüñÿ íåçìiííîþ. Êóò ìiæ îñÿìè X i N ïîçíà÷èìî φ = φ(x, y), (x, y) ∈ `. Â
íîâié ñèñòåìi êîîðäèíàò êîìïîíåíòè òåíçîðà íàïðóæåíü òà âåêòîðà ïåðåìiùåíü
ïîçíà÷èìî òàê:

−→η ` = {η̃k(x, y)}8k=1 = {σN, σS, τNS, τNZ, τSZ, uN, vS, wZ}. (4)

Â çàëåæíîñòi âiä âèäó êîíòàêòíî¨ âçà¹ìîäi¨ äåôåêòiâ iç ïðîñòîðîì íà ëiíi¨ ` áó-
äóòü âiäîìi øiñòü iç íàñòóïíèõ âåëè÷èí: χ̃± = {χ̃±k }6k=1, äå χ̃

±
k = 〈χ̃k (x, y)〉±` �

âiäïîâiäíî ñòðèáêè i ñóìè ôóíêöié (4). Äëÿ âèçíà÷åíîñòi áóäåìî ââàæàòè âiäî-
ìèìè íà ëiíi¨ ` ñòðèáêè:

〈ṽk〉−` = χ̃−k (x, y), k = 1, 8, k 6= 2, 5, (x, y) ∈ `. (5)

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (2), (3), (5), ïðè âèêîíàíi óìîâ X0, Y0 ∈ C1
0,`(R2)∩

∩L1(R2), χ̃±k (x, y) ∈ C∗(`) ∩ L1 (`) , χ±k0(y) ∈ C∗(R) ∩ L1 (R) , ñëiä ðîçøóêóâàòè â
êëàñi C1

0,`(R2) ∩ L1(R2), äå Cm0,` � ïðîñòið ôóíêöié, íåïåðåðâíèõ ðàçîì çi âñiìà
ïîõiäíèìè äî m-ïîðÿäêó â R2, çà âèêëþ÷åííÿì ïðÿìî¨ x = 0 i ëiíi¨ `, L1(R2) �
ïðîñòið iíòåãðîâàíèõ â R2 ôóíêöié, C∗ (`) , L1 (`) � ïðîñòîðè âiäïîâiäíî êóñêîâî-
íåïåðåðâíèõ òà iíòåãðîâàíèõ íà ` ôóíêöié.

Ïðîäîâæèìî ñèñòåìó (2) íà âåñü ïðîñòið, äëÿ öüîãî ïåðåéäåìî äî ïðîñòîðó
óçàãàëüíåíèõ ôóíêöié ïîâiëüíîãî çðîñòàííÿ =′(R2) i âðàõó¹ìî çâ'ÿçîê ìiæ óçà-
ãàëüíåíèìè i çâè÷àéíèìè ïîõiäíèìè ∂kηj = ∂̃kηj − χ−j (x, y)(−1)k+1κkδ(`), äå δ(`)
� ôóíêöiÿ Äiðàêà çîñåðåäæåíà íà êîíòóði `, χ−j � ñòðèáêè ôóíêöié ηj íà êîíòóði
`, à òàêîæ ôîðìóëè çâ'ÿçêó ìiæ êîìïîíåíòàìè âåêòîðiâ ~η i ~η` [11]. Â ðåçóëüòàòi
âiäíîñíî âåêòîðó ~η â ïðîñòîði =′(R2) îòðèìà¹ìî êðàéîâó çàäà÷ó(

D[x, ∂̃1, ∂̃2]~η, q
)

= (f∗, q) , (x, y) ∈ R2, q ∈ =(R2), (6)

η+
k = η−k , k = 1, 3, 4, 6, 7, 8, (7)

äå
v±k ∈ =

′
±(R2), f∗ = {fj∗}8, f1∗ =

(
χ̃−1 κ1 + χ̃−2 κ2

)
δ(`)−X0,

f2∗ =
(
−χ̃−1 κ2 + χ̃−2 κ1

)
δ(`)− Y0, f3∗ = χ̃−3 δ(`), f8∗ = −χ̃−6 κ2δ(`),

f4∗ = (χ̃−4 κ1 + χ̃−5 κ2)κ1δ(`), f5∗ = (χ̃−4 κ2 − χ̃−5 κ1)κ2δ(`), κ1 = cosφ,
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f6∗ = (χ̃−5 (κ2
1 − κ2

2)− 2κ1κ2χ̃
−
4 )δ(`), f7∗ = χ̃−6 κ1δ(`), κ2 = sinφ,

=′±(R2) = {f± ∈ =′(R2) |supp f± = R± × R}.

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (6), (7), ñëiäóþ÷è ðîáîòàì [12, 7�9], áóäåìî íàçè-
âàòè ðîçðèâíèì ðîçâ'ÿçêîì äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ñåðåäîâèùà â
ïðîñòîði =′(R2). Îñòàííié îòðèìà¹ìî, ñïèðàþ÷èñü íà ôóíäàìåíòàëüíèé ðîçðèâ-
íèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòîðó, òîáòî íà ñèñòåìó
âåêòîðiâ wj = {wkj(x, y, x0, y0)}k=1,8, wkj ∈ =′(R2), j = 1, 8, ÿêà çàäîâîëüíÿ¹ íà-
ñòóïíié ñèñòåìi êðàéîâèõ çàäà÷:

D[x, ∂̃1, ∂̃2]wj = f0j , j = 1, 8 (x, y) ∈ R2, (8)

w+
kj = w−kj , k = 1, 8, k 6= 2, k 6= 5, (9)

äå w±kj ∈ =′±(R2),f0j = {f0
kj}8 = {δkj}8δ(x − x0, y − y0), · · · (x0, y0) 6= 0, δnj �

ñèìâîë Êðîíåêåðà.
Êîìïîíåíòè âåêòîðiâ wj íàëåæàòü ïiäïðîñòîðó [6] =′0(R2), îòæå, çàñòîñóâàâ-

øè äî (8) äâîâèìiðíå ïåðåòâîðåííÿ Ôóð'¹ i ñêîðèñòàâøèñü ðåçóëüòàòàìè ðîáiò

[7�9], âiäíîñíî W±kj (α1, α2) = F2

[
w±kj

]
∈ Ω′±,−1(R2), îòðèìà¹ìî çà çìiííîþ α1

ìàòðè÷íó êðàéîâó çàäà÷ó Ðiìàíà â ïðîñòîði =′(R2) :

M+ (−iα1,−iα2)W+
j = M− (−iα1,−iα2)W+

j + f∗j , j = 1, 8, (10)

äå M± = ±D [±0,−iα1,−iα2] ,W±j =
{

W±kj

}8

, f∗j = {δkje∗0}
8
, e∗0 = eiα1x0+iα2y0 .

Âðàõîâóþ÷è ïîëiíîìiàëüíèé âèä êîåôiöi¹íòiâ çàäà÷i (10), çàñòîñó¹ìî äî ¨¨
ðîçâ'ÿçóâàííÿ ìåòîä, ïîäàíèé â ðîáîòàõ [6�7], â ðåçóëüòàòi îòðèìà¹ìî

Wkj = W+
kj +W−kj , k = 1, 8, j = 1, 8, (11)

äå (W±kj = (−iα2)W±kj , k = 6, 7, 8),W±kj(α1, α2) = 1
P±6 (α1,α2)

∑8
p=1 i

θ1r±kpt
±
pj ,

P±6 (α1, α2) = P±4 P±2 −
(
P±3
)2
, P±2 = β±44α

2
2 − 2β±45α1α2 + β±55α

2
1,

P±3 = β±14α
3
2 − (β±15 + β±34)α1α

2
2 + (β±24 + β±35)α2

1α2 − β±25α
3
1,

P±4 = β±11α
4
2 − 2β±13α1α

3
2 + (β±33 + 2β±12)α2

1α
2
2 − 2β±23α

3
1α2 + β±22α

4
1,

r±kp = h±k λ
±
p,l, k = 1, 5, p = 1, 8, l =

{
1, k = 1, 2, 3
2, k = 4, 5,

, θ1 =

{
1, p = 1, 3
0, p = 4, 8

,

λ±1l = α−1
1 (g±j P±l+2 − `

±
j P±l+1), λ±jl = α−1

2 (g±5 P±l+2 − `
±
5 P±l+1),j = 1, 3,

λ±5l = − α2
2P±l+1, λ

±
6l = −α1α2P±l+1, λ

±
7l = α2P±l+2, λ

±
8l = −α1P±l+2, l = 1, 2,

r±6j = α−1
1 α2(λ±j1`

±
1 − λ

±
j2g
±
1 ), r±7j = λ±j1`

±
2 − λ

±
j2g
±
2 , r

±
8j = λ±j1`

±
5 − λ

±
j2g
±
5 ,

h±1 = α2
2, h

±
2 = α2

1, h
±
3 = −α1α2, h

±
4 = −α2, h

±
5 = α1, λ

±
4l = α2

2P±l+1,

`±k = β±1kα
2
2 − β±3kα1α2 + β±2kα

2
1, g

±
k = β±4kα2 − β±5kα1, k = 1, 5.
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{t±kj}k=1,8 = θ(±x0)e∗0{δkj}k=1,8 ∓
1

2
f∗0 , j = 1, 8,

f∗0 = {χ10(α2), χ30(α2), χ40(α2), χ60(α2), 0, χ70(α2), χ80(α2), 0}.

Äëÿ âèçíà÷åííÿ íåâiäîìèõ ôóíêöié χk0(α2) ñêîðèñòà¹ìîñÿ óìîâàìè (9). Ïi-
ñëÿ îáåðíåííÿ (11), âèðàçè êîìïîíåíò ôóíäàìåíòàëüíèõ ðîçðèâíèõ ðîçâ'ÿçêiâ
äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ïðîñòîðó ïîäàìî òàê:

wkj(x, y, x0, y0) = θ(x)w+
kj + θ(−x)w−kj , k = 1, 8, j = 1, 8, (12)

äå

w+
kj = 2

π Im
∑3
n=1{θ(x0)R̄+

kjnKkj [ξ̄
+
n − ξ̄+

n0] +
∑3
m=1[θ(x0)β++

kjnmKkj [ξ̄
+
n − ξ+

m0]+

+θ(−x0)β+−
kjnmKkj [ξ̄

+
n − ξ̄±m0]]},

w−kj = 2
π Im

∑3
n=1{θ(−x0)R̄−kjnKkj [ξ̄

−
n − ξ̄−n0] +

∑3
m=1[θ(x0)β−+

kjnmKkj [ξ
−
n − ξ+

m0]+

+θ(−x0)β−−kjnmKkj [ξ
−
n − ξ̄−m0]]},

Kkj [f ] = f−1, (k = 1, 5; j = 1, 3)
⋃

(k = 6, 8; j = 4, 8), ξ±m = z±mx+ y,

Kkj [f ] = −f−2, (k = 1, 5; j = 4, 8),Kkj [f ] = ln f, (k = 6, 8; j = 1, 3),

α+
pjn =

6∑
k=1

a∗kpR
0,+
kjn, α

−
pjn =

6∑
k=1

a∗kpR̄
0,−
kjn, β

+±
kjmn =

6∑
p=1

α±pjmN̄+
kpn, R±kp =

3∑
n=1

R±kpn,

β−±kjnm =

6∑
p=1

α±pjnN−kpm, ξ
±
m0 = z±mx0 + y0,

{
R0,±
kjm

}
k=1,6

=
{
R±kjm

}
k=1,3,4,6,7,8

,

R±kpn =
r±kp(z

±
n , 1)

β±0 q
±
n (z±n )q̄±n (z±n )

, q±n (z±n ) =

3∏
l=1, l 6=n

(z±n − z±l ) , q̄±n (z±n ) =

3∏
l=1

(z±n − z̄±l ),

P±6 (z±n , 1) ≡ 0, β±0 = β±22β
±
55 − (β±25)

2
,

N± =

{
3∑

n=1

N±kpn

}6

=

{
3∑

n=1

R±kpn

}p=1,2,3,4,6,7

k=1,3,4,6,7,8

.

Çíàéäåíi âèðàçè (12) äàþòü çìîãó, ñêîðèñòàâøèñü òåîðåìîþ ïðî çãîðòêó,
îòðèìàòè ðîçðèâíèé ðîçâ'ÿçîê äëÿ êóñêîâî-îäíîðiäíîãî àíiçîòðîïíîãî ñåðåäî-
âèùà:

ηk =

8∑
j=1

wkj ∗ fj∗ =

8∑
j=1

∫∫
R2

wkj(x, y, x0, y0)fj∗(x0, y0)dx0dy0. (13)

Ïîäàííÿ (13) ìiñòèòü øiñòü ñòðèáêiâ χ̃−k , k = 1, 6 êîìïîíåíò òåíçîðà íàïðó-
æåíü òà âåêòîðà ïåðåìiùåíü, çîñåðåäæåíèõ íà êîíòóði `. ×àñòèíà iç ÿêèõ, â
çàëåæíîñòi âiä òèïó äåôåêòó, âèÿâëÿþòüñÿ íåâiäîìèìè ôóíêöiÿìè. Äëÿ ¨õ âè-
çíà÷åííÿ, ñêîðèñòàâøèñü ôîðìóëàìè Ñîõîòñüêîãî, îòðèìà¹ìî iíòåãðàëüíi ñïiâ-
âiäíîøåííÿ, ùî çâ'ÿçóþòü ñòðèáêè òà ñóìè χ̃± = {χ̃±k }6k=1 íà êîíòóði `. Çîêðåìà,
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ÿêùî êîíòóð ` ¹ îá'¹äíàííÿì âiäðiçêiâ, ðîçòàøîâàíèõ âçäîâæ ïðÿìî¨, ÿêà ïðî-
õîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò ïiä êóòîì φ äî îñi OX: ` =

⋃r
j=1(aj ; bj), òîáòî:

x = t cosφ, x0 = τ cosφ, y = t sinφ, y0 = τ sinφ, χ̃±k (x, y) = χ̃±k (t), (k = 1, 6),
χ̃±k (t) = (χ̃±k (t))′, (k = 4, 6), âêàçàíi ñïiââiäíîøåííÿ ïîäàìî òàê:

χ̃+
k (t) =

1

π

6∑
j=1

∫
`

χ̃−j (τ)

[
Υkj(t)

t− τ
+ Im

3∑
n,m=1

Bkjnm
temn − τ

]
dτ, t ∈ `, k = 1, 6, (14)

äå

Υ±kj = 4Im

3∑
n=1

H±jkn(
β̄±n
)δ∗ , B±+

kjmn =
b±+
kjnm(
β̄±n
)δ∗ , B±−kjmn =

b±−kjnm(
β̄±n
)δ∗ , δ∗ =

{
1, j = 1, 3
2, j = 4, 6

,

B±+
kjnm =

b±+
kjnm(
β̄±n
)δ∗ , B±−kjnm =

b±−kjnm(
β̄±n
)δ∗ ,{e++

nm, e
+−
nm , e

−+
nm , e

−−
nm

}
=

{
β̄+
n

β+
m
,
β̄+
n

β̄−m
,
β−n
β+
m
,
β−n
β̄−m

}
,

β±n = z±n cosφ+ sinφ,Υkj =
∑
±
θ(±t)Υ±kj ,Bkjnm =

∑
±(±)

θ(±t)θ((±)τ)B
±(±)
kjnm,

enm =
∑
±(±)

θ(±t)θ((±)τ)e±(±)
nm .

Ñïiââiäíîøåííÿ (14) óçàãàëüíþþòü ñïiââiäíîøåííÿ äëÿ êóñêîâî-îäíîðiäíî¨
àíiçîòðîïíî¨ ïëîùèíè [6] i äîçâîëÿþòü çàäà÷i ïðî âíóòðiøíi òóíåëüíi äåôåêòè â
êóñêîâî-îäíîðiäíîìó àíiçîòðîïíîìó ñåðåäîâèùi çâîäèòè áåçïîñåðåäíüî äî ñèñòåì
ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (ÑIÐ).

2. Ïîñòàíîâêà i çâåäåííÿ äî ñèñòåìè ÑIÐ çàäà÷ ïðî òóíåëüíå âêëþ-
÷åííÿ. Íåõàé â ðåçóëüòàòi ïåðåòèíó òóíåëüíîãî âêëþ÷åííÿ ïëîùèíîþ Õ0Ó óòâî-
ðèòüñÿ âiäðiçîê ` = (0; a) (Ðèñ. 1).

Ðèñ. 1

Äî âêëþ÷åííÿ ïðèêëàäåíå äîâiëüíå íàâàíòàæåííÿ ç ðiâíîäiéíîþ P =(P1, P2, 0)
i öåíòðàëüíèì ìîìåíòîì M, ÿêi çàáåçïå÷óþòü äâîâèìiðíèé ñòàí. Ðîçìiùåííÿ
ãðàíåé âêëþ÷åíü ïiñëÿ äåôîðìàöi¨ îïèñó¹òüñÿ ôóíêöiÿìè

w̃±(t) = ε + δ∗t+ w̃±∗ (t), t ∈ `, (15)
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äå ôóíêöi¨ w̃±∗ (t) îïèñóþòü ôîðìó ãðàíåé âêëþ÷åííÿ. Ãðàíi âêëþ÷åíü, ùî çíàõî-
äÿòüñÿ ç áîêó íîðìàëi, ç÷åïëåííi ç ñåðåäîâèùåì, à ïðîòèëåæíi ãðàíi çíàõîäÿòüñÿ
â óìîâàõ ãëàäêîãî êîíòàêòó. Âðàõîâóþ÷è ïîäàííÿ χ̃+

4 (t) = (w̃+(t))′+
+(w̃−(t))′, χ̃−4 (t) = (w̃+(t))′ − (w̃−(t))′, t ∈ `, ðiâíîñòi χ̃−j (t) = 0, t /∈ `, j = 1, 6, i
óìîâè

ζ−j (t) = ζ+
j+3(t) = 0, j = 2, 3; t ∈ `, {ζ±k }

6
=

1

2
{χ̃+

k ± χ̃
−
k }

6,

ÿêi âiäîáðàæàþòü âêàçàíèé òèï êîíòàêòíî¨ âçà¹ìîäi¨, çà äîïîìîãîþ îñòàííiõ
ï'ÿòè ðiâíîñòåé iç ñïiââiäíîøåíü (14), îòðèìà¹ìî âiäíîñíî âåêòîðà h = {hj(t)}5 =

= {χ̃−1 (t), ζ̃+
2 (t), ζ̃+

3 (t),−ζ̃−5 (t),−ζ̃−6 (t)}, ñèñòåìó ï'ÿòè ÑIÐ

M0h(t) +
1

π
MS

∫ a

0

h(τ)

t− τ
dτ +

4

π
Im

3∑
n,m=1

Bnm

∫ a

0

h(τ)dτ

e++
nmt− τ

= q(t), t ∈ `, (16)

äå

MS =
{

Υ+
kj

}
k=2,6;j=1,6,j 6=4

, Mnm =
{

B++
kjnm

}
k=2,6;j=1,6,j 6=4

,

q(t) =

{
χ̃+

4 (t)δk,4 −
Υ+
k,4

π

∫
`

χ̃−4 (τ)

t− τ
dτ − Im

3∑
n,m=1

B++
k,4,nm

π

∫
`

χ̃−4 (τ)

tenm(t, τ)− τ
dτ

}
k=2,6

,

M0 = diag{0,−1,−1, 1, 1} � äiàãîíàëüíà ìàòðèöÿ ï'ÿòîãî ïîðÿäêó. Âêàçàíó ñè-
ñòåìó ñëiä äîïîâíèòè óìîâàìè ðiâíîâàãè i çàìêíóòîñòi∫

`

χ̃−k (τ)dτ = Pk, (P3 = P4 = P5 = P6 = 0), k = 1, 6, k 6= 4, (17)

i óìîâàìè ìîìåíòíî¨ ðiâíîâàãè∫
`

τχ−1 (τ)dτ = M0. (18)

3. Óìîâè iñíóâàííÿ i àñèìïòîòèêè ïîâåäiíêè ðîçâ'ÿçêiâ ñèñòåìè
ÑIÐ iç íåðóõîìîþ îñîáëèâiñòþ. ßäðà ñèñòåìè (16), êðiì ñèíãóëÿðíîñòi òèïó
Êîøi, ìiñòÿòü òàêîæ íåðóõîìi îñîáëèâîñòi, ùî îáóìîâëþ¹ íåîáõiäíiñòü äîâåäåííÿ
iñíóâàííÿ i âèçíà÷åííÿ àñèìïòîòèêè ¨¨ ðîçâ'ÿçêiâ. Ïîçíà÷èìî ÷åðåç L2

q(`0, ω(t))

(ω(t) = tγ(a − t)β , q − 1 < Reγ < −1 + qReγ, q − 1 < Reβ < −1 + qReβ,

1 < q < ∞) ïðîñòið Áàíàõà ôóíêöié ç íîðìîþ [13] ‖f‖q,ω = q

√∫
`
ω(t) |f(t)|q dt.

Hγ,β
µ (`) (−1 < Reγ,Reβ ≤ 0) êëàñ ôóíêöié f(t) (t ∈ `) ÿêi äîïóñêàþòü ðîçâèíåííÿ

f = tγ(1−t)βf∗(t),f∗(t) ∈ Hµ(`), Hµ(`) � êëàñ Ãåëüäåðîâèõ ôóíêöié. Ïåðåäñèìâîë
[13] ñèñòåìè (16) ïîäàìî òàê:

G0(η) = G(η)
sinπη =

{
gkj(η)
sinπη

}5

= {M0 − ctgπηMs−
− i

2 sinπη

∑3
m,n=1(Bnm(−e++

nm)−1−η − B̄nm(−ē++
nm)−1−η))}.

(19)
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Òåîðåìà 1. ßêùî iñíó¹ òàêå ÷èñëî γ, Reγ ∈ (−1; 0], ÿêå ¹ (κ+1) � êðàòíèì
êîðåíåì ðiâíÿííÿ

∆(η) = 0,∆(η) =

{
det G(η), ïðè gkj 6= 0 (k = j),
trG(η), ïðè gkj = 0 (k 6= j),

(20)

trG (η) � ñëiä ìàòðèöi G (η), òî ñèñòåìà (16) ðîçâ'ÿçíà â L2
q (`, ω (t)), ¨¨ iíäåêñ

äîðiâíþ¹ îäèíèöi, i ïðè óìîâàõ (17) òà ïðè qk(t) ∈ Hα+ε,β+ε
µ (`) ìà¹ ¹äèíèé

ðîçâ'ÿçîê â L2
q (`, ω(t))∩Hα,β

µ (`), (0 ≤ α, β < 1), ÿêèé ìà¹ àñèìïòîòè÷íå ðîçâè-
íåííÿ

hj(t) ' h∗j tγPκj(ln t), t→ 0, h∗j 6= 0, j = 1, 5, (21)

äå Pκj(z) � ìíîãî÷ëåíè k-òîãî ñòóïåíÿ.

Äîâåäåííÿ. Ïðè âèêîíàííi óìîâ òåîðåìè áóäåìî ìàòè: det G0(η) 6= 0 ÿêùî
−1 < Reη < Reγ. Îòæå çãiäíî [13], ñèñòåìà íåòåðîâà â ïðîñòîði L2

q(`, ω(t)), à ¨¨
iíäåêñ âèçíà÷à¹òüñÿ ôîðìóëîþ Ind A = −ind(Aξ(τ)), Aξ(τ) = detG0(η), η = ξ+
+iτ . Íåâàæêî âñòàíîâèòè, ùî ind(Aξ(τ)) = m0 − 1, äå m0 = ind(A0

ξ(τ)),A0
ξ(τ) =

= tg5 η
2 Aξ(τ). ßêùî τ çìiíþ¹òüñÿ âiä −∞ äî ∞ ôóíêöiÿ A0

ξ(τ) ïðè ξ ∈ (Reγ, 1)
îïèøå çàìêíóòèé êîíòóð, ÿêèé ðîçòàøîâàíèé ñèìåòðè÷íî âiäíîñíî äiéñíî¨ îñi i
íå îõîïëþ¹ ïî÷àòîê êîîðäèíàò. Òàêà ïîâåäiíêà ìà¹ ìiñöå äëÿ ïîñòàâëåíèõ çàäà÷ i
äëÿ êîìáiíàöié âiäîìèõ ìàòåðiàëiâ (16) äîðiâíþ¹ îäèíèöi i ïðè óìîâàõ (17) iñíó¹
¹äèíèé ðîçâ'ÿçîê â ïðîñòîði L2

q(`, ω(t)), ÿêèé ìà¹ iíòåãðîâàíó îñîáëèâiñòü ïðè
t→ 0. Òîáòî ìà¹ ìiñöå ïîäàííÿ hj(t) ' tγPrj(ln t)h∗j , t→ 0 , h∗j ∈ Hµ(`), j = 1, r.
Ñêîðèñòàâøèñü àñèìïòîòè÷íèìè âëàñòèâîñòÿìè îïåðàòîðiâ iç íåðóõîìèìè îñî-
áëèâîñòÿìè [2], äëÿ îïåðàòîðà

Njk[f ] = m0
jkf(t) +

ms
jk

π

∫ a

0

f(τ)

t− τ
dτ +

4

π
Im

3∑
n,m=1

blmjk

∫ a

0

f(τ)dτ

enmt− τ
,

îòðèìà¹ìî íàñòóïíå ðîçâèíåííÿ (ε > 0):

Njk[tγPκk(ln t)h∗k] =

= tγh∗k(0)

κ∑
m=0

g
(m)
jk (γ)

(−1)m+1

m!
P

(m)
κk (ln t) + Ω∗jk(t),

∣∣Ω∗jk∣∣ < Cjkt
Reγ+ε.

(22)

Ñêîðèñòàâøèñü ïîäàííÿì (22) iç ñèñòåìè (16), îòðèìà¹ìî ñïiââiäíîøåííÿ

tγ
5∑
k=1

hk∗(0)

κ∑
m=0

g
(m)
jk (γ)

(−1)m+1

m!
P

(m)
κj (ln t) + Ω0

j (t) = 0, j = 1, 5. (23)

Ôóíêöiÿ Ω0
j (t) çàäîâîëüíÿ¹ îöiíöi

∣∣Ω0
j (t)

∣∣ < CtReγ+ε, ε > 0. Çãiäíî îñòàííié,
ðiâíîñòi (23) ìîæëèâi ïðè t→ 0 ëèøå ïðè âèêîíàííÿ ñïiââiäíîøåíü

κ∑
l=0

lnl t ·Nκ−l = 0, (24)
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Nm =

m∑
p=0

(−1)m−p+1

(
κ

m− p

)
Qm−pXκ−p, Xp = {hj∗(0)apj}51,

Qm−p = {g(m−p)
jk (γ)}5,

aκj � êîåôiöi¹íòè ìíîãî÷ëåíiâ Pκj(z). Ðiâíiñòü (24) ìîæëèâà, ÿêùî âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

m∑
p=0

(−1)m−p+1

(
r

m− p

)
Qm−pXκ−p = 0, m = 0, κ. (25)

Òàê ÿê âåêòîðè Xp 6= 0, p = 0, r ëiíiéíî íå çàëåæíi, òî îñòàííi ðiâíîñòi ìîæëèâi
òîäi i òiëüêè òîäi, êîëè âèçíà÷íèê ñèñòåìè (25), ÿêèé äîðiâíþ¹ ∆(r)(γ), îáåðòà-
¹òüñÿ â íóëü. Îòæå, ÿêùî ìà¹ ìiñöå ïîäàííÿ (22), òî γ ¹ (κ + 1) � êðàòíèì
êîðåíåì òðàíñöåíäåíòíîãî ðiâíÿííÿ (21). Ïîâåäiíêà ïðè t → a − 0 ðîçâ'ÿçêiâ
ñèñòåìè (16) âèçíà÷à¹òüñÿ õàðàêòåðèñòè÷íîþ ÷àñòèíîþ i ñïiâïàäà¹ ç ïîâåäiíêîþ
ðîçâ'ÿçêiâ äëÿ âiäïîâiäíèõ çàäà÷, ïðî âêëþ÷åííÿ â îäíîðiäíîìó ïðîñòîði [7]. Òå-
îðåìó äîâåäåíî.

Íàñëiäîê 1. ßêùî γ ¹ ïðîñòèì êîðåíåì òðàíñöåíäåíòíîãî ðiâíÿííÿ (20) ç
íàéáiëüøîþ äiéñíîþ ÷àñòèíîþ iç ñìóãè Reγ ∈ [0; 1), òî ðîçâ'ÿçêè ñèñòåìè (16)
äîïóñêàþòü àñèìïòîòè÷íå ïîäàííÿ

hj(t) ' tγh∗j , t→ 0 , Reγ ∈ (−1, 0], j = 1, 5. (26)

Íàñëiäîê 2. Òðàíñöåíäåíòíå ðiâíÿííÿ (20) äîçâîëÿ¹ âèÿâèòè íàñòóïíi çà
ãîëîâíîþ äîäàíêè äî áóäü ÿêîãî ïîðÿäêó K â àñèìïòîòè÷íîìó ðîçâèíåííi ðîçâ'ÿç-
êiâ ñèñòåìè (16)

hj(t) '
K∑
k=0

h∗jkt
γk , t→ 0 , j = 1, 5,

−1 < Reγ0 < Reγ1 < . . . < ReγK, ∆(γj) = 0, h∗jk 6= 0.

Äîñëiäæåííÿ ïîêàçàëè, ùî äëÿ ïîñòàâëåíî¨ çàäà÷i, äëÿ âiäîìèõ êîìáiíàöié
àíiçîòðîïíèõ ìàòåðiàëiâ [10, 14] ðiâíÿííÿ (20) ìà¹ ïðèíàéìi îäèí êîðiíü â ñìóçi
Reγ ∈ (−1; 0], îòæå ñïðàâåäëèâå òâåðäæåííÿ

Íàñëiäîê 3. Ñèñòåìà (16) ïðè äîäàòêîâèõ óìîâàõ (17) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê â ïðîñòîði L2

q (`, ω (t)), ÿêèé äîïóñêà¹ àñèìïòîòè÷íå ïîäàííÿ (26).

4.×èñëîâi ðåçóëüòàòè i ¨õ àíàëiç. Íà ðèñóíêàõ 2, 3 íàâåäåíi çàëåæíî-
ñòi íàéáiëüøèõ ïîêàçíèêiâ îñîáëèâîñòåé äëÿ äåÿêèõ êîìáiíàöié ìàòåðiàëiâ ïðè
ïîâîðîòi îñåé àíiçîòðîïi¨ íàâêîëî îñi Z i ïðè çìiíi êóòà φ íàõèëó äåôåêòó, âiä-
ïîâiäíî äëÿ êîìáiíàöié ìàòåðiàëiâ [10] m1−m2 i m3−m4 (ìàòåðiàë m1 � ñêëî-
ïëàñòèê îäíîíàïðàâëåíèé, ìàòåðiàë m2 � ñêëîïëàñòèê îðòîãîíàëüíî-àðìîâàíèé
(2:1), m3 � ñêëîïëàñòèê ÑÒÅÒ, m4 � ñêëîïëàñòèê ÀÑÒÒ(á)), íàâåäåíi çàëåæíî-
ñòi α0 = −Reγ0, äå γ0 êîðiíü ðiâíÿííÿ (21) ç íàéìåíøîþ äiéñíîþ ÷àñòèíîþ iç
ñìóãè Reγ ∈ (−1; 0], âiä êóòà ϕ îðòîãîíàëüíîãî ïåðåòâîðåííÿ îñåé àíiçîòðîïi¨
íàâêîëî îñi Z.
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Êðèâà 1 âiäïîâiäà¹ çíà÷åííþ êóòà íàõèëó äåôåêòó φ = 0, êðèâà 2 � φ = π
6 ,

êðèâà 3 � φ = π
4 , êðèâà 4 � φ = π

3 . Íà ðèñ. 4, 5, âiäïîâiäíî äëÿ êîìáiíàöié
ìàòåðiàëiâ m1−m2 i m3−m4, íàâåäåíi çàëåæíîñòi α0 âiä êóòà íàõèëó äåôåêòó
φ. Êðèâà 1 âiäïîâiäà¹ çíà÷åííþ êóòà ïîâîðîòó îñåé àíiçîòðîïi¨ ϕ = 0, íàâêîëî
îñi Z, êðèâà 2 � ϕ = π

6 , êðèâà 3 � ϕ = π
4 , êðèâà 4 � ϕ = π

3 .

Ðåçóëüòàòè îá÷èñëåíü ïîêàçóþòü, ùî êîíöåíòðàöiÿ íàïðóæåíü â îêîëi äåôå-
êòó, ÿêèé âèõîäèòü â ïëîùèíó ç'¹äíàííÿ ðiçíèõ ïiâïðîñòîðiâ ñóòò¹âî çàëåæèòü
âiä àíiçîòðîïíèõ âëàñòèâîñòåé ìàòåðiàëiâ i êóòà íàõèëó âêëþ÷åííÿ. Çîêðåìà,
âèÿâèâñÿ ñóòò¹âèì âïëèâ îði¹íòàöi¨ ãîëîâíèõ îñåé àíiçîòðîïi¨ ïiâïðîñòîðó, â ÿêî-
ìó ðîçòàøîâàíî âêëþ÷åííÿ. Ñëiä òàêîæ âiäìiòèòè, ùî ïðè íàáëèæåííi êóòà φ
äî π

2 (âêëþ÷åííÿ íàáëèæà¹òüñÿ äî ïëîùèíè ç'¹äíàííÿ ïiâïðîñòîðiâ) ïîêàçíè-
êè îñîáëèâîñòi íàáëèæàþòüñÿ äî ïîêàçíèêiâ îñîáëèâîñòåé âiäïîâiäíèõ çàäà÷ ïðî
ìiæôàçíi äåôåêòè [7].

Âèñíîâêè. Îòæå, çàïðîïîíîâàíî ìåòîäèêó çâåäåííÿ çàäà÷ ïðî òóíåëüíi
âêëþ÷åííÿ, ÿêi âèõîäÿòü îäíèì êiíöåì â ïëîùèíó ç'¹äíàííÿ ðiçíèõ àíiçîòðî-
ïíèõ ïiâïðîñòîðiâ äî ñèñòåìè ÑIÐ ç íåðóõîìèìè îñîáëèâîñòÿìè. Äîñëiäæåíî ¨õ
ðîçâ'ÿçíiñòü i âèÿâëåíi àñèìïòîòèêè ïîâåäiíêè ðîçâ'ÿçêiâ â âåðøèíàõ âêëþ÷åíü,
ùî äà¹ ìîæëèâiñòü äî ¨õ ðîçâ'ÿçóâàííÿ çàñòîñóâàòè åôåêòèâíi ÷èñëîâî-àíàëiòè÷íi
ìåòîäè.

Àíàëîãi÷íî ìîæóòü áóòè ðîçãëÿíóòi çàäà÷i ïðî òóíåëüíi äåôåêòè iíøèõ òèïiâ
(òðiùèíè, âiäøàðîâàíi âêëþ÷åííÿ), ÿêi âèõîäÿòü â ïëîùèíó ç'¹äíàííÿ ðiçíèõ
àíiçîòðîïíèõ ïiâïðîñòîðiâ.
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Øîò I. ß. ×èñåëüíå ðîçâ'ÿçóâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê, ïîäà-

òëèâèõ íà çñóâ òà ñòèñíåííÿ. Ó ìàòðè÷íîìó âèãëÿäi çàïèñàíî êëþ÷îâi ñïiââiäíî-

øåííÿ äëÿ âèçíà÷åííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêèõ îáîëîíîê, ïîäàòëèâèõ

íà çñóâ òà ñòèñíåííÿ, çíàõîäæåííÿ âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî

ïiñëÿêðèòè÷íîãî ñòàíó ðîçãëÿäóâàíèõ îáîëîíîê, ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Íàâå-

äåíî íèçêó ÷èñëîâèõ ïðèêëàäiâ.

Êëþ÷îâi ñëîâà: îáîëîíêà, êðàéîâà çàäà÷à, âàðiàöiéíà çàäà÷à, ìåòîä ñêií÷åííèõ åëå-

ìåíòiâ.

Øîò È. ß. ×èñëåííîå ðåøåíèå çàäà÷ òåîðèè òîíêèõ îáîëî÷åê, ïîäàòëè-

âûõ íà ñäâèã è ñæàòèå. Â ìàòðè÷íîì âèäå çàïèñàíû êëþ÷åâûå ñîîòíîøåíèÿ äëÿ

îïðåäåëåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ òîíêèõ îáîëî÷åê, ïîäàòëèâûõ

íà ñäâèã è ñæàòèå, íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò ñâîáîäíûõ êîëåáàíèé è íà÷àëüíîãî

ïîñëåêðèòè÷åñêîãî ñîñòîÿíèÿ ðàññìàòðèâàåìûõ îáîëî÷åê, ìåòîäîì êîíå÷íûõ ýëåìåí-

òîâ. Ïðèâåäåíû ÷èñëîâûå ïðèìåðû.

Êëþ÷åâûå ñëîâà: îáîëî÷êà, êðàåâàÿ çàäà÷à, âàðèàöèîííàÿ çàäà÷à, ìåòîä êîíå÷íûõ

ýëåìåíòîâ.

Shot I. Ya. Numerical solution of problems in the theory of thin shells com-

pliant to shear and compression. Written in matrix form key equations to determine

the stress-strain state of thin shells compliant to shear and compression, the natural frequen-

cies of free oscillations and the initial post-critical state shells by the finite element method.

There are a number of numerical examples.

Key words: shell, boundary value problem, variational problems, finite element method.

Âñòóï. Äîñëiäæåííÿ íàïðóæåíî-äåôîðìîâàíîãî ñòàíó òîíêèõ ãíó÷êèõ îáî-
ëîíîê, ùî âèìàãà¹ âèêîðèñòàííÿ íåëiíiéíî¨ òåîði¨ îáîëîíîê, à òàêîæ ðîçâèòîê
åôåêòèâíèõ ÷èñëîâèõ ìåòîäiâ ¨õ ðîçâ'ÿçàííÿ ìà¹ âàæëèâå çíà÷åííÿ, îñêiëüêè
äîçâîëèòü ïðîãíîçóâàòè i ïîêðàùóâàòè ìiöíiñíi òà åêñïëóàòàöiéíi âëàñòèâîñòi
ãíó÷êèõ êîíñòðóêöié.

Ïðè ðîçãëÿäi çàäà÷ ñó÷àñíî¨ íåëiíiéíî¨ òåîði¨ îáîëîíîê, ãîëîâíèì ÷èíîì, âè-
êîðèñòîâóþòü êëàñè÷íó ãiïîòåçó Êiðxãîôà�Ëÿâà òà ãiïîòåçó Òèìîøåíêà�Ìiíäëiíà
(òàê çâàíà ï'ÿòèìîäàëüíà òåîðiÿ) [8, 16]. Äîñëiäæåííþ íåëiíiéíî¨ òåîði¨ îáîëîíîê
òèïó Òèìîøåíêà, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ (øåñòèìîäàëüíèé âàðiàíò, ó
ÿêîìó ïîëå ïåðåìiùåíü õàðàêòåðèçó¹òüñÿ øiñòüìà ôóíêöiÿìè, ùî îïèñóþòü ïî-
âîðîò òà ñòèñíåííÿ íîðìàëi), ïðèñâÿ÷åíî ïðàöi [6, 11, 15].

Ó öié ñòàòòi çàïèñàíî êëþ÷îâi ñïiââiäíîøåííÿ äëÿ âèçíà÷åííÿ íàïðóæåíî-
äåôîðìîâàíîãî ñòàíó òîíêèõ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, çíàõî-
äæåííÿ âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî ïiñëÿêðèòè÷íîãî ñòàíó

c© I. ß. Øîò, 2013
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ðîçãëÿäóâàíèõ îáîëîíîê, ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Äëÿ çðó÷íîñòi çàñòîñó-
âàííÿ ÷èñëîâèõ ìåòîäiâ [1, 11, 13, 14] óñi ñïiââiäíîøåííÿ ïîäàíî â ìàòðè÷íîìó
âèãëÿäi.

Îñíîâíi ðåçóëüòàòè.

1. Ãîëîâíi ïðèïóùåííÿ òà ñïiââiäíîøåííÿ òåîði¨ òîíêèõ îáîëîíîê,
ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ. Ðîçãëÿíåìî îáîëîíêó ÿê òðèâèìiðíå òiëî
ñòàëî¨ òîâùèíè h. Âiäíåñåìî ñåðåäèííó ïîâåðõíþ Ω îáîëîíêè äî êðèâîëiíiéíî¨
îðòîãîíàëüíî¨ ñèñòåìè êîîðäèíàò α = (α1, α2) i ââåäåìî îðòîãîíàëüíó äî íå¨
çìiííó α3 òàê, ùî |α3| ≤ h/2. Ââàæà¹ìî, ùî êîîðäèíàòíi ëiíi¨ ñåðåäèííî¨ ïîâåðõíi
çáiãàþòüñÿ iç ëiíiÿìè ãîëîâíèõ êðèâèí, à òîâùèíà îáîëîíêè ¹ iñòîòíî ìåíøîþ âiä
iíøèõ ¨¨ ðîçìiðiâ.

Âåêòîð ïåðåìiùåíü äîâiëüíî¨ òî÷êè îáîëîíêè, ïîäàòëèâî¨ íà çñóâ òà ñòèñíå-
ííÿ, ïîâíiñòþ âèçíà÷àþòü êîìïîíåíòè âåêòîðà ïåðåìiùåíü ui (α)

(
i = 1, 3

)
òà âå-

êòîðà êóòiâ ïîâîðîòó íîðìàëi äî ñåðåäèííî¨ ïîâåðõíi îáîëîíêè γi (α)
(
i = 1, 3

)
.

ßêùî ââåñòè:
u = (u1, u2, u3, γ1, γ2, γ3)

T � âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü òî÷îê ñåðå-
äèííî¨ ïîâåðõíi îáîëîíêè;

eL = (e11, e22, e33, e12, e13, e23, κ11, κ22, κ12, κ13, κ23)
T � âåêòîð êîìïîíåíò òåí-

çîðà ëiíiéíî¨ äåôîðìàöi¨;

ω =
(

0
ω 1,

0
ω 2,

0
ω 3,

1
ω 1,

1
ω 2,

1
ω 3

)T
� âåêòîð êîìïîíåíò òåíçîðà ïîâîðîòiâ;

ε = (ε11, ε22, ε33, ε12, ε13, ε23, χ11, χ22, χ12, χ13, χ23)
T � âåêòîð êîìïîíåíò

òåíçîðà äåôîðìàöié Ãðiíà, òî âèðàçè äëÿ âèçíà÷åííÿ êîìïîíåíò òåíçîðà ëiíiéíî¨
äåôîðìàöi¨ i òåíçîðà ïîâîðîòó â ìàòðè÷íié ôîðìi ç òî÷íiñòþ äî o (h) ïîäàìî ó
âèãëÿäi:

eL = CLu, (1)

ω = CΩu. (2)

Òîäi äåôîðìàöiéíi ñïiââiäíîøåííÿ äëÿ ãíó÷êèõ îáîëîíîê ç óðàõóâàííÿì ëiíiéíî¨
i íåëiíiéíî¨ ñêëàäîâèõ äåôîðìàöi¨ çàïèøåìî òàêèì ÷èíîì:

ε = eL + eN , (3)

äå

eN =
1

2
(CΩu)

T
11EΩ (CΩu) . (4)

Òóò CL òà CΩ � ìàòðèöi äèôåðåíöiàëüíèõ îïåðàòîðiâ ðîçìiðíîñòi 11×6 òà 6×6
âiäïîâiäíî:
ïîâíèé âèãëÿä CL íàâåäåíî ó [3], à

CΩ =
1

2



0 −k2
∂2

A2
0 −1 0

k1 0 − ∂1

A1
1 0 0

−∂2(A1·)
A1A2

∂1(A2·)
A1A2

0 0 0 0

0 0 0 0 −2k2
∂2

A2

0 0 0 2k1 0 − ∂1

A1

0 0 0 −∂2(A1·)
A1A2

∂1(A2·)
A1A2

0


;
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EΩ � ìàòðèöÿ âèãëÿäó EΩ = (E1, E2, ..., E11)
T , äå Ei � ìàòðèöi ðîçìiðíîñòi 6×6,

âiäìiííi âiä íóëÿ êîìïîíåíòè ÿêèõ âiäïîâiäíî ðiâíi

E22
1 = E33

1 = 1, E11
2 = E33

2 = 1, E21
4 = E12

4 = −1/2,
E31

5 = E13
5 = −1/2, E32

6 = E23
6 = −1/2, E22

7 = −k1,
E25

7 = E36
7 = E52

7 = E63
7 = 1, E33

7 = − (k1 + 2k2) ,
E41

8 = E14
8 = E36

8 = E63
8 = 1, E33

8 = − (2k1 + k2) ,
E11

8 = −k2, E51
9 = E42

9 = E24
9 = E15

9 = −1/2,
E31

10 = E13
10 = k2, E61

10 = E43
10 = E16

10 = E34
10 = −1/2,

E32
11 = E23

11 = k1, E62
11 = E53

11 = E26
11 = E35

11 = −1/2.

Òóò A1 = A1 (α), A2 = A2 (α) � êîåôiöi¹íòè ïåðøî¨ êâàäðàòè÷íî¨ ôîðìè ñåðåäèí-
íî¨ ïîâåðõíi îáîëîíêè Ω; k1 = k1 (α), k2 = k2 (α) � ¨¨ ãîëîâíi êðèâèíè âiäïîâiäíî.

Çàóâàæèìî, ùî ñïiââiäíîøåííÿ (1) âèçíà÷àþòü ãåîìåòðè÷íi ñïiââiäíîøåííÿ
òåîði¨ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, â ëiíiéíié ïîñòàíîâöi, à ñïiââiä-
íîøåííÿ (3) ïîâ'ÿçóþòü êîìïîíåíòè òåíçîðà äåôîðìàöié Ãðiíà ç ïåðåìiùåííÿìè
â ãåîìåòðè÷íî íåëiíiéíié ïîñòàíîâöi äëÿ ðîçãëÿäóâàíèõ îáîëîíîê.

Ñïiââiäíîøåííÿ ïðóæíîñòi, ùî ïîâ'ÿçóþòü äåôîðìàöi¨ ç âíóòðiøíiìè çóñèë-
ëÿìè òà ìîìåíòàìè, ïîäàìî ó ìàòðè÷íîìó âèãëÿäi:

σ = Bε, (5)

äå σ = (N11, N22, N33, S,N13, N23,M11,M22, H,M13,M23)
T � âåêòîð âíóòðiøíiõ

çóñèëü-ìîìåíòiâ, B � ñèìåòðè÷íà ìàòðèöÿ ïðóæíèõ õàðàêòåðèñòèê ìàòåðiàëó
ðîçìiðíîñòi 11× 11 [3].

Äèôåðåíöiàëüíi ðiâíÿííÿ, ùî îïèñóþòü ðiâíîâàãó äåôîðìîâàíîãî òiëà, òà
ñòàòè÷íi êðàéîâi óìîâè íà ÷àñòèíi Γσ êîíòóðó ñåðåäèííî¨ ïîâåðõíi îáîëîíêè
Γ = Γu

⋃
Γσ îòðèìà¹ìî ç ïðèíöèïó ìîæëèâèõ ïåðåìiùåíü [9] òà çàïèøåìî ó

ìàòðè÷íîìó âèãëÿäi:
Cσσ

∗ + P = 0, (6)

Gσσ
∗|Γσ = σg. (7)

Äëÿ âñòàíîâëåííÿ êiíåìàòè÷íî¨ âèçíà÷åíîñòi ñèñòåìè íåîáõiäíî äîäàòè òàêîæ
êðàéîâi óìîâè â çìiùåííÿõ [10]

Guu|Γu = ug, Γu = Γ\Γσ. (8)

Ó âèðàçàõ (6)�(8) ââåäåíî ïîçíà÷åííÿ:
P = (P1, P2, P3,m1,m2,m3)

T � âåêòîð çîâíiøíüîãî íàâàíòàæåííÿ,
σ = (N11, N22, N33, S,N13, N23,M11,M22, H,M13,M23)

T � âåêòîð ñèìåòðè÷íèõ çó-
ñèëü-ìîìåíòiâ,
σ∗ = (N∗11, N

∗
22, N

∗
33, N

∗
12, N

∗
21, N

∗
13, N

∗
31, N

∗
23, N

∗
32,M

∗
11,M

∗
22,M

∗
12,M

∗
21,M

∗
13,M

∗
23)

T �
âåêòîð íîâîââåäåíèõ çóñèëü-ìîìåíòiâ,
σg = (Nt, Ns, Nn,Mt,Ms,Mn)

T � âåêòîð êðàéîâèõ çóñèëü-ìîìåíòiâ,
ug = (ubt , u

b
s, u

b
n, γ

b
t , γ

b
s, γ

b
n)T � âåêòîð êðàéîâèõ çìiùåíü,

Cσ � ìàòðèöÿ äèôåðåíöiàëüíèõ îïåðàòîðiâ ðîçìiðíîñòi 6×15, âiäìiííi âiä íóëÿ
êîìïîíåíòè ÿêî¨ ðiâíi

C1,1
σ =

∂1 (A2·)
A1A2

, C1,2
σ = − ∂1A2

A1A2
, C1,4

σ =
∂2 (A1·)
A1A2

,
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C1,5
σ =

∂2A1

A1A2
, C1,6

σ = k1, C1,12
σ = C1,13

σ =
(∂2 (A1k1·) + k2∂2A1)

2A1A2
,

C2,1
σ = − ∂2A1

A1A2
, C2,2

σ =
∂2 (A1·)
A1A2

, C2,4
σ =

∂1A2

A1A2
,

C2,5
σ =

∂1 (A2·)
A1A2

, C2,8
σ = k2, C2,12

σ = C2,13
σ =

(∂1 (A2k2·) + k1∂1A2)

2A1A2
,

C3,1
σ = −k1, C3,2

σ = −k2, C3,6
σ =

∂1 (A2·)
A1A2

, C3,8
σ =

∂2 (A1·)
A1A2

,

C4,7
σ = −1, C4,10

σ =
∂1 (A2·)
A1A2

, C4,11
σ = − ∂1A2

A1A2
, C4,12

σ =
∂2A1

A1A2
+
∂2

A2
,

C4,13
σ =

∂2A1

A1A2
, C5,9

σ = −1, C5,10
σ = − ∂2A1

A1A2
, C5,11

σ =
∂2 (A1·)
A1A2

,

C5,12
σ =

∂1A2

A1A2
, C5,13

σ =
∂1A2

A1A2
+
∂1

A1
, C6,3

σ = −1, C6,10
σ = −k1,

C6,11
σ = −k2, C6,14

σ =
∂1 (A2·)
A1A2

, C6,15
σ =

∂2 (A1·)
A1A2

;

Gσ, Gu � ìàòðèöi ðîçìiðíîñòåé 6×15 òà 6×6 âiäïîâiäíî, íåíóëüîâi êîìïîíåíòè
ÿêèõ ðiâíi

G11
σ = G25

σ = G4,10
σ = G5,13

σ = cos2 (n, α1) ,

G12
σ = −G24

σ = G4,11
σ = −G5,12

σ = sin2 (n, α1) ,

G14
σ = G15

σ = −G21
σ = G22

σ = G4,12
σ = G4,13

σ = −G5,10
σ = G5,11

σ =
1

2
sin 2 (n, α1) ,

G1,12
σ = G1,13

σ =
1

4
(k1 + k2) sin 2 (n, α1) ,

G2,12
σ = G2,13

σ =
1

2

(
k2 cos2 (n, α1)− k1 sin2 (n, α1)

)
,

G3,6
σ = G6,14

σ = cos (n, α1) , G3,8
σ = G6,15

σ = sin (n, α1) ,

G11
u = G22

u = G44
u = G55

u = cos (n, α1) ,

G12
u = G45

u = −G21
u = −G54

u = sin (n, α1) , G33
u = −G66

u = −1.

Òóò ÷åðåç n ïîçíà÷åíî íîðìàëü äî ìåæi ñåðåäèííî¨ ïîâåðõíi îáîëîíêè.
Çâ'ÿçîê ìiæ ñèìåòðè÷íèìè çóñèëëÿìè-ìîìåíòàìè òà ¨õ íîâîââåäåíèìè õàðàêòå-
ðèñòèêàìè ïîäàìî ó ìàòðè÷íîìó âèãëÿäi:

σ∗ = Fσ, (9)

äå F � ìàòðèöÿ ðîçìiðíîñòi 15×11 ç âiäìiííèìè âiä íóëÿ êîåôiöi¹íòàìè

F 11 = F 22 = F 33 = F 44 = F 54 = F 65 = F 75 = F 86 = F 96 = F 10,7 =
= F 11,8 = F 12,9 = F 13,9 = F 14,10 = F 15,11 = 1,
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F 45 = −F 55 = F 64 = −F 74 = F 82 = −F 92 = F 12,10 = −F 13,10 =

= F 14,9 = F 15,8 = 1
2

0
ω 1,

F 46 = −F 56 = −F 61 = F 71 = −F 84 = F 94 = F 12,11 =

= −F 13,11 = −F 14,7 = −F 15,9 = 1
2

0
ω 2,

F 41 = F 42 = F 51 = F 52 = −F 66 = F 76 = F 85 = F 12,7 = F 12,8 =

= −F 13,7 = −F 13,8 = −F 14,11 = F 15,10 = − 1
2

0
ω 3,

F 69 =
1

2

1
ω 1, F

89 = −1

2

1
ω 2, F

7,11 = −F 9,10 = −1

2

1
ω 3,

F 4,7 = −F 5,7 =
1

2

(
(k1 + 2k2)

0
ω 3 −

1
ω 3

)
,

F 4,8 = −F 5,8 =
1

2

(
(2k1 + k2)

0
ω 3 −

1
ω 3

)
,

F 4,10 = −F 5,10 =
1

2

1
ω 1 − k2

0
ω 1, F 4,11 = −F 5,11 =

1

2

1
ω 2 − k1

0
ω 2,

F 67 =
1

2

(
k1

0
ω 2 −

1
ω 2

)
, F 6,11 =

1

2

1
ω 3 − k1

0
ω 3,

F 77 =
1

2

(
k1

0
ω 2 +

1
ω 2

)
, F 79 = −k1

0
ω 1 −

1
ω 1,

F 88 =
1

2

(
−k2

0
ω 1 +

1
ω 1

)
, F 8,10 = −1

2

1
ω 3 + k2

0
ω 3, F 98 = −1

2

(
k2

0
ω 1 +

1
ω 1

)
.

Ëiíiéíå ôîðìóëþâàííÿ ðiâíÿíü ðiâíîâàãè é âiäïîâiäíèõ êðàéîâèõ óìîâ òåîði¨
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, ïîäàíî ó [3].

ßêùî êîìïîíåíòè çîâíiøíüîãî íàâàíòàæåííÿ, ùî äi¹ íà îáîëîíêó, çìiíþþ-
òüñÿ â ÷àñi, òî âèêëèêàíi íèìè ïåðåìiùåííÿ, äåôîðìàöi¨ òà íàïðóæåííÿ òåæ ¹
ôóíêöiÿìè ÷àñó t. Ðiâíÿííÿ ðóõó îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ,
ÿêi îòðèìà¹ìî ç âàðiàöiéíîãî ïðèíöèïó Îñòðîãðàäñüêîãî�Ãàìiëüòîíà [4, 6], ìà-
þòü âèãëÿä:

Cσσ
∗ + P −m∂ 2u

∂ t2
= 0, (10)

äå m � äiàãîíàëüíà ìàòðèöÿ ðîçìiðíîñòi 6×6, íåíóëüîâi êîìïîíåíòè ÿêî¨

m11 = m22 = m33 = ρh,

m44 = m55 = m66 = ρ
h3

12
,

ρ � ãóñòèíà ìàòåðiàëó îáîëîíêè.
Äëÿ îäíîçíà÷íîãî iíòåãðóâàííÿ ñèñòåìè ðiâíÿíü (10), îêðiì ñòàòè÷íèõ (7) òà

ãåîìåòðè÷íèõ (8) êðàéîâèõ óìîâ, íåîáõiäíî çàäàòè ùå ïî÷àòêîâi óìîâè

u(α, 0) = u0(α), u̇(α, 0) = u1(α). (11)

Ðîçâ'ÿçîê ñèñòåìè (10) ç êðàéîâèìè òà ïî÷àòêîâèìè óìîâàìè âèçíà÷à¹ ðåà-
êöiþ îáîëîíêè íà äiþ çìiííîãî â ÷àñi çîâíiøíüîãî íàâàíòàæåííÿ.
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2. Âàðiàöiéíi ôîðìóëþâàííÿ çàäà÷ òåîði¨ òîíêèõ îáîëîíîê, ïîäà-
òëèâèõ íà çñóâ òà ñòèñíåííÿ. Ðîçâ'ÿçóâàííÿ çàäà÷ ìåõàíiêè äåôîðìóâàí-
íÿ ãíó÷êèõ îáîëîíîê ó äàíié ðîáîòi çäiéñíþ¹òüñÿ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ
[11, 13, 14], ÿêèé áàçó¹òüñÿ íà âàðiàöiéíèõ ïðèíöèïàõ. Íà îñíîâi ïðèíöèïó âiðòó-
àëüíèõ ðîáiò ñôîðìóëþ¹ìî âàðiàöiéíi ïîñòàíîâêè çàäà÷ ñòàòèêè i äèíàìiêè òåîði¨
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ. Äëÿ öüîãî ââåäåìî ôóíêöiîíàëüíi
ïðîñòîðè

V =
{
v = (v1, v2, v3, ξ1, ξ2, ξ3) ∈

[
W 1

2 (Ω)
] 6 | v = 0 íà Γ\Γσ

}
òà

G =
{
v = (v1, v2, v3, ξ1, ξ2, ξ3) ∈

[
L2(Ω)

] 6}
.

Òîäi íàâåäåìî âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i ñòàòèêè íåëiíiéíî¨ òåîði¨ îáî-
ëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ:
çàäàíî l ∈ V ′,
çíàéòè âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü u ∈ V òàêèé, ùî

aN (u, v) =< l, v >, ∀v ∈ V, (12)

äå ôîðìà aN (u, v) òà ôóíêöiîíàë < l, v > ìàþòü âèãëÿä:

aN (u, v) =

∫∫
Ω

(
Clv + (CΩu)

T
11EΩCΩv

)T
E0B

(
Clu+

1

2
(CΩu)

T
11EΩCΩu

)
dΩ ,

(13)

< l, v >=
∑3
i=1

∫∫
Ω

(Pivi +miξi)A1A2dα1dα2+

+
∫

Γσ

(Ntvt +Nsvs +Nnvn +Mtξt +Msξs +Mnξn) dΓ.
(14)

Ó ðiâíîñòi (13) E0 � äiàãîíàëüíà ìàòðèöÿ ðîçìiðó 11×11 ç âiäìiííèìè âiä íóëÿ
åëåìåíòàìè:

E11
0 = E22

0 = E33
0 = E77

0 = E88
0 = 1,

E44
0 = E55

0 = E66
0 = E99

0 = E10,10
0 = E11,11

0 = 2.

Çàóâàæèìî, ùî âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i ñòàòèêè ëiíiéíî¨ òåîði¨ îáî-
ëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, òåæ ìà¹ âèãëÿä (12), àëå âèðàç äëÿ
ôîðìè aN (u, v) çàìiíþ¹ìî íà òàêèé:

a (u, v) =

∫∫
Ω

(Clv)
T
E0BCludΩ. (15)

Ñôîðìóëþ¹ìî òåïåð âàðiàöiéíó çàäà÷ó äèíàìiêè íåëiíiéíî¨ òåîði¨ çñóâíèõ
îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ:
çàäàíî l ∈ L2 (0, T ;V ′), u0 ∈ V , u1 ∈ G;
çíàéòè âåêòîð óçàãàëüíåíèõ ïåðåìiùåíü u ∈ L2 (0, T ;V ) òàêèé, ùî

µ (u′′ (t) , v) + aN (u (t) , v) =< l (t) , v >, ∀t ∈ (0, T ] , (16)
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µ
(
u′ (0)− u1, v

)
= 0,

a
(
u (0)− u0, v

)
= 0, ∀v ∈ V.

Òóò ôîðìà aN (u, v) òà ëiíiéíèé ôóíêöiîíàë < l, v > ñïiâïàäàþòü ç âiäïîâiäíèìè
ôîðìîþ (13) òà ôóíêöiîíàëîì (14) íåëiíiéíî¨ çàäà÷i ñòàòèêè, à áiëiíiéíà ôîðìà
µ (u, v) ìà¹ âèãëÿä:

µ (u, v) =

∫∫
Ω

ρh

3∑
i=1

(
uivi +

h2

12
γiξi

)
A1A2dα1dα2. (17)

Çàçíà÷èìî, ùî âàðiàöiéíå ôîðìóëþâàííÿ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ëiíiéíî¨
òåîði¨ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåííÿ, òåæ ìà¹ âèãëÿä (16), àëå âèðàç
äëÿ ôîðìè aN (u, v) çàìiíþ¹ìî íà áiëiíiéíó ôîðìó a (u, v) (15).

3. Îá÷èñëþâàëüíi àñïåêòè ìåòîäó ñêií÷åííèõ åëåìåíòiâ. Ðîçâ'ÿçóâàí-
íÿ çàäà÷ çäiéñíþ¹òüñÿ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ [11, 13, 14] ç âèêîðèñòàííÿì
áiêâàäðàòè÷íèõ içîïàðàìåòðè÷íèõ àïðîêñèìàöié ñåðåíäèïîâîãî òèïó.

Âåêòîð ïåðåìiùåíü u = (u1, u2, u3, γ1, γ2, γ3)
T , ùî âõîäèòü ó âàðiàöiéíó ðiâ-

íiñòü (12), ïîäàìî íà åëåìåíòi Ω∗ (Ω∗ = {(ξ1, ξ2) : −1 ≤ ξ1, ξ2 ≤ 1}) ó âèãëÿäi

u = Nk (ξ1, ξ2) qk, (ξ1, ξ2) ∈ Ω∗, (18)

äå qk =
(
u1

1, u
1
2, u

1
3, γ

1
1 , γ

1
2 , γ

1
3 , ..., γ

8
3

)T
� âåêòîð íåâiäîìèõ âóçëîâèõ ïåðåìiùåíü òà

ïîâîðîòiâ íà k-ìó åëåìåíòi,

Nk (ξ1, ξ2) = (N1, N2, N3, N4, N5, N6, N7, N8) ,

Ni (ξ1, ξ2) =


ϕi

ϕi
ϕi

ϕi
ϕi

ϕi

 ,

ϕi � áàçèñíi ôóíêöi¨.
Âiäïîâiäíî âåêòîð øóêàíèõ ïåðåìiùåíü u (α, t), ùî âõîäèòü ó âàðiàöiéíó ðiâ-

íiñòü (16), ïîäàìî íà åëåìåíòi Ω∗ ó âèãëÿäi

u = Nk (ξ1, ξ2) qk (t) , (ξ1, ξ2) ∈ Ω∗, (19)

äå qk (t) =
(
u1

1 (t) , u1
2 (t) , u1

3 (t) , γ1
1 (t) , γ1

2 (t) , γ1
3 (t) , ..., γ8

3 (t)
)T

� âåêòîð íåâiäîìèõ
âóçëîâèõ ïåðåìiùåíü òà ïîâîðîòiâ, ùî çàëåæèòü âiä ÷àñó t íà k-ìó åëåìåíòi.

Ïiñëÿ ðîçáèòòÿ îáëàñòi Ω íà ñêií÷åííi åëåìåíòè ñïiââiäíîøåííÿ (18) òà (19)
ñèìâîëi÷íî ìîæíà çàïèñàòè

u =
∑
k

Nk(ξ1(α1, α2), ξ2(α1, α2))qk = N(α1, α2)q, (20)

äå q � âåêòîð øóêàíèõ ïåðåìiùåíü òà ïîâîðîòiâ âñüîãî àíñàìáëþ ñêií÷åííèõ
åëåìåíòiâ.
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Ïiäñòàâèâøè (20) ó âàðiàöiéíi ôîðìóëþâàííÿ (12) òà (16), îòðèìà¹ìî âiäïî-
âiäíî çàäà÷i ñòàòè÷íîãî òà äèíàìi÷íîãî äåôîðìóâàííÿ:

KT (q) q = R, (21)

Mq′′ (t) +K (q (t)) q (t) = R (t) . (22)

Äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ ñèñòåìè çàñòîñîâó¹òüñÿ ìåòîä Íüþòîíà, ÿêèé
ïðèâîäèòü äî iòåðàöiéíî¨ ïðîöåäóðè

KT (qi) ∆q +K (qi) qi −R = 0, (23)

äå q0 � âåêòîð øóêàíèõ ïåðåìiùåíü ëiíiéíî¨ ñòàòè÷íî¨ çàäà÷i.
Ïðè çíàõîäæåííi ÷àñòîò ëiíiéíèõ âëàñíèõ êîëèâàíü ïîïåðåäíüî íàâàíòàæåíî¨

îáîëîíêè ïðèõîäèìî äî òàê çâàíî¨ óçàãàëüíåíî¨ çàäà÷i íà âëàñíi çíà÷åííÿ

KT (0) q̃ = ω2Mq̃, (24)

äå ω � êðóãîâà ÷àñòîòà âëàñíèõ êîëèâàíü, q̃ (t) = {q̃l (t)} � íåâiäîìi êîåôiöi¹íòè,
ÿêi ¹ ôóíêöiÿìè ÷àñó.

Ðiâíÿííÿ ñòiéêîñòi ðîçãëÿäóâàíî¨ òåîði¨ îáîëîíîê çàïèøåìî ó âèãëÿäi

KT (0) q̃ = λG (q) q̃. (25)

Íàéìåíøå âëàñíå çíà÷åííÿ ðiâíÿííÿ (25) âèçíà÷à¹ êðèòè÷íèé ïàðàìåòð íàâàí-
òàæåííÿ λ∗, ïðè ÿêîìó îáîëîíêà ç ïî÷àòêîâîãî ñòàíó ðiâíîâàãè ïåðåõîäèòü ó
ñóìiæíèé.

Ó ñïiââiäíîøåííÿõ (21)�(25) ââåäåíî íàñòóïíi ïîçíà÷åííÿ:

K
(
qi
)

=
∫∫
Ω

((
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
N
)T

E0B
(
Cl + 1

2

(
CΩNq

i
)T

11
EΩCΩ

)
NdΩ �

ìàòðèöÿ ñi÷íî¨ æîðñòêîñòi;
KT

(
qi
)

= Ku

(
qi
)

+G
(
qi
)
� ìàòðèöÿ òàíãåíöiàëüíî¨ æîðñòêîñòi, äå

Ku

(
qi
)

=

∫∫
Ω

((
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
N
)T

E0B
(
Cl +

(
CΩNq

i
)T

11
EΩCΩ

)
NdΩ,

G
(
qi
)

=

∫∫
Ω

11∑
j=1

bj
(
Nqi

)
(CΩN)

T
11EjCΩNdΩ,

b = (b1, . . . , b11)T = E0B

(
Cl +

1

2

(
CΩNq

i
)T

11
EΩCΩ

)
Nqi;

R =
∫∫
Ω

NTPdΩ+
∫

Γσ

(GuN)
T
σgdΓσ � âåêòîð çîâíiøíüîãî âóçëîâîãî íàâàíòàæåííÿ;

M =
∫∫
Ω

NTmNdΩ � ìàòðèöÿ ìàñ.

4. ×èñëîâi ïðèêëàäè. Äîñëiäæåíî òà ðîçâ'ÿçàíî íèçêó ÷èñëîâèõ ïðèêëà-
äiâ âèçíà÷åííÿ ñòàòè÷íèõ òà äèíàìi÷íèõ õàðàêòåðèñòèê îáîëîíîê, çíàõîäæåííÿ
âëàñíèõ ÷àñòîò âiëüíèõ êîëèâàíü òà ïî÷àòêîâîãî ïiñëÿêðèòè÷íîãî ñòàíó ðîçãëÿ-
äóâàíèõ îáîëîíîê ìåòîäîì ñêií÷åííèõ åëåìåíòiâ. Çäiéñíåíî ïîðiâíÿëüíèé àíàëiç
îòðèìàíèõ ÷èñëîâèõ ðîçâ'ÿçêiâ ç ðîçâ'ÿçêàìè, íàâåäåíèìè â ëiòåðàòóði.
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Çîêðåìà ïðèêëàäè çàäà÷ ñòàòè÷íîãî äåôîðìóâàííÿ çàìêíóòî¨ öèëiíäðè÷íî¨
îáîëîíêè òà êàòåíî¨äà íàâåäåíî ó [2], ðåçóëüòàòè îòðèìàíèõ ÷èñëîâèõ ðîçâ'ÿçêiâ
ïîðiâíþþòüñÿ ç ðåçóëüòàòàìè, íàâåäåíèìè ó ïðàöi [13] (â ìåæàõ ï'ÿòèìîäàëüíî¨
òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà).

Ïðèêëàäè çàäà÷ ïðî âiëüíi êîëèâàííÿ öèëiíäðè÷íèõ îáîëîíîê ìîæíà çíàéòè
ó [3], äå ðåçóëüòàòè ðåàëiçîâàíî¨ ìåòîäîì ñêií÷åííèõ åëåìåíòiâ ìîäåëi çñóâíèõ
îáîëîíîê, îïèñàíî¨ ó öüîìó äîñëiäæåííi, ïîðiâíþþòüñÿ ç ðåçóëüòàòàìè, ðîçãëÿ-
íóòèìè ó [7, 11, 12] (ó ìåæàõ ï'ÿòèìîäàëüíî¨ òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�
Ìiíäëiíà òà Êiðõãîôà�Ëÿâà). Ç àíàëiçó íàâåäåíèõ ðåçóëüòàòiâ âèäíî, ùî çíà-
÷åííÿ ÷àñòîò âëàñíèõ êîëèâàíü, çíàéäåíi çà øåñòèìîäàëüíîþ òåîði¹þ îáîëîíîê,
ïîäàòëèâèõ íà çñóâ i ñòèñíåííÿ, ¹ áiëüøèìè ïîðiâíÿíî ç îá÷èñëåíèìè çãiäíî ç
iíøèìè òåîðiÿìè îáîëîíîê. Âðàõóâàííÿ îáòèñêó ïîêàçó¹, ùî îáîëîíêà øâèäøå
ìîæå ïiääàòèñÿ ðåçîíàíñó, à îòæå é ðóéíóâàííþ.

Ïîðiâíÿííÿ ðåçóëüòàòiâ ÷èñëîâîãî ðîçðàõóíêó çàäà÷i ïðî çíàõîäæåííÿ êðè-
òè÷íîãî íàâàíòàæåííÿ çàòèñíóòî¨ ïî êîíòóðó êðóãëî¨ ïëàñòèíêè ç ðåçóëüòàòàìè,
ðîçãëÿíóòèìè ó [5], íàâåäåíî ó ïðàöi [15].

Òàêîæ ðîçãëÿíåìî çàäà÷ó ñòiéêîñòi äëÿ çðiçàíîãî êîíóñà, ùî çíàõîäèòüñÿ ïiä
äi¹þ çîâíiøíüîãî íàâàíòàæåííÿ P . Ðîçðàõóíîê ïðîâåäåíèé äëÿ çíà÷åíü: ðàäi-
óñ áiëüøî¨ îñíîâè R1 = 1 ì, ðàäióñ ìåíøî¨ îñíîâè R2 = 0, 5 ì, êóò ïðè îñíîâi
α = 600, òîâùèíà îáîëîíêè h = 0, 02 ì, äîâæèíà L = 1 ì. Ôiçèêî-ìåõàíi÷íi
ïàðàìåòðè ìàòåðiàëó âèáðàíî íàñòóïíèì ÷èíîì: êîåôiöi¹íò Ïóàññîíà ν = 0, 3,
ìîäóëü Þíãà E = 105 ÌÏà. Êðàéîâi óìîâè íàñòóïíi: æîðñòêå çàùåìëåííÿ ïðè
ìåíøié îñíîâi êîíóñà òà øàðíið ïðè áiëüøié éîãî îñíîâi. Ïðè âòðàòi ñòiéêîñòi
îáîëîíêè ó âèãëÿäi çðiçàíîãî êîíóñà ôîðìè îïóêëîñòi ¹ íåñèìåòðè÷íi âiäíîñíî
îñi i õàðàêòåðèçóþòüñÿ ÷èñëîì õâèëü n, òîìó ðîçðàõóíîê ìåòîäîì ñêií÷åííèõ
åëåìåíòiâ ïðîâîäèòüñÿ äëÿ ñåêòîðó π/n (ó äàíîìó âèïàäêó π/8). Íàâåäåìî ïî-
ðiâíÿííÿ ðåçóëüòàòiâ ÷èñëîâîãî ðîçðàõóíêó êðèòè÷íîãî íàâàíòàæåííÿ Pêð äëÿ
öi¹¨ çàäà÷i, ïðè ÿêîìó îáîëîíêà ó âèãëÿäi çðiçàíîãî êîíóñà ïåðåéäå çi ñòàíó ðiâ-
íîâàãè ó ñóìiæíèé ñòàí:

� ï'ÿòèìîäàëüíèé âàðiàíò òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà [11]

Pêð = 9, 57,

� øåñòèìîäàëüíèé âàðiàíò òåîði¨ îáîëîíîê òèïó Òèìîøåíêà�Ìiíäëiíà

Pêð = 8, 67.

Âèñíîâêè. Ç àíàëiçó íàâåäåíèõ ðåçóëüòàòiâ áà÷èìî, ùî íàâàíòàæåííÿ,
çíàéäåíå çà øåñòèìîäàëüíîþ òåîði¹þ îáîëîíîê, ïîäàòëèâèõ íà çñóâ òà ñòèñíåí-
íÿ, ¹ ìåíøèì ïîðiâíÿíî ç êðèòè÷íèì íàâàíòàæåííÿì, îá÷èñëåíèì çãiäíî ç iíøîþ
òåîði¹þ îáîëîíîê. Âðàõóâàííÿ îáòèñêó çìåíøó¹ æîðñòêiñòü îáîëîíêè, òîìó äëÿ
òîãî, ùîá îáîëîíêà âòðàòèëà ñòiéêiñòü, äîñòàòíüî ìåíøîãî íàâàíòàæåííÿ.
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