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A. B. Apcupwnii
Opecckuit nHanponasbuuit yausepcurer umenu V. 1. Meanukosa

METO/ PEIITEHNA S3AJAYN OIITUMAJIBHOTO YIIPABJIEHUA
MHOTO3HAYHOU TPAEKTOPUEN C TEPMMNHAJIBHBIM
KPUTEPUEM KAYECTBA

Apcipiii A. B. Merog po3B’si3aHHsI 3a/ia4l ONTUMAaJbHOrO KepyBaHHsI Gara-
TO3HAYHOIO TPAEKTOPI€I0 3 TEpMiHAIBHUM KpUTepieMm sikocTi. Y maHiil cTarTi po3-
IVIAIA€THCS 3aa9a OTUMAIPHOI0 KePYBaHH: 6araT03HaYHOIO TPAEKTOPIEIO 3 TEPMIHATIBHUM
kpurepiem gxocti. IIponoHyeThCs UMCEIPHO-AaCHMOTOTUYHAN METO/ PO3B’A3aHHS, 0 6a3y-
€ThCd Ha 3BEJIEHHI JaHOT 33/1adi 0 33/1a9l MATEeMAaTUIHOTO TTPOTPDAMYBAHHS.

Kiro4dosi cooBa: 3amadi kepyBaHHsI, 6araTo3HatHi BimoOpaskeHHs, nudepeHIiagabHi piB-
HAHHA 3 NOXiTHOI0 XYKyXapH, KyCKOBO-CTaJjli KepOBaHI CHCTEMH.

Apcupnii A. B. Merog peureHusi 3aa49u ONTUMAJIBHOTO YIIPABJIEHUS MHOIO-
3HAYHOI TPaeKTOopHell ¢ TEpMUHAJIBHBIM KPUTEPUEM KadecTBa. B mamHO# cTarthe
paccMaTrpuBaeTcd 3a/ada ONTHMAJIBHOTO yIIPABIeHH: MHOTO3HAYHON TpaeKTopueill ¢ TepMu-
HAJILHBIM KPUTEpPHUEeM KadecTBa. lIpeajiaraercss IMCIEeHHO-aCCUMIITOTHYECKUI METOJT perne-
HUA, OCHOBAHHBIN HA CBEJEHUN TAHHOI 337291 K 33/7a9e MHOTOMEPHOI ONTUMU3aIlIT.
KuroueBsblie ciioBa: 3a/a4m yIIpaB/I€HUsi, MHOTO3HAYHBIE 0TOOpaxKenust, quddepeHImaib-
HblEe yPaBHEHHUs ¢ TPOn3BOIHON XyKyXapbl, KyCOYHO-TIOCTOSIHHBIE YIIPABJ/IsSEMble CUCTEMBI.

Arsirii A. V. Method of solving the optimal control problem of the setval-
ued trajectory with terminal criteria of quality. In the given article we consider
the optimal control problem of the setvalued trajectory with the terminal criteria of quality.
The approximated (numerical) method of control problem decision is offered. This method
is based on leading the initial control problem to the mathematical programming problem.
Key words: control problem, set-valued map, differential equation with the Hukuhara
derivative, piecewise constant control systems.

BBEOEHUE.

C xonmna 60-x rogoB 20 Beka HAYATOCH OYPHOE PA3BUTHE TEOPUU MHOTMO3HAYHBIX
orobpazkenuii u B [10] M. Hukuhara BBest npou3Bo/iHyIo u uHTErpal OT MHOrO3HAYHBIX
OTOOpaKEeHU# W HCCAETOBAJ HX CBA3b Mexay coboit. Bmocmemcrsum, B pabore F.
S. de Blasi u F. Iervolino [7] 6 pacemorpensr quddepeHnnanbHble ypaBHEHUST C
TMpOM3BOIHON XyKyXaphbl, BBEIEHBI PA3JIMIHBIE OMPEIE/ICHUsT PEIIeHUH W TOKA3AHbI
TeopeMbl nx cymiecrBoBarus [8, 9], a M. Kisielewicz [13] u A. B. Ilioraukos [5]
paccMOTpesd BO3MOXKHOCTD IIPUMEHEHNsT HEKOTOPBIX CXEeM YCPETHEHUsI JIjisi HUX.

YpaBaenust ¢ npousBoHON XyKyxapbl Obuin ucnonab3oBaabl A. A. Tosictonoro-
BBIM [6] TP M3yUeHNM HEKOTOPKIX CBOHCTB “MHTErpanbHON BopoHkW® — auddepenin-
aJbHOrO BKIIOUeHns1 B Banaxosom npocrpancrse, a O. Kaleva [11, 12| ucnoab3oBas
VX TIPU UCCJIE0BAHUU YPABHEHUN C HEYETKUMU HAYAJIHHBIMU YCIAOBUSIMHU.

(© A. B. Apcupuii, 2013



8 A. B. Apcuputi

B nannoii crarpe paccMarpuBaercs 3a3/1a49a yIIPABJIEHUSA CUCTEMON, COCTOSHIE KO-
TOpO# onwuchiBaeTcs Aud pepeHnraabHbIM YPpaBHEHHEM C TPOU3BOMHON XyKyXaphl.
B craresax [1, 14] o60CHOBBIBAETCS BO3MOXKHOCTH 3aMEHBI MICXOJHOTO JIOMYCTHMOIO
yIPaBJIEHUS HA MPUOJIMAKEHHOE KYCOYHO-TIOCTOSHHOE. B 1aHHOI cTaTbhe MPpUBOIUTCS
aJITOPUTM YUCJIEHHO-ACCUMITOTUYECKOIO METO/I PElIeHndA PacCMaTpuBaeMoit 3a1a49u
Juis cayuas R?, 0CHOBAHHbIA HA CBEICHUH 331441 YIIPABJICHU K 33/1a4€ MHOIOMEPHOI
OTNITUMU3AITNN.

IIycts R™ — n-MepHOe BellleCTBEHHOE €BKJINIOBO TPOCTPAHCTBO BEKTOPOB & =

T

n
= (@1, .., xn)T ¢ HOPM™OIL ||z = | D" 22
i=1

IMycrs Conv(R™) 1poCcTPaHCTBO HEILYCTHIX KOMIIAKTHBIX U BBIILYKJIBIX IOJAMHOMXKECTB
eBKJ/IM10BOro npocrpancrsa R™ ¢ merpukoii Xaycaopda

h(A,B) = min{r > 0|A C S,(B),B C S;(A)},
rae A, B € Conv(R"), S.(a) — map paauyca 7 ¢ IEHTPOM B TOYKE @.

Onpenenenne 1. [4] [Tyemv A, B € Conv(R™). Ecau cywecmsyem mmodice-
cmeo C € Conv(R™) maxoe, wmo A = B+ C, mo C nasweaemces pasnocmyvio Xyxy-
zapwu, muodicecms A u B u obosnanaemea ALB.

Onpenenenne 2. [4] Mwnozosnawnoe omobpascenue F(-) : RY — Conv(R™)
dupepenyupyemo no Xyxyzape 6 moure t € R', ecau cywecmeyem Dy F(t) €
€ Conv(R™) maxoe, wmo npedewvi

L F L F( - a)

. 1 h
lim —(F(t+ At)—F(t)), Atlg%br A7

At—04 At

cywecmeyrom u pasho, Dy F ().

OCHOBHBIE PE3VJIbTATHI.
Paccmorpum ynpasisiemoe nuddepeHiuaibHoe ypaBHEHNE € TPOU3BOTHON X yKy-
Xapbl BUIA:

DX (t,u) = AW X (t,u) + F(t,u), X(0,u) = Xo, (1)

rae t € [0,T]; u(t) € R™ — ynpasnsitomuee Bo3zeiictsue; X (-, u) : [0, 7] x R™ —
— Conv(R™) — MHOrO3HAYHOE OTOOPAYKEHUE, ONMPEIETSAIONIEe COCTOSHUE CHCTEMBI;
Dy X (t,u) — npoussonuas Xykyxapsl; A(t) — Marpuua c siaeMentamu a;;(t) nopsixa
(nxn); F(,u):[0,T] x R™ — Conv(R™) — MHOTO3HAYHOE OTODparKEHVE.

Beenewm cremyromnuit Kputepuit KatecTBa

I(u) = (X(T,u)), (2)
rie ®(-) : Conv(R") — R

Onpenesienne 3. [3] Muoocecmeo usmepumuns Pynryud marux, wmo u(t) €
€ U daa scex t € [0,T], bydem nasvieams mHoHCECTNEOM QONYCTIUMBLET YNPABAEHUT
u obosnavame LU[0,T| (uau LU ).
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Jlasiee B Ka4ecrBe MHOXKECTBA JIOILYyCTHMBIX ynpaBﬂeHI/H‘/'I OyzeM paccMarpUBaTh

IIPOU3BOIbHbIE NPAMOYTOIbHbIe obnactu LU = H [w? . ud ]

=

Ecsn mpoBecTy 3aMeHy MCXOHOTO M3MEPUMOTro yTipaBienus u(t) B 3a1ade yrmpas-
senns (1), (2) Kycouno-nmocTogHHON (ByHKIMEH, TO pellleHne 3a1a9i CTAHET HAMHO-
ro Gosiee mpocTbiM. Pa3zpaboraH ajropuTM MOCTPOEHHUsT MPUOIUKEHHOTO KYyCOYHO-
TOCTOSIHHOTO YIIPABJICHUS.

mln’

Teopema 1. [2, 14] Iycmo u(t) = (u'(t),u?(t), ..., u™(t)) — usmepumasn Pymx-
wus na ompestke [0, T) mawas, wmou (t) € [u? , ul 1 j=T1,n dasecext € [0,T].
Pasobvem ompesox [0,T] na k wacmet [(i — 1)AiA], i = 1,k, A= L. Tozda cywe-
cmeyem KYycowHo-nocmoarnas gynkyus u(t), ydosiemeopaouan caedyouum ycio-
BUAM:

1) u(t) — nocmoannas na xascdom uz ompeskos [(i — 1)AiA] i = 1,k;

2) (1) = (T (1), W (E)T : W) € (i, Wy b = LT j = Ty} O oces
te[0,T];

3) das awobozo t € [0,T] cnpasedauso nepasercmeo

t ¢
/u(s)ds - /H(s)ds < %Humam — Umin||A. (3)
0 0

_ 1 n _ 1 n
2de Umin = (umi'rw "‘7umin)7 Umax = (umam7 "'aumaz)'

B cuienyrouieit reopeme nokasana 6siu3octb penenuii ypasuenus (1), coorsercrsy-
IOIIUX UCXOTHOMY U3MEPUMOMY YVIIPABIEHUIO W TIOCTPOEHHOMY KYCOYHO-TTOCTOSTHHOMY.

Teopema 2. [14] ITycmo ypasuenue (1) ydosaemsopsaem credyrousum Yeao8UuAM:
1) mampuua A(t) — usmepuma na [0,T7];

Zn:a (t) < a daa

15=1

M:

2) cywecmsyem xoncmanwma a > 0 makas, wmo |A(t)| =
i

nowmu ecex t € [0,T7;

3) mnozosnanmnoe omobpasicerue F(t,u) usmepumo no t u HenpepueHo no u;

4) cywecmeyem usmepumasn Pynryus f(t) > 0 maxasn, wmo h(F(t,u),{0}) < f(t)
dan nowmuy ecex t € [0,T] uVu € LU;

5) das ecex ui(-),uz(-) € LU u t € [0,T] cywecmeyem KoHCMarma (i Maxa, 4mo

t t

jF@m@Mg/nwmmw Sujm@%—/w®@
0 0 0

0

Taxorce nyemov u(-) — npoussoavroe donycmumoe ynpasaerue, a X (t,u) — coom-
6EMCMBYIOULELE EMY MHOZOZHANHOE DEUEHUE YPASHEHUA (1) ¢ HANAALHOM YCAOBUEM
X(0,u) = Xg. Paszobsem ompesox [0,T] na k wacmed u ckoncmpyupyem ynpasaenue
u(-), coeaacno meopeme 1, u nycmv X (t,u) — coomeemcmeyrouee MHO2Z03HAYHOE
pewenue ypaswenus (1) ¢ nauasvnom ycaosuem X (0,7) = Xo. Tozda daa ecex
t € [0,T] swnosnsemca nHepasencmeo

A
h(X(tau)a X(tvﬂ)) < Cl?”’umaw - umana (4)
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— T _ T _ 1 — (1
2de Cl - :u’ea ) A= % Umaz = (umam7 ""uzm:b% Umin = (umin7 7u?r’bmn)

Taxxke mokazaHa OJM30CTH 3HAYEHUN KPUTEPUEB KAYECTBA, COOTBETCTBYOIINX UC-
XOJTHOMY U3MEPUMOMY YIPABJIEHUIO W TTOCTPOEHHOMY KYCOYHO-TIOCTOSTHHOMY.

Teopema 3. [1] ITycmo 3adawa (1), (2) ydosaemeopsem caedyrouum yciosuam:
1) mampuya A(t) — usmepuma na [0,T];

M=

2) cywecmeyem koncmanma a > 0 makxaa, wmo ||A@)|| = />

aj;(t) < a daa
i=1j=1

nowmu ecex t € [0,T7];

3) mmuozosnawnoe omobpasicenue F(t,u) usmepumo no t u Henpepvi6Ho no u;

4) cywecmeyem usmepumas gynryus f(t) > 0 maxasn, wmo h(F(t,u),{0}) < f(t)
oaa nowmu ecex t € [0,T] uVu € LU;

5) dan ecex uy(-),uz(-) € LU ut € [0,T] cywecmeyem KoHCIAHMA [L TAKAA, MO

t t t t

n{ [ Fesatnds, [ Fsu)ds | <ull [uds - [ )

0 0 0 0

6) omobpasicenue P(-) nenpepvsno na Conv(R™) u ydosaemeopsem ycaosuro Jlun-
WUYA € NOCTNOAHHOTE \.

u(t) — mpouseoavroe donycmumoe ynpasaenue Oz ypasuenus (1) wa npome-
orcymuxe epemenu [0,T]. Pasobsem ompesox [0,T] na k wacmedi u cxoncmpyupyem
ynpasaenue U(t), coeaacno meopeme 1. Tozda das scex t € [0,T] swnoanaemea nepa-
6EHCME0

_ A
[ (u) — I(@)| < C2§||umax = Uminl|, (5)
266 02 = )\,LLGG'T, A = %7 Umax = (u}nax’ ”.,,u'nmaz)’ Umin = (urlnznv ’u:ann)

IIpuBemem anropurM MeToa PEIIeHHs JAHHON 3aa9M ONTHMAILHOrO yIIPABJIe-
mua (1), (2) ana R?. Jlna mpocrorel GyaeM cuurarh marpuiy A m orkiaonenue F
MOCTOSTHHBIM.

Bamagnm ¢ > 0. Haitmem A u3 BbIpaskeHust:

3

0<AL

A,ueaT||u7na;c - umzn” .

IMonywgaem pa3duenne TpoOMeKyTKA BpeMeHu Ha k = % qacTeii:

to=0,tp,=T,t; =tg +iA,1=1,..., k. (6)

ITycrs w*(-) — onrumasbHOE JomycTuMoe yrnpapienue. Eciu mocrpouTs mpubiu-

JKEHHOe KyCOYHO-IIOCTOSHHOE YIIpaBjieHne ' (-) corsacuo Teopeme 1, To
_ A €
|I<U*) - I(uk)| < )‘NeaT§||umaw - umm” < 9

Ho mbI He 3HaeM ynpasieHue u*(-) ¥ MOTOMY HE MOMKEM TMOCTPOUTH YIPABJIEHHE
T (+). 3HaunT HaiiIeM ONTHMAJbHOE yIpaBjeHue . (-) mo janHoMy pasbuenuio A.
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Ouesuno, uro I(u¥) > I(u"). (Tak kak pasGuenue npOMexKyTKA BPEMEHH OCTa-
€TCsT HeM3MEHHBIM. )
Crnemosarensuo, I(u*) > I(a¥) > I(a*), Te.

_ A 5
[ (u*) — I(Uf)‘ < /\U6GT§||Umax — Uman| < 9

Tak KaK HA KazK/IOM U3 IPOMEXKYTKOB [f;_1,;] yIpPaBIeHHe IIOCTOAHHO, TO

w1, te [to, tﬂ
t e [t1,t

wy =4 W '€ bt e (7)

W, tE [tp—1,t]

Banuienm ypasuenue (1) B Buje uHTErpasbHOro ypashenus npu u(t) = u*(t).
t
X(t, ") = Xo + / [AX (s,7") + F(s,7"(s))] ds.
0

Bocmonb3yemcst BO3MOKHOCTBIO ANMMPOKCUMAITUAN JIOMAHbIMU Diiaepa’
X(ti, W1,y wi) = X(ti_l, Wiy eeny ’LUZ‘_1> + A[AX(ti_l, W1,y ey wi_l) + F(ti_l, wz)],
X(to,w") = Xo.

ITpuMeHuM anmapar OMOpHBIX (DYHKIUH
C(X(ti, w1, -, wi), ) = C(X(tim1, Wi,y ey wim1), )+
+A[C(X(t171a W1y ees wifl)v AT’M)) + C(F(tifl, wi)7 ¢)] (8)

Taxum 06pa30OM MOy TN PACIETHYIO (DOPMYITY JIJIs TOCTPOEHUS ATMTPOKCHMAIIAN
’momanabiMu Jistepd”’ auddepeHnuaabHOr0 ypaBHEHNs ¢ MPOU3BOAHON XyKyXaphl.
Bnagenne C(X (t;_1, w1, ...,w;_1), AT1)) Gymem nckaTh caemyrommM 06pasoM:

C(X (tim1, w1, .y wi—r), ATp) =

ATy g
:C’(X(tl_l,wl,,wz_l),i)HA w|‘ (9)
ATl

BekTop 1) Mensercsa, mosromy Haiigennoe snagenune C(X (t;_1,wy, ..., w;_1), AT)
caepyer cymmuposarh co 3nadenusyu C(X (61, wy, ..., w;—1),¥) u C(F(t;—1,w;), V),
KOTOPBIM COOTBETCTBYET TAKOE K€ 3HAYCHUE ).

Takum 0o6pasom, perrarb ypaBHenue (1) B BHOM BHJE JOBOJLHO TPYIHO, T.K.
PEIICHUEM ABJIAETCA MHOTO3HAYHOE OTOOPAKEHHE, HO 3TO OKA3BIBAETCHA BIIOJHE BbI-
IIOJIHAMBIM, €CJTH UMETh JEeJIO He ¢ CAMHM MHOXKECTBOM, a C €ro OHOpHON (pyHKImei.

Pazobbem cerment [0, 27] Ha m yacTeil u noayduM m 3Hadenuit yria y. OueBuiHo,
YTO TOYHOCTH HaliICHHOrO yIPaBJIE€HUs 3aBUCHT OT M. To ecTb MbI OyJeM B IBa pasa
YBEJIMYMBATH 9UCIO0 TOYEK pa3OMeHust 11, TOKA He TOCTHTHEM Hy KHOH HAM TOYHOCTH
HAXOXKJEHUS ONTUMAIHLHOTO yIIpABJIEHAS. BEKTOp 1) onpenesnm ciieayomum 00pa3oM

_( Y1 = cos,
’L/} B ( 1,[)2 ) 1,[)2 = sin’y. (10)
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Saraby/iupyeM /s KazKJI0ro 3HaYeHUsl yIJia 7y 3HAYeHUe OIOPHON (DYHKIMU Ha-
gasipHoro MuOKecTsa X0, T.e. C(X0 1)), a Takske 3HaveHUs OMOPHOH DYHKIIUH MHO-
xkecrBa F, r.e. C(F,1). B kaxaplii MOMEHT BpeMeHH t; MbI [OJIy9aeM I 3HAYeHui
ONOPHOH (QYHKIUU W 1M 3HAYEHHU OMOPHOTO BEKTOPA 1, KOTOPBIE OIPEHesTiOT m
Touek Ha rpanune muoxkecrBa X (t;, w1, ...,w;). OJHAKO CaMHU TOYKHU MbI IOJIY4UThH
HE CMOXKeM, T.K. OIOpHAas (PYHKIUS OIPeessaeT MeIyi0 OMOPHYIO THIEPILIOCKOCTD U
HEW3BECTHO, KaKasg WMEHHO TOYKA ITON TMMEPTIIIOCKOCTH SBJIAETCS TOYKOW TDAHUIIHI
muoxkecrBa, X (t;, wi,...,w;). Ho MbI CMOXKEM IOCTPOUTH NPUOIUIKEHHE MHOXKECTBA
X (t;, w1, ..., w;) B BUJIE OIMKUCAHHOIO MHOI'OYIOJIbHUKA, BEPIIMHAME KOTOPOIO SABJIAIOT-
Cs1 TOYKH MEePEecedeHns TUIEPILIOCKOCTEH, OpeaeIsieMbIMU OMOPHBIMA (DYHKITHIME 1
ONOPHBIMK BeKTOpamu. Iy HaXOXKIeHWS KaxKJ0# j-# BEPIIMHBI MHOTOYTOJbHUKA
JIJIST MHOYKeCTBa, obpa3yeMoro orobpaxkenneM X (t;,wy, ..., w;) B KOHKPETHBI MOMEHT
BpeMeHu, OyIeM peInarh CUCTEMY ypaBHEHW

2+ 20 = O(X (1), ),
{wlw”1+x1¢”1 COX (1), 4+Y). 1

IMocne nepBoro mara Mbl HOJTYYUM BLIPAyKeHUs JJ1d 3HAYEHUH ONOpHOi (pyHKITUH
C(X(t1,w1),%) u Touek rpanunbl muoxecrsa X (t1,wi ), 3aBUCsIIUAE OT W1,

)
C(X (tr,w1), ")
CX(th,w),0): 4 O (t1, w1), %)
C( (t1, w1),9™)
Xyt wn), X3y (b, we) - X7 (f1,wn)
Xt un) - Xy (b, wr), X5 (b, w1) - Xy (b, wy)
Xém)(t17w1)7X(2m)(t1,w1)...X("m)(thwl)

IToce BTOpOrO 11ara — 3aBUCAIINAE OT W1 U Wa

C(X(t27 wq, UJQ), ¢1)
C(X(t27 wy, w2)a 1/}2)
(4

™)

C(X(ta, w1, wa),9p) 1 4
C(X (t2,wr,ws),

X(l)(tg, wl,wg) X(Ql)(tQ, wl,wg) N XG) (tQ,’th}Q)
X(Q)(tQ) wy, 'IUQ) X(22)(t2, wlan) .. X(LQ) (tQaw17w2)

X (ta, w1, wy) :
X(m)(tg,wl,wg) X(m)(f27w17w2) - X (L2, w1, w2)
" T.1.
N, nakomem, wmbl nosyuuMm Beipaxenus gias C(X(T,ws,...,wg),¥) n aus
X(T,wy,...,wk), 32aBUCAIINE COOTBETCTBEHHO OT W1, . . . Wk

C(X(T,w1,...,wg), Y1)

C(X(Tlev"'awk)vw) : C(X(T’wl""’wk)’w2) ;

'C.‘(.X(T7w1,...,wk),1/1m)
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X(ll)(T,wl,...,wk),...X(”l)(ﬂwl,...,wk)
1 n
X(Town, . wn) - X(z)(T,wl,...,wk),...X(Q)(T,wl,...,wk)

Xl )(T7w1,...,wk),...Xglm)(T,wl,...,wk)

(m
U renepb, 4To0bI HAWTH yIIPAB/IEHUE, ONTUMAJIBHOE JJIs JAHHOTO 1M (OITUMAJIHHOE
Oy/JeM IOHUMATh KaK MaKCUMHHHOE WJIM KaK MaKCUMAKCHOE), KOTOpoe OyJer rapaH-

TUPOBATH HAM MaKCHUMYM KPHUTePUd KadecTBa, HAM CJe/lyeT PelluThb 3aJa4y MaTeMa-
TUYECKOI'O IIPOrPAaMMUDPOBAHULA:

Iwy,wa, ..., wg) = (X (T,w,ws, ..., wg)) = max, (12)

W Awy,...,wg|lwy €U, .., wx € U} (13)

Cuavasia TpeOyeTcs peluThb 1M 33/a4 yCJAOBHONH MakcuMmu3auud QYHKUmi k X n
MEPEMEHHBIX (TaK KaK CAMM BEKTODBI Wi, W3 . . ., W, PA3MEPHOCTH 1) HA 3aMKHYTOM
MHO¥XKecTBe W:

(p(X(l)(Ta w1, W2, ... 7wk)) — max,

wy € U, wo € U, wy € U
(X (o) (T, wi,wa, ..., wi)) — maz,

wyel, wyel, wy € U,
(X () (T, w1, wa, . ..., wE)) — maz,

wy € U, ws € U, wp € U.

Tlocste wero Mbl MOMyYUM M 3HAYEHUI 11€1€BOH (DYHKIINKM W 1M 3HAYCHHUI yIpas-
genust (Wi, wa,...,Wk).

Tenepr MBI HaXOAUM MAKCUMAaJbHOE 3HAUEHWE W3 TOJYUYEHHBIX 3HAUEHUI IIese-
BBIX (DYHKIHI, ¥ yIpaBjeHrne, COOTBETCTBYIOIIEE ITOMY MAKCAMAJIHLHOMY 3HAYEHUIO
mesieBoit byHKIMM, U OyJeT MCKOMBIM ONTHUMAJIBHBIM IJIs JAHHOTO 11 YIPABICHUEM
U

Bynem cumrarh, 9TO ONTUMAIHHOE YNIPABJIEHWE HANIEHO C TOYHOCTBHIO € W IIPe-

KpAIllaeM CYeT, eCJiu
€

57
rae k — pasbuenne IpoMyrKeTKa BpeMeHH, OHO He MEHSETCs, a m U 2m — pa3dueHne
cermenra [0, 27] Ha mOCIE€AHE U IPEANOCIEAHE]l UTEPALUY AJTOPUTMA.

Teneps, Tak kax jyig naxouenud X ) (T, w1, wa, . .. , Wk ) MBI HCIOJIB30BAJIU Me-
Tog, “nomanbix Ditnepa”’ (8), MBI TPOBEPUM BO3MOXKHOCTH YTOYHUTL 3HAUCHUE KPU-
Tepus KadecTBa. I109TOMY TIDH TIOTY9EHHOM YTIDABICHUH Ty, DA3IETHM OTPE3OK
[0, T] wa 2k uacreit u maitnem X 2F(T,ak,, ), a satem ®(X2*(T,ur,y,,)). Tenepn, eciu
BBITIOJIHSIETCST HEPABEHCTBO

(@) = 1@ )| <

(14)

|B(X2H(T, 1)) — T(@Es)| > =, (15)

» Yx2m *2m 2
10 pazaeanm orpesok [0, T| yxe na 4k, mainem X ** (T, @k, ) u m.1., a nmaue mpexpa-
IIaeM c4er u OyJeM CYUTaTh, YTO KPUTEPHI KAYeCTBa, PABEH MOCIeTHEMY Hall TIEHHOMY
3HAYEHUIO.
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Hakoner, Mbl CMOXKeM IIOJIY9IUTh YHCIEHHOE BbIpasKeHue i pemrenus gudde-
PEHINAIHLHOTO YPABHEHUS C TPOU3BOMHON XyKyXaphl, MOJICTABUB B HAllIEHHBIE BHIIIE
Bbipakenus jyia X (¢;), 3aBUCAIIUE OT W1, . . . , W;, HOJYIEHHbIE ONTUMAJIbHbIE 3HAYE-
HUsI YIPABICHU.

Wcxo/is w3 mpuBeIeHHOrO BhIIIE, MbI MOXKEM TPUBECTH (GOPMATH30OBAHHYTO 3AITUChH
asiropur™a. Urak, aszopumm pewenus 340041 OnMUMAALHO20 YNPABAEHUSL TPOUEC-
com, onucoeaemuim QuP@epeHyuarvroM Ypashenuem ¢ npouseodnoti Xyxyxapo, (1),

(2):

IITAT 1. Bagmaem € > 0 u maxomqum A > 0. Ionyuaem pazbueHne TPOMEKYTKA
BpeMenu ¢ nomoibio (6) na k uacreil. Byjem uckarb onTuMalibHOE Jis JAHHOIO
A > 0 ynpaBjieHue .-

IITAT 2. O6o3zHauaem depe3 w; yIpaBIeHIe HA KaXK/IOM U3 TPOMEKYTKOB BPEMEHH
[ti-1, 4] 10 cbopmyste (7).

IITAT 3. Pemaem npubauzkenno 3aaady Komu (1) npu nomomu pacuerHoii ¢hop-
Mysibl (8), UCHIOJIB3Ys anapaT onopPHbIX (bYHKIMIA /115t T 3HAYEHUI OIIOPHOIO BEKTOPA
1, u no dopmyuie (11) BoccranapuBaeM m 3HAYEHUN TOYEK IPAHUILI MHOIO3HAYHOIO
orobpakenus Y B KaxKIblii u3 MOMEHTOB Bpemenu. (TouHOCTH HaliIeHHOrO ynpaBie-
Hus OyJer 3aBUCETH OT M.)

IITIAT 4. IToxcrasnsiem HaligenHoe 3HaYeHre X B BbIparKeHUE 11 KPUTEPHs Kade-
crBa (2) ¥ HOJIyYuM 33/a4y MareMaTrudeckoro nporpamMmvuposanus (12), (13). Bepuee
MBI TIOJIy9UM M 33Ja9 MATeMaTUuIeCKOro IPOrpaMMUPOBAHKSs, KOTOPbIE MOI'YT OBbIThH
PEIEeHbI JI00BIM U3 CYIIECTBYIONINX METOJO0B. ECIM MbI MTOHNMaeM ONTUMAIbLHOE I
JIAHHOTO M yIPaBJIEHHe KaK JOCTABJISIONIee MAKCUMYM KPHUTEPHUIO KAvIeCcTBa, TO ITO
OysyT m 3a/ad yCIOBHOM MakcMMu3aluu (DYHKIUN Ha 3aMKHYTOM MHOKecTBe W,
ecii KakK JOCTABJISIONIEe MUHUMYM KPUTEPHUIO KAdecTBa — TO 3TO OyayT m 3aaad
YCJIOBHON MuHuMU3aImu (DYHKIHH HA 3aMKHYTOM MHOXKecTBe W.

ITAT 5. Haxomum onTuMasibHOE IJIsT TAHHOTO 7 YIPABIEHHE — 3TO TO YIPAB-
JIeHUe, KOTOPOE TIPUBEIO K MAKCUMAJIbHON U3 MOMy4YeHHBIX M 1eIeBbX DyHKIuii (B
Cllydae MAaKCUMU3AIUU KPUTEPUs KAueCTBa) UM K MUHUMAJIbLHON U3 MOJIYyYEHHBIX 17
nesieBblx (PYHKIWIA (B Clydae MUHUMHU3AIMA KPUTEPUsT KA4eCTBA).

IITIAT 6. Ecaum sT0 mepBasi uTepaiiis, TO MOBTOPsieM IIaru ¢ 3 MO 5 U 3areM
nepexouM K mary 7. B mporuBHOM ciiydae cpasy Ke MepexojguM K mary 7.

ITTAT 7. Ecan BhinosnHsieTcss HepaBeHCTBO (14), To cunmTaem, 4To ONTHMAIBHOE
yIpaBJieHre HailIeHO C TOYHOCTBIO €, TIPEKPAIIAEM CUeT U IepexoJuM K mary 8. Muade
MbI IEPEXOUM K Imiary 3 u 3ajaem pasouenue cermenta [0, 27| Ha 2m gacreii.

IITAT 8. B cBsi3u ¢ Tem, 94TO Ha Iare 3 UCIOIH30BAIACH AMMPOKCHMAIUS ~JIOMAHBI-
Mu Ditsepa”, HEOOXOAUMO MPOBEPUTH BO3MOXKHOCTH YTOYHEHUS 3HAYECHUS KPUTEPUs
KavecTBa. IIpH MOJYYEHHOM Ha TIOCTeIHEH MTEpaIluy YIPABICHUH Uty —PasiesuM
orpe3ok [0, 7] ua 2k gacreii.

IIAT 9. Haxomum X 2%(T,@k,, ), a zarem ®(X2*(T,ak,,)).

IITAT 10. Ecau ne Bbinosnsercs nepaseHcrBo (15), To cuuraem, 4To Kpurepuit
KaIeCTBa PABEH MOCJIeTHEeMY HaliieHHOMY 3Hadernto. Vuade pasousaem cerment [0, 1]
na 4k gacreit u nepexoanm Kk mary 9.
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3AKJIIOUEHUME. B crarpbe paccmarpuBasach 3a7ada ONTHMAJILHOIO YIIPABJIE-
HUSI MHOTO3HAYHON TPAEKTOPHUEHl ¢ TEPMUHAJIBHBIM KpuTepreMm kadecTBa. CocTosiHme
CUCTEMBI B 3aJa4e OMuChbIBaeTcs Mud@PEpeHITnaATbHBIM YPABHEHUEM C ITPOM3BOIHOM
Xykyxapol. Pa3zpaboTan 4nciieHHO-aCHMITOTHYIECKUI METOM, PEIIeHNns, OCHOBAHHBII
HA CBEJIEHUH JAHHON 337291 K 3a/[a9e MATEMATHIECKOTO TPOrPAMMHUPOBAHUS [IPHU 34~
MEHE UCXOAHOM (DYHKIMK YIPABICHUs HA NPUOJIUKEHHYIO KYCOYHO—TIOCTOSHHYTO.
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TOPUAMHU C TEPMUHAIBHBIM KpUTepmeM KadecTsa [rekct] / Apcupmii A. B. // Becrauk
Opecckoro HaumonaabHOro ynusepcurera. Marem. u mexan. — Quecca: OHY, 2012. —
T. 17, Bomm. 4. — C. 9-15.
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T'. C. BeaosepoB
Opecckuit nHanmonaabHbI yuuBepcurer umenu 1. 1. MeanukoBa

O YUCJIE PEIIIEHUIN OTHOT'O CPABHEHUS B KOJIBIIE Z|i]

sos .

Begossopos I'. C. IIpo KiabKicTh po3B’sa3KiB o/Hi€T eKBiBaseHnil B Kiibii Z[i].
Posrnapaerbes 3amaga nobyaysants ToaHOI bopMym i KiabKocTi pimens p(ay, 3, 7) exsi-
panennii a(x?® + y?) = B (mod v) B Kimpmi minmx raycosux umcen Z[i]. Kopucryoauncs
MynbTimmkaTuBHICTIO DyHKIGT p(a, 8, ) mo v, mocratHko mpopaxysatu p(a, B, ©"), me o —
mpocTuii esement B Z[i]. Ilpu npomy 3amada nepedopMyIoeThest 10 IpobaeMu 00UnCIeHHs
CIIeIiaJIbHIX TPUTOHOMETPUYHUX CyM, 30Kpema, cyM layca. IlomibGmi pe3yapraru MOXYTh
OyTH BUKODHCTAaHI B aHAJITHUYHIA TeOPil dmces TaM, e JOCIKYOThCS QIUTHUBHI 33134l 3
CyMaMu KBaJPAaTiB ILIMX THCEII.

KurrouoBi ciioBa: eKBIBAJIEHITi S, KibIIE ILINX FayCOBUX Ynces, cyma ['ayca, CKiHueHe ToJie.

Benoszepos I'. C. O uncine pemennii ogHoro cpasHeHusi B Koable Z[i]. Pac-
CMaTPHUBAETCA 337129 MMOCTPOEHUST TOIHON GopMynsl fyis wmuciaa pemenwii p(a, 8,7) cpas-
werusa a(z? + y?) = B (mod 7) B KosbIe mesbix rayccoperx wmcen Z [i]. Tlomb3ysack myimn-
TANMKATHBHOCTHIO byHKImu p(a, B,7) mo 7, mocraroano seraucauthb p(a, 3, 0"), Tae © —
npocroii snement B Z[i]. Ilpum sTrom 3amaga nepedopmynmupyercsa B mpobieMy BbIMUACICHHS
CITEIMAJILHBIX TPUTOHOMETPUYECKUX CyMM, B 9aCTHOCTH, cymMM laycca. Pesymbrarsr momo6-
HOTO POJIa BOCTPEOOBAHBI B AHAJUTUIECKON TEOPHUH HHCEJ B TOM YACTH, TIe MCCIELYIOTCS
aIIUTUBHBIE 33Q<U C CYMMaMU KBAIPATOB I[EJIBIX THCEJI.

KimroueBble cjioBa: CpaBHEHUE, KOJBIIO MEJIbIX TayCCOBBIX YUCe, cyMMa [aycca, KoHedHoe
oJie.

Belozerov G. S. About number of solutions of one congruence on ring Z[i].
The task of building the exact formula for the number of solutions p(«, 8,7) of the congru-
ence a(z® + y?) = B (mod ) over the ring of Gaussian integer Z [i] is investigated. Using
the multiplicative function p(a, 8,7) on v is sufficient to calculate p(a, 8, "), where p —
prime element in Z[i]. Here the problem is reformulated into a problem of computing of
special exponential sums, in particular, Gauss sums. The results of this kind of demand in
analytic number theory, in the part where the investigated additive problems with the sums
of the squares of integers.
Key words: congruence, ring of Gaussian integer, Gauss sums , finite field.

BBEOEHUE.

OneHKY 9uC/Ia PEeHnii CPaBHEHUI WM TOYHBIE (POPMYJIbI, TPEACTABIISIONINE CO-
OTBETCTBYIOIIME KOJIMIeCTBA, OBIBAIOT YaCTO BOCTPEOOBAHBI BO MHOTHX 3a/Ia9aX aHa-
JATUYIECKON TEOPHUH YTHCEJI. 9TO KaCaeTCd He TOJIbKO KOJIblla PallUOHAJIbHBIX HEJIbIX,
HO U JPYruX KOJIel, LeJIbIX aJiredpandyecKux dmcesl. B JaHHOM ciydae pedb LOaer
o KonmuecTse pemennii cpaprenns a(z? + y?) = B (mod ), rae (a,y) = 1 B KomBIIE
IIEJIBIX TayCCOBBIX uncesl. Ecam 0603HaYNTh yKa3aHHOe KOJMYeCTBO 1uepes p(a, B3,7),
TO OyzZeM paccMaTpUBaTh CYMMY

(© Besozepos T. C., 2013



O wucae pewenutdl 001020 cpasHerus 6 Kosvuye Z|i] 17

= > 1. (1)

x,y€Z[i]
a(z?+y2)=5 (mod ~)
B cuny ussectHoit mynbrunyimkarusnoctu gyukuuu p(q, 5,7) M0 Y AOCTATOYHO BbI-
YUCIUTH PE3YJIBTAT IO MOJYJIIO O™, Tl © — IPOCTOe YucJio B Z[i], r.e. mbo p =p =3
(mod 4), mbo pp =p =1 (mod 4), mmbo p =1+ 1.

OCHOBHBIE PE3VJIbTATHI. Ilycrs cHaugasa paccmarpuBaercs ciy4dail @, rje
pp =p =1 (mod 4). O6o3maunm gepe3s Gy,n, n € N, HOIHYIO CHCTEMY BBIYETOB TIO
moztymmio " B Z[i], a uepe3 G},n — NPUBEJICHHYIO CHCTEMY BBITETOB B 9TOM KOJbIIE.

Jlemma 1. Hmeem mecmo coommowenue

Z J2miRe(22) _ {N(fy), ecau « =0 (mod 7), @)

vec, 0, ecru a# 0 (mod 7).

DTO 37IeMEHTAPHbIN PE3YJIbTaT U3 TEOPUN TPHUTOHOMETPHYECKUX cymMm, rae N ()
€cTb HOpMa Yucia . Toraa, moab3ysch dopMyinoit (1), nomydanm

Z _ e fir) = Z Z 62W1R8<<a<r +y?) - /3)Z) _

0 z,yeGpm (p 2€Gpn
= ! —27i Re( 22 27i Re % B
S i YD O ( )_
2€Ggn ) z,yEGn o
= N(@n) + ¥ 1 . Z Z 6—2771Re(%) Z 62771Re< - > _
(p ) 6=0 =€Gyn 2 yeGen
(zo™)=p%
S a@?+y?)z +y )z
= N(pn) + — 1 _ Z 727mRe ) Z 62MR6< ) _
(o™) =0 2€G* reGon
1o iR ,
= N(p") + N(p") N(pé) Z e i e( 6) (H(az o 6)) 7
=0 ZEG;n—(S

rae

H(a,p") = Z eQTriP“e(ial’€2>7 (a,p) = 1.

ey

Baitvemcsa cymmoit H (o, o).

JIemma 2. Hmeem mecmo coommnowenue das k > 2

=
)
>

, ecau k =2k, ki €N,

kY _ i Re au?
H(a,p") = N(pkl)z:e2 R<‘<”), ecau k= 2k; + 1.
ueGy,
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)

JokazareabcTso. Ilomoxum z = u + pF 1v, mne u € Gor-1,v € Gy,. Torna

i 2 y Uy
H(a, gk = Z esze(i,—‘;c) Z J2mi Re(2222)
UG n—1 vEG,,

60 ax? = au? + 20uvpF 1 + ap? 20 agna k> 2 2k —2>k, Te.
az? = au? + 20uvp* 1 + ap?*~20? (mod p").

(171,2
P

H(a, ¢*) = N() Z e2mRe(“p’7f) — N(p) Z e27riRe<@k_7
UGka—z

u€G
pk 1
u=0 (mod p)

1 nagnee,

U remepnb, MONB3ySCH CIYCKOM TIO k, UMeeM
N(pk), ecu k= 2ky, ki €N,
ky _ ; au?
H(a,p") = N(pM) Z eQMRe( ® )7 ecmm k= 2k; + 1.
ueGy,
Jlemma gokazaHa. O
. au2 . o¢33u2
Hnsi weaernoro k (k > 1) umeem Z eQMRe( 3 > = Z esze( P ), rae
ueGy, u€Gy,
P = pp-
Ecmu ap = a (mod p), roe a € Z,, 10 mociaenHsas CyMMa HOPEBPAIIACTICI B pa-
P - qz? p—1\2 a
IIMOHAJIBHYIO CyMMY Faycca Z 627”T = Z(PT) () pl/Q, a YYHUTBIBAd, 4TO p = 1
z=1

p 2
cax a
(mod 4), To Z 2™ = <) /2, re (5) — cumBoa Jlexxanmpa.
D p
r=1

[osTomy, Bo3Bpamasch K cymme H(a z, p"~%), momyTaem

ecau n — § 4eTHO,

n—34
5 N(p) =,
H(az, "7 °%) = n—s—
(az, ") N(p)== <C> p'/?, ecium n — § mewerno.
p
3mecy apz = ¢ (mod p), c¢ € Z,. U, naxoner,
N(p)nTﬂ;, ecau m — § 4erHo,
H(az, " %) = o 1/2
( ) N(p)"=" (c) , €CIH 1 — 0 HEeIETHO.
Jlemma 3. Hmeem mecmo coommouweHue
| p(h),  ecau Biph,
2mi Re( £& . .
e (%) - —p"t, ecau BipFT u BipF,

ZGG;k i
0, ecau BipF1,

2de pp = p.
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JloKaszaTeJabCcTBO. B cuity TOro, 4ro npuseenHas cucreMa soraeros 1o mod pF

COBIIAIAET C TIPUBEIEHHOM cucTeMol BhraeTos 1o mod p¥, nmenno G;k = Z;k., TTOJTy-

qaeMm
Z e2ﬂ'iRe(g—z> _ Z esze(Z—,j) _ Z esze(i—;) Z M(d):Z‘

ZGG;k zEZ;k zeZpk d\(pk,z) 1

Baecw p(d)— dynkuus Mebuyca. Hdasee,

Z Z u(d) Z ezmm(}%) _ Z eQ‘n’iRe(:—;) B Z e?ﬂ'iRe(s—z) _

1 d\p* €7 Kk 2E€Z 2€2 K
z=0 (mod d) z=0 (mod p)
. 8 . 8
_ Z e27rzRe(p—,:> _ Z 627”Re(pk51)7
ZGZpk ZGZpk,1
OTKYda, YIYUTbIBad (2), IIONIy4v9aeTCd pe3yjbTaT JI€eMMBbI. O

Bozspamiasce k cymme E , oIy 4yaeM
0

n—1
—omi Bz _ n—
E = N(pn) =+ N(;)T) E N(@§) E e 2 zl{e(wﬂs)]\[(p 5) _
=0

0 zeG*

on—"5
n—1
:N(Pn)+z Z 672wiRe(pfi5)'

6=0 zEG;n75

Ilycrs Temeps (3, p") = p!. Torma, ecm | = n, To

ot S i (1 L\
> _N(p)+§¢(p )—N(@><1 N(p)>5= N(p®)

0 0

= N(p")+ N(p") —1=2N(p") - 1.

3necy ¢ — byunxmusa Ditnepa B kosbie Z[i].
Ecmu | < n—1, To cormacHo jieMMe 3 BHyTPEHHAA CyMMa B Z JIOJI2KHA, PABHATHCS
0
@(N(p" ), eciul >n — 3, -N(p" 9 1), ecim | =n — 6 — 1 u Hy/IIO B OCTANBHbBIX
caygasax. Torma

Z :N(@n)‘i‘ z_: Z e—2ﬂiRe(%) _

0 s=n—l-12€G", _;
n—1
=N(p") = N()+ Y @(N(p") = N(p") - 1.
d=n—I1

Paccmorpum coyuaii p = p = 3 (mod 4). Kak u panee, umeem
1

N T e (s, on)?,

6=0 zEG;"ﬂ;
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; (12.772
oz = Y &m0,
:L’EGpn—é

u cryck mo p" % maer

] azu? ; azuv
H(O{Z,pn_é) = Z eQ‘MRe(p”*s) Z ezT”Re(z P ) =

u€G jn—s5-1 veEG)

~ N(p) z 2 Rc(pgjg; )

uEGpnﬂsfz

W, nakowner,
N(p"T_S), ecau n — ¢ 4eTHO,
n—~0y __ s . azu?
Hoz,p"™") = N(p 3 1) > eQMRe( P >, ecau 1 — 0 HEeYETHO. (3)
ueGy
Bsuay roro, uro (G, : Zp] = 2, MOXKHO CYHTATh, ITO BHYTPEHHSS cymMMa B (3)

paccmarpuBaercsa B nose Fy, rie ¢ = p?. 371echb yMECTHO IPHBECTH PE3Y/IbTAThI U3
[1]. Umenno, nycrs cymma Laycca B nose Fy oupenensercs BbIpazkeHueM

G.x) = Y d(e)x(e),

cEFq*

rie ¢ — MyJIbTHINIMKATHBHBIH, a X — &UIMTHBHBLL XapakTepbl noss Fy. Xapakrep
X HazblBaeTcss KaHoHuuecknM, ecm x(z) = e?™@/P pre p = Char(F,), a tr(x) -
abCOIOTHBIN Cj1e/1, 3J1eMEeHTa, X.

JIemma 4. ITycms p — npocmoe newemmoe wucao, s € N, Fy, — xoneunoe nose
nopsadka q¢ = p*. Ecau n — weadpamuunsiii Tapaxmep, a X — kanonuveckuti adou-
muenbll zapaxmep noas Fy, mo

(=1)*71¢"2,  ecaup=1 (mod 4),
(=1)*7ti*q"/2,  ecau p =3 (mod 4).

G(n,x) = {

HokasaresbcrBo. B [1].

Jlemma 5. ITycmo x— nempusuasvroil addumusnud capaxmep noas Fy, 2de q
— newemmno, u nycmo f(x) = asx® + a1x + ag € Fylz]. Toeda

> x(f(0) = x(ao — ai(4as) )n(az) - G(n, x),

cely
2de 1 — xeadpamuunuili Tapaxmep noas Fy.

HoxkaszaresbcrBo. B [1].
Temnepp nosrygaem

Z 627TiRe(azp“2) _ Z e27ritr(azp”2> _ n(aZ)G(’I’},GZﬂitr(z)/p)7

ueGp uEF,
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ubo ag =a; =0, ap = az. 3Haqur,
n—a
N(p—=2), ecau n — § YeTHO,
H(oz,p" %) = (pn—s—)l 2ritr(z)/ :
N(p~ = n(az)G(n, e ™ *)/P)  ecau n — d HEIETHO.
YuaursBas temMmmy 4, nmeem
n—=a
N(p = eciau n — § YeTHO
H(az,p" %) = (pn_g_)i Jm HOHIO,
N(p~—= )n(az), ecmu n— §HEUETHO.
1 rorna nia Z MOJTy 4aeM
0
1 s 5 —27riRe< Bz ) n—=o
2 =N+ N0 D e N =
0 p 6=0 z€G*
n—1 5z
_ N(pn) + Z Z 727r7,Re< n_5)
0=02€G*, _;
P
[ycts croBa (3,p") = p'. Torma, Kak u panee, 114 | = n uMeeM
Y =2N0") -
0
Ecm i <n-—1, 10
—27r'LRe —27i Re %%
)SERUIED WD DI ISMDIP ),
0 6=0 zeG*, _, 6=0 26G*, _,
p" p"
rae (f1,p) = 1. Torma
. B 2z
OGRS VD DR Gt
0 0<é<n— leG*" 5
—2mRe n7 — _
ty el
n—1<i<n— 1z€G;"75
o By =
MY NG Y e 2mi Re( 257 )
0<o<n—1 ZGG;n_5 f
+ Z N(pl) Z 6727T1Re< LE l> _
n—I<é<n—1 ZEG;"_S_I
S
2 3
JIemma 6 (oGoGuiennas nemma Pamanymxkana). B ycaosusx Z[i] u (B,p) =1

UMeem

Z eQmﬁRe(%) :{ 0, ecau k>1,

-1, ecau k=1.
2€G*,
p
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Joka3aTesqbcTBO. AHAJOrUYHO jieMme 3.

Teneps B COOTBETCTBHM C JIeMMO 6 Z:—N(pl), a Z = N - g(pn07h.
2 3

ITosTomy

> =Ne") -1

0
Paccmorpum mocnenuwmii cay4dait p = 1 + i. CranmapTHas BBIKJIAIKA OMSTH J1aeT

Z — N(p") + #HX_:N(Q‘S) Z e—27riRe(;‘fj§) (H(, p"_‘s))Q.
0 N(pn) 6=0 zeG

"
on—3

U3menenue B cymmupoBanuu 10 6 cBs3ano ¢ rem, uro H(z,p) = 0, u aa = 1
(mod ™). A ana H(z,p?) HeTpyAHO MOMYUHTH 3HaUeHWe, eClH ODO3HAUUTH 2 =

wy + tws. Ilpm 3TOM, yuHWTBIBas, UTO (z, p) = 1, 3amMeTuM, YTO Wi U Wy UMEIOT
pasuyio dyeTHOCTE. [loaToMmy

H(z, p2) _ 0, ecsm w; YE€THO,
4, ecyin wi HEYETHO

U, cnenosaresibHO, B 3TOM Citydae

; = N(pQ) + N(;Q) ’ N(p) z; e—2wiRe(i)ﬁ;) N (94) =

Re(z)=1 (mod 2)

_ N(pz) +N(p2) . efiwlm(aﬂ).

Jns porancienns saadenns H(z, %) MOXKHO BOCHOMb30BATLCA TIOTHOM CHCTEMOM BbI-
gerop suga {0, =1, +i, 1 +£4, 2}. U Torma nomyanm, aro H(z, %) = 0. ITosromy
mpu n = 3

1 —2miRe
2 =N+ wm V) D e Re(

2€G*,
©
Re(z)=1 (mod 2)

[}

Bz
02

) (H(z 0%))? =

—_ N(p?’) + N(pz) . efiwlm(&ﬂ).

Crosa paccmorpuM cymmy H(z, oF), k > 4. Jlerko Buzers, uro npu k = 2k,
T =u-+ pklv, rae u,v € kal, BbIBOIUM 115t H

Hiph) = 3 @mRe(r) 3o mme(a)

’U,Ekal ’UEkal
271i R ( 2) QﬂiRe(ZU%)
i Re( £%— - -
=N(ph) Y e )= N(ph) Y e "=
wE€G iy u1 €EGp2
2u | k1

2
zuy
4

)

_ N(pM) Z eQ‘n’iRe(

uy €Gp?
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Eciu BHOBBb 0003HA4UTh 2 = W1 + tWsg, TO MPOCTDIE BHIYUCICHHAS TAIOT

2, ec/iu w1 — HEeYeTHO,
H(z,0") = N(p"){2, ecmmw; =0 (mod 4),

-2, ecimw; =2 (mod 4).

Opu k =2k +1, k>4, uzx=u+p" v, roeue Gorr+1, v € Gy mOMydaEM

Hogh = 3 () s g _

uEGng1+1 Uerkl
2 . 2
= N(ph) Z e27riRe<szk) _ N(pkl) Z e—2w1Re<?>.
UEG phat u1€G 3
Quspkl

Borunciias HEenmoCpeICTBEHHO MOCIEIHIO CYMMY, HAXOAUM, 9TO
Hs pk) _ N(pk'l) 2V2 ec wy + we = 1 wim 7 (mod 8),
—2v/2, ecimw; + wo = 3 wn 5 (mod 8).
Tenepn, Kak u panee, monoxum (3, p") = p'°. Torma

Y= 3 ) (w o)

4 zEG;nﬂS

_ Z 6727”;]26(@71,—5_"0) (H(z,pn_é))27

zeG*

on—35

e B =B, (Bi,9) =1 Ecmly>n—6, 10

—( n— n— 2

D> =" %) (H(z,0"%) "

4
Aecmilg<n—90,romput=n—29—I

S =Nl 3 e TR (2, o) =
4

2€G*,
©

n—6y\\2 _N(plo)v ecmu  t = 1;
(H(z,p )) { 0, eciim t > 1,

o gemme 6. Teneps misa n > 4

n—2

6=n—3

ZZN(W”HN(;”) (iN(p‘S)ZJF > N(@5)Z> =NE )+ +> .
0 6=0 4 4 5 6
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_ 1 5 ot 2
N )
Y = S N =N 3 ) (o)
6 5=n—3 4 2€G7,
N Z e—27riRe( 21z (H(z,pz))zz
zEG;z
— N _Q”iRC(%—lfo)(H(z,pz)) - (4)
z€G*,

N(p?), ecau lg>2,
~N(p?), ecmm lgp=1,
N(p?), ecmm ly=0, Im(aB;) =0 (mod 2),
—N(p?), ecmm lp=0, Im(aB;) =1 (mod 2).

Haxkomner, cymmupys mo § B g , B UTOTe TOJIydaeM

N(p), ecim n =1,

2N (p?), ecmn n =2, Im(aB) = 0(mod2),

0, ecim n =2, Im(af) = 1 (mod2),

N(p3) + N(p?), eciiu n = 3, Im(apB) = 0 (mod2),
ecin n =3, Im(apf) =1 (mod2),

=[]
Il
=
9
NI
I
=
9
Nb

N(p") + N(*)(N(p) = 1)+ ), ecm n=4,
6
N(p") + N(p°)(N(p'o~%) — 1)—

—N(plot2) + Z , eciw n > 5,
6

e E onpenensercs dhopmyioit (4).
Cobupast Bce BMeCTe, HOJIydaeM OCHOBHOH De3ysbTar.

Teopema. s wucaa pewenuti cpasrenus, onpedeasemozo gopmyaot (1), cnpa-
6€0AUB0 PABEHCTNGO

P(aaﬁﬁ) = E(Oé,ﬁ,’y) : H (E(ﬁ)N(pn) - 1);
©™ 1y

pAL+i

2de p— mpocmuie anemenmor u3 Zli], a

_ 27 ecay @n|5,
E(ﬂ) a {17 ecau pn +6>
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N(p), ecau n=1,

2N (p?), ecau n =2, Im(af) =0 (mod 2),

0, ecau n =2, Im(af) =1 (mod 2),

N(p3) + N(p?), ecau n =3, Im(af) =0 (mod 2),
Bl 8,7) = N(g3) — N(p?), ecau n =3, Im(af) =1 (mod 2),

N(h)+ N+ Y. ecaun = 4

6
N(@n)_N(@5)+Z7 ecaun > 5.
6
3decv p =141 u "||y.

3AKJIIOYEHHUE. Hamu paccMoTpena 3a1a4a OCTPOSHUST TOUHO#H (hOPMYIIBI 1115t
uucsia pemennit p(a, 3,7) cpasuenus a(x? +y%) = 4 (mod 7) B KoIblle TEIbIX rayc-
coBbix uncesn Z [i|. Ilonb3ysch MynbTHINIMKATHBHOCTHIO byHKImEH p(a, 8,7) 1m0 7,
3amada nepedopMyIupyeTcd B IpodaeMy BbIUUCICHUS CHENUATbHBIX TPUTOHOMETPH-
9eCKHX CyMM, B 9aCTHOCTH, cyMM L'aycca. Pe3ymbrars! 1om00HOT0 poga BocTpeboBaHbI
B AHAJIMTHYECKON TEOPMU YMCEJ [IPH MCCACIOBAHMM I JUTUBHBIX 3334 ¢ CyMMaMK
KBAIPATOB IEJIbIX YHCeII.

1.  JInga P. Kowneunse mona / Jlman P., Huneppaiirep I. — M. : Mup, 1988. — 428 c.
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5. A. BopobbeB
Opecckuii HanponambHLIN yauBepcurer umenu 1. 1. MeanukoBa

IIJIOTHOCTHASA TEOPEMA JI4 Z-®YHKIIVNU I'EKKE I10OJIS
TAYCCOBBHBIX YU CEJI

Bopo6iios 4. A. IIlinbHicHa Teopema maJjia 'eke Z-dyHKIITl IMoJisi raycoBUX
uymncesi. B mamiit po6oTi HAME BUBYEHO PO3MOiIeHHs Hy/iB a3eta-pyHkmii ['eke B kputn-
aniii obsacri mag nosem raycosux uaucen Q(7). Mu orpumyemo merpusianbHy OLIHKY AJ1st
3eTa-CyMH piBHOMIPHO fy1st m i I m(s). Taka oIiHKa € aHAJIOTOM OIIHKH 3€Ta-CyMHU JJIs J3€Ta-
dbyukil Pumana. Taka oriika rpa€ BaXX/mBy pOJib B HOOYIOBI aCHMIITOTUYIHOI OIIHKHN IS
qucsia HysiB a3eta-gyukmii ['eke. BukopucroByoun momndikoBany memy Xama i metom Xus-
Bpayna, Mu BUBOAMMO aHAIOr IMiIBHICHOI TEOPEMH A Zim, ($) TPETHOTO CTENEHS IIPU yMOBI
m # 0.

Kurouosi cooBa: m3eta-(yHKIIisS, YUCI0 HYIB, ToiHOM Jupuxie.

Bopob6beB 4. A. IlnorHocTHasi TeopeMa s Z-dpyHkuun I'ekke moJisg rayc-
COBBIX 4mceJsl. B mammoii pabore u3ydeHno pacuperesnenue Hysei n3era-pynkmun [exke
B KPUTHUYECKOH 061acTH HA mojieM rayccoBbix uncea Q(4). Msl mojydaem HeTPUBHAIBHYIO
OIIEHKY /ISl 3eTa-CyMMbI PABHOMEPHO 1y m u Im(s). [laHHas OIEHKA ABIAETCS aHAJIOTOM
OIIEHKN 3eTa-CyMMBI 1y g3eTa-byHknnn Pumana. Takas omeHka nrpaer BaXKHYIO POJIb B
MIOCTPOEHUN ACUMIITOTHYIECKON OTeHKY /15t uncia Hyrel m3era-pyukmun [ekke. Vcmonb3ys
MOAUMUIMPOBAHHYIO JeMMy XaJia U MeTo Xu3-BpayHa, Mbl BBIBOAMM aHAJIOL IIJIOTHOCTHOMN
Teopembl Ay Zm (S) B Tperbeil crenenu upu ycuaosuu m # 0.

KuroueBsblie cioBa: m3era-(QyHKINs, YUCTO HYJei, mojanaoM Jlupuxiie.

Vorobyov Y. A. Dense theorem for Hecke Z-function over the field of Gaus-
sian numbers. In this work the distribution of zeros in critical strip of the Hecke zeta-
function over the Gaussian field Q(¢) is studied. We obtain a non-trivial estimation for
zeta-sum of Z,,(s) uniformly in m and I'm(s), which is analogue of the estimation of zeta-
sum for the Riemann zeta-function. Such estimations play a critical role in construction of
the asymptotic estimation for the number of zeros of the Hecke zeta-function. Using the
modificated Halas lemma and the method of Heath-Brown we deduce an analogue of the
density theorem for Z,,(s) with an exponent three if m is not equal to 0.

Key words: zeta-function, number of zeros, Dirichlet polynomial.

BBEAEHUE. 3uavmenutas ¢popmysna Pumana-MoOHTOIbAT O YHCIE HETPUBHATIb-
HBIX HyJeli n3era-byukimuun Pumana ((s) OIpUBOAUT K ILUIOTHOCTHON IMIIOTE3€

N(o,T) < 7?0t (1)
rae N(o,T) o3uagaer uucyo uyneit ((s) B IpaMOyTOJbHUKE

1

5 SO<Rs <L S (2)

€ > 0 — mpou3BOJILHO MaJIOe YUCJIO, a MOCTOSHHAS B CUMBOJIE < 3aBUCUT TOJILKO
oT €.

(©) BopoGoes . A., 2013
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Ora runoresa emg@ He JOKA3aHA, HO HAMJIYYLIUM [PUOJIMIKEHUEM K Heil ecrb pe-
syabrar M. Huxley|3]:

N(o,T) < TS0 108" T. (3)

AHaTOrmIHYI0 IIOTHOCTHYTO THIIOTE3Y MOYKHO PACCMATPHBATD U /I8 IPYTHX J3€Ta-
HomOOHBIX (BYyHKIHI B KOHEYHBIX PACIIHPEHHAX MOJS PATHOHAIBHEIX drcen Q.

Tak, u3 patorst D. R. Heath-Brown [2] cieayer cymecTBoBanne abCoMOTHOMN TIO-
crostanoit C, 3aBuCAMmeil OT JUCKpUMHHAHTA KBaapaTmaHoro moas Q(vd), d — Gec-
KBaJpaTHOE Te/oe IuCiIo, TaKoe, ITo I8 JI000ro € > 0 cIpaBeinBa OleHKa

Ny(vay(@.T) < TG+)0=9) (10g 7). (4)

B nacrosmeit paboTe MbI MOJy9aeM aCHMITOTHIECKYIO (DOPMYITY /11 KOJTUIECTBA,
Hyneir Np,(o,T) B npsmoyromasuuke (2) n3era-dpyuximn Fekke Z,,(s), onpenensemoit
aas s > 1 paBeHcTBOM

Zm(s) — Ze4miarng(w>—s.

Hua bysakuuu Z,,(s) cupabeayiuso GbyHKIMOHAIBHOE yPABHEHUE
7T (2| 4 8) Z(s) = 7~ 79T (2)m| +1 — 8) Zp (1 — s).

B ocnroBe mammx paccMoTpennit jexkar anajoru pesynbraroB H. Montgomery,
M. Jutila, D. R. Heath-Brown u ap. mo usyuenuio dbyukuuu N(o,T) mas g3era-
dyukinn Pumana.

Mpbt 6yaem UCIOIB30BATh CJELYIONNE CTAHIAPTHBIE 0003HATECHMS:

s =0 + il | xoMmIutekcHoe uuciio, Rs = o, s = t;
Z[i] KOJIBIIO HEJIBIX IayCCOBbIX uucen a + bi, a,b € Z, i? = —1;
Q(4) MoJie TayCCOBLIX uucen a + bi, a,b € Q;
N(w) HOpMa rayccoBoro uuciaa w, N(w) = a? + b?;
arg w apryMeHT rayCCOBOI0 YUCJIA W;
exp (z) = €%
& 0" | cumBost Bunorpagosa "< u cumBodt Jlangay ’O” 9KBUBAJICHTHBI;
> 03HAYAET, YTO CYMMHPOBAHHUE HUJET 110 LIE/IBbIM
w
rayCCOBBIM W, OTJIMYHBIM OT HYJIS;
I(z) obozuadaer ['-dyukiuio Jitnepa.

BCIIOMOTATEJIBHBIE JIEMMBI U IIPEABAPUTEJIBHBIE PE3VJIBTATHI.
Cragajia mpuBeIEéM HEKOTOPBIE JIEMMbI, UCIIOJb3yEMbIE B JaJIbHEATIIEM.

Jlemma 1. ITyems s =oc +it, -1 <o <2; m € Z, m # 0. Tozda drn
X =5+ (2 + (4m+ 0)?) umeem

Zm(8) < Z et AEY N ()75 4 O (log (2 +m?)) .

N(w)<X
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OTO yTBEPKIAEHUS CJEJAyeT U3 NPHOJUKEHHOrO (PyHKIMOHAIBHOIO yPABHEHMS
st Zo(8) (Hampumep, B dbopme Jlaspuka [9]).
Paccmorpum nonmaom Tupuxie Haz Z[i)

Sm(s) = Z a(w)etmiarse,
N<N(w)<2n

IIycrs J — KOHEYHOE MHOXKECTBO KOMILJIEKCHBIX YUCEN 8§ = O -+ it, JJig KOTOPBIX
o >o0p, To <t <T+ Ty, npuaém, ecam s, s — pa3INIHBIE SJIEMEHTHI U3 J, TO s
COOTBETCTBYIOIIMX 3HAYEHUH MX MHHMBIX dacreil mmeeM |t — ¢'| > 1. Torma u3 [10]
(reopema 7.5) HaxomUM

min [S(s)|? < 3~ (T + N) Z la(w)*N(w)~27° | (logN +1).
o€ N<N(w)<2N

Ham meobxomuMa TakzKe cireayiomas JeMMa.

Jlemma 2. Hycmb H UV — NOAOAHCUMEADHDLE TLOCTNOAHHDLE, TNAKUE, YTNO
| Zm (0 +it)] < (2 +m?)" (log (2 +m?))"

pasromepro no o > 0 > 0. Tozda 68 npuraMbBT 6vwe 0003HAMEHUAL UMEEM

BN T )PV -(min|s<s>|2)_ n

m s€eJ
N<N(w<2N)

144
+NUT S Ja(w)PN(w) e x
N<N(w)<2N

S (gggw(sn?)_l_i (log (T2 + m?))

Dra seMMa ectb anasor moaudunuposanuoil semmbl Haldsz-Montgomery, goka-
saunoit Heath—Brown [2]. E€ noka3aTeibCcTBO MPOXOJUT IO CXEMeE JOKA3aTeIbCTBA
Heath—Brown.

U3 dyuximonansuoro ypasHenus st Z,,(s) u npuninuna Pparmena—Jlune-
néda cmemyer OneHKa

Zm(s) < (B 4+m>) T log (2 +m?), 0< o < 1, |Is| = |t| > 2. (5)
Kpowme Toro, st 0 > 1, |Ss| > 2, umeem (cm. P. Kayduan [6])

Zm(s) < (2 +m?2)5 (log (£2 + m2))™. (6)
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ITosromy B stemme 2 mipu 0 = 0 MOXKHO CUUTATH [ = %, v=1,aupu = % uMeeM
— 1 —
p=g, V= 4.

Jlemma 3. Cywecmsyem abcomommuas nocmosnunas C > 0 makxaa, wmo das
2<N<t*+m?

Z e4m1 arng(w)*“f < N exp <—01;2g22> :
o (log (t2 + m?))

HokasaresbecTBo. PaccMarpuBaeMasi CyMMa, eCTh aHAJIOT J3€TOBOH CYMMBI, KO-
TOpasi UTPaeT KJIOUYEBYIO POJIb B MOCTPOEHUH OIEHOK 3era-byHKuun PuMaHa B KpH-
traeckoit osoce. (em. A. A. Kapaiy6a [6], A. Ivi¢ [4]). MsI OymeM ciienoBath cxeme
JloKazarenberBa n3 Kaury [5]. VI3 paBencrsa

logw = log |w| + iargw

BBIBOIAM
ghmiarg “’N(w)_it = exp (i(4m%10gw — 2tRlog w))

3aiiMeMcst OEHKOM CyMMbI

SIN) = Y exp(i(4mSlogw — 2(Rlogw)). (7)
N1 <N(w)<2N; <N
O0<Largw< %
dcwo, uTo
Z ehmiarsw N ()| <« max [S(N1)|-log N. (8)
N(@)<N s

B koMmIekCcHON MIOCKOCTH PACCMOTPUM peméTky L ¢ aiawHoi dyHIaMeHTaIbHONR
obsactu ¢ (¢ > 1, 6osiee ToUHO, 3HaUeHUE { OIPENEIUM [O3/HEee) TaK, YTO LEHTPbI €8
sA9€eK PACIIOJIOKEHBI B TOYKAX C IEJIbIMU KOOPAUHATAMU, & OCH IaPaJlIeIbHbI KOOD-
JuHATHBIM OocaM. Ilycrs L(Np) 0003HaMaeT HAMMEHBIIYIO 9acTh pemérku L, comep-
JKAIILYI0 00/IaCTh

G(Nl) : {Nl < N(w) < 2N, 0L argw < g}7

n myctb C(Np) — MHOXKECTBO IEHTDPOB peméTky, jexkammx B G(Np). O6o3nadmm
gepes A — dyuzamenranbiyio obiaacts ¢ nearpom B (0,0).
Mbr numeem

S(Ny) = Z Z exp (i(4mSlog (z + w) — 2tRlog (z + w)))+
z€C(N;) weA (9)

JrO(eNlé).
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Pasencrso (9) He 3aBucur or BbibOpa pacio/oxenus 1enrpos pewérku L. Pas-
JIMYHBIX PACTIONOKEHUH TeHTPOB PeréTku MoxkeT ObiTh He Gomee ([(])?. Tlposengém

yCpeTHEeHUs MO BCeM ToJIoKeHusaM perméTku L. Umeem

s < Y | e (i (tmstog (14 ) —2m(14+ )|+
0#2€C(N) lweA 2 (10)
+0 (ENE) .
TTostozxum
ézz[zvlf’ﬂ +%, . [W} Ll

F.(x +1iy) = Z (=)™ (x—!—zy) , v,y €ER) 2 € Q).

g=1 q o
Torpa mnsa w = x + 1y, |z| < £, |y| < £ Mbr nmeem

exp (i (4mSlog (1 + %) — 2tRlog (1 + 2))) =

2|

= exp (i (AmSF, (a + iy) — 24RE,(z +iy))) + O ((t2 +m?)3 (’v’)m) .

Teneps 1 9E€THOrO T MPOCTHIE BHIYUCJIEHUS JAIOT

AmSF,.(z +iy) — 2tRE,.(x + iy) =

T r—1 r—1
= (_1).tx’r 4 ((5—711))|Z|z27t1 + (=1 4my> IET71+

rlzl” 2"

(—1)"t2t (=1)""%4m (=1)""12t(r—1)
+ (3!(T_2)|Z‘r—2 + [2[—1 Y+ 21z]" )

2|

)yt
”_’_(—Qt H2y+ +( 4m 7‘ )

st HeI€THOrO 1 CclleyeT 3aMeHUTDh & Ha Y, t Ha 2m.
O6o3naunM

W = Z Z exp (i F.(z +iy) — 2tRF-(z + iy))).

lz|<£|y|<e

W renepn, noBTOpsist paccyxaenns u3 kuuru A. A. Kapaiy6er ([5], 58-59 u 66—
69), MbI TI0JIy9UM YTBEPKICHUE JIEMMBbI. U

Jlemma 4. B obaacmu % < Rs <1, |t| > 2 cnpasedausa ouenxra

3
Zn(5) < (12 +m?)20=9) 2 1ogh (12 4 m?), (11)

2de a > 1 — abcoaommas NOCMOAHHAA.
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HokazareabcTBo. Ilycts m = 0. B cuny paBencrsa

Zo(s) = 4¢(s)L(s, xa),

rue L(s, x4) — L-dbynxuusa Jupuxiie ¢ HErJaBHbBIM XapaKTePOM 110 MOJYJI0 4, yTBep-
JKJICHUE JIEMMBL CI€JYeT U3 aHAJOIMYHBIX oneHOK mis ((s) u L(s, x4) (cm. [4], 160
161).

Iycte m # 0. Jlna N < X = 5= (t2 + (4m + 0)?) log (t* + m?), B cnny memmer 1,
MOYKEM 3aIHCATh

Zm(S) _ Z e4miarng707it(w)_’_
N(w)<N

4miarg w n\7—o—it l-0o
+ Z gtmrareY N (w)+0(1) < N Z 7N(w)+
N<N(w)<X N(w)<N
(12)
+ Z e4miargw(N(w))fafit + 0(1) _
N<N(w)<X
— Z e4miargw(N(w))fafit +0 (lea log N) )
N<N(w)<X
Ionoxxum N = [exp ((log (t? + m2))2/3)]
Torna
Nl—a < e(1—0’) log N < 62(q_0)(10g(t2+m2))2/37
ecmu (1 — o)(log (2 +m2)) /s < 1.
Ecmu xe (1 — o) (log (¢ + m2))2/3 >1, To
?/
(1= 0)(log (12 +m*)* < ((1 = o) (log(t +m?)"/*) " =
=(1- 0)3/2 log (#* + m?),
a moToMy
3
N'=7 < (2 4 m?)*1=2) "* | ¢ mexoTopoit mocTosHmOiH a > 2. (13)

Janee, mist BoiOpanHoro 3Hadenusi N NPUMEHEHWE YACTUIHOTO CYyMMUDOBAHUS
JaéT IJis HeKOToporo dg > 0

Z 64miargw(N(w))fafit < X9 Z e4miargw(N(w))7it +
N<N(w)<X N<N(W)<X

X
+/u—o—1 Z e4miarng(w)—it du.
N

N<N(w)<u
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B cuiy semmbr 4 nmosygaem

e4mi arg wN(w)fit <

N<N(W)<X
log log? X
< New (~Crgtzmy + X ew (~Crgtirime ) )

A noromy naiiuéres og > 0 Takoe, 4T0
Z e4miarng(w)—it < (t2 +m2)1—oo & XI—O'(J.
N<N(w)<X
ITosTomy, cHOBa mCHONB3ys JteMmmy 4, mosyuaem ¢ HekoTopbiM 0 < C7 < C

e4mi arg wN(w)—a—it <
N<N(w)<X

X
< X1-0—00 +£u_o exp( Clm)du <

log X
2 l1—0o /2 V3
<@ +m?)D 7 [ exp (’U(l - o) *Clm)d”’
log N
eciu 1 — o1 < o0 <1 gaa mekoroporo masnoro dbukcupoBanuoro o > (.
W3 BhIpazkeHus TOIBIHTErPAIBHON (DYHKIMK TOCTIEIHEr0 WHTErPAJIA, BUIHO, UTO
Haiinércesa 0 < € < Cp Takoe, 9TO

log X

3
| exp (U(l —0)—C TRGEETENE (t§’+m2))2 )dv <
log N
~ log Nglf%(logX {exp (’U(]. U) (Cl E) (log (t2+m2))2> X
log X
x| exp (~ gty ) | -
log N
B unrerpane cuenaem sameny v° = u(log (2 +m?))?2, aro maér
log3 X
log X (log (t2+m?2))2
/ < / ety /s (log (t* + mz))z/%lu <
log N log3 N

(log (2 +m?2))2

oo
< (log (t* + m2))2/3 /e*“u*2/3du < (log (t* + m2))2/3.
0

Kpowme rtoro, dbyukiusa f(v) =v(l —o) — (Cy — E)W HE BO3PACTAET IIpU

v > <cll_g ) log (t2 + m?). Tlosromy mbI nomyuaem anas log N > (log (12 + mz))2/3
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CJIe/IYIOLLYIO OLEHKY

. . 3
Z e4mzarng(w)—a—zt < (t2 +m2)a1(1—o) /2 (log (t2 +m2))b1, (14)
N<N(w)<X

rme a; > 0,0 < by < 4.

Tenepn u3 (12)-(14) cienyer yTBepxkKIeHUE JIEMMBbI.

OCHOBHBIE PE3VJIBTATBI. B 3100 cexiiuu MbI IPUBOIUM HAITA OCHOBHBIE PE3YIIhb-

TaThl, CBA3aHHbIE C OIEHKON (DyHKIMN

Mbl GyzeM CyLecTBEHHO UCHOJIL30BaTh Hepasercrsa (5) u (6) upeaplayueii cex-
AN,

Paccmorpum napy Memnuna e~ * u I'(2):

24100
1
eT% = 5 / I(z)z™*dz, (x> 0).
2—io0

Torma, monaras x = %’ Y > 1, monyunm

24100
N(w) 1
- = — T'(2)Y*N(w) *dz. 1
e =g [ YN e (15)
2—ic0o

Paccvorpum monmmaOoM upuxite

N(w)<X

rne s = o +it, log®T < [t| < T,1 < X <Y <« T¢ (C > 4 — xoucranra),

a KOdDOUIUEHTB .y, (w) ABsAIOTCH KOdbdUImMenTaMu pasjiozkenusa Z,,1(s) B pa
Hupwxne:

- A (W)
= > Nw)*’ Rs > 1.

Zm(s)
OugeBuaHO, 94TO

1, ecsiw N(w)=1;

() (—1)kedmiarew  ecip  w =Py ---Pg, P; — PABIUUHDIC HEACCOIUH-
m

POBAHHBIE TTPOCTHIE TAYCCOBBI YNCTIA;
0,

B OCTAJIBHBIX CIIyYdadX.
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B gampmeiimem X u Y paccmarpuBaloTCs KaK MapaMerpbl, 3aBucdiipe oT 1, u
K&Kl pa3 BHIOMPAIOTCS OTIAEIHHO.

SIcuo, uro Zp,(s)Mx(s) — 1, korma X — oo mpu o > 1.

Mbr umeem, B cuiy (15),

2+i00
Zn()Mx(s) = 3 Cnlwle N > =5 [ fszan (0

rue f(s,z) = Zn(s+ 2)Mx (s + 2)Y*T'(2).
Yuauresas Be160p Mx ($), MbI MOXKeM 3amucarh npaByio dacthb (16) B Bume

_N(w)

de™V + Z Cp(w)e™ T N(w)™°.

N(wu))>X

g seraucienus uaTerpana B (16) mepeHeceM KOHTYp WHTEPUPOBAHUS HA, MPsi-
My Rz = % — 0 < 0, Ipu 3TOM MBI TIPOHIEM YEpe3 IBa, TOMIOCA, TIOABIHTErPATHHOM
dyukuu B Toukax z =1 — s u z =0, ecqiu m = 0, U €AUHCTBEHHBII TPOCTOI MTOJIOC
B Touke z = 0, ecim m # 0.

Mbr MmozkeM camTarh, 9To m # 0, Tak Kak caydail m = 0 MOXKHO pPacCMaTpPUBATDH
OT/IEJIBHO, UCTIONB3Y sl M3BECTHBIE PE3YJIbTATH O pacupenenennn mymeit ¢(s) u L(s, x4).

Tosromy n3 (16) Haxomum

a+i00

= Zm(S)MX(S) + %m f f(S, Z)dZ,

a—100
rne a:=a(s) =3 —-Rs=1 —o0.
1 .
ycts p — wyab Zp,(s) B momoce 3 < Rp < 1. Torga mepsoe craraemoe B MpaBoif
qactu (17) ucaesaer.
1
Hockombky |e”v — 1| < 1 ana Y > 5, 1o (17) mokasbIBaeT, 9T0 XOTs GbI OJHO U3
BbIPa2KEHU A

a+1i00
g Chr(w)e™ L / f(s,2)dz (18)
— T 2w ’
N(w)>X a—100

M0 abCOIIOTHOMY 3HAYEHWIO > 1.

O603naunm depe3 Ni, No KOMWdecTBa pPa3iudHbIX KOpHeH p = ( + iy, § > o,
|v| < T, Z-byukuun Tekke Z,,(s), nist koropsix I-e unn II-e Beipaxkenue B (18) e
menblie 1 1o abcosrornomy 3uadenuto. VI3 semmbt 12 paborst J. P. Kubilius [8] Buaso,
9TO KPATHOCTH Takux KopHeit He mpesocxoanT O(log (T'|m|)), mosToMy 3akmodaem

Non(a,T) < (N1 + No) log (T|m]). (19)

Bosbmém mekoropoe 7, 0 < 1 < 1 (mo3amee ero yrounum) u mojoxum X = T <
<Y <T%
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W3 onenok Z,,(s) (cm. dopmyast (5) u (6)), rpusuansuoii ouenku My (s) < X
n dopmynst Crupsmara st I'(2), BugHO, uro f(p, z) JOMyCKaeT OLeHKY

f(p,2)| < e 21

ecn Rz = a(p), |Sz| > Alog T, rme A — gocrarodHO GOTIBITIOE.
Iostomy cymecrsyer B = B(n) takoe, 4To

aztico

1 1

— dz| < —. 2

s Flo. )| < 1o (20)
atxiBlogT

Hanee, mockonbky mpu |z| > @, Rz = a(p), Beinonusercs HepaseHcTso |['(2)| <
< logT (310 crenyer ux dopmyast Crupnunra gys I'(z)), To Mbl uMeeMm

|Mx (p+ 2)Y?T(2)| < XYY" log T. (21)

TTostomy, ecau nepsoe Boipaxkenue B (18) e menbwe 1, To

y+BlogT
1 1 -1
— / Zom ( + zu) ‘ du > (XY“(p) log T) , (22)
2 2
y—BlogT

1
logT*

< T?0=9)1og T (cm. nemmy 6).
Teneps mpumenenne nepasercrsa Kommu-IlIBapma maér

1

A noromy cymMMHUpOBaHHE MO BCEM KOPHSAM p, JAIONUM BKJaJ B No, IPUBOJAUT K

OIlEHKEe
1

31ech n(u) O3HAYALT KOJIMIECTBO TeX Hyqeil p, mua kotopbix |y — u| < Alog T, aro B
cuny memmbt 6 maér n(u) < (logT)2.
Hanee, B cuiy onenku (cm. [1], memma 10)

’ 1
=T

nesas cropona (23) ects O(T + |m|)(log (T + |m]))o*+2.
Cpasrenue oreHOK (23) u (24) npuBOANT K HEPABEHCTBY

ecs TOIbKO a(o) < B nporusroM ciydae Mbl uMeeM TpuBHaabHO N (o, T) <

y+AlogT 9

du > X2y ~2400) (1og T) 72,

y—AlogT

T+AlogT

/

T—AlogT

2
-n(u)du > No X 27 724 (log T) 72, (23)

2
dt < (T 4 |m|)1og®(T + |m|), (b-xoncranTa), (24)

Ny < X2Y29)(T 4 |m|)(log (T + |m|))"*® < (T + |m|)*21y2(3-9) (25)
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BroiBog onenku BesmauHbI N1 IIOJTHOCTBIO COBIIAIAET € PACCY2KICHUAMEI U3 PAOOTHI
[2], 9TO B IPUHATHIX HAMU ODO3HAMEHUSIX AT

Ny < (T + |m| + No)Ng 27 (log (T% + m?))“ (26)

Ny < (NG + T|m|Ng ™) (log (T* + m?))<", (27)

e napamerp Ny yI0BJIETBOpPsieT HEPABEHCTBY
Y < No < Y(log (T? +m?)), % <a<l
Ecnu reneps yuectsb, uro 1 — 20 < 0, To u3 (25), (26) nonxyvaem
Non(0,T) < (T|m]|)t+3ny1=20 (YH“ + T|m|Y%"’) log (TM)“*H. (28)
Bosbmiém Y = (T|m|)23-20)"" )

Torga mocie MpOCTHIX YNPOIEHUH MOy UM JJIA 1] = 1=, O = %

1-0) 2

5
No(0.T) < (Thm]) 557, 2 <o < 2.

Honaras Y = (T|m|)@@o=10)"" 5 = £, HaxOAUM
(TM)1+377Y1720 — (TM)1+3777i < TE.
osTomy m3 (25), (27) nomyuaem nst 2 <o <1+¢€

2(1—0)
20—1

Np(o,T) < (T|m|) (logT|m|)C.

Takum 06pa3oM, JOKa3aHa CAELYIONAs TeopeMa.

Teopema 1. B npamoyzosvruke % <o <1—¢€ danm#0 cnpasedauso, oyenru

N0, T) < (T|m]) 555 (log (T|m]))

)
(log (T'|)m|))¢ e <1-g¢,

2(1—0)
20—1

Ny (0,T) < (T|m|)

¢ nocmoannol 6 cumeone ' K| sasucawet moavko om .

B ciyuae m = 0 onenkn mist No(o,T) comamator ¢ onenkamu dbyukunn N (o, T')
st n3era-byrkuun Pumana (cM., Hanpumep, [4]).

Teneps 3aiimemcs ouenkoit Ny, (o, T) B6au3u npsamoit o = 1.

Teopema 2. /lnal —e <o <1 umeem mecmo ouenka
3
N0, T) <e (T? +m?)P0=2) 2 log® T2 + m?,

2de b u C' — abcoaomHbLE NOAOHCUTNENOHBLE TLOCTNOAHHDLE.



ITromnocmnan meopema 0aq Z-Pynryuu I'exke noss 20ycco8vuir “uces 37

D10 yrBepKeHUe ecrb caeicrsue anasora ouenku Mounrromepu ([10], reopema
12.3)

2(1—0)(3c—1—a)
(2o—1—a)(c—a)

Nim(0,T) < | max |Zm(s)] log®* T log®?(T + |ml),
=131
|9s|<T

<a<l1,0>1"

rae Cp, C'y — MOJIOKUTEIBHBIE TIOCTOSTHHBIE, % =,

U OLUEHKU Z,,(8) U3 JIeMMbI 5.

CnencrBuem Teopembt 1 u 2 gBjsgercs “IIOTHOCTHAsT TEOpeMa

Teopema 3. Cywecmeyem abcoaromuasn nocmosuwnas C > 1 maxas, wmo npu
c>3,T>2

(T|m[)**=1og® (T|ml),  |m| > 1,
Np(o,T) <
T5(1=9) 1og" T, m = 0.

HoxkazaresnberBo. ua m = 0 umeem Zy(s) = 4¢(s)L(s, x4), a noromy rpe-
Oyemblil pesysbrar caemyer uzsecrubix oueHok No(o,T), nonyuennnix Huxley [3] u
Montgomery [10]. Jzst m # 0 MBI y9UTBIBAEM, YTO

N (0, T) < T|m|log T|m| < (T|m|)**=) log T|ml,

eci 3(1 — o) > 1, 10 ecTb % <og< %
Hosa % < 0 <1 — ¢ tpebyemblii pe3ysabrar maér Teopema 1, nOO HOJIyIE€HHBIE TaM
5

OLICHKMU J1JIst % <og< % u % < o0 <1 — g 10CTuraloT MakKCuMyMa 1Ipu 0 = g Hakomerr,

ana 1—e < o < 1 yTBep:K/AeHNe CJedyeT U3 TEOPEMBI 2, €C/IA TOJOXKATH € < 9%—2. O

B 3akrioueHne 3aMeTHM, 9TO yCPeJHEHHBIE [0 HapaMerpy m oueHky st Ny, (o, T')
paccmarpuBatuch B paborax @. B. Kosampuuk [7] u M. D. Coleman [1].
ITo meToay paboTHI [1] MOKHO IOTIYUUTDL OIEHKY

Ny (0,T) < (T|m]) ¥ =" log 9T|m|,

KOTOpas caadee MOIyIeHHOM B HACTOSIIEH padbore.

3AKJIOYEHUE. [lonydena HeTpuBnajbHAsS OMEHKA /IS 3€TA-CyMMBbI DABHOMED-
HO Jist m u Im(s), ABJIMIOMIAsCs AHATIONOM OLEHKH 3€Ta-CyMMbI Jjist JA3eTa-(DyHKIUK
Pumana. Takas oneHka urpaer Ba)KHYIO POJIb B IIOCTPOECHNN ACHMIITOTHIECKON OIeH-
KU 175 qncaa uyneit n3eta-dynkinn eke. Vcmonb3ys MOTndUIMpOBaHHYIO JEMMY
Xaua n Meron Xu3-BpayHa 10Ka3aH aHAJIOr MIIOTHOCTHOM T€OPeMbI 1JIs Z,, (8) B Tpe-
Thell crenenu npu ycaoBuu m 7 0.
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O. A. I'ynsaBuii
Opecokuit HanioHanbHUl yHiBepcuter imeni [. I. Meunukosa

HABJIN2KEHHSA TPOBOBUX YACTUH
TPUTOHOMETPNYHUMMU ITOJITHOMAMMN

Tyusasuii O. A. HabauxkeHHs1 Jpo60BUX YaCTUH TPUTOHOMETPUYHHMM IIOJIi-
HOMaMu. Y poboTi OymyeTbcs HAOIMKEHHS APOOOBUX YACTUH IPHU IOIOMO3i TPUTOHOME-
TPAYHOIO IIOJIIHOMA MIHIMAJIbHOI'O CTEIEeHS .

Kurouosi cioBa: apobosi wactwwu, psig Pyp’e, TPUTOHOMETPUYHMI PSI, TPUTOHOMETPH-
9Ha, CyMa.

T'yuasbrii O. A. IIpuban>keHue ApoGHBIX J0JIeil TPUTOHOMETPUIECKUMU MHO-
rowieHamu. B pabore crpourcsa mpubsimkeHue JpoOHbBIX JI0JI€H IIPU HOMOIIM TPUTOHOMET-
PUYECKOI0 MHOI'OY/IEHA MUHUMAJIbHON CTerneHu.

KuroueBsbie cioBa: apobubie 10w, pax Pyphe, TPUTOHOMETPUYECKNI PsIJl, TPUTOHOMET-
pudeckKasi CyMMa.

Gunyavy O. A. Approximation of the fractional part with help of trigono-
metric polynomials. In the article approximation is built to the fractional part through
the trigonometric polynomial of minimum degree.

Key words: fractional part, Fourier series, trigonometric series, trigonometric sum.

BceTyn. Ilpu migpaxyHky KIiTbKOCTI IIHX TOYOK B Pi3HOMAHITHHX O0JIACTIX

JIOBOIUTHCSA ONiHIOBaTH cymu y Buraani  » . (f(n)), ne
a<n<b

() = {z} - 1/2,

a {x}— npobosa wacruna AICHOrO YuCIA .
OnuH 3 METOJIB PO3IJISLy TaKUX CyM — Ie 3amina (yHKIii 1) (x) TpuroHoMerpu-
YHUM PsIOM

6727Timw
= E
b = 3 S+ Bulo)
m=—M
m##0

ne M obupaerbesi HACTUIbKY BeJMKUM, 06 noxubka E)yy(x) Gyna 1ocTarHbo MaJIoLo.
IMoupobuui moxkua 3naiitu, Hanpukiaz, B [1] abo B [2]. Takum uunOM 3amava 3BOAU-
ThCS 10 OTPUMAHHS OLIHOK TPUTOHOMETPUYHHUX CYM Y BUTIISIIL

Z e27r7,'mf(n) )

a<n<b
Agne nyist noxubku E s (x) BUKOHy€eThCs oniHKa F(z) < min {1, m}, ne ||lz||—

BimcTaHb M0 HAHOMMKYOTO MO & IJIOTO YHCAd. TakKWM UHHOM, SKIIO MHA XOUEeMO
orpumaTy moxuoky Ep(x) < 1/E nna 1 < E, 1o mu 3myeni ooparn M > E/||z||.

(© O. A. 'yuasmii, 2013
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Tob6ro, dbyrkuisa () 3aMiHIOETBCS TPUTOHOMETPUYIHUM IIOJIHOMOM, CTYIIHB SIKOTO
ominioerhest sk E/||x||. B wiit pobori nokasawno, mo byHKIio ¢(r) MOXKHA 3aMiHUTH
3 moxubKow, He OiIbino 3a 1/E, TPUroHOMETPUYHUM MOJIHOMOM, CTYIiHbB AKOTO
omjnoerbes Kk ln E/||z]].

OCHOBHI PE3VJIBTATHU. O1xKe, OTPUMAEMO HACTYITHUN PE3YyJIbTAT.
Teopema. Hexati X — maka mHoMCUHAG JITCHUT YUCEA, ULO
Vee X |z||>1/D ,

de D > 2. Todi VE > 2 ichye mpuzonomempusrutl nosiHom

E ame—Qﬂlkm

0<|k|<d
cmenyna d < DIn E, maxui, wo
Vee X (z)—Tylz) < 1/E .
ITepen moBeeHHSIM TEOPEMU OTPUMAEMO JIOIOMIZKHI PE3y/IbTaTH.

Jlema 1. Hezatii K(t)— maxa gynruyisn, wo
1
Vi€ R K@+DZK@:K@ﬂ,/K@ﬁ:
0

Hezati (t) = {t} — 1/2, de {t}— dpobosa wacmuna diticnozo wucaa t ma

=/w@+OK@ﬁ.
0

Todi, pynxuyia S(x) e nabausicennam do pynxyii ¥(x). o mozo s

(z) — S(z) = / K(t)dt

1/2

Hosenennsi. st ¢ Z (1 —t) = (—t)

S(z) ra Bracrusocrei Gynkuil K (1)

—1(t). Toni, 3 Bu3HaYeHHs DYHKIIT

1
S(1—x)= Y(—z +t) K (t)dt =
-]
Yl —t)K@)dt = — | Y(x+t)K(—t)dt =
0/ /

1 1
/w z+t)K(—t)dt = /w(a: + ) K (t)dt = —S(x),
0 0
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o610 S(1 — ) = S(—2) = —S(z). Hexait z € [0,1), Toai
YE+t)—px)={t:tel0,1—x); t—1l:te[l—al] },

kpim Toro ¥(z) = [(x) K (t)dt. Orxe, qua z € [0,1)

Oft— =

Ananoriuno g z € (0,1)

SO — 2) — (1 — 2) = —(S(x) — ¥(x)) = /tK(t)dt - /K(t)dt.

Binnimatoun Bizx ommiel piBHOCTI iHIIY, OTPHMYEMO

1 1/2

2(S(z) — () :/K(t)dt— /1 K(t)ydt = 1/IK(t)dt:2/K(t)

T l1—x T
xr

ssiaku Y(z) — S(z) = [ K(t)dt, wo i norpibuo Gyno gosecru.
1/2

3ayBaxxenus 1. Hexat

n n .
, sin (20 + 1
Du(t)y= Y ™ =142 cos2rht = T ”Si(n :;’ )_
k=1

k=—n

adpo Hipizae dasa n € N.
1
Ouesudno, YVt € R Dy(t+1) = Dy(t) = Dp(—t) , [Dy(t)dt = 1.
0

63amu Sy (x) = [ Y(x +t)Dy(t)dt, mo

Ct— =

xT

w(x) - Sn(a?) = /Dn(t)dt

1/2

dt,

Todi axwo
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A Ons inMeEZPasa MOHCHA OMPUMATNY HACTMYNHY OUIHKY

r 1
/ D, (t)dt < min {1, } 7
nl|z||

1/2
de ||z|| — sidcmanv do natibauscwo20 610 T YiA020 “uCAG.

BayBaxxeuust 2. 3agircyemo m,n € N ma poseasnemo dymnruyio

sint(2n + 1)\ "
sin 7t

D20 = (

D3 (1)
a(n,m)’ de

mpuzoromempuurul nosinom cmenyns 2mn.  Iosnavumo K, ,(t) =

1
a(n,m) = [ D2™(t)dt. Todi VtE€R Ky p(t+1)=Kym(t) = Knm(-t) ,
0

1
J Kpm(t)dt =1, i axwo
0

S (@) = / (@ + 1) K (t)dt,
0

T x
mo Y(z) — Spm(x) = [ Kpm(t)dt = m J D2m(t)dt. Tawum wurom, wob oyi-
1/2 )2
xr
Humu nozubky 1 (x) — Sy m (), nompibro oyinumu seepry inmezpan [ D2™(t)dt ma
1/2
oytHuMU 3HU3Y wucao a(n,m).

. gk . :
JIema 2 (mpo OIHKY cymMu Y. \/E) Hezxati ¢ > 0, modi
q: Ing < -1;
m ok 1/4/|Ing|: —1<Ing < -1/m;
Y -« vm:  0<|lngl < 1/m;
=1 VE q"/(v/mlngq) : 1/m < Ing <« 1;
qm//m 1< 1Ing.
HoBenenns. nglng < —1
m qk m i q
27 < d <<

Hna 0 < |lng| < 1/m
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Hns 1/m < |Ing| < 1

NgE
PTu
Sk
i
]
S

Ane

a<k<m 2
A m
/q df — /L
Vit \flnqta 2lng J t3/2 \f“ ql’
3BLIKK
> 2 L
a<k<m\f f|1nq|

O6pasmu a = 1/|1n ¢|, orpuMyemMo OIHKY

qk
> N

1/|Ing|<k<m

=
=3

3Blaku Juia —1 < lng <« —1/m

Y ]
k:l\/E v/ 1ng|
Akmo 1/m < Ing < 1128 57— ; <t,To dyHKITIsT \q/; spocrae. Takox mjis 57—
k m A t
q q q
> —<<—+/—dt
a<k§m\/E \/E a \/E
Age
/th m+1/qtt<qm+1
Vit \flnqt W 2Ing ) t3/2 vmlng = 2alng
a
3BiIKT

S(a) <«

Vvmlng (1

- 2a1nq)

/\Q

S(a),

<a
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Takum auHOM,

m m

1 q' q q
S = dt < < ,
<IHQ> / Vit Vmng (1-1) = /mlng

1/1lngq

1 Tomi

m m

i£<< L + 1 < 1
—Vk VIng /mlng Vming

Ananoriuno, a1 < Ing

m k m i t m
q q q q
Vo< A= [ ot ==+ 5(1).
N vm 1/ t vm (1)

k=1

Ane

3BLIKHA

30uparoun pa3oM BCi OIiHKH, OTPUMYEMO OCTATOYHWH PE3Y/IbTAT.

Jlema 3 (upo onimky imrerpana [ D2™(t)dt). s x € (0,1) cnpasedausi na-
1/2
CMYNHL OUIHKU.
das P(z) < 1/(n/m)

/Dim(t)dt < Y(x);
1/2
das 1/(ny/m) < (z) < 1/y/m
Y(z) 1

D> (Hdt <« :
R <Y2+ =

1/2
oaa 1/y/m < (x)

1 1
+ .
my/map(x) sin®™ L1z ny/msin®™ mx

/ D>™(t)dt <
1/2

Hosenennsi. Hexaii jus Busnagenocri, 1/2 < x < 1. dani ouinumo

z z . 2m
/Dzm(t)dt _ / <Smﬂ(2n+1>> it
sin 7t

1/2 1/2
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Orxe, MaeMO

1

2+2n+1

<ze2nt+1+42k<2z2n+1) &
S2k<(2z-1)(2n+1) &k <y(z)2n+1).

Iosnaunyo zj, = 3 + ﬁ, K = [¢(z)(2n + 1)] — nina gactuHa, TOI

Tr

\ B \
/ D,%m(t)dt:kz::l / D2 (1)t +I [ D2 (1)t

1/2 Tp—1
Hani
T
/ D™ (t)dt > / sin®™ 7t(2n + 1)dt;
xR
Tr—1 Tr—1
T
/ D2™(t)dt < / sin®™ 7t(2n + 1)dt.
ka
Tk—1 Tk—1
Ane xp, —xp_1 = 2n+1 Ta,
:2m Cérn 2 . r
sin“" wt(2n 4+ 1) = =2 + e Z " cos 2mtr(2n + 1),

Lk

ssigkun [ cos2mtr(2n + 1)dt = 0. Takum unnom,

Tr—1
Tk Cm
t(2n + 1)dt = ——2m
/ sin®™ 7t(2n + 1)dt 20+ 1)
Tr—1
Orxe
D™ (t)dt < 2m + /DQm t)dt.

/ n () 4m(2n —|—1)z:s1n2 T w0
1/2 TK

Hna CF KOPHCTYyeMOCH OIiHKOIO

C = Z=(1+0(1/m)).

AKy MOXKHa orpumarh 3 dbopmyan Cripainra qist InT'(s).

Amnagioriuno
x 1 TK+1
S1n s
TK

cs, 1
ia2m < s a2m
4m(2n 4+ 1)sin“" 7w ny/msin
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Takum auHOM,

T
m K

C 1 1
D™ (t)dt < — +0 ( .
/ W) 4m(2n +1) Z sin®™ 7y, ny/msin®™ wx

172 k=1

3 iHmmoro 60Ky,

xT Cm

D™ (t)dt 2m
/”()>MW+D
1/2 k=1

__ G
S 4m(2n + 1)

1

xR

2

M=

sin

] =

1 1 1
— sin®™ wray, sin®™ 7wz g

K
o 1 1
= m +0 | ———i—
4m(2n+1) Z sin®™ may, (n\/m sin®™

k=1
Orxe,
@ K
ce 1 1
D2™(t)dt = = +0 ( > :
/ n" () 4m(2n + 1) kz_:l sin®™ 7y, ny/msin®™ wx
1/2 =
Kpiwm Toro,

Toxi ocrarouno

T

x
o dt 1
Dthdt:ﬂ —|—O<)
/ n" () 4m sin®™ 7t ny/msin®™ wx
1/2 1/2

Iloznaunmo masti

x

dt
[n(w) = / sin®™ 7t

1/2
Toni

cos? mt

ﬁ:%4w+/———ﬁ

xr
sin® 7t + cos? 7wt
I, (,I) = - s 2m <in2™ rt

sin?™ 7t

1/2 1/2

).
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Ane
y 2
cos“ mt
/ 2m dt =
sin“"™ 7t
1/2

T

cos Tt v 1 sin 7t
== . 2m—1 - 2 1 - 2m—1 dt =
m(2m — 1) sin Tt ) iy 2 J sin mt

COS T 1

— I, 1(x).
m(2m —1)sin®" "tz 2m—1 1(@)

Takum guHOM,

m—1 COSTTX
I, (x) = —1I,,_1(x) — .
@) m—1/2 1(®) 2m(m — 1/2) sin®*™ ! g
Kpiwm Toro,
11(36):/ .d2t _ cgswt x _ co.smz: .
sin“ 7t TsinTt t=1/2 T SIn X
1/2
Orxe
COSTTX m—1
I (x) =— 1+ sin? Tz+
(@) 2r(m — 3)sin®" " 7z < m—3
-1 -2 1 —-2)...1
+—(m 3)(m 5) sinfmr ..+ (m 3)(m 5) T sin?™m 2 7rx> .
(m—§)(m—§) (m—§)(m—2)-~-§
Tobto
I, (x) =
_ CoS T 75 (m—=1(m—=2)...(m—=k) . o
- 2m(m— 1) sin®"

Hai,

N (m—1)(m—-2)...(m—k) B
! <<m3/2><m5/2> <mk1/2>)‘

—Zln<1+ _IQT_J mz:lkln(l-i- 1)

2r—1

m—1
- r=m—k 2r — (r—; k 27" o 1 )

Zm-Dm-5...m-k—1) "
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Ane
m—1 1
— 12
wltt (2r —1)
) 1 | 7 itk
(2m—2k—1)2 (2m-1)2 4 (t—1/2)2 " m(m—k)
m—k
Takozk
m—1
Y5t Y aithemoi moic
2r — 1 2r—1 2m—2k—1 2m—1
r=m-—k m—k+1/2<r<m+1/2
m+1/2 m-+1/2

2k dt
T em—2k—D@m—1) / / W)@t—l)? B

m—k+1/2 m—k+1/2

—In m”jk +O<m(mk_ k)>.

Takum auHOM,

(g merm) ="V 0 ()

Orxke,
(m—1)...(m—k) B m_ .o k
(m—3/2)...0m—k—-1/2)  \Vm—k vm(m —k)3/2 )"
Toni
L(z) < coswl—x)mzjl m ok
T in =

" msin®™ " 1z = Vm— R T

_ sinma - cosw(l — ) _ sinmv-cosw(l—x) ii

P VEsin®* 1 vm Pt k’

ae q = sin 2 7z > 1.
Hani BuKoprcToByeMO pesyabraru jgemu 2. s x, 6ausbkux 10 1/2,

Ing = In(sin"?72) = —2Incos7(x — 1/2) = —2In (1 — 2sin? gw(x)) < Y2x),
a OTIKe,
0<|lngl<1/m & P(2)<l/m <& () <1/\/m .
Toxi, sikimo ¥(x) < 1/4/m, 10

sinwx - cos7r 1 — x
I, (r) K <
(2) vm Z \/Esm T

< cosmY(z) sin i (z) < ().
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Hna 1/m < Ing < 1, Tobro, xom 1//m < ¥(z) < 1,

cosm(1l — x)

sinmz - cos (1 — z) 1
I, (2) < E < p—
I 2k sin® 2T

sin“ rx  msin 7z) In(sin™! 7z
Agne
cosm(l—mw) sin ) (x) < 1
In(sin~'7z)  —2In(1 — 2sin® Zo(x))  Y(x)’
3BLIKI
1
I (7) €
m(®@) mip(z) sin®™ ! g
Hna 1 < Ing
sin - cos (1 — ) 1
In(7) < <
m(@) Vvm kzl VEsin?* 7z
cosm(l —x) 1
msin® rx T map(z)sin®™ wa

36upaiodn pa3oM OTPUMAaHi OIMIHKH, MAEMO JIJIs

[ omi s Chn LI
1/2
ans p(x) < 1/y/m
| 2m P(x) 1 .
/Dn (t)dt<<ﬁ+n\/m,

1/2

ana 1/y/m < y(x)

1

)

/ D>™(t)dt <
1/2

Kpium Toro, xomu 1 (z) < (ny/m)~ 1,

x

+ .
my/mab(x)sin®™ L rx  ny/msin® rx

/IDZm(t)dt:/m<MM>2mdt <</dt < ().

sin 7t
1/2 1/2 1/2

Takum 9uHOM, JIeMy JOBEIEHO.

JIema 4 (mpo omiuKy a(n,m) 3um3y). Cnpagediuéa Hacmynna ouinka

1
a(n,m) = /Dim(t)dt >
0

vm

(2n 4 1)2m-1
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HoBeneHHs. Maemo st 1ocTrarHbo Masioro § > 0

1

5
. 2m
a(n,m)—/DfL’”(t)dt»/(SWM) dt >
0 0

sin 7t

2m

) é
> / (wt(2n + 1) + O ((xnt)?)) dt > (2n + 1)2m/ (1+0 ((mt)Q))zm dt >
0 0

7Tt)2m

0
2n+12m/ (14O (m(nt)?)) dt.
0

Bssipiuu 6 = Wn-ﬁ-l)’ OTPUMYEMO

(n.m) > (2n + 1)2m—1
a(n,m I
JIema 5 (mpo oniuky mist (x) — Sy m(2)). Hexat K, () = aD(%;ng)), 0

a(n,m) = szm t)dt, Spm(x) =

Ct—=

V(@ + ) Kpm(t)dt. Todi daa (x) — Spm(x)

cnpaeed/buez HACTMYNHE OUIHKU.

ons P(x) K 1/(ny/m)
¢(x) - Sn,m(x) <
das 1/(ny/m) < P(z) < 1/y/m
P(x) — Spom(x) K
das 1//m < (z)
() — Spom(x) K
1 1
< +

mlip(x)[[(2n + 1) sin(x||z])]>m=1 [(2n + 1) sin(a|l])>m

HdoBenennsa. Tak sk

V() — Spom(z) = / Ko (t)dt = a(nlm) / D™ (t)dt,

1/2 1/2

wal 1
(2n +1)2m=1 " (2p + 1)2m’

TO JIeMa, D € HACIAKOM JieMHu 3 Ta Jjemu 4.

BayBaxkeHH 3. OcmanHbO0 OUIHKON 64PMO KOPUCTYSAMUCA MIAGKU Y 6UNA0-
y (2n + 1)sin7a > 1, mobmo, koau x 3nazodumscs docmamubo dasexo 610 Yiauz
wuces, a came 0as 1/n < ||z||. B inwomy eunadky xopucmyemocs ouinkow
x 1
W(@) = Sy () = — /DQm(t)dt <1 /D‘M(t)dt _1
e a(n,m) " ~ a(n,m) n 2
1/2 1/2
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HoBenennsa. losegemo masi Teopemy.

Hexait n = [%—F%],Tom%—%<n§%+%,331m<n
D D
%<2n+1§%+2.

Ho roro x, Vo € R sinw|x| > 2||z| . Takum wmroM, Vo € X

2(2 1
2n + 1) sin(n||z]]) > (2n + 1)2]jz|| > % >e

(
Hexait m = [%lnE] + 1, Toxui %lnE <m< %lnE+ 1, 3Bigku E < €2™.
2m 1
Kpm(z) =228 e a(n,m) = [ D?™(t)dt. Bepemo d = 2nm Ta

a(n,m)?
(nm) J

1
Tu(x) = Spm(z) = /w(ac + t) Ky (t)dt = Z ape”2mike
9 0<|k|<d
sed=2nm=2[L+1]([imE]+1)< (L +1)(}mE+1) < DInE.
Hns oniuxu (x) — Ty(x) = ¥(x) — Sp,m(x) BuKOpHUCTOBYEMO JleMy 5.
Axmo ¢ (r) < 1/4/m, 10

GO I S

¢($) - S’ﬂ;m(x) < (27”L—|- 1)2m—1 (2n + 1)2m

1 1 1 2 2m—1 2 2m
< Umen+ 12t ey S Um (D) ’ (D) B
e 1 1 1 1
= ﬁEQm(D/Q)Qm—l + e2m(D/2)2m < e2m < E

Sxmo 1/v/m < ¥(x), To

1/)(55) - Sn,m(x) <

. 1
< mlo@[n + Dsinalla )P @0+ Dsin(rla [P <
1 1 )

Orxe, TeopeMy J0BEJIEHO.

BUCHOBKU. TaknM 9YnHOM, TTOKa3aHO, MO (DYHKIO 1)(2) MOXKHA 3aMiHIOBATH
TPUTOHOMETPUIHUMHU MOJIHOMAMHU HEBETWKOTro cTymnend. Ile m03Bomse Kpalie OImiHio-

BaTU CyMHU Z Y(f(n)).

a<n<b

1. Bapu H. K. Tpuronomerpuueckue pagpt [rexcr| / Bapu H. K. — M. : ®@u3smarrus,
1961. — 936 c.

2. Spsapac P. Paapr @ypee B coBpemennom m3noxkenmn [rexcr| / Dasapac P. — M. :
Mup, 1985. — T. 1. — 264 c.
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A. B. XKyuok, IO. B. 2Kyuok
Jlyranceknit HamionasnbHU yHiBepcuTer iMeni Tapaca IlleBuenka

HAIIIBPETPAKIIII JEAKNX AJITEBPAIYHIUX CUCTEM

ITam’srti mpodbecopa Bitastiss MuxaitioBuda YCeHKa TPUCBAIYETHCS

Kyquok A. B., 2Kyuok FO. B. HaniBperpaxkuii gesskux aarebpaidyHux cucrem.
IIpu BuBuenHi dbaxkTop-HaAmBrpyn edeKTUBHOIO € TEXHIKA HAIIBPETPAKIIiil, BIepIle BU3HA-
gennx y poborax B. M. Vcemka, sika M03BOJIsi€ BUKOPUCTOBYBATH HAIIBPETPAKINI 3aMiCTh
romomopdi3mis i MyTariil 3amMicTh (PaKTOP-HAMIBrPYIl. 3 BUKOPUCTAHHIM HAIIBPETPAKIIi Ha-
HiBIPyII CyTTEBO LOJIEIIIYETHCA 33/1a9a 3HAX0/KEHHS KOHIPyeHIil Haisrpyn. ¥ niif pobori
HaBeIEHO Pe3y/IbTaTH, OTPUMAHI 3a JOTIOMOTOIO TEXHIKM HaMmiBpeTpakiiii. Po3rismyTo TexmHi-
Ky HaIiBpeTpakIliil rpym, 3anpononoBany B.M. Ycenkom. TexHiky HaIiBpeTpaxiiit MOHOIIB
PO3IOBCIOMXKEHO Ha JOBLIbHI HAIIBrpynu. Y TepMiHaX HaiBpeTPAKIil IpeACcTaBIeHO OIUCK
TFepxapma, ITerpuua ta CinbBu i1eMIIOTEHTHUX KOHIDYEHIIH BiibHO! HamiBrpynu. Busnaqe-
HO MIOHATTS HAIIBPeTPaKIii AIMOHOIMA Ta HABEAEHO HPHUKJ/IAJ] 3aCTOCYBAHHS HAIlBPETPAKIN
[0 BUBUEHHSI KOHTDYeHIi#t miMoHoimiB. Posrismnyro koHCTpyKIil cumerpuaHOi (-KaTeropii
Ta cumerpruHoi iHBepcHOI 0-kareropii. OxapakTepmM30BaHO OIVH THII HAMIBPETPAKIHN CH-
MeTpr4aHOI (-KaTeropil Ta OOWH THII HAIIBPETPAaKIiil cuMeTpHdHOI iHBepcHOI (-KaTeropii. ¥
TepMiHAX MATPUYIHUX HAIIBIPYI OMHCAHO OyI0BY MyTariiil Bigmosimuux 0-kareropiii.
Kimro4oBi cioBa: HamiBperpakxiiis, I'pylia, HABIPyIa, JMOHOI, cumerpuyna (-Kareropis.

Kyqgok A. B., 2Kyuok IO. B. IToayperpaknum HEKOTOpBIX ajarebpamde-
ckux cucteM. llpu uzydenun dbakTop-moayrpym 3¢ deKTUBHA TEXHUKA Oy PEeTPAKIIHIA,
BIIEPBBIE OIpeeseHHbIX B padborax B. M. Ycernko, KoTopas mO3BOJIsSIET UCIOJIH30BATH ITOJIY-
perpakiuu BMeCTo roMmoMopdu3mMoB u Mmyranuu Bmecto dbakrop-nosayrpymi. C ucnosb3osa-
HIEM ITOJIyPETPAKIINI TOIYTPYIIIT CYIIECTBEHHO 0OJIETIaeTCs 3aa9a HAX0XK JeHNUsT KOHTDYJH-
nwmit mosyrpymmn. B aToit paboTe nmpuBeneHbl pe3yIbTATHL, IOy IeHHbIE C TIOMOIIbIO TeXHUKI
mosypeTpakiuit. PaccMoTpena TexHWKa IOIypeTpPaKIuil TPy, npeaytoxenaad B. M. Ycen-
k0. TexHmKa moJypeTpakiinii MOHOMIOB PACIIPOCTPAHEHA HA IIPOU3BOJIHHBIE TOIYTPyIIbl. B
TepMHMHAX I0JlypeTpakuuil rnpeiacrasienbl onucanus [epxapaa, [lerpudya u CunbBbl ugem-
MMOTEHTHBIX KOHTPYSHIMH CBOOOHON mosyrpymnmbl. ONpeneseHo TMOHSITHE MOJIYPEeTPAKINT
JVIMOHOM/IA ¥ TIPUBEIEH IPUMeEp IPUMEHEHUs 0Ty DETPAKINI K U3y I€HIIO KOHTDYIHIIH T1-
MOHOMIOB. PaccMOTpeHBI KOHCTPYKINN CHMMeTPHIeCKOi 0-KaTeropuu M CHMMeTPHUIeCKOi
unBepcHoii 0-kareropuu. OxapakTepu30BaHbI OJMH THUIl MOJIYPETPAKIUA CUMMETPUYECKON
(-xkaTeropuu m OWH THUII ITOJLyPETPAKINI CUMMeTPpUIecKoil nasepcHoi (-kareropun. B Tep-
MHUHAX MAaTPUYHBIX HIOJLyTPYIII ONKCAHO CTPOEHUE My Tamuil coorBeTcTByomux (-Kareropuii.
KiroueBble cjioBa: I0JIypeTPAKIs, TPYIA, MOJYTPYIINA, TUMOHONI, CUMMETDPUTIECKAsT
0-xaTeropus.

Zhuchok A. V., Zhuchok Yu. V. Semiretractions of some algebraic sys-
tems. The technique of semiretractions which first appeared in the papers of V.M. Usenko
is effective to the study of quotient semigroups. It allows to use semiretractions instead of
homomorhisms and mutations instead of quotient semigroups. With the help of semiretrac-
tions the problem of finding of congruences on semigroups is simplified. In this paper we give

(© Kyuox A. B., Kyuok FO. B., 2013
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results obtained with the help of the technique of semiretractions. We consider the technique
of semiretractions of groups proposed by V.M. Usenko. The technique of semiretractions of
monoids is extended to arbitrary semigroups. In terms of semiretractions the descriptions of
idempotent congruences on free semigroups obtained in the works of Gerhard, Petrich and
Silva are presented. The notion of a semiretraction of a dimonoid is defined and an example
of an application of semiretractions to the study of congruences on dimonoids is given. The
constructions of a symmetric O-category and a symmetric inverse 0-category are considered.
One type of semiretractions of a symmetric 0-category and one type of semiretractions of a
symmetric inverse O-category are characterized. In terms of matrix semigroups the structure
of mutations of the corresponding 0O-categories are described.

Key words: semiretraction, group, semigroup, dimonoid, symmetric 0-category.

BcTyn. Ilpu Buuenui ¢axkTop-HamBrpyn e(peKTHBHOIO CTA€ TEXHIKA HAIiBpe-
rTpakuiil, yuepiie Busnadenux y poborax B.M. Vcenka (aus., naupukian, [1]), ska
JI03BOJISIE€ IHTEPIOpU3YBATH KJIACUYHI (DAKTOPU3AIiHI METOIM BUKOPUCTAHHSIM HAITiB-
perpaxiiiit 3amicTb roMomMopdi3miB i MyTariit 3aMicTh (haKTOP-HAMIBrPyI. 3 BUKOPHU-
cTaHHsAM JiiBuX (IIPABUX, CHMETPUYHUX) HAIIBPETPAKUIN HAIIBIPYIH CYTTEBO MOJIEr-
LIYEThCs 3a/1a4a 3HAXOJKEHHs 1paBuX (JiBUX, IBOOGIYHUX) KOHIDYEHIiH wi€i HaiB-
rpyuu. Biibu roro, aisi (upasi, cumerpuyni) HaniBperpakuii B3a€MHOOAHO3HAYHO (3
TOYHICTIO JI0 €eKBIBAJIGHTHOCTI) BiIMOBIIAIOTH TPAHCBEPCAJIAM DPO3OUTTIB HAMIBIPYTI,
AKI BU3HAYAIOTHCS TpaBuMu (JIiBUMHE, JIBOOIYHUME) KOHIDYEHIISIMU.

V [2] Bu3HAUEHO MOHATTS HANIBPETPAKIIT IPYIIH, SIKe Y3arajJbHIOE OHATTS PeTPa-
kuii (izeMnorenTHOro engoMopdisMy) Ta JO3BOJSE 3 €AMHOI TOYKU 30Dy PO3IJIAAATH
TaKi KOHCTPYKIIl fK JOBLIbHI PO3MINPEHHS Py i 3araabhi 700yTKu. [Ipu ibomy Bu-
HUKAE TEXHIKA, AHAJIOTIIHA TEXHII MPCOBCHKOI JEKOMITO3UIIIT €HI0MOP}I3MiB MPIMUX
JOOYTKIB.

Bigznauumo, mo B poborax [epxapara, [lerpuua i Cinbsu [3 — 7] onucano KoHrpy-
eHii BLIbHOI HAmIBIpymnu, (PAKTOP-HAMIBIPYIIN 34 SIKAMHU € BIIbHUMU B MHOTOBHIAX
HAIIBIPYH 1AeMIIOTeHTIB. BuAB/IsA€THCH, M0 TEXHIKA, K4 BHKOPUCTOBYETHCS B IUX
mparsgx, 30ira€ThCs 3 TEXHIKOI HAMBPETPAKINM HAMIBIPYTI.

Onwupaiounch Ha BUINE3TaaHI PE3YJIbTATH, MPUPOIHHO BUHUKAE 3a/a9a IMOIIW-
DeHHsl NOHATT HaniBperpakuil Ha iHmi anrebpaiyni crpykrypu. Tak, y [8] Gyso
BU3HAYEHO MOHATTS HAIIBPETPAKIIi] JIIMOHOIIA Ta HABEJIEHO JIeSAKl 3aCTOCYBAHHS Ha-
TMBPETPAKIIil 7O BUBUYEHHS KOHTPYEHII#l JIMOHOITIB.

V 1iit pobOTI PO3IVIAHYTO TEXHIKY HAMIBPETPAKIIl Py, HAMIBIPYII TA JIMOHOIIIB,

OCHOBHI PE3VJIbTATH.

1. HaniBperpakmii rpyn. Y [[bOMy IIyHKTI HABEJIEHO TEXHIKY HAIIBPETPAKI
rpyu [2], 3anpounonosany B.M. Ycenkom.

1.1. 3arauabHi 3ayBakeHHs. Y 1.1 rpymnoBy onepariiio 0y1eMo mo3HAYATH 3ipo-
9KOr0 ¥, 30epirajoun MyJbTUILUIKATABHE TMO3HAYEHHS 33 ONEpAIi€0 KOMITO3UIIII Tepe-
rBopenb. Heiirpanbhuii esement rpynu G Oyaemo nosnadaru depes O (omyckawodu
HUZKHIN IHJEKC y BUIIAJKAX, KOJIM Le HE BUKJIMKAE HELIOPO3YMiHb), & €JIEMEHT, IIPOTHU-
Jiexkunit eementy g € G — uepes g (To6To g*x G = g * g = 0g). Yepes Lo mo3HAINMO
ToroxkHuil aBroMOpdisM rpynu G (6ymeMo rOBOPUTH, IO LG — ONEPATOPHA OJUHUIA
rpynu G), a "epe3 og — ii HyaboBuii engoMopdism (TobTo gog = 6 and Beix g € G).
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Ina g, h € G noknauemo [g;h] = g* h* g * h, hig = g* h*g. CumBou iy 1pU LBOMY
OyZIeMO TpaKTyBaTh K 00pa3 ejeMenTa g € G mpu KaHOHIYHOMY ToMOMOpdi3mi

i:G—=IntG:g—i,

rpynu G B rpyny IntG i1 BHyTpimHix aBToMopdi3Mis.

ko ¢, 1 — nepersopennst rpynu G, TO 4epe3 ¢ * P OyAeMO TO3HAYATH iX CyMy:
g(p 1) =gd*gy, g €qG.

I'pyna G HazuBaeThCs 3aragbHuM 00y TKOM cBOIX miarpyn UiH, skmo G = UxH,
UNH = {0c}. Ilpu npomy rosopsits, 1o rpyna G daxropusyoda abo, 10 BOHA
dakTOpU3yeThCa B 3arajbHUil JOOYTOK CBOIX MiATpym. ¥ HAII Yac 3arajbHi 100yTKH
€ OJTHUM i3 OCHOBHHX 00 ’€KTiB OOIIHPHOI i PO3raIyzKeHol Teopil mpo BIACTHBOCTI IPYII,
IO IiJIIAI0THCS OMUCY B TE€PMiHAX IX HiJArpyIl.

OcHOBHI TIOHATTS HIPeepoBol TeOpil PO3IIUPEHb Py OYIeMO BUKOPUCTOBYBATH
B Takiil iHTepIpeTarrii.

Hexait H;, Hy — rpynn, 18 SKUX BU3HAYEHO BiJT0OparKeHHS

q:Hy x Hy — Hy : (x;y) = (z;9)q,

o:Hy - AutH, : v+ oy,

10 33,/I0BOJILHAIOTE CIIBBIIHOIIEHHIM
(t;u)g * (txu;v)g = (u;v)qos * (G u*xv)g, t,u,v € Ha,

Ousv — UUUuim,U,U € H,.

Muoxuna Hi; X Hs B uX yMOBaxX MEPETBOPIOETHCS B IPYITY BiTHOCHO Omeparrii

(ur;v1) * (ug;v2) = (U1 * U0y, * (U1;V2)q; U1 * V2),

ur,uz € Hy,v1,v2 € Ha.

ITio rpymy HasmBaioTh mpeiiepoBum n00yTKOM rpyn Hy i Ho, aKuil BUBHAYAETHCI
cucremoro dhakTopis (g; o) (abo, KopoTrie, mpeitepornm (g; o )-nodbyTrOM). IIpeiiepo-
Buit (q; 0)-100yTox rpyn Hy i Hy Gynemo noswadarn uepes (Hy; Ha)Sy .

1.2. Hamisperpaxkiii. JliBoto namiBperpaxkiii€io rpynu (G Ha3WBAETHCA Take 11
MEPETBOPEHHS T, JIJIsT TKOTO

(xxy)T = (7 xy)T, 2,y € G (1)
npu Oyab-akux z,y € G. AKmo x 3amicTh (1) BUKOHYETHCA yMOBA
(xxy)T = (x *y7)T,
TO TOBOPATH PO IIPaBy HANIBpeTpakiio rpymu G.

OueBnHA IBOSKICTH TOHATD JIIBOT Ta MPAaBOI HAIBPETPAKIIii TO3BOJISIE HAM 0OMe-
JKUTHCA PO3TJISIIOM JIBUX HAIiBPETPAKITiii.
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Y MHoOxkuHI ycix ieminorenTHEX neperBopers rpyiu G Bl HaniBperpakiii xapa-
KTEPU3YIOTHCS TAKOIO BIACTHBICTIO TPAHCBEPCATHLHOCTI:

JIema. ([2], sema 1.2.1) Idemnomenmmue nepemsopennsa T epynu G modi G suwe
modi 6yde 4i6o10 naniepemparyicio uyici epynu, xosu ichye nidepyna H < G maxa,

wo
rT=yr S xrxy € H,

axi 6 ne byau z,y € G.

JliBa mamiBperpakiiisi 7 rpynu G Ha3WBAETHCHA PEryJIsApHOIO, kim0 GT = Im7 —
miarpyna rpynz G. Ilepersopenns 7/ = 1q * T, A€ 1 — ONEpaTOPHA ONUHUIA TPYIIH
G (11.1.1), HABUBAETHCS JIONOBHEHHSM HALIBPETPAKLIT T.

TBepmkenns. ([2], rBepmpxenus 1.2.3) Jiea naniepempaxyia 7 epynu G e pe-
2yaaphoto modi G auwe modi, Koau it donoeuenna T € Npasoro Haniepemparyieto.

Teopema. ([2], meopema n.2.4) Tas 6yov-sxoi epynu G nacmynni meepotcenns
€ EKBIBANCHIMHUMU.

1) epyna G gaxmopusyroua;
2) ichytomo pezyaspra npasa U pezysspra Ai6a HANIBPeMpParyii T1 i, 6i0no6idHo,
To MAKL, U0
T * T = L@, T1T2 = T2T1 = 0@G.

HamiBperpakiieto rpynu (G Ha3uWBaIOTH TaKy ii JIiBy HAMBPETPAKINIO T, sIKA €
TaKOXK 1 TpaBoo. [HIUMU clioBaMu, TepeTBOpeHHs: T rpynu (G Ha3WBAETHCS HAIIBpe-
TPAKIIEIO, AKINO Npu OyaAb-AKUX T,y € (G BUKOHYIOTHCS YMOBH:

(x *y)T = (a7 * Y)T,

(xxy)T = (T *xy7)T.

Ao 7 — nesika HaniBperpakuis rpyuu, 1o i sapo (3a BU3HAYEHHSIM)

Kert = {z € GlzT =01}

€, sIK HE BAYKKO IEpeBipuTH 6e310cepeIHbo, miaArpynomn rpynu G.
Kpwurepiit Toro, 1110 J1iBa HAMIBpeTPaKIIisa € MPABOI0, Ja€

JIema. ([2], mema n.4.1) Jas 6ydv-sxoi aieol naniepemparyii T dogiavhol epynu
G nacmynmi Yymoeu Pi6HOCUNbHI:

1) 7 € npasor nanipemparyicio epynu G
2) adpo Kert aisoi nanispemparyii T € nopmaavhoro nidepynoto epynu G.

OmnepaTopHi BJIACTUBOCTI HANIBPETPAKIIii XapaKTePU3yIOTHCA TAK:

JIema. ([2], nema 11.4.2) Ilepemeopenns T modi @ auwe modi € HANIBPEMPAKUIEID
epynu G, xoau 0T =0 i
(xxy)T = (a7 *y7)T

oas eciz x,y € G.

dAxmto 7 — mamiBperpaxkiiis rpynu G, To MHOXKUHA GT = I'MT €, 9K JIETKO MepeBi-
pUTH, TPYIOI0 BITHOCHO Omepariil
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x(*T)y = (x*y)T,:r,y € ImT~

o rpyny HaszwBamTh 7T-MyTalier rpynu G i mo3HauanTh depe3 G7. Hesaxkko
nomitaTh, mo G7 2 G/Kerr. Takum 4nHOM, TP HASBHOCTI HAMIBpETPAKIUi T st
rpynu G BAHUKAE NIPEJCTABJIEHHS Y BUIJIsAL mpeiieposoro n1o0yTky (n.1.1) rpyn Kerr
i G7. Cucrema (akTopiB, MO BiAMOBIIa€ IBOMY MIPEHEPOBOMY T0OYTKY, BUBHATAETHCS
pPiBHOCTAMU

(;y)g = (x*xy)r', =,y €, (2)
0r =1z, © € GT, (3)

Iie 7/ — IOMOBHEHHs HAIBPeTPAKIil T, & Yepes 1, IO3HAYEHO BHY TPimmHiit aBroMopdizm
rpyuu G, akuii Bianosigae enemenry g € G (uus. n.1.1).

Axmo, masnaxn, G = (Hi; He)&] — mipeiieposuit n06yTox rpyn Hy i Ha, To
6€e3110CePETHBO MPEBIPAETHCSA, IO TIEPETBOPEHHS

7:G = G (u;v) = (0;0)
¢ HamiBperpaxkiieto rpynu G. [Ipu mmsomy

H, = Kerr, Hy, =G"
i MmatoTb Mmicue cuisBiguomenus (2), (3).

TBepmekenns. ([2], rBepaxenns 1.4.3) Jaa 6ydv-axux epyn G, Hy, Hy nacmy-
nHL YMOBU EKBIBANEHMHI:

1) G = (Hl,HQ)GZ,
2) icnye nanispemparuyia T epynu G, das axot Hy = Kert, Hy = G™ i das ecix
x,y € GT sukonyromsvca cnissionowenna (2), (3).

VY [2] Bix3Haueno, 10 3a JA0NOMOrO0 HaliBPETPAKIii jJid MIpPedepoBux J00yTKiB
BJIAETHCSL OTPUMATH aHAJIOr TeopeMu 1. 3.3 3 [2], sika npejcrasiise cobOI0 y3araibHe-
HHSI TIPCOBCHKOI IEKOMIIO3UINT HAMBrpymu eHa1oMopdi3MiB TpsaMOro J00yTKy TpyT.

2. HamiBperpakiiii HamiBrpymn. Y IIbOMY TyHKTI TEXHIKY HAMIBPETPAKIIi# MO-
Hoixie [1], 3amponoHoBany B.M. YcenkoM, nomupeHo Ha J0BiLIbHI HamiBrpynu. ose-
JIeHHSI HABEJIEHUX PEe3yJIbTariB IPYHTYETHCs HA TUX CAMUX MIDKYBaHHAX, IO i JI0Be-
JleHHs BLANOBiHUX pe3yibraris poboru [1].

Hexaii Fq(X) — mHOXKMHA ycix ekBiBasienTHOCTEH H0BLIbHOT MEHOKUEA X, (X))
— MHOXKMHA izemnorenTis cumerpuynol HamiBrpymu $(X). Mix muoxunamu Fq(X)
ra I(X) icHye B3aeMHOOIHO3HAYHA (3 TOYHICTIO /10 €KBIBAJIEHTHOCTI) BiANOBLAHICTD,
KA HOJIATAE B TOMY, IO Ayist Oyab-akoro § € I3 (X) Bukomyerses ymoBa (2; 2§) € Ve,
Je V¢ — BinHOmeHHs PiBHO3HAMHOCTI TEPETBOPEHHS £, TOOTO

Vo ={(z;y)lz,ye X, zp=yp}, ¢ € I(X).

Takum uunom, muozkuna Imé nepersopenns £ € I(X) e rpancsepcasiiio po36u-
TTS, IO BU3HAYAETLCA BimmomenuaM V¢. Hasmaxw, akimo obpa3 Imé mepersopenus
¢ € $(X) e TpaHcBepcaII0 PO3OUTTS, 10 BU3HAYAETHCS JESTKOI0 €KBIBAJIEHTHICTIO
7 € Eq(X), npudomy (z;x€) € 7 nasti Beix # € X, 10 £2 =&, a Ve = 7.
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st 10BLIBHOL HaHIBIpyHu S BasK/JIUBY POJIb LIPH LbOMY Biirpae meska iaMHO-
skuHa MHOXKUHY [(S), esleMeHTH sTKOT BiAMOBIIAI0Th KOHIPYEHTIisIM (MOXKJINBO OJTHO-
GiuHnM) HamiBrpymu S.

IleperBopenns: T HamiBrpynu S Ha3WBAIOTH JIBOIO HAIIBPETPAKIIIEIO, SKIIO

(2y)7 = (a7 y)7 (4)

s Beix x,y € S. fkuio 3amictb TOTOXKHOCTI (4) BUKOHYETHCS HACTYIIHA:

(zy)T = (zyT)T, (5)

TO TOBOPATH MPO MPABY HAIMIBPETPAKIIIIO.

JIBoicTicTb MOHATH JTiBOT Ta IpaBoi HAMIBPETPAKIIiil € OUeBUAHO0. TOMY y BHIIaI-
Ky OIHOOIYHUX HAMBPETPAKINil 0OMEKHMOCS PO3IVISI0M JIBUX HAIiBPETPAKITIH.

Sxmmo mist 7 € F(S) BUKOHYIOTHCs 00MBI TOTOKHOCTI (4), (5), TO TIepeTBOpeHHS
T HA3UBAIOTH (CUMETPUYHOIO) HAIIBPETPAKINE HAMIBrpyIH S.

HeoOxigmi Ta mocTtaTHi yMOBH, 38 SKHUMH iIEMIIOTEHTHE TEPETBOPEHHS HAIIBIPYIIH
€ 11 J1iBOIO HaliBpeTPaKIIIEO, JAE

Jlema. Idemnomenmmue nepemeopenns T Haniszpynu S € ii Ai6010 naniepempa-
Kuyier0 moodi U auwe modi, Koau 6idHoOweHRHA PiBHO3HAYHOCTE V 1 € NPABON KOHZPY-
EHULEN UYIET HANI82PYNU.

Hexaii p — moBuibHa npaBa KOHrpyeHuis HamiBrpynu S, a € S, [ula = {s €
€ S|(a;s) € p}. dxmo posrnsryTH nesike GhiKCOBaHE KOHCTAHTHE NEPETBOPEHHS €, €
€ S([ula) (seq = a, s € [pla) i MokTACTH 2E = Te, < = € [pla mas Beix & € S, To
OTPUMAEMO iTEMITOTEHTHE TTEPETBOPEHHS MHOXKUHK S Take, Mo V., = u. Otke, Mae
micre

Jlema. Jlasa xootcnoi npasoi kouwepyenuii u Haniezpynu S ichye ii aiea naniepe-
MPaAKyLa T maxa, wo V, = (.

JIiBl nHaniBperpakuii 71, 7o HAIIBrpynu S HA3UBAIOTH €KBIBAJICHTHUMHU, SIKIIO MA€
micrme piBHicTs V, = V.
BarajibHy XapakTepuCTUKy (CUMETPUYHUX) HAIIBPETPAKILiii 1a€e

TBepmkeHHs. /[Aa 10eMNOMERTMH020 NEPEMBOPEHHA T HAMIB2PYNU S eKeisa-
AEHTMHUMUY € MEEPIHCEHHA:

1) T € cumempuuHo0 HANIBPEMPAKUIEI;

2) ™ e aigoro maniepempakyicto, a sionowenns V., i pieno3HaUHOCI € KOoHepyY-
enuyiero nanieepynu S;

3) T € npasoro waniepemparyieo, a eidnowerns YV 1i piBHOSHANHOCTIE € KOoHepY-
enuyiero naniezpynu S

4) 0an sciz x,y € S eukonyemuves momostcnicmyv: (vy)m = (zwym)T.

druro T — imemmoTeHTHA HAIIBPETPAKIlisd HANIBrpynu S, T0 MHOXKUHA IMmT € Ha-
iBrpynoo BiaHocHo ouepauii -y = (xy)7, z,y € I'm7. Hauisrpyuy S™ = (Im7, -;)
Ha3WBAIOTh T-MyTalli€lo HamiBrpynu S. Bimobpaskenus S — S7 : x — x7T mpu mpoMy
€ rOMOMOP(}I3MOM HAMIBIPYII, KOHI'PYEHIIis AKOT0, 3PO3yMiI0, 30iraeThes 3 BigHOIIE-
HHSM PIBHO3HAYHOCT] HAMIBPETPAKIIii.
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Hasuaxu, axmo ¢ : S — T — neakuil romomopdism nauisrpyu, A, — Biuosiana
KOHTDYEHIIisl, TO, BU3HAYUBIIHN TIepeTBOpeHHst 7 : S — S ymoBamu

(x;27) € Ay, T =yT & (T7Y) € Ay,

OTPUMAEMO iJEMIIOTEHTHY HAMIBPETPAKINIO HANiBrpynu S taky, mo S7 = Imep.

TakuMm guHOM, 3371998 ONMHUCY KOHTPYEHIIiH HAMBIPYI 3aJaHOTO KJIACy € €KBiBa-
JIEHTHOIO 3374l ONKCY KJIACiB eKBiBaJeHTHHX HamiBperpakiii. Tobro, 3Ha09H [Iiro
HAIIBPETPAKIIl HA HAMIBIPYIi, M MOXKEMO MOOYIyBATH €IUHY KOHI'PYEHIIO, 10 Tit
BimmoBizae, Ta, HaBMAKW, 3HAIOYM OyA0BY KOHI'DYEHIN HA HAINBIPYI, MOXKJIUBO 3a-
JATH KJAC €KBIBAJEHTHUX HAIiBPETPAKIIiii — HAMBPETPAKIIiii, BiTHOMIEHHS PIBHO3HA-
9HOCTI 33 AKUMU 30IiraloThCsd 3 33JaHOI0 KOHTPYEHITETO.

Binzmaummo, 1m0 HaMiBpeTPaKIii Pi3HWX HAMBrPYI Ta MOHOIMIB PO3TJIAIATIUCT
Takoxk y [9 — 19].

3. Hamisperpakuil BinbHux HamiBrpyn. Po6oru T'epxapara, Ilerpuua [3 —
5] i [lerpuya, Cinbsu [6], [7] upucssueni ouucy BiAHOCHO BlibHUX HALIBIPYyI ijemMio-
TEHTIB. Y WX TpaIgxX 3HANIEHO BCi IEPETBOPEHHS T BLIBLHOI HAMIBIPYMH TaKi, 11O
Hanierpynu (Imr,*) 3 onepanisMu « * y = (zy)T € BIIBHUMH Yy MHOIOBHZAX HAIIIB-
rpyu izemmorenTi. IIpu npoMy BUSBISETHCH, IO TaKi MIEPETBOPEHHS € CHMETPUIHU-
MM HaniBperpakiisMu BUIbHOI HamiBrpynwu, a Hauisrpynu (I'mr,*) — BianoBiaHuMu
myratismu (aus. 11.2). OrKe TexHiKa HaniBperpakuiil HALIBIPyl CTa€ KOPUCHOIO Ta
eeKTUBHOIO MPU OMUCI KOHT'PYEHITiH BITbHUX HAMIBIPYII.

VY 1mpoMy myHKTI MU cHOPMYII0EMO OCHOBHI pesyabrat [7], Kopucrywounch Tep-
MIHOJIOTI€I0 Ta TMMO3HAMEHHSIMU T1.2.

Hexait F? = FY[X] - pinpamit momoin B andasiti X = {x1,T2,...,Tn,..}, 0 —
HOpOorKHE ¢j10BO, F' = F[X| — BinbHA HamiBrpyna B ToMy K aJidasiri.

s Bcix caiB w B andasiti X mokjagemo

c(w) — MHOXKMHA elleMeHTiB « € X, sKi BXOAATH 70 3aIHUCy eJIeMeHTa W,

—

— . . .
W (w) — nouarkose (KiHIEBE) CIOBO MiHIMAJILHOI JIOBXKUHU CJIOBA W, JJIs SKOIO
- <
c(w) = (W) (c(w) = c(w)),
/ ’ . - how
wf  (wr ) — ocranus (nepma) jgitepa ciaosa W (W),
. — . ’ ’
wf (wr) — cnoBo, orpumane 3 W (w) Bukpecsenusm jgirepu wf (wr ),
wge — TMEPINa JITepa CJI0Ba w,
wko — CIOBO, OTpPHUMaHe 3 W BUKPECTEHHAM YCiX JiTep, KpiM THX, sKi BIepIIe
3’SIBUJIACS B 3AIIACY,
W — CJIOBO, OTPAMAHE 3 W 3AIUCOM Y 3BOPOTHBOMY TIOPSIIKY.
dxuio 7 — nosinbEe nepersopenns mamisrpynu F[X] a6o momoiny FO[X], w €
€ F[X], ro noknagemo 01 = 0, w7 = wr.
Haa Beix w € F[X], 7 € {g,k},n > 2 Bu3HAYMMO IHAYKTUBHO IIEPETBOPEHHS T,
BinbHOI Hamirpymu F[X|:

wrn = (Wf) (wf ) (Wh_1). (6)

Posrasuemo mami cucremy ciniB My = xoxy, Go = X2, Ko = zoxixo i a1 n > 2
BU3HAYUMO 1HIYKTUBHO (HOPMYIIN:

M, =z My_1, I, = Myrply_1, Iy € {Kmme}7 m > 2. (7)
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Bigznauumo, wo y dopmyai (6) 7 nosznauae g (Biguosinuo, k) roai it jmie Touj,
ko y dopmyi (7) I nosnavae G (Biamosiguo, K).
Hexait M,, = I,, ta M,, = I,, — HamiBrpymnosi ToTOKHOCTi, N > 2.

Teopema. ([7], aemu 2.3, 2.4) Byov-axe nepemeopenua 7 € {gn,knln > 2}
einvhoi nanieepynu F[X] e ii naniepempaxuicro. Ilpu yvomy T-mymayia (F[X])"
nanieepynu F[X] € siavnoro nanieepynorn y mmnozoeudi naniezpyn idemnomenmis,
susHaverur momosicuicmio M, = I,,.

Y aBoictuit crocib oTpuMy€eTHCs

Teopema. ([7], aemu 2.8, 2.4) Bydv-axe nepemsopenna T € {Gn, knln > 2}
siavhol nanieepynu F[X] e ii nanispempaxyicro. IIpu yvomy T-mymayis (F[X])7
naniezpynu F[X] e siavnoro naniezpynorw y mmozo6udi naniszpyn idemnomenmis,
suznavenus momosicricmio M, = I,,.

Busnauumo nepersopennsi 17 ta 07, 7 € {gn+1,kn|n > 2} BlibHOI HaniBrpynu
F[X] 3a npaBunamu:

’

wp” = (wa)(wf/), wd” = (wr ) (wrT)

Juts Beix w € FX].

IIpu mpomy Oymemo BBaxKaTH, Mo (92 = go, 0692 = go.

3a JI0OMOTO0I0 epeTBOPeHHD 17 Ta 7 BH3HAYMMO Telep mnepeTBopenus 27 Bib-
Hol HaniBrpymu F[X]. ljis 0poro po3risHeMO MHOKUHY

D= {(kn+17 kn)» (gn+1> kn)a (gn+1a gn+1); (kn7 gn+1)7 (kna kn+1)7
(gn+1a gn)a (k’ru gn)7 (knv kn)a (gn; kn)a (gna gn—&-l)‘n 2 2}

i s koxkHOrO (003 B) € D nmokaemo

wz* = wpwd?, w e F[X].

Jlema. ([7], nema 4.3) Bydv-axe nepemeopenna 28 ((a, ) € D) siavroi nanie-
epynu F[X] € it nanispemparuiero.

Hexait v = ¢ — nauisrpynosa roroxuicrb. Yepes (u = 1) Gyuemo nosnadaru
MHOTOBHJI HATBTPYTI, BU3HAYEHUX TOTOXKHICTIO u = 1. Mae micne

Teopema. ([7], meopema 4.6) STxwo (cm,Bn) € D, v = (M, = Ay,) V (M, =
= B,), mo 2P _mymauis (F[X])ZOMM' nanieepynu F[X] e iavnor y mmozosudi
HANIE2PYN 10eMNOMERNIE, GUSHAYEHUT TNOTOHCHICTIIO V.

Enement a mamiBrpynum S HAa3BEeMO MeIiaJIbHOI OAWHWIICIO, SIKINO TaAr = X JJIs
BCcix x € S. HamiBrpymy, KOKeH eJIeMeHT SKOI € MeiaJbHOI0 OIWHUIEI0, HA3BEMO
HAIMIBIPYTOI0 MeIiaJTbHUX OJIMHUITD.

Hapenemo pesyabrar, AKWil CTOCYETHCS MHOTOBUY HAMIBIPYI MeIiaJbHUX OJIH-
HUIID.
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Teopema. ([7], meepdocenna 6.2) Bidobpasicerns
m: F[X]| = F[X]: w— wr=(wge) (wgz)

e naniepemparyiero einvnoi naniezpynu F[X]. ITpu yvomy w-mymayia (F[X])™ na-
niezpynu F[X] e 6iavnoro y muozoseudi naniezpyn mediasvHur o0unuyb.

Busnauumo inaykrusHo nepersopents b Biiabuol namisrpynu F[X], noknasiim
0b=0, wb=(wfb)(wf ) (wr)(wrb)
s Beix w € F[X].

Teopema. ([7], meepdocenna 6.2) Ilepemeopenna b siavnoi nanisepynu F[X] e
nanispempaxyiero maxoro, wo b-mymavia (F[X])° nanieepynu F[X] e eirvnoro na-
niezpynor idemnomenmis.

Pesyabrarn poborn [7] He ONMCYIOTH HANIBPETPAKIN] BUIBHUX HAMIBIPYII, MyTaril
3a SAKUMHU € BITbHUMHU B MHOTOBHJAX JIIBUX HOPMAJTbHUX HAIMBIPYH 1JE€MIIOTEHTIB,
[IPABUX HOPMAJIbHUX HAIIBIPYII iIEMIIOTEHTIB, HOPMAJIbHUX HAIBIPYI 1J€MIIOTEHTIB,
KOMYTaTUBHUX HamiBrpyi izemnorentis. Ii mamiBperpakiii onrcano okpeMo B pobori

[14].

4. HaniBperpakuil gimonoigiB. Jlimonoinom [20] HasnBaeThes anrebpa 3 ABo-
Ma aCOLlaTUBHUMM OLEPAliaMU, IO 3a/I0BOJIbHIIOTh JesdKi Tpu akciomu (QuB. HUK-
4e). e nomsirrs Oyno Beegeno 2K.-JI. Jlome juisi BuBuYeHHsi BiaacTuBocTeil asireOp
Jleitbuina. ¥ Bunajky, kosin orneparil JiMOHOIIA 30irafoTbCs, BiH IE€PETBOPIOETHCH B
HaMiBrpyILy.

Y upOMy IyHKTI BU3HAYEHO HOHATTS HALIIBPETPAKIIl IMOHOI 1A Ta HABEIEHO IIPU-
KJIaJT 3aCTOCYBAHHS HAMIBPETPAKIIii 10 BUBUEHHS KOHTPYEHII# AiMOHOITIB. Pe3yinh-
TATH IIHOTO MYHKTY HaJjiexarh [8].

Haramaemo, 1110 HEMOpOXKHA MHOXKUHA [) 3 BH3HAYEHNMH Ha Hiifi OiHApHUMHU aco-
[IATUBHUMU OTEPAIIAMHA < 1 >, 9Ki 33/I0BOJIbHSIIOTH YMOBH:

(r<y)<z=z=<(y = 2),
(zr-y)<z=2>(y=<2),

(x<y)=z=x>(y>2)

I BCiX x,y,z € D, HazuBaeTbcs mimoHOimoM. Lomomopdizmom mimomoina D B
mimonoin Do HazuBaeThesd BimoOpaxkenns f : D — Dy Take, 110

(z=y)f=af <yf, @=y)f =xf = yf

74 BCix z,y € Dy.
IlepeTBopenus: T miMoHOIIA [ HA3WBAETHCS JIIBOIO HAITIBPETPAKITIEIO, STKIIO

(x <y)T = (x7 < y)T, (8)

(x = y)T = (a7 > y)T (9)
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upu Oyub-akux x,y € D. dkuo 3amicrs (8), (9) BUKOHYIOTHCH TOTOXKHOCTI
(x <y)T = (x < y7)T, (10)

(z > y)T = (x> y7)T, (11)

TO I'OBOPATH IIPO IIPABY HAIlIBPETPAKIIIIO.

SIKIIO /1J1st IepeTBOpeHHs T AiMOHOINAa D BUKOHYIOTHCS ToToXKHOCTI (8) — (11), TO
[EPETBOPEHHS T HA3UBAETHCs (CUMETPUYHOIO) HAIIBPETPAKINEIO AiMOHOIIa D.

ko maniBperpakiis 7 giMonoina D = (D, <, >) € CUMETPUYHOI, TO BUHUKAE
apimonoin D™ = (I'm7, <, >;), y 9KOMY Ollepallil BASHAYAIOTHCH 33 [IPABUIJIAMHE:

x<ry=(x =<yt z,y € Imr,
x>y y=(x =y, x,y € Imr.

Himonoin D7 Ha3mBaeTbca T-MyTalieo mimMoHoima D. Hepaxkko momituTh, 110
Bimo6pazkenus 7% : D — D™ : x — x7% = o7 ¢ romomopdizMoM IiMOHOIIB.

Bigznauumo: ko onepauii JiMoHOIAa 36iraloThCst, TO BU3HAYEHHs JIiBOI (1paBoi,
JBOOIYHOT) HAMIBPETPAKILT JIMOHOLIA 30Ira€ThCsl 3 BU3HAUEHHSAM JIBOI (TpaBoi, 1B00I-
9YHOI) HAMiBpeTpakiii HamiBrpynu (qus. 1m.2). TakuMm YUHOM, HOHSATTS HAIBPETPAKITL
JIMOHOITa y3araJIbHIOE MOHATTS HAIiBPETPAKIlii HAIiBTPYIIH.

Hapenemo oauu po3B’s30K 3334l 6€3M0CEPEIHBOrO OIMUCY HAINIBPETPAKIIiil JiMO-
HOITiB.

Hexait D = (D, <, ») — poslubuuii aimonoin, I, J — 10BuIbHI HEHOPOXKHI MHO-
KUHU, IJIsT TKUX BAU3HAYEHO BiA0OparKeHHsI

pr JxI—=D:(j5,9) (4,9)p =pj.
Busnaunmo xa MuoxkuHL D = I X D X J omeparii 3a TpaBUIAMHA:

(i:9.9) <" (k.7 1) = (1.9 < pjk < 1u1).

(i:9.9) = (k.7 1) = (o9 =y = 1),
JIema. ([8], nema 11.3.3) Auxzebpa (D/, <, >/) € dimonoidom.

Jimomnoin, orpuManuii TaKuM CIIocob0M, HA3UBAETHCA AiMOHOITOoM Pica it mo3Ha-
YaEThCA Yepe3 D =D (I,D,J;p).

Hexaii D' = D' (I, D, J;p) — nimonoin Pica, 7 — iIeMIOTeHTHA HAMIIBPETPAKIILis [Ti-
monoina D, « ta B — raki imemnorentu cumerpudnux Hamisrpyn () ta, BianosimgHo,

$(J), 1110 BUKOHYETHCs yMOBa:

Dji = Djgias J € J, 0 € 1.
Hexait nani D" (Ia, D7, JB;p) — aimowoin Pica taxuii, 1o

p B xIa— D7 :(jBia) = (jB,ia)p =p, ., =DjgiaT

Busnaummo neperBopenHs J[TO”’B ] JIMOHOIIA Dl, TTOKJIABIITHA
(i, a, /)0l = (ia, ar,jB)

’

2t Beix (4,a,j) € D .
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Teopema. ([8], meopema n.3.4)
Byodv-axe nepemeoperhs U[Ta;ﬁ I dismonoida Pica D' e HANIBPEMPAKYIEID, A AKOT

MAE MicUe PieHicmb (D/)"[Tmm = D" (Ia,D7,JB3;p).

5. HamiBperpakiii cumerpuunaux 0-kareropiii. ¥ IIbOMY MYyHKTi Omuca-
HO OJMH TWI HAIiBpeTpaxKIiiii cumeTpudHoi 0-KaTeropii Ta OJWH THI HAIiBPETPAKIii
cumerpudnoi iHBepcHOi 0-kareropii. Ilpu mpomy BuBUaeThcs OyaoBa MyTariiil Bimmo-
BimHmx 0-KaTeropiit B TepMiHAX MATPUIHUX HAMIBLPYII.

Haranaemo Busnauenns cumerpuvnol 0-kareropii. Hexait X — mosisbHa Hemopo-
JKHsT MHOKMHA, U(X) — MHOXKMHA yCIX HEMOPOXKHIX MAMHOXKWH MHOXKWUHM X. [ljist
6yap-siknx A, B € U(X) uepes Map(A; B) no3HadaTriMeMo MHOXKHHY BCIX CIOD’€K-
TUBHHUX BimoOpaxkenb ¢ : A — B : x +— xp MHOKUHE A HAa MHOXKHUHY B.

ko ¢ € Map(A; B), to uepe3 Domep Gynemo nosnadaru o61acTb BU3HAYEHHS
Binobpaxenus ¢, a yepes Imep — fioro obuacrs 3uadenn (06pas), robro Domp = A,
Imy = B. Ha mMuOX)XUHI

SymX = {p € Map(A; B)|A,B e U(X)}

[IPUPOIHBO BU3HAYEHOIO € YaCTKOBA Olepaliisi KoMmno3uiiii Binoopazkens. Akino ¢, ¥ €
€ SymX raxi, mo ¢ € Map(A; B), ¥ € Map(C; D), TO Ipo KOMTO3HUIIIO ©1) MOKHA
roBopuTH Jume y Bunagaky, kom B[ C # 0, a came: axkmo M = B(C # 0, To
KOMTIO3UINEIO (1) BiIOOpakeHb ¢ 1 1) HA3WBAETHCS BiTOOPAKEHHST

olplvm  E— F o= x(ep) = (),

fe B = o=} (M), F = $(M).

Ha upomy 111Xy BUHMKAE HamiBrpymnoin (MHOXKUHA 3 GiHADHOIO YaCTKOBOIO Olle-
pari€o), aKuil Ha3UBAIOTh HAIIBIPYIIOIIOM YaCTKOBUX [E€PETBOPEHb MHOXKHMHU X Ta
nosnavatorb yepe3 P (X). Leit nanisrpynoin He € anrebpaidHO0 KATErOPI€IO.

Hiticro, wexait ¢ € Map(A;B), v € Map(C;D) i n € Map(E;F) maki Biz-
obpaxkenHrst i3 PI(X), mo n06yTKN @), ¥n BU3HAYEHO 1 1) ¢ Domn st KOXKHOTO
z € B[ C. e osnauae, mo Impy (| E = 0, To6To mo0yTok ((pih)n Bimobpakens o
Ta 7 #He € pusHadeHnM. OT¥Ke, HAMBIPYNOLT YACTKOBUX [TEPETBOPEHDb HE € JIOKATHHO
acoujarusuum [21].

Bumoru 710 Bu3HaYeHHsT KOMIIO3HUIIT (1) CIOP’€KTUBHUX Bijobpazkenb @, € SymX,
e ¢ € Map(A; B), ¢ € Map(C; D), MOXXHa TIOCHJINTH: BBAXKATMMEMO KOMIIO3HIIIO
(Y BU3HAYeHOIO Jnie 3a ymosun B = C. Hanisrpymnoin, 1o npu nmpoMy BHHHUKAE Ha
MHOXKUHI SymX, HA3UBAECTHCA CHMETPUIHOIO KaTeropieo Ha MHOXKWHI X Ta MO3Ha-
qaeTbes gepe3 SymX.

Cumerpuuna kareropis SymX Ha BiaMminy Bij HamiBrpynoiga 4acTKOBUX Hepe-
TBOPEHD € JIOKAJTHHO-ACOIIATUBHUM HATMIBTPYTIOIIOM.

Hiticro, gxmo ¢, ¥ ta 1 i3 SymX rtaki, mo A00yTKHU @i, 1N BU3HAYEHO, TO
Ime = Domip, Imyp = Domn. Ockineku Domyn = Domv, Impy = Imip, to
nobyrru (p)n i o(1n) € Busnauenumu, npu upomy (p)n = o(n).

Axkwo wanirpynoin P (X) yacrkoBux neperBopeHb MHOXKUHEM X JIOIOBHUTH
soBHimmHIM anynsTopom 0 i mis Beix ¢ € Map(A4; B), ¥ € Map(C; D) takux, 1o
BN C # 0, noknactn oy = 0, To orpumaemo manisrpymy B3I (X) = PI(X) {0},
sIKa HA3UBAETHCS HAIIBIPYIOI0 YACTKOBUX EPETBOPEHb MHOKHUHHU X .
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Bussngersces, mo nanisrpyna P3I°(X) me e 0-kareropiiinoro |22, ockinbku s
TOTOYKHBOTO MEPETBOPEHHS ix MHOXKWHEU X Ta BimoOpaxkenb ¢ € Map(A;A), ¢ €
€ Map(B; B), ne A = {a},B = {b} (a,b € X,a # b), maemo: wix # 0, ix®) # 0,
pixy = 0.

Ilpueanyioun no cumerpuyanol kareropii SymX zoswimaii vy 0 i HOBU3HAUNB-
I OTTEPATIi0 KOMIIO3UIT 1) 3a mpasuioM: @i = 0, komu B # C, oTpuMaemo rpy-
TOIJT, KU HA3WBAETHCA CUMeTPUYIHOI0 (-KaTeropiero Ha MHOXKHHI X 1 MTO3HAYAETHCSA
gepes Sym°X.

Ha BinmMiny Big HamiBrpynmm 9acTKOBUX MEPETBOPEHb, cuMeTpruyiHa (-KaTeropisd €
KaTeropifiHoio B HyJIi HAIIBrPyIOI0, IO MEepPeBipsAeThCs Oe3nocepennbo. Bimsmadmmo,
o JlesdKi CTPYKTYPHI BAacTuBOCTI cuMerpudHol O-Kareropil Ta ii mignagmiBrpynm —
cumerpuyHol inBepcuoi 0-kareropii, Busgasucs B [21], [23].

Hexait X — nopinbHa HEMOPOXKHA MHOXKHHA. BH3HAYNMO OiHAPHE BiJHOIIEHHST A
Ha MuOXKHuHI U(X) TakuMm crocoboM:

(A:B) €A e |4 > |B].

Migvuoxuny T i3 Sym°X, ne 0 ¢ T, HazseMo \-cucTeMoI0 (HEHYJIbOBUX) TIpe/I-
CTaBHUKIB JAHOI HAmBrpynu, gkimo Jjid Bcix (A; B) € A icHye Juiie OIuH eJIeMeHT
¢ € Map(A; B), nua sxoro ¢ € T. dkmo T — nesdka A-cucreMa OpejCcTABHUKIB
Sym®X i+ € T(\Map(A; B), ae (A; B) € )\, TO NpejCTaBHAKA 1) HO3HAYATHMEMO
qepes Yap-

Yepes Tx IO3HAYUMO MHOXKHHY BCiX A-cucrem npeicrasuukis Sym°X. Busna-
anmo nepersopenns o7 € S(Sym°X), ne T € Tx, noknapmu d7(0) = 0 Ta

or(p) = wap & v € Map(A; B)  ((A;B) € \)

auis kozkaoro o € SymPX, ¢ # 0.

Jlema. Ilepemeopenns dp € naniepempakuiero naniszpynu Sym°X npu 6ydo-
axomy T € Tx.

Tosedenna. Hexait p,1 € Sym®X. fkimo xoua 6 OIUH 3 IIUX eJIeMEHTIB JOPiBHIOE
HyII0 260 0, € Sym°X Taxi, mo ¢ # 0 # 1 i Imy # Domap, T0

o1 (ptp) = 67(0) = o7 (67(p)or(1))-

B inmmx Bunmaaxax, To6To Komu o, € SymOX taxi, mo ¢ # 0 # ¢ Ta Ime = Doma,
OTPUMYEMO:

5T(‘Pw) = (Spw)Domgaw Imey = NDome Imay, A€ 11 = 50'(/}7

O (67 ()07 (¥)) = 07(PDome 1me¥Domp 1my) = 07(P) = GDome Imips
A€ PDome Ime¥DomyImy = ¢ € Map(Domp; Ima)),

3BiIKH TIDomy Imap = ¢Domgo Ima-
Jlemy nmomememHo.

Hexait M = X x X, 0 — 3oBuimmiit enement, To6to 0 ¢ M. Ha muoxuni M° =
= (X x X)J{0} Busnauumo omnepaliiio 3a mpaBUjIoM:
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(a;b)(c;d) = { E)Cf;d)’ 5;2

(a;5)0 = 0(a;b) =00 = 0.

Muoxura M 3 Takoro OIIeparieio € HaIiBTPYIOI 3 HyJIeM, OCKLIbKH HaIliBrpy-
noix M 3anoBosnbuse ymoam Konpaza (aus. [22]). Orpumany HaniBrpyily Ha3zBemo
MATPUYHOIO HATIBrPYIIO0 Ta Mo3HAYUMO depe3 M.

Binzmaummo, mo MaTpudHa HATIBrpyIa M% € namiprpynoto Bpannra [22].

ko p — mesike Tpan3uTUBHE OiHAPHE BiAHOIEHHS HA MHOXKUHI X, TO MHOXKWHA,
0%, e p° = pJ{0}, € nimmanisrpynoro marpuanoi nanisrpymu M. 1o nigmamnisrpy-
1y Gyaemo noszuagaru M (p).

TBepaxxenns. i 6ydv-axoi naniepemparyii o7 naniezpynu Sym°X dp-mymavis
(Sym®X)°T e izomopdroro naniezpymni MB(X)()\).

Jlosederns. BusHauuMo BinoOpazkeHHs
f:(Sym®X)°T — MY (N\) : oap — flpap),ne

floap) = { (Oil’ B gjj f(g):

sIKe, sIK HEBAYKKO MEPECBIIINTHCS, € TOMOMOP(I3MOM.
Miiicno, npu 6ynb-aKuX ©ap, ¢cp € (SymX)°T, wap # 0 # pcp MaTEMemo:

floaB pcp) =
:{ f(pap) = (A4; D) = (4 B)(C; D) = f(pag) f(vcp), B=C,
f(0)=0=(4;B)(C;D) = f(par)f(¢cD), B#C.

ko nmpuHAMHI OIWH 3 €eMEHTIB YAp, Ycop € (SymOX)‘sT nopisaioe 0, TO
nepesBipka TOToxKHOCTI romoMopdismy st f € TpusBianabnor. Kpim mporo, Bigobpa-
xkeHHst [ € Giekuiero.

TBepaKeHHsT TOBEIEHO.

Yepez BSym®X mnosHaumMo MIMHOXKWUHY i3 cumerpmanoi 0-xareropii SymCX,
KA CKJIAJAETHCA 3 YCiX B3a€MHOOIHO3HAYHUX YACTKOBUX MEPETBOPEHD MHOXKUHU X
B 00’¢HAHHI 3 HyJIeM, TOOTO

BSym°X = {p € Sym°X|p =0 V (¢ #0, ¢ — 6iekmuis)}.

Hepaxxko nomiturn, mo BSym°X e nipmanisrpynoro mamisrpyma Sym°X. Ti
HA3WBAIOTH CUMETPUYHOIO iHBepCHOIO (-KaTeropiero Ha Muoxuui X (IUB., HATPUKIAI,
[23]).

Hexaii p — Bignomenns pisHonoryzkuocri Ha muoxkuni U (X). Iinmuokuny H i3
BSym®X, ne 0 ¢ T, naszseMo ji-cucTeMoio (HeHyIbOBHX) HPeJICTABHUKIB 1€l Harip-
rpymH, Ko mjs Beix (A; B) € p icuye qmme omwe enevent ¢ € Map(A; B), nist
akoro v € H. Axmo H — p-cucrema npejcrasuuxis BSym°X i € H () Map(A4; B),
ne (A; B) € p, TO IpeCTaBHUKA 1) TIO3HAYATUMEMO Y€PE3 YA -
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Iosnauumo 4epes Hx muoxuny seix p-cucrem 3 BSymYX i susmauumo nepe-
teOpents 0y € S(BSym°®X), ne H € Hy, noknasnm 6 (0) = 0 Ta

oa(V) =vap & € Map(A; B) ((A; B) € p)

ays Koxuoro ) € BSym®X, ¢ # 0.

TBepaKeHHH. Laa 6ydo-axoeo H € Hx nepemeopennsa O € Haniepe-
mpaxyiero naniszpynu BSym°X maxoro, wo 0 -mymayia (BSym®X)°H isomoppra
Hanieepyni Mg(X)(u).

Jlosedenna. Amasoriuno ToMy 9K B TIOMEpenHiit JemMi MOYKHA, JOBECTH, IO OF €
HamiBperpaxmieio Hamiprpymu BSym®X npu 6yme-akomy H € Hy. Kpim Toro, 6e3mo-
cepe/IHbOIO MepeBipKOI0 MOXKHA, TIePEKOHATHCS, 110 Bigobpaxkenns f : (BSymOX)o# —

0 )
— My (1), fiKE BUSHAYAETBCA YMOBOIO:

foan) ={ (00 Jan 2

a1 KoxkHOro ¢ap € (BSymP®X )27 | ¢ isomopdizmon.
TrepaKeHHsT TOBEIEHO.
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O. B. CaBactpy
Opnecckuit narmonasbuuit yuusepcurer umenu . 1. Meunukosa

O PACHPEAEJIEHUMU IIEJIBIX TOYEK HA IIOBEPXHOCTI
U2 +V2=N3B APUOMETUYECKO IIPOIPECCUN

Casactpy O. B. IIpo posnoais ninux Todok Ha moBepxHi u2 +v? = n® B apu-

dmMeTnyHilil nporpecii. Y pobori mobygoBaHa acuMITOTHYHA (HOPMYJIA ISt CyMAaTOPHOT
byHKIii, gKa MO3HAUAE KiIBKICTH IINX TOUOK, PO3TAmoBaHmX Ha mosepxHi u? + v = nS.
Hocnimxennsm miel npobiaemu 3aiimasuca Kiihleitner M. u Nowak W. V¥V crarti posrisamae-
Thed miodaHToBe PiBHAHHSA y BUMAAKy, komm 0 < n < x, & — 3pocTaiouunil mapamerp, n = [
(mod q), (I,q) = 1. Kopucryiouncp 3arajapbHOI0 CXeMOIO OLIHKM CepesHix 3Ha4eHb pazis lu-
puxJjie, orpuMaHa OLIHKA Jjisd CEePeJHbOl KiJIbKOCTI IiJMX PO3B’d43KiB BKA3aHOIO PIBHAHHS,
fAKa HeTpHUBIaJIbHA IpU ¢ K z2 e (log x)74 .

Kiro4dosi caoBa: acumnrormasa dopmyia, giodanTosi piBasuas, L-bysknis Jupuxie,
apudMeTUIHA IIPOrPecis.

Casacrpy O. B. O pacnpeqesiennn mesipix Todek Ha nosepxuocta u’ + v = n’

B apudmMernveckoii nporpeccun. B pabore mocrpoeHa acCUMITOTHYIECKAs (HOPMYJIIa It
cymMMaTOpHON byHKIMY, 0603HAYAIONEH KOJIMYECTBO ME/IbIX TOYeK, JeKAIUX Ha [IOBEPXHO-
cru u?+v? = n. Uccnenosanuem s1oii npobiempt 3anumasuch Kiihleitner M. u Nowak W. B
cTaThe paccMaTpuBaercs anodaHTOBO ypaBHeHMe B caydae, korma 0 < n < x, ¢ — pacryuuit
mapamerp, n = | (mod q), (I,q) = 1. Hcnoms3ys mMeron npomssomsmux psigos upuxie,
ODIIYI0 CXeMy OIEHKY CPEJHMUX 3HAUEHWI 3THX DPS0B, IOJyYeHA OIEHKA JJIs CDEIHero KO-
JINYEeCTBA IEIOYNCIEHHBIX DEIIeHNil YKa3aHHOTO yPaBHEHUsl, KOTOpas HeTPUBHAJIbHAS IIPU
q< z2 e (logz)™* . BelumC/IMMBIE KOHCTAHTEL B IJIABHOM TJIEHE 3aBUCAT TOJIBKO OT (.
KuroueBrie cioBa: acumnrormyeckad dopmysia, 1uodaHToBbl ypaBHeHus, L-byHKims
Jupuxie, apudmerndeckas IPOTPECCHsI.

Savastru O. V. About the distribution of integer points on the surface
u? +v?> = n® in an arithmetic progression. The aim of our paper is to construct the
asymptotic formula for the summatory function, that denote the number of integer points
on the surface u? +v? = n®. This problem was investigated by Kiihleitner M. and Nowak
W. We consider this diophantine equation in an arithmetic progression, when 0 < n < z,
z is a large parameter, n in residue class ! (mod g), (I,q) = 1. The proof of theorem is
based on the method of generating Dirichlet series. Using the Phragmen-Lindel6f theorem
and the general scheme of the estimation of the mean values of Dirichlet series we obtained
the non-trivial result for the average number of integer solutions of the above equation for
¢ < 23 (loga)™*
logical result can be proved in general case, when (I,q) > 1.

. The computable constants in main term depend only of q. The ana-

Key words: asymptotic formula, diophantine equation, L-Dirichlet function,arithmetic pro-
gression.

(© O. B. Casacrpy, 2013
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BBEJEHUE.
ITycrs k € N. Brezem B paccmorpenne GyHKImo Ag(z), 0603HAYAIONIYIO KOJIH-
9eCTBO TEJOYNCIEHHBIX PereHnii 1uo(aHTOBOrO YPABHEHNU ST

u? +v* = nk, (1)
upu ycsosuu 0 < n < z. Torma

Ap() = r(n"), (2)

n<x

rae 7(n) obo3HaYaeT KOJIMYECTBO [IPEJACTABIEHUI IOJOKUTEJILHOIO LEJIOr0 YUCIa 1 B
BH/JIE CYMMBbI JIBYX KBAJIPATOB IEJIbIX YUCEL.

CymmaropHble (DyHKIMH Takoro BUIA TpH k = 2 m3ydvasauch B padorax [1], [5].
B pabore [1] TakKe paccMarpuBajicss BOIPOC O YHCJe pelleHuii ypasHenns (1) npu
k> 2.

Fischer K.H. [8], Kiihleitner M., Nowak W. [10] u Recknagel W. [11] ucciegoBaiu
pacipe/iesieHue [eJIbIX TOYeK HA COOTBETCTBYIONIE nosepxuoctu upu k = 3. B pabore
Bap6anta I1./1. [12] 6puta mocTpoeHa acuMnToTrYeckast hpopMyna JJist Yucia mpuMi-
TUBHBIX TOYEK HA, JLINNITHIECKUX KOHYCAX B apudMeTndeckoit mporpeccuu. IlosTomy
€CTEeCTBEHHBIM 00PA30M BO3HWK BOIPOC PEIIeHus MOm00HOM 33/1a9M HA, MOBEPXHOCTH
(1) mpu k = 3.

Ilenpio maHHON PAOOTHI SBIAETCSA MOCTPOEHUE ACHMITOTHIECKON (hOPMYIIBI f1s
cymmaroproit dynkmpn Asz(x, 1, q), obo3Hawatomeil Ymncao uenbix Todek (u, v, n), ae-
JKAIUX Ha HoBepxHOCTH U2 4 v? = n3, mpu yeaosun n < x,
n=1 (mod q), rme l,qg €N, (I,q) = 1.

B manbreiimem MbI OyaeM UCIOMB30BATH CIEAYIONINE CTAH APTHBIE 0003HATCHMS:
s=oc+iteC, o =Rs, t =Ss;

(a,b) — nauboubiuuii 00wwWii jenuresns yucen a u b;

¢(s) — mzera-bynkuns Pumana,;

L(s,x4) — L-bysakuus Tupuxie ¢ HerJIaBHBIM XapakTepoM mo mod 4;
x — xapakrep Jdupwuxje mo mod g;

Yo — DaBHbIH xapakTep upuxie mo mod ¢;

> — cymma no Bcem xapakrepam o mod g;

X
/

> — cyMMa mo BCeM IPUMUTHBHBIM XapakTepam X' mo mod g;

X/

7(n) — byHKIMs Yucaa JeuTesei;

p(n) — byuxuus Jiiepa;

cumBos Bunorpamosa ”’ <’ ozmawaer To ke, uro u cumeon Jlangay “O”.

OCHOBHBIE PE3VJIBTATHI.

1. BcromoraresbHbIE yTBEpPXKI€HUS.

[IpuBememM HEKOTOPBIE BCIOMOTATENbHBIE yTBEPKICHHS, UCIOAb3YEMBIE B JAJh-
HeHlmeM.

MMycrs L(s,x) — L-byukuus Jupuxie ¢ xapakrepom 110 mod ¢

L(s,x) = Z X,(LCL)’ NAs > 1.
n=1
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Xopormo uzsectno, uto L(s, x) asagerca nenoi dyuxuumeit (cm., Hanpumep, |4]), ecan
X # Xo- B cayuae x = xo L-dynxims dupuxie L(s, xo) aHATUTHYIHA BO BCeil KOM-
MJIEKCHOW S-TIJIOCKOCTH, KPOME TOYKH § = 1, I'/le OHa MMeEET TOJIIOC MEPBOTO MOPSIIKA

wla) _ 1
C BBIYETOM = % = Hp‘q (1 — 5).

Paccmorpum nosesenue dyukuuu L(s, x) B obaactu

1 1
§§U§1+@a2§|t|§T-

Jlemma 1. Ilpu % <o<1+ ,2 < |t| < T, enpasedausa ouenxa

BT
L(s,x) < (alt) =" (logT). (3)

HdokazaTesabcTBo. 115 MTPON3BOILHOTO TPUMHUTUBHOTO XapakTepa Y Mo mod ¢
IpH 5 = % + it numeer MecTo crenyomas onerka ([9])

L(s,x) < (qls])%. (4)

lpu s =1+ oip + it

L(s,x) < logT. (5)

Teneps u3 (4) u (5) #Ha ocHoBanuu npunnuna Pparmena-JIuugeneda g
3 <0 <1+ .2 < [t < T momyaen

1 1
R o—3

L(57X) < (q‘t|) %Jrﬁ (IOgT) %+ﬁ <

1-o _c
< (qlt]) 2 (¢T)™=T (logT),

rae C' > 0. Yunrsisas, uro mpu ¢, T < 22, tme 0 < A < 1, cupasesiuBa ONEHKA,
c
qe=T = O(1), nosy4aem yTrBepK/eHUE JIEMMBL.

JIemma 2. Ecau |T| > 2, ¢ > 2, mozda npu % <oc<1+ @

' T
3 / L(o + it: ) |'d < ()T log*(4T). (6)

X T

dokazaTesibcTBO. YTBEpXK/IEHNE JEMMBI ceyeT n3 reopembl MorTromepn ([3],
€.77) u reopembr Tabpuasia 0 BBITYKJIOCTU CPEIHErO 3HAYEHUS IO JIBYM TE€PEMEHHBIM
([6], c.238).

Ucxong u3 onpeznenenus cymmaropuoit dyukuuu As(z,l, q), ee MOXKHO npeicra-
BUTH B BHJIE

As(z,l,q) = Z r(n®). (7)
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Torga B obsracru Rs > 1 umeem

_ > r(n3) _ 4 = T(ZS)X(TL)
F(s) = - (Zm;d » n o(q) ZX:X(Z); ns

Kaxk u3BectHO, ir(n) SABJISETCS MYJIBTUILIMKATUBHON (dyukimeil. Ecaun p — mpocroe
9HUCJI0, TO OHA MPUHUMAET CJeAyIoNnine 3HA9eHns

a+1, ecam p=1(mod 4),

T o ) 1, ecim p = 3 (mod 4), « — verHoe,
Z?‘(p )= 0, eciiu p = 3 (mod 4), « — HeveTHOe, (8)
1, eciap = 2.

Torna B obsactu Rs > 1 umeem

oo r(n®)
x(n)
F = 4 o
(8,x) ; -
[Tokazkem, 4TO CIpaBEIJINBO CJIEAYIOIEe PABEHCTBO
2
F(S»X) = (L(S,X)L(S7XX4)) G(SvX)v (9)
rue G(s,x) — perysisipua B obsactu Rs > %
HeitcTBUTEIBHO,
o _ 1 re ) | T (p) (14
(&X)*I;I + I + 2o +... 7( +27+...)X
2 2 4
x T (e ). T (1R 4 ) = (g
p=1 (mod 4) p =3(mod 4)
_ 1 1228 1
- 1L x(p) \2 x(p) )2
1= p=1(mod 4)(17 155)) p =3(mod 4)17( p(s))

C npyroit cTOpOHBI

2
L?(s, x)L?(s, xxa) = ( I - T [1 1_}((,,)> X

p =1(mod 4) p®  p =3(mod 4) p®
2

IMoncrasnsas B (10), nomydaem
F(87X) = L2(87X)L2(87XX4) ’ 1_12% X

x 11 (1+2%)(1_%)2. I (1_<Xp§7>)2>:

p=1(mod 4) p=3(mod 4)
= LQ(‘S’X)LQ(S’ XX4)G(S7X)a
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rie
G(s,x) = ﬁ X

« x@) (1 xw)?, _(xw))*) (11)
n (e (- 1 (1i- ()

p=1(mod 4) p=3(mod 4

Takum obpasom, B obaactu Rs > 1

4

Fs) ©(q)

DXL (s, X)L (5, xxa) G (5, X)- (12)

2. OcHoBHada TeopeMa.
Bocmons3yemcs dbopmysioit Ileppona, monaras ¢ = 1 + @, T>1,e>0.
c+iT
xs
/ F(s)—ds+ O (
s
c—iT

zlog? x

As(z,l,q) = ) + Oc(z°). (13)

1
211

B (13) nmepenecem KOHTYp nHTErpHpoBanus Ha MpsMyio Rs = 3 + (log ) L. Tlpn
STOM MbI MpPOHIEM Yepe3 TOJIOC MOAbIHTerpaibHoil pyHKnuu B Touke s = 1. Pac-
CMOTPHM HMHTETPAT TO KOHTYPY I', KOTOPBIH MPEACTABAsSeT COBON TMPAMOYTOIBHUK C
BepruHamu c+i7T, %—i— (log )~ 4+4T. TloapmTerpanbhas HYHKIEA aHATATHIHA Ha
¥ BHYTPH HEro, HCK/II0Yast MOIIOC BTOPOii KparHocTH B To4ke s = 1 (3a cuer L2(s, )
umm L2(s, xx4)). Taxum obpasom, B custy Teopembr Kormu, nveem

c+iT
S 1;5

1 T 1
— F(s)—ds = F(s)— — (L + 1+ I 14
5y | FOSas =g (FOT )4 g hen), (a)

c—iT

rjie
2+(log z) T T
L= / F(s)—ds,
S
+(ogz)—1—iT

L +(logz) ' —iT 1+(log z) = 44T
S

I = / F(s)Zds, I = / F(s) 2 ds.

s s
1+(logz) =1 —iT L4 (logz)—14iT

Ucnonb3ysi ouenku (3) u3z jgemmbl 1, Mbl [101y9aeM BKJIaJl, FOPU30OHTAJIBHBIX YIaCTKOB
UHTEI'PUPOBAHULA:

I, I3 < R IN A logT + AR TN A S log T. (15)

Ianee ocranmocs pacemorpers mHTerpas I. Kak mssectHo, ecim gepes ' 06o-
3HAYUTHh NPUMHUTHBHBIA XapakTep mo mod ¢', KOTOPBIA HHIYIUPYET XapakTep X IO
mod ¢, Torma (cm.[2]) B obmactn Rs > 1

Lis.x) = Lis.) T1 (1-X2).

plg, ptq’



72 0. B. Casacmpy

ITostomy

L4+(logz) 1 +4T

I = 1l ot DXL (5,X) L2 (s, xxa) G (s, ) S ds <
$+(ogz)~1—iT X

1 1
22 Togw
< %W
' o 1 . 2|1 1 ; 2
x| S TG ks i) LG+ ks it )| Bt |
q'|q x’ mod ¢q 1

B cuny mepaBsenctsa Komm n meMMBI 2 TOTydaeM CIIEIYIONIYIO OIEHKY
L K T(q)x% log” T. (16)

Boruuciium Boruersl B ToUKe s = 1 mogpiaTerpasibhoil dyukuuu B (13).

Ecnu ¢ = 0(mod 4), ro cymecrByer eauHcTBeHHbINH Xapakrep x mo mod g, ra-
KOIif, 4TO XX4 = Xo — WIaBHblii xapakrep 10 mod g (Lpu T0M XoX4 HE ABIIHETCSH
riasubiM). Ecin ke ¢ #Z 0(mod 4), To Takoro xapakTepa He CyIecrsyer. PaccMorpum
cHadasa ciydvaii, korma ¢ Z 0(mod 4), Torma npexcrasum F(s) B Buge

F(s) = i L7 (s, x0) L2 (s, X0x4) G (3, x0)+

+30 ( > X(Z)LQ(S,X)LQ(S,XXOG(S,X)) :

XFX0

Kak m3Becrno, B okpectnocTu T049km § = 1

L(S,XO):<‘OEIQ)((3—1)_1—1—7—1—...),

%zx—i—(m‘logm—x))(s—l)—&—...,

rje y — nocrosinHas Jitepa. [ToaToMy mocsie HECTOKHBIX TEXHUIECKUX BbIYUCTEHUN
IoJIyyaeM

res (F(s)Z) = res (ﬁLQ(S,Xo)B(S, Xox4)G(s, XO)%) =

s=1 5= (17)
= A;(q)zlogx + Ap(q)x,
rie
w2 1
Ai(q) = ZqG(LXO) H (1 - p) ; (18)
Aolq) = (19)

= 21T, (1- 1) [2L/(Lxa) + F(27 = DG x0) + G/ (1, x0)]

dbyuxnusa G(s, x) oupenensgerca B (11).
IMpu ¢ = 0(mod 4) u I = 1(mod 4) 0cOGEHHOCTH BO3HUKAET MPH X = Xo U X4-
Yaursias, aro G(s, xo) = G(s, x4), MOIydaeMm
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res (F<s>§) = ’gg‘f (gpzlq) Z L2<S>X)L2<57XX4>G(S’X)E:> = (20)

X=X0,X4

—2[A, (q)x log = + Ao(q)a] .

U3 coornomenuii (13)—(20), nomaras T = 22, MbI IPHXOAUM K CIELYIOMIEH Teo-
peme.

Teopema 1. IIycmov l,q € N, 0 <1 < gq, (I,q) = 1. Toeda npu x — co cnpaseo-
AUBE ACUMNMOTNUYECKAR HOPMYAaQ

Ag(w,1,q) = 6 [A1 (@) log & + Ag(q)2] + O (2¥(q) log” x )

2de Ai1(q), Ao(q) — BBMUCIUMBLE KOHCTRAHDL, 3ABUCAUUE OTN § U ONPEJesseMble CO-
omnowenuamy (18) u (19),

5 — 1, ecau g Z 0 (mod 4),
71 2, ecauq=0 (mod4) ul=1 (mod 4).
Bameuanue 1. ITpu ¢ = 0 (mod 4), [ = 3 (mod 4) ypasnenue u® + v = n3 ne
umeem pewenull, NoIMOMY IMOM CAYHAT Mbl UCKAIOUAEM U3 PACCMOMPEHUA.

3AKJIIOUEHUE. B nammoil crarhbe HCCIETOBAJICS BOIPOC O CPEIHEM 3HAYEHUN
uucia pewennii quodpanrosoro ypasnenus u’ + v?2 = n3 B apudmMernueckoil 1po-
rpeccun. IlomydeHHbI pe3yabTaT HETPUBUAJEH A BCeX ¢ K zr e (log x)_4. Kpo-
M€ TOTO, aHAJIOTUIHOE yTBEPKIEHNE MOYKHO MOJIyUUTh U JJIs ODIIEro Caydas, KOTIa
(l,q) > 1.
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C. C. CepreeB, Yau Txe Bumun
Onecckuit nHanmonanbbiil yauepcurer umenu 1. V. Meunukosa

MVYJIBTUIIJINKATVNBHBIE ®YHKIINY, B3SBBEIIIEHHDBIE
CYMMAMMU KJIOCTEPMAHA

CepreeB C. C., Yau Txe Binp MyabruniikaruBHi pyHKIIiT, 3BakeHi cyMma-
mu Knocrepmana. ITobynoBana acnvnrornana dhopmyna cymaropHol MYyHKIHT 1Ist cyMu
Kiocrepmana K (s, a; ), 3BakeH0l My/IbTUILTIKATHBHAME DyHKIigMEA [ (1) CHEIiaJIbHOTO BHA-
TJIsiTy, a caMe 3ropTkoio Jlipixsie TijIKoM My/IbTIIIKATUBHUX (DYHKIHI Ta TOTOKHOI 1.
Kurouosi cioBa: cyma Kiocrepmana, GyHKmil JiIbHAKIB, aCHMITOTAYH] OIIHKU.

Ceprees C. C., Yan Txe Buap MynbruniankarusHbie (pyHKIUV, B3BEIICH-
Hbele cymmamu Kuocrepmana. Ilocrpoena acmvnrormdeckass ¢hopMysia CyMMaTOPHOR
dbyrkmmm qyis cymmbr Kimocrepmana K (s, a; q), B3BEIIEHHONH MyJIbTHIIIMKATABHBIME byHK-
musamu f(n) cCnenuasbHOTO BUAA, & MMEHHO CBEPTKOMN lupuxJie BIIOJIHE MyJ/IbTUILINKATHBHBIX
byHKIHIi U TOXKIeCTBEHHOH 1.

KuroueBslie cioBa: cymma Kiocrepmana, dyHKImn genmresieil, aCHMITOTHYIECKIE OIIEH-
KH.

Sergeev S. S., Tran Vinh Tkhe Multiplicative function of the weighted sum
Kloosterman. Constructed asymptotic formula summatory functions for Kloosterman
sums K (s, a; q), weighted by multiplicative function f(n) of a special kind namely Dirichlet
convolution of completely multiplicative functions and constant 1. This problem is significant
because of the importance estimates for Kloosterman sums of a special type in progressions
over Gaussian integers. Also the method of proof can be applyed to obtain estimates of
different kinds of the Kloosterman sums.

Key words: sum Kloosterman divisor function, asymptotic estimates.

BBEAEHUE. Knaccnueckne cymmbl KioctepMana BOSHUKIN B aHATUTUYIECKOM
Teopun dnces no4dTu 90 JeT ToOMy Ha3a ¥ Ha MPOTSIKEHUU STOrO IEPUOJA TOCTOSHHO
HCTOTB3YIOTCS KAK WHCTPYMEHT WCCTIEI0BAHUS BO MHOTHX 33/[a9aX MATEMATUKU U e6
NPUJIOKEHUNA.

IIpumenenusam cymm Kiocrepmana B MaTeMaTHKe MOCBAIIEHO MHOTO paboT, Ha-
upumep, [1], [3], [5], [6]. B psie 3ama4, cBA3aHHDBIX C HOCTPOCHUEM IICEBO-CILy YAl HbIX
ancent (cM. [2]) ¥ cnenmasbHBIX JIHHEHHBIX KOJ0B (cM.[4], [7]), Bo3HMKaeT HEOGXOIH-
MOCTB BBIYHCIIUTH CYMMBI, COJepIKaIie CyMMbl KjiocTrepmMaHa n WX CTEmeHMN.

Henpio HacTOsIIIEH PAOOTHI SIBJISIETCS TIOCTPOEHHE ACUMITOTHIECKUX OIEHOK JJIst
CYMMATOPHBIX (QYHKITHIT, aCCOMMMPOBAHHBIX C B3BEIEHHBIMU cyMMamu Kiocrepmana
MYJIBTAILTAKATABHBIMU (DYHKIUAMHE CIIEIIHATHHOTO BHIA.

Ilycts a,b,q € Z , ¢ > 1.

Paccvorpum cymmy Kioctepmana

K (a,biq) = Y ™0
S(c)

(© Ceprees C. C., Yau Txe Bumb, 2013
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31ech ¢ = {ac € Z;,xac/ =1( mod q)} Zy xak O0ObIMHO ODO3HAYAET NPUBEICHHYTO

!’
CHCTEMY BBIYETOB MO MOJIYJIO ¢, & MITPUX IPHU T, O3HAYAET, uTo & = 1(mod q).
JlJ11 IPOU3BOJILHOI BIIOJIHE MYIbTUILIUKATABHON (byHKIMU ¢(Nn) ONPEETUM MyJih-
TUIIUKATUBHYIO GyHKIMIO f(n) NOCPeaCcTBOM COOTHOIIEHUST

fln) =2 g(d),
d|n

rJie 3anuCh d|n O3HAYAET, YTO CyMMHUPOBAHUE HIET M0 BCEM JEJTHUTENAM d IUCIa N.

O6o3na49IM
F(z) =Y f(n)K(a, b; n)

n<x

u Oyznem HasbBarh F () B3Bemennoit cymmaroproii dbynkuueit ansa f(n).
B nocnenyrormmem HaM MOHATOOATCS CIEYIOIIHNE CTAHIAPTHBIE 0D03HATCHMST:
§ = 0 + it — KOMIUIEKCHOe 4uciio, 0 = Res, t = Ims;
Z, (coorsercrenno Z;) — nonnas (IPUBeJIEHHAs) CUCTEMA BBIYETOB 110 MOJYJIO
HOD(a,b) = (a,b) — nHanbonbmmii o6umii geanrens a u b;
w(n) — byuknua Mebuyca;
p(n) — byukus iinepa;
I'(z) — ramma-pyukuuu Ditnepa;
st (x, ¢) = 1 0bo3HAuaeM Yepe3 T MyJIbTUILIMKATUBHOE OOPATHOE JJIsd & 110 MOLYJLIO
q;
¢(s) — mzera-bynkuus Pumana,;
¢(s; 0o, 01) - n3era~-pyukuus Jlepxa.
Pann yno6erea B hopmynax tumna a = b(modq) Mbr Mutem a = b(q).

IIPEABAPUTEJIBHBIE PE3VJIBTATBI. Mbl npuBeaéM HEKOTOPBIE BCIIOMOTA-
TeJbHBIE YTBEPXKIEHUs, KOTOPbIE HAM IOHAIOOATCS i IOJIYy9IeHHs OCHOBHBIX pe-
3yJILTaTOB.

Jlemma 1. Ilycrs a, q € Z, g > 1.

qg—1

omiaz g, ecim a=0( mod q)
E e ¢ =
= 0, WHAYE.

JIemMma 2 ([8], crp. 48). Tlycrs ((s,0), 0 < 6 < 1 — nzera-bynkunn 'ypruia,
ompenesnsiemast 115t Re s > 1 abCOMIOTHO CXOISATIAMCS PSITIOM

oo

1

((5,0) =) ——==

n+4)s
n=0 ( + )

Torna ((s,d) aHaJIUTUYECKU TPOJOJIZKAEMA HA BCIO KOMILIEKCHYIO S—IIJIOCKOCTD,
KpoMe TO4YKH s = 1, rae oHa mMeer moioc 1-ro mopsaka ¢ Beraerom 1. Kpome Toro,
cupaseyuBo coorHomenue I'ypsuna s Res < 0

o0 o0 .
2'(1—s) | . ms Z cos 2mnd s sin 27nd

C(S,a) = W Sll’l;

cos
nl—s 2 nl—s
n=1 n=1
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Ilycrb dp,01 € R, g < §1 < 1. @ynkuus Jlepxa B obsacru Re s > 1 oupenesieHa
abCOTIOTHO CXOAAIINMCS PSIIOM

0 627rin51
E(si00,0) =Y
o 81) ,;)(TL-HSO)

JIemma 3. ([3], crp. 42). Oyuxuus Jlepxa aHajIuTUUECKU HPOJOJIZKAEMA HA BCIO
KOMIIJIEKCHYIO S-TLIOCKOCTh, KPOME OBITH MOYKET TOUKM § = 1, ecyiut §1 € Z, U B 3TOM
caydae oHAa mMeeT B TOUKe s = 1 momioc 1-Tro mopsaka ¢ BeraeTom 1. Kpowme Toro,
cupaBe B0 (bYHKIIMOHAIBHOE YPABHEHUE

€ (s:00,01) = (2m)° 7 T (L= ) {eFO0E (1= 5. {81).00) +
e FO-g(1— 5 {1 51},50)} .
(Bumech {1}, {1 — 01} — apobubie moau 10 61 u 1 — d1).

CanencrBue. B nonoce —¢ < Res =0 < 1+¢,|Ims| > 3 cupaBeniuBbl cieiyio-
e OLEHKH

1
2

It| "= log|t|, ecrn — e < o <
|15|1‘_Talog|t|7 ecu % <og<1l+e

£(s;0,9) <<{

Hamomuawmm HeKoTOpBIe cBoiicTBa cymMmMm Kitocrepmana.

Mycts ¢ = q1g2, (q1,¢2) = 1 w nyers ¢1q1 = 1(mod go), ¢232 = 1(mod ¢1). Torma
WMEEeT MeCTO "KBa3u—MYyJIbTUIINKATUBHOCTE cyMMbl KiocTrepmana.

K (a,b;q) = K (aq2,bq2; q1) - K (aqt1, bq1; q2) -
Hanee, ecmn (a,q) =1, To

K (a,b;q) = K (1,ab; q) .

JIemma 4 ([6]). IIycrs p — npocroe uncno. Torza

[N

K (a,b;p™) < 2(a,b)? p*.

(dra onenka nmpuHaamexut A. Beitmo [9]).

JIemma 5. Ilycrb ¢ = q1q2, (g1,92) = 1, g1 — GeckBaapaTHas 4acTb ¢, g2 —
KBaJPAaTHO-1I0JIHAs 4acTb ¢, u uycrb (b,q) = d = dids, di|q1, d2|g2. Torma nmns
didy > 1 umeem

0, ecoudy > 1,

K (1,b;q) = _
(1,559) {M(dl)K(l,bdz;;l), ccmmdy =1,

rae did; =1 ( mod d%).
okaszaTesibcTBO. B CHly KBa3u-MyJbTUILIMKATABHOCTH cyMMbI KiocrepMana,
OTHOCHTEJIBHO ¢ HAM JOCTATOYHO PACCMOTPETh TOJNBKO CJIydail ¢ = p™™, p — IPOCTOE.
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Ecim m = 1, o obasarensno dy = 1, u torma (b,q) = (b,p) = p. Tak uTo MBI
UMEEM B 3TOM CJIy9ae

K (1,b;p™) = K (1,0;p) = Ze

xEZ*

P=—1=p(d)K(1,0;1).

[ycrs reneps m > 2 u nycrs(b,p™) = pF, k > 0. Torma d; = 0, dy = p”

O6o3nauum m; = [7; > 1, u nonoxum = = xo (1 +p™ " ™y), tae o € Zrm,,
Y € Lpm.

Torna x = x, (1 — pmTmy 4 p2(m ml)yz), rIe MYJbTHILTUKATABHOE OOpaTHOE
xé) Gepércst o Moysto p'

[osTomy MBI MoKeM 3amucaTh (monaras b = pFby, (b, p) = 1)

K (1 bOp pm) Z Z 6271_1-7“;9'{9)7

rer;nzfnzl yGmel

e f(zo,y) = o + bopFag + p ™ (y — bopPaep™ My + bop’“zépm’mly2>-
Ilostomy, B cuty jieMMMbI 1,

!
.zo+b0PkIO i —Y
K (Lbopk;pm) = E 2T E ety

ToEZ*
p

0.

m—mq YyE€Zymy

CiencrBue.

f(n) <nf,

g moboit mysaprumsmkarusaoil dyukuuu f(n) mon ycjiosuem
€ — MPOM3BOJILHOE MAJIOE MOJIOKHUTEIbHOE YUCII0, uMeeM g Res > 1

SISy S A (i),
d\q1 n=1
(nvq):d

rIe g1 — OecKBaIpATHAS 9acTh ¢, a dd = 1 ( mod 2)

JIemma 6. Ilycrs g(n) — BrosHe My.HbTI/IH.}'II/IKaTI/IBHaﬂ d)yHKuHﬂ IIOJ, yCJIOBHEM
g(n) € nf, € > 0 — MPOU3BOJIBLHO MaJioe,  mycThb f(n Zg

Torma jgisi noboro HarypaabHoro ¢ > 1 u nesoro a, (a q) =1, B obnactu Res > 1
CIIPABEJTUBO PABEHCTBO

Z f(n)K 1an,q)
n=1

= Zuld) T HHE S ()7, (5 297) 2, (s 249)
q1

tita]d
e ¢ = {al, as € Z%,alag =1 ( mod %)}, a GysKIuA Z, (s, g) OIIpPEIEIEHA, PSIIOM

27\'7,
< ) Zg , Res>1,(c,q) =1.
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HokasaresberBo. Ilycers ¢ = q1q2, (¢1,92) = 1, ¢ — GeckBaaparHas 9acThb ¢,
n myers d\ q1. Torga (d, 4) =1, a noromy cymecrsyer d Takoe, aro dd = 1 (mod ).
ITpunuMas BO BHUMAHUE BIIOJHE-MYJIBTUIIMKATUBHOCTh (byHKIMU ¢(Nn) U CJIEICTBHE
u3 JleMMBbl 5, nosrydaeM i d \ qq

aynjdydt+agngdod

Y3 ) g(n1)g(ng)  2mitimififeanzid
g(dl)g(dQ) (nldl)s (n2d2)( € d -
S(c1) did2=d S(c2)
o a1d1n1d+a2n2d2d

= Z n=*° Z g(d) Z (n1)g(ns) Zezm 7 =

n = 1 dida=d S(CJ) S(C]) (1)
(n.q) =d
S - X
= Z fn)n K(l,and,d).
n=1
(n.q) =d

C upyroit croponbl, jieBas yactb pasencrsa (1) pasxa

aijnydydtagnodyd

gni)g ’n2> 2mi ===
> 3 sl 2(3 I
S(c1) did2=d S(c2) B
Qﬂ_ialnl;ldld

Z Z Z M tsts g(tt) Z g(nl)%

S(c1)dids gtl,tz\q ni,na=1 (2)
27‘_7;0,271,2;2(12(1

€ d

. g =
Z Z ,u tg) Z Zg <S; a1t2d1d> Zg (S; C@tzdgd) ’
S(C1)t1,t2\d 2 dida=d d d

rae

ul

¢ = ial,ag € Zﬁ‘,,alag = 1( mod q)}

o ={(n1,n2) =1, (n1, %) = (ng, %) =1},
c3 = {ni,n9,nidy - nads = n}.

Teneps, ymuoxas (1), (2) vHa u(d) n cymmmpyst mo BeeM d, d|gy, MBI, B CHILY JIEMMBI
5 u xopomio u3BectHoro ToxaecrBa Cenbdepra—Kysuenosa [5] monydaem tpebyemoe
YTBEPKICHHE.

OCHOBHBIE PE3VJIBTATBI. I3 moka3aHHOIl BbINE JeMMbI 6 BUIHO, 9TO IS
TTOJIy9€HUST XOPOIIeH aCUMIITOTAIECKON OIEHKHA CyMMATODPHON DYHKIMH, ACCOIUU-
poBaHHOIl ¢ dyHKIHEH
f(n)K (1, an; q), BaxkHo umerh opeesénuyo nadbopMaIuio o A3eTa-110106H0i QyHK-
mu Z, (s; g) Herpyzano 3ameruts 4uro, eciu B KadecTse ¢(n) B34Th BIOJHE MYJIb-
TUIIMKATHBHYI0 QyHKIMIO Buga g(n) = x(n)d®, rae x(n) — xapakrep Iupuxie mo
HEKOTOpOMYy Moayao D, a o — (HPUKCUPOBAHHOE KOMIJIEKCHOE YHUC/IO, TO (DYHKIUIO
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Zg (s 7) yaaérces BbpasuTh depe3 j3era~-pynkuuio Pumana ((s) u L — dyukuuio

Hupuxsie L (s,x1) ¢ Hekoropbim xapakrepoM Iupuxse. B s1oil crarbe Mbl paccMor-
puM zBa caydas g(n) = 1,n € Nyu g(n) = xa(n), rae x4(n) ecrb HersiaBHblil XapakTep
Hupuxe o momysio 4.
Torma y4uThIBasg, 9TO Zg( Z X4(d ) , Tae 7(n) — KOJIMYEeCTBO Mpe/i-
dln d|n
CTABJICHUH 1 CyMMOUN IBYX KBAIPATOB IEJIBIX YUCEN, MBI TIOCTPOUM aCUMIITOTHYECKYIO
dopmyy a1 CyMMBbI

Z r(n)K(1,an;q), a€Z.
n<x

> d* = 0,(n) — cymma Beex pesnureseil n B crenenu «, og(n) = 7(n),
d|n

S d¥xa(n) = %"),a =0.

1 rorpa upuxoum, COOTBETCTBEHHO, K CyMMe BH/IA

Z T(n)K (1, an;q),

nLx

rae 7(n) — ducio pesuresei n.

Oba 31ux cilydas pacCMaTPUBAIOTCS OJHAKOBO, HO Cydail 7(n) TeXHUYECKHU IPO-
me. MbI 9TOT cay4ail B JaibHEHIIeM 1 PAaCCMATPUBAEM.

Taxum obpazom, B obmactu Re s > 0 nemma 3 gaér

:iT 1an,q Zu SdQ), (3)

n=1 d|q1

rae
1% tl (tg) aldltld . agdgtga
F(sidq)= “(n2)® > D¢ C(%0.— :
tita| g araz=1(4) drd2=d d

B custy siemmbr 3, 3akirouaem, uro F(s) aHajuTHUeCKH TPOJOJIZKAEMA HA BCIO
$ — IIOCKOCTb, KPOMe ObITh MOXKeT Touku s = 1, rae F(s) Moxer umerb mosoc 2-ro
nopsizaka. Iosromy u3 (3) no dbopmysne Ileppona naxomaum

Z T(n)K(1,an;q) = ress—1 (F(s)x*s™) + ress—o(F(s)z*s™ 1)+

n<x
1 —e+iT c
x{)’ ms xc 1
— F(s)— F(o£:T)| — ———q2 4
+2m’ / (s)sds+0 /| (o +i )|Td0 +O(T(cl)2q 7'(q))7 (4)
—e—iT —€

rme ¢ > 1, T > 1, e > 0 OyayT onpezeseHbl IO3/HEE.
(3mech Mbl yuiu, 4ro K03 duimeHThl 1Pou3BosIIero paaa Jupuxie s
7(n)K(1,an; q) onenmpatorcs Bemmaunoii 7(n)qz7(q).)



Myavmunasukamusroe PynKyuL, e3eewenmnse cymmamy Kiocmepmara 81

Hns Boramcienus uaTerpanosa B (4) Ham HEOOxomuMa onenka GyHkimuu F(s) B
nosoce —e < Res < 1+¢,|Ims| > 3.
U3 (3) MbI cpa3y umeem

o0

n)|K (1, an;q)| 11
F(l+e+it)< Z e << 7(q)q - (5)
Kpowme Toro, ciaeacreue gemmbr 3 maem a1 Res = —e

ed q
F(s,d,q) << |t|1+ ET(d)T2 (E) logQ|t|.

A moromy

F(—e+it) << |t|*Teqm(q)log*|t|. (6)

Teneps, B cury npuniuna @parmena—/luagenéda, Haxogum

F(s) << 17 20555 73 (q)log? t]. (7)
Ilostomy st ¢ = 1 4 € umeem

1+e€

/ F(S)%Sds << maz (1T(q)q5;,q73(q) (log*T) TE) : (®)

—€

Hauiee, u3 dyHkimonaibHoro ypastenus Jjisi Gykuuuu Jlepxa (cMm. jgemma 2) Ha
npsamoit Re s = —e nosy4daem:

d)F(s:d,
(S):Zu()d(ss ) _
d|q )
() p(t)u(ts) r?(1-s)
=X X ) > 2 (e X (9)

‘ t1t2‘q alagzl(mod%)dldQZd
2 i s cditsd i s dit:d
L e G o e AU (el b s R0

(3anech {u} o3Hauaer APoOGHYIO OO U).

TTockonbky Re(l — s) = 14 € > 0, To mozacrasasst BMmecro (1 — s,x,0) mpea-
CTaBJIeHHE B BHJE aDCONIOTHO CXONAIIErocs paga JIupuxie u IpoBOIsA CTaHIAPTHBLIC
npeobpa3oBaHmsd, MBI IPUIEM K PABEHCTBY

—e+iT
1 s 0o 1
i / F(S)?ds = Zﬂ(d) Z p(te)p(tz) Z EI n,a,t,d), (10)
—e—iT dlqa tita] g S(cp) n=1
rae
) —e+iT s
Til=s) ( rninem?\ ds
1 t,d) = — (1- (£141) 112 '
(nyaa ) ) 27T’L / S Z e 2t1t2 5

—e—iT S(c2)
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e = {a1a2 =1 (%) ~dy,dy €N, dydy = d}.

cy = {n =ning,n; = j:ajdjtja(mod%),j = 1,2} .

Ouerngro, uro narerpan I(n,a,t,d) ecTh cyMMa YeTHIpEX WHTErPAJOB (Kak pe-
3yJIbTAT BLIUUCJIEHUS Tpou3Beerus B (9)), U3 HUX JIBa, KOTOPHIM COOTBETCTBYET BbI-
6op 3uHakoB +1, +1 uau -1, -1, maroT HAUOOMBINHUI BKJIA/ B OIEHWBAEMBINA WHTETrPAJ
JF (s)wfjds.

2
O6o3naunm y = 54N

15> Torna marerpan B (10) npuanMaer Buz
—eiT
1 e+1 s ys
— I'?(1 —s)e® **ds.
21 J_ i s
IMocnenunit MHTErpaJl BO3HUKAET B KJIACCHYECKON 3amade menuteneil upuxie.
Ero onenka nonydvena B ([8], ¢. 314-317).
ITosTOMy mPOBOAS CTAHAAPTHBIE BHIMMC/IEHUS, IOy 1aeM

-, >N=-21,
I(n,a,t,d) << {y1 e dme (11)
yi, ecmtm n < N.
Cnenoparesnsho u3 (10), (11)
—e+iT
1 z* 1pl 2 2
— F(s)—ds << ¢2T>7°(q)log"T. (12)
2m S
—e—iT

Ocrasock BerauciuTsh Borderst Gykunun F(s)%- B Toukax s =0 u s = 1.
Mbr nmeem

x5 - [,L(tl),u(tg) . aldltla
reSs=0 <F(S)S> - A;) tth Z( )C O7Oa % X
c ajaz=1 %
datad
x¢ <0;0, fafarat )

d

=0 (47°(q)) - (13)

T€Slim,_, (F(s)i) =

S

_ Z N(til)é';(h) Z reslim._, (C (87 07 aldc}tlg) C (S, 07 G«ngtza) %) , (14)
S(c)

alagzl(%)

al
a

TI€e B (13) n (14) Cc = {d|q1;d1d2 = d;tltg‘%}.

Bamerum, uro ((s;0;0) umeer 0cobyi0 TOYKY B T. s = 1 TOJIBKO B ciaydae § € Z.
Ho Tak xak HO/I (aj djE, %) = 1, TO BBIYET MOXKET OBITH HE PABHBIM HYJIIO TIPHU g2 > 1,
€CJIM TOJIbKO t1 = ¢ wi t = ¢ (BCIOMHUM, YTO ¢y — KBaJPaTHO II0JHAS YACTh ¢,
caegoBarenbro p(t1)p(tz) = 0), a 3HAYUT COOTBETCIBYIOMIUE CAAraeMble 00pasTCHd B
uysab. CremoBaTenbHO, s go > 1 BKJIAJ, B BBIUETHI paBeH Hymo. Ecim ¢ = 1, Te.
q1 = q, TOpA {1 = % una to = % BBIYET TOJIBIHTErPAJIBHON (DYHKINYM OTJIMYEH OT
aynda. U1 Mpr nmeem



Myavmunasukamusroe PynKyuL, e3eewenmnse cymmamy Kiocmepmara 83

T€Slim,_, (F(S)f) => > (fiiéﬁd) (zlogz + (27 — 1)z+

dlq d€Z7y
d

dtd -1
+ 2 Z ¢ <1; 0, q) = H (1 + pp2 ) (zlogz + (2y — 1)z+
t9 ¢

14

S

tay > ¢<1;o,lgd> , (15)

dlq l€Z* q
! g d,
t#1
rjie 7y — MOCTOsIHHAS JiIepa.

Tenepn, cobnpas ouenkn (8), (10), (11) u nomaras T = x3, e = c=1+ @,

logz”

mbl, B cuiy (13), (15) nosyuaem yrBepz/ieHue Cieyomeil Te0peMbl.
Teopema. Ilycth ¢ — HaTypajgbHOE YHCIO, ¢ = q1G2, The (q1,q2) = l,q1 —

GeckBaJpaTHas 49acTh ¢, & g2 — KBaJPATHO MOJHAdA YacTh ¢. Torma miga (a,q) =1 u

T — 0O CIIPABE/JINBA ACCUMOTOTHYECKas (HPopMyia

> 1)K (1, an;q) = A(z,q) + O(z7 ¢2 7°(q)log*),

n<lzx

0, ecmm go > 1,

Az, q) =
rae A(e,q) {(15), ecimu go = 1.

SAKJIIOUYEHUE. I13710:KeHHOE BbIIlIE JI0KA3aTENbCTBO Teopembl mis (a,q) = 1
JIEKO 1IEPEJIOKUTD Ha ciydail (a,q) > 1, upu 31oM 10psAI0K pocTa (OTHOCUTENLHO T),
COXpaHAeTCs, HO U3MEHAIOTCH KOHCTaTHb B (15).

3amMeruM, UTO YTBEPKICHWE, aHAJOIMIHOE NOKA3AHHOW TEOpEeMe, MOMKHO IIOJIy-
quth B caydae g(n) = xx(n), vae xx(n) nernasublil xapakrep momysa k.
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THE DISTRIBUTION OF THE SOLUTIONS OF THE
CONGRUENCES OF SPECIAL FORM MODULO p"

Bagsic JI. PosnoaijieHHs po3B’A3KiB KOHTPYEHIH CHEIiaJIbHOTO THUILY 3a MO-
nymaeMm p". Mu oTpEUMYEMO HETPUBIAIBHY aCUMITOTUYHY (DOPMYILY Il 9MCIa PO3B’SI3KiB
xonrpyenmii az® 4+ by* = ¢ (mod p™).

Kiro4dosi ciioBa: TpuroHoOMeTpmUHA CyMa, aCHMIITOTHYIHA (POpMYyIa, PO3B’SI30K MOPiBHS-
HHS.

Bausic JI. Pacupenenenue pemieHuil cpaBHEHUH ClIeNMaIbHOIO BUJA 110 MOJY-
saro p". Msl Ho/IydaeM HETPUBHAJIBHYIO aCUMITOTHYECKYIO (DOPMyYIly IJIst YMCJIA PEeLIeHIH
cpasrenusg az’ + by’ = ¢ (mod p").

Kiro4eBble cJIOBa: TPUIOHOMETPUYECKAS CyMMa, aCUMITOTHYECKas HOPMYTIa, PerneHne
CPaBHEHWUSI.

Balyas L. The distribution of the solutions of the congruences of special form
modulo p"”. We obtain nontrivial asymptotic formula for the number of the solutions of
the congruence az® + by* = ¢ (mod p™)

Key words: exponential sum, asymptotic formula, solution of the congruence.

INTRODUCTION. In 1918 I. M. Vinogradov and G. Polya nearly at the same time
got the non-trivial estimate for the number of quadratic residue classes prime modulo
in the interval [1,z], where < p. It was the first problem on the distribution of
solutions of the congruence f(z,y) =0 (mod p™), where f(z,y) is a polynomial with
coefficients from the field Z,. Nowadays the problem on the incomplete residue system
is defined in the following manner.

Let f(x1,--- ,2n) be a polynomial with integer coefficients and let Z, be a residue
class ring modulo ¢, where ¢ € N\ {1}; let A,(a1,b1, - ,an,b,) be the number of
solutions of the congruence

flxz1, - ,2,) =0 (mod q), (z1, -+ ,2,) € R, (1.1)

where

a; <z <a; +b;, i =1,n,
R .= 0§a1<ai+bi<q,7 . (1.2)
a;,b; e NU{0}, i=1,n

The purpose of our work is the derivation of the asymptotic formula for the
congruence of special form with the use of the solutions of proper congruences modulo
p™, where p is prime and n € N\ {1}.

NOTATION. Latin letter p (with an index or without one) is always the notation
of a prime number.

@ L. Balyas, 2013
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Z,, — residue class field prime modulo p.

Z4 — residue class ring modulo g.

7 &7, 70” - Landau and Vinogradov symbols respectively.

(a1,...,ax) — greatest common divisor of ay,...,ax € Z.

vp(a) — index of power, with which a prime number p is included in canonical
decomposition of a € Z. If (a,p) = 1, then v,(a) = 0.

AUXILIARY ARGUMENTS. The purpose of our work is the derivation of the asymp-
totic formula for congruence analogously to Postnikova work [2].

ax® +by* =c¢  (mod p"), (2.1)

where p > 5, (a,b,¢,p) = 1.
The congruence (2.1) is equivalent to the congruence
y*=c—az® (mod p"). (2.2)
Let (zg,yo) be an arbitrary solution of the congruence
y*=c—az® (mod p). (2.3)

If there is no such solution, our initial congruence has no solutions at all.

Firstly one can concede that zo # 0 (mod p). For every ¢, t = 0,p"~! we set
A(t) = ¢ — a(xo + pt)® (mod pm).

Let the congruence

y*=c—azr) (mod p), (2.4)

have Kk, K > 1 solutions. From elementary theory of numbers we have that the
congruence
y' = A(t) (mod p"), (2.5)
also has k, k > 1 solutions for every ¢.
Let us denote y;(t),...,ys(t) as all the solutions of the congruence (2.5). Fur-
thermore, we have s solutions y;(0),...,y,(0) in the case, when ¢t = 0. Let y(0) be
one of these solutions.

Lemma 1. 2.1 Let s = [% (n+vp(a))|. Then there exists the polynomial f(t),

deg f(t) = s ’
f(t) = ®o(x0) + p M @1 (o)t + - - + P By (w0)t5,
such that
yi(t) = 5:(0)f(t) (mod p"), i=1,...,k.

Moreover, all the coefficients ®;(xo) € Z, \; € NU{0}, j =0,s, \g =0, \; > jg%?,

j=1s.

Proof. From (yp,p) = 1 we obtain that the congruence (c—az3)z =1 (mod p")

has the unique solution. Let us denote it as xé.
We shall suppose, that 0 < 29 <p—1,1 <z, < p"~!. We consider the expansion
in series of the function

=

U(w) = (1 - 3awx%x6 - 3a:170:c£)w2 - azéwg)
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in powers of w:

U(w) = Z Xw.
5=0

We equate the two expressions for the derivative of the function (using the written
above equations) and easily get:

o0
. ! ! ’
g JXw (1 = Bawrdx, — 3azgzgw® — argw®) =

j=1
1 > N ’ ’ ’
=—1 Z X;w! (3azdzy + 6azozgw + 3azyw?).
=0

After this we equate the coefficients at equal powers of w and get the recurrence
relation:

j_

. 9j / 37 —1 / 2
+1D)X4 = Zjax%onj + UT)axoonj,l + azyX;—2. (2.6)

We should notice that Xy, X7, Xo can be directly defined:

2 ! ’
_ 3axpx L= _ 3axoTy ia2m4x/z
4 4 EPA

Xo=1, X; =

Let us consider the following polynomial
§j=0

in which a value of s will be defined later. Now in view of this formula we shall
consider the following equations:

U (w) = B(w)* = (Us(w) = B(w)) (Us(w) + B(w)) (UZ(w) — B(w)?) (2.7)

1

where B(w) = (1 — Bawzdry — 3azoryw? — aryw? !

From the expansion in series of B(w) we obtain that the coefficients at powers of
w in the expansion in series at the left of (2.7) go to zero, when j = 0,s. Since the
coefficients X; € Q, the coefficients of Us(pt) are rational numbers too.

But we have

Us(pt) = Z ijjtj'

§=0
Let us denote ‘ .
Xgp' =pM L (ejp) = (djop) = 1. (2.8)
J
From formula (2.6) we can see that the denominators at j = 2,3, ... in formula
9 a2 G- j=2
Xip1 = ———~argrgX; + ———Farorg X1 + ———~ax X;_
Jj+1 4(]+1) 0f0*J 2(]+1) 0toAj—1 4(]+1) 0*j—2
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are the divisors of 2%77!.
From the formula for an index of power, with which a prime number p is included
in canonical decomposition into factors, we have

, . j _
vp (Xjp7) 25 - 1 +vp(a) = j=—— + 1p(a) (2.9)
Let us consider the series U(w) over the field of p-adic numbers Q,,. Then from
the result that has been received before we get, that for every w € Q,, ||lw||, <1 the

series converges and, furthermore, for w = pt, t € Z we have:

Ulot) = Uulpt) o "), if 5 = |25 (04 (0)

We shall define e; from the congruence e;d; = ¢; (mod p™) and put
fit) = Z e;phitd.
§=0

We know that X; depend on xy. That is why we shall write that

ej = ®;(xo), j=0,s.
Thus, we established the assertion of lemma. O

Lemma 2. 2.2 Let p > 5 be a prime number. With the notations of Lemma 2.1
for j=3,4,...,s we have:

55— 7

min ()\j,)\jfl,)\jfz) §]+7+ D 1 .

Proof. Let us consider for every j = 1, s the following values X, Y;, Z;, which
are defined by the relations:

2 ’
_ 3axgry

Xo=1, X; = 1 , Xo=— 1 3% To%os
3ax2,
Yo=0, ¥i=1, ¥y = —=200,

Zo=0, Zy =0, Zo =1,

and for j =3,4,...,s, X;, Y; and Z; satisfy the recurrence relation (2.6).
We shall consider the determinants

X1 X
ij',l §/J 7j=3,47...,5.
Zi1 7

,
. 3 2
In particular,Ag = —=*20%0,

From now on we consider appearing fractions modulo p™.
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We know that (xéhp) = 1. But then v,(A3) = vp(a). Furthermore, for j > 4 we
easily get
13
J 4j
Let us denote

Vp (ijj) =p(Nj), ¥p (Y]pj) = vp(Ky)s Vp (ijj) = vp(75).

It is clear that u; = Aj_1, 7, = Aj—2. And from formula (2.10) we obtain

s 1
JG =10 -2)

As. (2.10)

aa:OA] 1= (axo)

X op? ™2 X et XGpd i3 _
G =DG=2)] Yioop ™ Vg™t Vil | = (aap) A
Ziop? ™% ZjpPmt Zjp

We factor out from the rows of the determinant
pmin(ka‘v)\jfh)\j—z)’ pmin(w,w,l,w,g)7 pmin (75:7j-1,7j—2)
and come to conclusion:
min (A, Aj_1, \j_2) +min (g, j—1, j—2) + min (75, 71, 7j—2) < 3j — 3.

But we already know that

N
s -1 Hj—2 > (J — 3); + vp(a),

) p—2
iy Tj—1,Tj—2 = (J — 4)ﬁ +vp(a).

That is why we obtain:
min (A, Aj -1, Aj—2) < 3j + (2j —Uﬁ + (7 = 6)p(a).

When v,(a) = 0, the result takes the form:

5j — 7
min (Aj, Aj—1,Aj—2) <j+ 7+ ];7_ T
O
Now we consider the case, when zo = 0 (mod p). If the congruence y* = ¢

(mod p) has no solutions, the congruence (2.5) has no solutions (x,y) under the
condition z =0 (mod p).

That is why we suggest that our congruence has a solution. Let y,...,yx be
all its solutions. A solution of the congruence (2.5) we search in the form z = pt,
Y = yj(t)7 J= 17ka where

yi(t) = y;(0) (1 + part® + p*ast® + -+ + a,p™ 7)), t=0,pn 1.
Moreover, r < [21 ] and

Aj ji=2,...,r, (ap,p)=1,4i=1,...,r
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MAIN RESULTS. Let A(T},T3) be the number of solutions of the congruence (2.2),
which belong to the rectangle R = {0 <z <Tj, 0 <y <T5}. Then let A(T},T3) be

the number of pairs of fractional portions p%, % , that have got into the rectangle
{O <u< %7 0<ov< %}, when a pair (z,y) range over the set of the solutions of

the congruence (2.2).
Let x(v) be the characteristic function of the interval [O, Z—ﬁ] . Using the descrip-

tion of the solutions of the congruence (2.2), we can write

A(Tl,Tg):iZ* 3 X(y;(:)>+§: 3 X(%):Zﬁzf

=1 @0 o<i< Dt =lo<t< il

where the sign ”+” means the summation over such zy € Z,, that o # 0 and the
congruence y* = ¢ — ax (mod p) has solutions (it has x, x > 1 solutions yo € Z,).
Furthermore, y;(¢) runs all the solutions of the congruence (2.5) in the first sum
and the congruence y* = ¢ — a(pt)® (mod p") (2.5) for the second sum respectively.
We shall extend the characteristic function . g(u) of the interval [, 8], 0 <
8+ a < 1 periodically with period 1 to the whole real axis. We need the following
assertion.

Lemma 3. (Vinogradov’s "glasses”, see [1]) Let 0 < A < %, A<B—-—a<1-A.
Then for every natural r there exists the periodical function with period 1 p(u) such,
that:

1, if a+A<u<Lp-A;
o(u) =0, if 0fu<a+Aorf+A<Lu<l,

0<pu)<1, if a—A<u<a+Aorf-A<u<f+A,

and the function is monotone in each of these intervals.
Moreover, the function o(u), has the expansion in a Fourier series

m=-+oo

pla)=F—a+t D ame®™m,

m##0

T
. 1 1
where |a;,| < min (W,B —= O, (ﬁ) )

Furthermore, we need the theorem of Vinogradov on the estimate of the expo-
nential sum.

Theorem 1. Let f(x) = a1z + asx® + -+ + anp 12"t be a polynomial with
)

real coefficients. Moreover, a, = %+ £ (a,q) = 1,1 < q < r for some r €
{2,3,...,n+1}. Let us define T from the condition:
1. g=P,1<q<P;

2. 7=1,P<q< P}



The dist. of sol. of cong. of spec. form modp" 91

3. q=P 7, Prl<qg< P

Then
P
Z€2m'mf(:c) < (8n)%l Tn%”Pl—r7
=1
where m € N, [ = log w, pP= g

5n+43

Theorem 2. 3.1 Let p > 5 be a prime number and 1 < To < p™, p~ 9 <T| <
p", n > 13. Then for the number of the solutions A(Ty,Ts) of the congruence (2.2)
(with the condition (a,p) = 1), for which the following asymptotic formula is true:

G(Tl,TQ) _ T, . N(CL, C;p) +0 Tl_meﬁmlogn)z , (31)
P P '

where N (a, c;p) is the number of the solutions of the congruence y* = c—az® (mod p).
Proof. From the equation (3.1) it follows, that it is sufficient to us to calculate

the inner sums in the sums ), and ) ,. Let us calculate the inner sum in the first
sum. From the description of y(¢) (see Lemma 2.1) we obtain:

> x <y<t)> - Y (%(xo) +p)\1(I)1<x0)t+...+p)\s(bs(x0)ts>7

7 '3
<ty P i<l P
1 P 1 P

where s = {Z—:é (n+ Vp(a))].

We shall consider the most important case, when v,(a) = 0, because the general
case may be resolved to the case vp(a) = 0. We choose 0 < A < % (we shall
define its value more precisely later). Let ¢ (u) be the function from the Vinogradov
lemma about "glasses” for a = —A, 8 = % + A and let po(u) be the function for

a=A 8= % — A. We can see from Picture 1, that for every u € R the inequality
v1(u) < x(u) < @a(u) takes place and that is why

doxw= Y e +0(A)= > a(u) +0(A). (3.2)

u€[0,1) u€l0,1) u€0,1)

From the lemma about ”glasses” we have

x(u)
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pn

Z N (‘1)0(370) + pM Py (wo)t + - - - +Pks¢s($0)ts>

T
ti<t

- z; o1 (‘I’o(afo) + pM Py (wo)t + - - - +pA'“‘I>s(330)ts) +0(A) = (3.3)

pn
yz(o)( ’\1<I>1(m0)t+.,.)

;}Lé+ ( ) Z|am| Z o +0(A).

t1 <

Let us define the largest value of j, for which by Lemma 2 the following condition
takes place:

Y] -7
min (Aj, Aj_1, Aj— 2)<]—|—7+ <(n-1). (3.4)

—7 5j
— <i+T+

Thus, we get that j =
Now with the help of Vinogradov theorem we shall get the estimate for the inner
sum with respect to ¢ in the formula (3.3) on such index of [#2522] or [#2523] — 1,
for which A\; < n —1. Thus, we have % < Aj. From (y;(0),p) =1, (®;(z0),p) =1
Yi(0)®;(wo)

n—2X;

5]

we get, that the coefficient at ¢t/ has the form of the irreducible fraction
and 1 <n— \; < 2831
By our suggestlon P gt < T; < p", and that is why we have, that p”~1 > Q >

5n.+34

. In terms of Vinogradov theorem P = ? and this means, that we have come

to the first case of the theorem. Let us put p"~* = P7. That is why P™ < P, 7 < 1.
On the other side we have n — A\; <1, p < P7, p < p("~U7_ We have the estimate
— <7< 1.

Let us put [ = log M By virtue of the fact, that s >n, 7 < 1,5 < 3 5N, We

have that log12(n — 1)n < <1 <log27n?(n —1).

Let us denote more

T 1 << 1
3(s—1)21" Tn3log27n? — p= 3(n—1)%2log12(n — 1)n

p =
And then Vinogradov theorem gives the following result:
yl(O) Al @y (zg)tt - +ps s (wo)ts)

Z e?frzm i

ti<D p

IN

gt

1 7n3 log 27n3

(IQTL) 3nlog27n? ("*Dma(nfl)?log12(nfl)n <T1) e .
dm >

We divide the sum over m into two parts: m < i an %. We use the estimate

2
A, S — for the first sum and the estimate |a,,| < = ( =2+~ ] for the second
[m[ \ 7[m]A
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sum.
And then, using Abel lemma on partial summation, choosing

A= (T1>7n?>101g27nB
p

and taking account of the condition n > 13, we obtain:

SEEHEOR

=1 o
p
r T T\ 1~ T es 73
oy (B o ((R)
+1 :
=1 To pn p
We do the same things for the second sum and obtain the similar result. And after
that we get the asymptotic formula (3.1). O
Remark 1. One can consider the congruence ™ + y3 = 1 (mod p") on the

condition, that (m,p) =1, p > 5 and get similar results.

CoNCLUSION. Nontrivial asymptotic formula for the number of the solutions of
the congruence ax® + by* = ¢ (mod p™) was obtained.

1. Vinogradov I.M. Osnovy teorii chisel / Vinogradov .M. — M.;L.: Gostehizdat, 1952.
— 180 p. (in russian)

2.  Postnikova L. P. Raspredelenie reshenij sravneniya 2> + y*> = 1 (mod p") / Post-
nikova L. P. // Matematicheskij sbornik. — 1964. — 65 (2). — P. 228-238 (in russian).



ISSN 2804-1579. Visnyk Odesk. Nats. Univers. Mat.© Mekh—2018 .-V. 18,1s.1(17).—P.94—103

Mathematical Subject Classification: 11N25, 11540
UDC 511

S. Varbanets
I. I. Mechnikov Odessa National University

PARITY OF THE NUMBER OF PRIMES IN A GIVEN INTERVAL
AND ALGORITHMS OF THE SUBLINEAR SUMMATION

Bap6anenn C. JliniifiHo-iHBepcHUll reHepaTtop MNCEBIOBUIIAJKOBUX YHCEJ 3a
Mo/yJieM cTyneHs ABiliku. Po3risHyTo y3arajbHeHHs iHBEpCHOIO KOHTDYEHTHOIO IeHe-
paTopa IMCeBIOBUMAIKOBUX YUCEJ 33 MOJAYJIEM CTYIeHd mpoctoro uuciaa. Orpumani orminku
eKCITOHEHIHIX CyM Ha ITOC/IOBHOCT] IICEBIOBUIIAIKOBUX UHCEIL.

Kimro4uoBi cjioBa: iHBepCHI KOHI'DYEHTHI IICEBJOBUIIAJIKOBI YMCJIa, €KCIOHEHIiiHa CyMa,
JUCKPETaHCis.

Bapb6aner; C. JInneliHO-UHBEPCHBIII reHepaTop IICEBAOCIYYallHbIX YHCEJI I10
MOJIYJII0O CTEeIleHU JIBOMKMU. Paccmotpeno 06001ieHne WHBEPCHOTO KOHIPYIHTHOTO Te-
HEPATOPa IICEBJOC/IYYailHbIX YHCEN 110 MOJMY/IIO CTElEHH IIPOCTOr0 4ucia. JlaHbl OneHKH
9KCIIOHEHIIUAJIbHBIX CYMM Ha II0C/I€0BATEIbHOCTH IICEBIOCILY YalHbIX YUCeJl.

KiroueBble cjioBa: WHBEPCHBIE KOHIDYIHTHBIE TICEBIOCTYIaHHbIE YMC/IA, SKCITOHEHIINATh-
Hasl CyMMa, JUCKDEIaHCHUS.

Varbanets S. Linear-inversive prn’s generator with power of two modu-
lus. Generalization of the inversive congruential generator of pseudorandom numbers with
prime-power modules is considered and the trigonometrical sums on sequence of pseudoran-
dom numbers are estimated.

Key words: inversive congruential pseudorandom numbers, exponential sum, discrepancy.

INTRODUCTION. Nonlinear methods of generating uniform pseudorandom num-
bers in the interval [0, 1) have been introduced and studied during the last twenty five
years. The development of this attractive fields of research is described in the works
of Lehn, Eichenauer, Niederreiter, Emmerich etc. A particularly promising approach
is the inversive congruential method. Four types of inversive congruential generators
can be distinguished, depending on whether the modulus is a prime, an odd prime
power, a power of two or a product of distinct prime numbers. In the case of prime-
power modulus the inversive congruential generator is defined in the following way:

Let p be a prime, p > 3, m be a natural number. For given a,b € Z we
take an initial value yo, and let y,, ! denotes a multiplicative inverse for y,, in Ly, if
(Yn,p) =1, and y,, ! =0 if m = 1 and y,, = 0(mod p). Then the recurrence relation

Yni1 = ay, t + b(mod p™) (1)
generates a sequence Yo, ¥1, - . - which we call the inversive congruential sequence mod-
ulo p™.

The case p > 3, m = 1 studied in [2],[6]. For the case p = 2, m > 3 the relevant
investigation presented in [1, 3, 4].

(© S. Varbanets, 2013
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In 1996 T. Kato, L.-M. Wu and N. Yanagihara[4] studied a non-linear congruential
generator for the modulus M = 2™ defined by the congruence

Ynt1 = ay,, + b+ cy, (mod M), n=0,1,... (2)
with the conditions
(Y0,2) =(a,2) =1, b=c=2 (mod 2). (3)

Note that the conditions (3) guarantee infinity of the process of generation. This
authors obtained the condition whereby the recursion (2) generates the sequence {y, }
with the maximal period 7 = 2™~!. They also give the estimate for the discrepancy
of the sequence {z,}, zn, = .

In the present note we give the representation of elements y,, as polynomials of n
and yo and that permits to improve the results from [7].

The essential nature of our method consists in the construction of representations
of y,, as the polynomial on initial value yy and number n.

It is purpose of the present work to demonstrate that the sequence of PRN’s
{zn} =132 }, n=20,1,..., generated by the recursion (2), satisfies the requirements
of equidistribution on [0, 1) and passes the serial test on unpredictability.

NOTATION. Variables of summation automatically range over all integers satisfy-
ing the condition indicated. For m € N and M = 2™ the notation Z;(respectively,
Z%,) denotes the complete(respectively, reduced) system of residues modulo M. We
write gcd(a,b) = (a,b) for notation a great common divisor of @ and b. For z € Z,
(2,2) = 1 let z~! be the multiplicative inverse of a modulo M. We write v5(A) = «
if 2%|A4, 21 JA. For real t, the abbreviation e(t) = e*™ is used.

AUXILIARY RESULTS. We need the following two simple statements.
Let f(x) be a periodic function with period 7. For any N € N, 1 < N < 7, we
denote

N
Sn(f) = el(f(x)).
rx=1
Lemma 1. In above notations we have

g i€<f(l‘)+rf)‘-(1+log7'). (4)

ISn(f)l < ax

z=1

This lemma is well-known.

Lemma 2 ([7]). Let p be a prime number and let f(x), g(x) be polynomials over

/
flz) = Az + Aqz® + 2(A3:v3 +)

g(x) = Bix + +2(Boz? + -+ ),

and let, moreover, v2(As) = a >0, v5(4;) > a, j=3,4,....
Then we have the following estimates
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(e
7 N
o=

"
N———
IN

{QM“ F o omA) >a
0

(6)

else;
TEZLym
27+ f By is odd,
m+4a+t4 .
f(@) +glz) 27 i mldy 24
Z e om < v2(Bj) >
C€Lym 0 if (Al) <a < y2(BJ)
J=123,.
Now we will obtain the representation of ¥, in the form of rational function on
Yo-
Let n = 2k. We put
> Ay
_ £20 2% 12k
£>0

After simple calculations by recursion (2) we infer

> ATy
£>0

Z B£2(k+1)y6'7
£>0

Y2(k+1) =

where

t

Ae(kJrl) Z ZZ (aA;Bs_;A;By_j + abB;AjBs_;B,_;+
s+t=0i=0 j=0

+b02A;A;Bs_ By j +bcA;AjAg By +a*cB;B;Bs_;B_j+
+ abeB;AjBs_iBy—j + ac®B;Bs_;Aj Ay j + abcA; B;jBs_; By j+
+b0%cA;AjBs_iAy_j + b AjA;Bs_j Ay + ac® A;BjAs_i By i+
+b?AA jAs_iBi_j + ASAA JAs_i A )

t

Be(kH) Z ZZ (aB;AjBs_;By—_j + A;A;jB;_j(bBs_; + cAs—;))

s,t>0 =0 j=0
s+t:€

(Here, for the sake of comfort we write A;, B; instead AE%), BJ(-%)).

Let j!, (respectively, j/) be a exponent of yg, for which (A;?k)ﬂ) = 1 (respec-

tively, (A;%k),Q) =1).
By induction we infer easy

. 22k +2 .
Z/Qk = 3 J2k ZJék - L
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Moreover,
Vo (Afk)) >

2 (Bé%)) >

Thus, the numerator and the denominator of fraction in (7) for & > 2mg + 1, mg =

Ty
‘72162) 'VQ(b)v

iy
J%T s (b).

{ m ], over Zom contain at the most 4mg + 1 summands, i.e.

v2(b)
Jh4+2mo
( > Aé%)y(‘;)

L=j!, —2mg

. 8
Y2k i 2me o (8)
‘Z Byt

L=3!"—2mg

Divide on a* the numerator and the denominator in (8). Then we obtain the following
representation

.
Yok = Zéw Ay =a""Ay, By =a""By(mod 2™). (9)
Y

Now the coefficients A,, B, are polynomials on k with coefficients, which depend
only on a, by, o, m, where b = 22(Mpy, ¢ = 2»2(W)¢y and these coefficients have the
indicated above properties of divisibility on power of 2.

By the congruence for every t € Z

1
e R 2242 4 - 4 2m ¢ (mod M)
and taking into account that in denominator of yo) it has only one power yo (just
yo?*) with coefficient Bjy , (Bjy, ,2) = 1, we may write
Yok = F(k,yo,yal)(mod 2™), F(u,v,w) € Zu,v,w). (10)
The analogous representation holds for yopt1

Yor+1 = G(k,yo, vy ') (mod M). (11)

Let v2(b) < va(c). We make more precise the representations (10), (11). Using
the principle of mathematical induction it is not difficult to check the correctness of
the following relations for & > 2m + 1:

Yor = kb + kacyyt + (1 — k(k — 1)a" %)y + (—ka™'b)ys+

12
+(fkaflc+k2a72b2)y8+2aF0(k,y0ayo_l)a 12

yori1 = (k+1)b+ (a = k(k + 1)b%)yy ' + (—kab)yy >+ (13)
+ (—ka’c 4+ k2ab®)ys 4 (k 4+ V)eyo + 2°Go(ky vo, vy ),

where o := min (v2(b%), 2(bc));
Fo(u,v,w), Go(u,v,w) € Z[u,v,w], Fy(0,v,w) = Go(0,v,w) = 0.
Thus, we get the following result.
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Lemma 3. Let {y,} is the sequence of PRN’s generated by the recursion (2)
with conditions (yo,2) = (a,2) = 1, 0 < va(b) < va(c). There exist the polynomials
Fo(u,v,w), Go(u,v,w) over Z, Fy(0,v,w) = Go(0,v,w) = 0 such that the relations
(12) and (13) are right for any k > 2m + 1.

Corollary 1. Let m > 3. Then the sequence {y,} defined by recursion (2) is
purely periodic, where b = 2¥by, (bg,2) = 1, ¢ = 2¥¢q, (c0,2) = 1, p > v > 0;
vola —y3) = vy > 1. And its period T is equal

(i) 2m-2vfl if m>2w, vy >,

2
(i) 2mT2=PtL G m > 20, vy = v, By = 1 (yST_oa + bo) ;
(i13) 2m—v=votl  if m > v+ nug, vy < V.

Proof. The first part of corollary follows as in [7].
To prove the second part, we have

Yor = yo(mod 2m) <
kb(1 —aty3) — k(k — 1)a=*byo+ (14)
+kaeyy t(a? — yd) + 22 Fy(k) = 0(mod 2™).
It follows that & must be a least positive integer for which the congruence k =
0(mod 2°) holds, where

0 { va(b) + va(a —y3) if vala—yd) <wva(b) <
2v5(b) if va(b) < im, va(a—yg)

m;
> I/Q(b).

O =

O

Remark 1. From (i), (ii) of Corollary 2 we obtain that for vy > v the maximal
period T = 2™+ qchieves, if and only if, vo > v and m > 2v. In the work [4] this
assertion was obtained only for v = 1.

EXPONENTIAL SUMS ON SEQUENCE OF PRN’S. In this section we determine the
estimates of certain exponential sums over the linear-inversive congruential sequence

{yn} which was defined in (2).
For hi, hy € Z we denote

hiye + h
oke(hi,ha; M) := Z e <W> , (h1,ha € Z). (15)

Yo €LYy,
Here we consider yg, ye as a functions at yo generated by (2) (see, formula (13)).

Theorem 1. Let (hl,h2,2) =1, 1/2(h1 + hg) = 0, Vg(hlki + hgf) = ~. The
following estimates

27z if  k#L(mod 2);

0 if  k=4L(mod 2)
and B<~y+v,m—pB—v>0;

lok.e(hy, hos M)| < ¢ 2m—1 if  k=/{(mod 2)
and B>v+v,m—v—v<0;

2"y k = £(mod 2)
and B>v+v,m—v—vy>0.
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hold.

Proof. We consider two cases:
(I) If k£ and ¢ be non-negative integers of different parity, we obtain the statement of
theorem by (12), (13) and Lemma 2.

(IT) Let k and ¢ be integers of identical parity. Then for k := 2k, ¢ := 2{, we
have modulo M:

h1yak + hoyopy =
= By + Biyo + Bay2 + Bsyg + B_1yy ' +2°K (y0,y5 ) = Fa(y0, 95 1),

where B1 = hl + hg + 221/Bi7

B2 = —ab(hlk + hgg) + 2aBé,

Bs = —a~ 202 (hik? + hot?) — a~Ye(hik + hat) + 29 B,

B_{ = ac(hlk + hgf) + 20‘3/717
moreover, B}, Bb, B, B', and coefficients of K (yo,%, ") contain multipliers of form
hik? + hot?, j > 0.

Let Vz(hl + hg) =B>v, Vg(hlk + hzf) =~ >0,0 =min (ﬂ,’y).

The application of Lemma 1 gives

0 if B<y4+v, m—p—v>0,
|o2k,20(h1, hoy M)| < g if B>yv4+v, m—v—vy>0,
22 if Bty m-v-yZ0,

where p(2™71) is the totient Euler function.
For k = ¢ = 1(mod 2) we have the analogous result.
This finishes the proof of Theorem 1. O

Remark 2. The case va((h1, he, M)) > 1 reduces easily to the case vo((h1, h2,2)) =

Let h be integer, (h, M) = 2° 0 < s < m, and let 7 be a least period length of
the sequence of PRN’s {y,}, n=0,1,..., defined in (2). For 1 < N < 7 we denote

S (h, ) = Nie (’;\y;) . (16)

n=0

The sum Sy (h,yo) calls the exponential sum on the sequence of PRN’s {y,}.
We shall obtain the bound for Sy (h, yo)-
By the relation (12)-(13) we get for k > 2m + 1:

Yo = Ao + A1k + Ask® + Ask® := F(k), (17)

Yokt1 = Bo + Bk + Bok® + Bsk® := G(k), (18)



100 S. Varbanets

Where
= Ao(yo) = yo(mod 20‘)
= A;1(yo) = (1 —a ')+ a Py + acyo_l(l —a2y*)(mod 2%)
= As(yo) = —a~ yo +a"2b%yd (mod 2%) = —a"'b?yo(1 — a~'y?)
= By(yo) = b '+ cyo(mod 2°) (19)
= Bi(yo) = ( - ayo %) = byp " = yoc(l — a?yy *)(mod 2%)
= Bz(yo) = - Y ab?yy® (mod 2%) = —by; t(1 — ayg ?)
As(yo, k) = B (yo, k) = Bs = 0(mod 2%),

a = min (31/, v+ ).
After all this preliminary work, it is straightforward to prove two main result of this
section:

Theorem 2. Let the linear-inversive congruential sequence generated by the re-
cursion (2) has the period T, and let vo(b) = v, va(c) = p, v < p, @« = min (3v, v + p),
vo(a —y2) = vy, 2v < m. Then the following bounds

O(m) if p=2, vy <v, va(h) <m—2v;
1S, (hyyo)| < 4. 2™ if vy > v, va(h) <m —2v;
T else,

hold.

Proof. From the formulas (17)-(18) we have

S+ (h,yo)| = ile(f;\y;)‘ = 215216(}1]\7) <

n=0 n=0

201 hyor 21 hyon
2k1 2k1+1 —
> e(M ) + > e(M ) (20)

<
k?1:0 k}1:0
k=2kq k=2k1+1
21 2¢—1
_ hF(k) hG(k)
= kz_oe(M ) + %e(M + O(m).

In the last part of the formula (20) we into account that the representation y, as
a polynomial on k£ holds only for k£ > 2m + 1.
By (18), the Corollaries 1 and Lemma 2 (from (5)) we easy obtain

O(m) if p=2, vy <, vo(h) <m—2v,
S, (hyyo)] < { 2™ if vo > v, va(h) <m —2uv,
T else.
The constants implied by the O-symbol are absolute. O

Corollary 2. Let 1 < N < 7. Then in the notations of Theorem 2 we have

N if 1/+V2(h) >m,
S h7 < m4v
|Sn (h, yo)| < { QWIOgT if v+va(h) <m.



Linear-inversive prn’s generator with power of two modulus 101

This statement follows from Theorem 2 and Lemma 1.
Let N < 2m—1,
We will study Sn(h,yo) at the average over yo € Z3,.

Theorem 3. Let a, b, ¢ be parameters of the linear-inversive congruential gener-
ator (2) and let (a,2) =1, 0 <v = 15(b) < 1a(c), 1 < N < 2™~ 1 1p(h) =25, s < m.
Then the average value of the Sn(h, yo) over yo € Z4, satisfies

= 1 1. m vts
Sn(h) = gy > ISn(h,yo)l < N227%2V10- 275,
SYAY:

where s = vo((hy M)), h = ho2°.

Proof. First we will consider the case s = 0, i.e. (h,2) = 1. By the Cauchy-
Schwarz inequality we get for ok ¢ = ok e(h, —h; M)

N—-1
Sy < g X ISnhpo)P =5 X % e (M) <
Yo €Z%, k=0 yo €L7%,
1 1 e N—-1 1 m—1 N—-1
S omotT Okl = gm—-1 Okl = gm—-1 Ok,¢
< > ol > 2 low > 2 okt
ke f=0 r=0 k=0 V=0 k=0
vo(k—£)=r vo(k—0)=
1 N—-1 1 m—1 N—-1
tomt 2 lokkl =N+ 2 X2 okl
k=0 =0  kif=0
k=t va(k—)=y

Using Theorem 1 we, after simple calculations, obtain

1 m—1 N-1 N-1
SNMP SN+ oo D0 D ke + Y lowel | <
=0 ke 0=0 k=0 (21)
k#L(mod 2) k={£(mod 2)
va(k—0)=y va(k—0)=y

< Nt2% (24 V10-2%).
Now an argument similar to the one used to prove (21) leads to general bound
1Sn (k)| < N2~ (2+\/1o-2%). (22)

O
The estimates of exponential sums obtained in this section we will use for study
of properties of the sequence PRN’s {y,,}.

DiscrReEPANCY. Equidistribution and statistical independence properties of pseu-
dorandom numbers can be analyzed based on the discrepancy of certain point sets in
[0,1)5.

For N arbitrary points to, t1,...,txy—1 € [0,1)%, the discrepancy is defined by

s An(I
ng)(f(hfl,...,t]\],l) = sup w—‘[‘ y
I N
where the supremum is extended over all subintervals I of [0,1)®%, Ay (I) is the num-
ber of points among tg, ti, ..., ty—1 falling into I, and |I| denotes the s-dimensional

volume 1.
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Let {y,} be the sequence of PRN’s generated by (2) and let z,, = 4%, n =0,1,.. ..
From our sequence {z,} we derive the sequence {X,SS)} of points in [0,1)® putting
X}ls) = (Tny Tt 1y ooy Trgs—1)-

We will say the sequence {x,} passes d-dimensional serial test on independence
if for every s < d the sequence {Xff)} has uniform distribution.

Theorem 4. The discrepancy DJ(\‘?), s =1,2,3,4, of points constructed by linear-

inversive congruential generator (2) with parameters a, b, ¢, which satisfy the condi-
tion

0<wd)=v, 2v<pu=uwc), rala—yd)=vo>1, m>2v, vy >,
the following bound

DY) < ot 2775 log” M. (23)

holds.

Proof. Consider only the case s = 3 (This case is the most complex). In order
to apply Turan-Erdés-Koksma inequality in the Niederreiter’s form|[6] we must have
an estimate for sum

S . (h1yn + hoYny1 + hByn+2> '
n=0 M
Without loss of generality, we can suppose that (hi, he, hs,2) = 1. From (17)-(19)
we can write
hiyor + hayart1 + h3yory2 =
= (hayo + ha(ayy ' + b+ cyo) + hayo)+
+k [hl((l —a )b+ ayo_lc(l —a"2y}) + yob?)+
+ha(=((1—a™yg)b + by, ' +a’ey )+ (24)
+ha(b(1 —a™'y3) + bayy ' (1 — a~'y3)+
+yob® +2a7yob?* (1 —a"'y3))] +
+k262(h1a2 — hgyo(ail — a*2y(2)) —+ h2a2) —+ ZQL(hh hg, h37 k) =
= Co + Cik + Cok* + 2L(hy, ho, hs, k),
say.
Since the congruences
Cy = 0(mod 22Tl
Cy = 0(mod 22 +1)

cannot be held simultaneously (taking into account that 1 — a~1y3 # 0 (mod 2°))
we obtain (by Lemma 2)

m—+4v .
272 +1 ’Lf Al(hl hQ hg) = O(mod 22”)
> ha, , (25)
1 0 else.
Similarly, we have
m+v
272+l Bi(hi,ho,h3) =0 d 227),
|Z2| S{ 0 Z{se 10, o) mo ) (26)

where By (hi, ho, hg) defined by the representation
hyors1 + hoyorsa + hayoris = Bo + Bik + Bok® + 2% M (hy, ho, hs, k).
Now, Lemma 4 and simple calculations give

m

+ 27 e log® M.

(3)
DT S 2m71/+1
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The assertions of theorem 4 stay held if write NV instead 7 for N < 7.

The Theorem 4 shows that the sequence of PRN’s {2, } passe the s-dimensional
test on unpredictability (for s < 4) if this sequence generated by the linear-inversive
generator (2) under indicated conditions on the parameters a, b, ¢, yo.

CONCLUSION. Since every nonlinear congruential generator passes also the s-
dimensional lattice test for all s < 4 we conclude that the sequence of PRN’s {z,,}
generated by (2) may be use in applications.
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PARITY OF THE NUMBER OF PRIMES IN A GIVEN INTERVAL
AND ALGORITHMS OF THE SUBLINEAR SUMMATION

Jlesmeuenko A. B. IlapHicTh KIJIBKOCTI IIPOCTUX YHCEJI HA 3aJJaHHOMY iHTepBa-
Ji Ta anropurmu cyGJiHIHOrO migcymMoByBaHHs. [IPONOHYETHCsH aaropuT™M BU3HAYE-
HHS TTAPHOCTI KiTPKOCTI IpocTx wnces wa [a, b] C [z, 2z], ne b—a < z*/?*¢ 1a c € (0,1/2], 3a
O (z™ax(e7/19)+2) orepamiit. AnropuTy GasyeThest Ha CyGIHIHIX METOIAX TTiICY MOBYBAHHSI,
po3pobKa KOTPUX CTAHOBUTH OCHOBHY YacTHHy cTarTi. /loBemeHO Teopemy mioo cyOstiHiii-
HOTO TIiICyMOBYBaHHS IMUPOKOTO KJIACCY MYIbTUILIIKATUBHUAX (DYHKITIHA.
KimrouoBi cioBa:  asropurmivda Teopis uucest, MYHKIS PO3MOILLY IPOCTUX UHUCE, i
CYMOBYBAaHHY MYJIbTUILIKATABHUX (DYHKIHH, cyOsiiHiiiHe 11i/1CyMOBYBaHHS.

Jleneuyenko A. B. HeTrHocTh KoJindecTBa IIPOCTBHIX YMCeJI HA 3aJJaHHOM WH-
TepBaJjle U aJIrOPUTMbl CyGJIMHEHHOro CyMMHMpOBaHHUsi. lIpejyjiaraercd ajropuTM
OTIpEIeIEHWsT IeTHOCTH WHC/IA TIPOCTHIX Ha oTpeske [a,b] C [z,2z], toe b —a < z/**° n
c € (0,1/2], 3a O(z™*(©7/15)+2) rarop. AropuT™ OCHOBAH Ha CyO/IMHEAHBIX METOIAX CyM-
MUpPOBaHKs, pa3paboTKa KOTOPHIX COCTaBJSET OCHOBHYIO YacTh cTaTbh. Jloka3aHa Teopema
0 cy6IMHEHOM CyMMHUPOBAHUH IHPOKOr0 KIacca MYy/TbTHILTAKATUBHBIX (DYHKIIUI.
KuroueBble cJIOBa: BbIYUC/IUTE/IbHAS TEOPUA 4uCes1, (DYHKIUSA PacCIpe/ieIeHIs IPOCTHIX
4KCes, CyMMUPOBAHUE MyJ/IbTUILIMKATUBHBIX DYyHKIUHA, cybmMHeiHOe Cy MMUPOBAHUE.

Lelechenko A. V. Parity of the number of primes in a given interval and
algorithms of the sublinear summation. An algorithm to determine the parity of
the number of primes in an interval [a,b] C [z,2z], where b — a < z'/?*¢ and ¢ € (0,1/2],
in O(a™ax(7/19)%¢) gteps is proposed. The algorithm is based on methods of the sublinear
summation, which the primary part of the paper is devoted to. A theorem on the sublinear
summation of a wide class of multiplicative functions is proven.

Key words: computational number theory, prime-counting function, summation of multi-
plicative functions, sublinear summation.

INTRODUCTION. How many operations are required to find any prime p > z (not
necessary the closest) for given x?

A direct approach is to apply AKS primality test [1], which was improved by
Lenstra and Pomerance [5] to run in time O(log®"® z), on consecutive integers starting
with z. Such method leads to an algorithm with average complexity O(log”s x),
because in average we should run AKS log x times before a next prime encounters.

But in the worst case available estimates of the complexity are much bigger; they
depend on upper bounds of the gaps between primes. The best currently known result
on the gaps between primes is by Baker, Harman and Pintz: for large enough = there
exists at least one prime in the interval

[x’ T+ x0.525+5].

(© A. V. Lelechenko, 2013
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Thus we obtain that the worst case of an algorithm may need up to
O(I’O'525+5) > ;L‘l/2

operations.

One can propose another algorithm, which is distinct from the pointwise testing.
Suppose that there is a test, which allows to determine whether a given interval
[a,b] C [x,2x] contains at least one prime in A(x) operations. Then (starting with
interval [z,2z]) we are able to find a prime p > x in A(z)logz operations using a
dichotomy.

A test to determine whether a given interval contains at least one prime can be
built atop Lagarias—Qdlyzko formula for 7(x) [6], which provides an algorithm with
O(x'/?*2) > /2 complexity. See [8] for more detailed discussion.

In [8] Tao, Croot and Helfgott offer a hypothesis that there exists an algorithm
to compute 7(z) in O(x'/27°F¢) operations, where ¢ > 0 is some absolute constant.
This implies that a prime p >  can be found in O(z'/27¢*¢) <« x/2 steps. Authors
prove the following weaker theorem [8, Th. 1.2].

Theorem 1 (Tao, Croot and Helfgott, 2012). There exists an absolute con-
stant ¢ > 0, such that one can (deterministically) decide whether a given interval

[a,b] in [z,22] of length at most x'/?T¢ contains an odd number of primes in time
O($1/2—c+0(1))‘

The aim of our paper is to prove the following result.

Theorem 2. Let [a,b] C [2,2x], b —a < 2'/2%¢, ¢ is arbitrarily constant such
that 0 < ¢ < 1/2. Then a parity of #{p € [a,b]} can be determined in time

O(xmax(c,7/15)+s).

MAIN RESULTS.
1. The general summation algorithm. Consider the summation
> fl@),
n<x
where f is a multiplicative function, from the complexity’s point of view.

Generally speaking, a property of the multiplicativity does not impose significant
restrictions on pointwise computational complexity. Multiplicative functions can be
both easily-computable (e. g., f(n) = n* for every k) and hardly-computable: e. g.,

o 2, if there are p® consecutive zeroes in digits of 7
Fv%) = 1, otherwise.

Luckily the vast majority of multiplicative functions, which have applications in
the number theory, are relatively easily-computable.

Definition 1. A multiplicative function f is called easily-computable, if for any
prime p, integer a > 0 and real € > 0 the value of f(p®) can be computed in time
O(pea™) for some absolute constant m, depending only on f.
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Example 1. The (two-dimensional) divisor function 75(p®) = « + 1, the (two-
dimensional) unitary divisor function 75 (p®) = 2, the totient function p(p*) = p*—
—p®~ 1 the sum-of-divisors function o(p®) = (p*t —1)/(p — 1), the Mébius function
w(p®) = [a < 2](—1)* are examples of easily-computable multiplicative functions for
any m > 0.

Example 2. Let a(n) be the number of non-isomorphic abelian groups of order
n. Then a(p®) = P(«), where P(n) is a number of partitions of n. It is known [4,
Note 1.19], that P(n) is computable in O(n®/?) operations. Thus function a(n) is an
easily-computable multiplicative function with m = 3/2.

The number of rings of n elements is known to be multiplicative, but no explicit
formula exists currently for a > 4. See OEIS [9] sequences A027623, A037289 and
A037290 for further discussions.

Example 3. The Ramanujan tau function 75 is a rare example of an important
number-theoretical multiplicative function, which is not easily-computable. The best
known result is due to Charles [2]: a value of 7(p®) can be computed by p and « in
O(p®/**+¢ + «) operations.

Surely pointwise product and sum of easily-computable functions are also easily-
computable ones. The following statement shows that the Dirichlet convolution

(f*g)(n) =Y _ f(d)g(n/d)

dln
also saves a property of easily-computability.
Lemma 1. If f and g are easily-computable multiplicative functions, then
h:=fxg
s also easily-computable.

Proof. By definition of easily-computable functions there exists m such that
f(p%) and g(p®) can be both computed in O(pa™) time.
By definition of the Dirichlet convolution

[e3%
= F")gp*
a=0
This means that computation of h(p®) requires
[e%
> 0@ a™ +p(a—a)") < pTa™t

operations.

Firstly, consider a trivial summation algorithm: calculate values of function point-
wise and sum them up. For an easily-computable multiplicative function the major-
ity of time will be spend on the factoring numbers from 1 to x one-by-one. But no
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sum(ff,z) =
X=0
A A{k}i,
B« {1},
for prime p < /x
F — {ff(p, 0)}o1 "
for k < p,2p,...,|z/plp
a « max{a | p*|k}
Alk] < A[k]/p*
B[k] «+ B[k] - Fa]
forn«1,...,x
if A[n] # 1= B[n] + Bin]- ff(n,1)
forn<1,...,z
Y < X+ B[n]
return X

Listing 1: Pseudocode of Algorithm M. Here ff(p, «) stands for the routine
that effectively computes f(p®).

polynomial-time factoring algorithm is currently known; the best algorithms (e. g.,
GNFS [10]) have complexities about

exp ((c + ¢)(log n)% (log log n)g) ,

which is very expensive.

We propose a faster general method like the sieve of Eratosthenes. We shall refer
to it as to Algorithm M.

Algorithm M. Consider an array A of length z, filled with integers from 1 to z,
and an array B of the same length, filled with 1. Values of f(n) will be computed in
the corresponding cells of B.

For each prime p < /z cache values of f(p), f(p?),..., f(pl°8®/1°eP]) and take
integers

k=p,2p,3p,...,|z/p|p

one-by-one; for each of them determine « such that p® || k and replace A[k] by A[k]/p“
and BIK] by BIK] - /(p°).

After such steps cells of A contain 1 or primes p > /z. So for each n such
that A[n] # 1 multiply Bln| by f(A[n]).

Now array B contains computed values of f(1),..., f(n). Sum up its cells to end
the algorithm.

Algorithm M can be encoded in pseudocode as it is shown in Listing 1.

Note that (similarly to the sieve of Eratosthenes) instead of the continuous array
of length x one can manipulate with the set of arrays of length Q(y/z). Inner cycles
can be run independently of the order; they can be paralleled easily. Also one can
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compute several easily-computable functions simultaneously with a slight modification
of Algorithm M.

Lemma 2. If f is an easily-computable multiplicative function then Algorithm M
runs in time O(x!e).

Proof. The description of Algorithm M shows that its running time is asymp-
totically lesser than

Y Y ame 3 4 ¥ p<a

p<yz a<logz/logp p<Vz Vo<p<w

2. The fast summation.

Definition 2. We say that function f sums up with the deceleration a, if func-
tion F(xz) =Y, o, [(z) can be computed in O(x*<) time.

Denote the deceleration of f as dec f. Notation dec f = a means exactly that
there exists a method to sum up function [ with the deceleration a (not necessarily
there is no faster method).

Example 4. Lemma 2 shows that any easily-computable multiplicative function
sums up with the deceleration 1.

Example 5. Function f(n) = n*, k € Z,, sums up in time O(1), because there
is an explicit formula for F'(z) using Bernoulli numbers. Thus its deceleration is equal
to 0. Note that Dirichlet series of f is {(s — k), including case ¢((s) when k = 0.

One can check that the same can be said about f(n) = x(n)n*, where y is an
arbitrary multiplicative character modulo m. We just split F(z) into m sums of
powers of the elements of arithmetic progressions. In this case Dirichlet series equals
to L(s — k, x).

Example 6. The characteristic function of k-th powers, k € N, sums up in O(1)
trivially, so its deceleration equals to 0. Dirichlet series of such function is {(ks).

Consider now f such that f(n*¥) = x(n) and f(n) = 0 otherwise, where y is a
multiplicative character. Then

S L s,
nS
n=1
Such function f also sums up in O(1), because F(z) = >, .1/ X(n) (see Example
5). -

Generally, if function f has Dirichlet series F(s) and function g has Dirichlet
series F(ks) then dec g = (dec f)/k.

Example 7. Consider Mertens function M (z) := >, ., #(n). In [3] an algorithm
of computation of M(z) is proposed with time complexity O(x2/3 log'/? log x) and
memory consumption O(z!/3 logQ/3 log ). We obtain dec y = 2/3.

Note that Dirichlet series of p equals to 1/¢(s).

One can see that a function yy, such that jx(n*) = p(n) and px(n) = 0 otherwise
sums up with the deceleration 2/(3k). Its Dirichlet series is 1/{(ks).
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Example 8. In [8] an algorithm of computation of T3(z) == ., 72(n) in
O(atl/ 3+2) time is described. Another algorithm with the same complexity may be
found in [7], accompanied with detailed account and pseudocode implementation.

Thus dec o = 1/3.

Theorem 3. Let f and g be two easily-computable multiplicative functions, which
sums up with decelerations a := dec f and b := decg such that a +b < 2. Then
h := f x g sums up with the deceleration

1—ab
dech = Cpp—
Proof. Let
F(z):=Y f(n), G@):=Y gn), H(x):=> hn).

By definition of the Dirichlet convolution

H(I):Z Z f(di)g(d2) = Z f(d1)g(d2).

’I’Lgaldldz:’n dldggl
Rearrange items:

P DD D R

dyda<z dy <z° di<z/d> dy<z°

d2<z/d1  dy<zl™c  do<az'T®

where an absolute constant ¢ € (0,1) will be defined below in (2). Now

H@) =Y G (3)+ X 9@dF (3) - Fa)GE™). (1)

d<z¢ d<zgl—e

As far as we can calculate f(1),..., f(z¢) with Algorithm M in O(x¢"¢) steps, we can
compute the first sum at the right side of (1) in time

x b+e
O@")+ Y 0 (3) <ahe Ny dt <
d<zxc d<z¢
< xb+exc(1—b—s) < mc—i—b(l—c)—!—e.

Similarly the second sum can be computed in O(z!~¢T%*+¢) operations. The last item
of (1) can be computed in time O(z%¢+s 4 gb1-e)+e),
It remains to select ¢ such that ¢+ b(1 —c¢) =1 — ¢+ ac. Thus

1-b

p— @

C =

which implies the deceleration (1 — ab)/(2 —a — b).

Example 9. Function o;(n) maps n into the sum of k-th powers of its divisors.
Thus o (n) = >4, d*, which is the Dirichlet convolution of f(n) = n* and 1(n) = 1.
So Example 5 and Theorem 3 shows that dec oy = 1/2.
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Example 10. Consider r(n) = #{(k,1) | k? + [> = n}. It is well-known that
r(n)/4 is a multiplicative function, and ;R(z) := >, ., r(n)/4 is the number of
integer points in the first quadrant of the circle of radius /. Then R(z) can be
naturally computed in O(x'/2) steps, so decr = 1/2.

Dirichlet series of r(n)/4 equals to ((s)L(s,Xx4), where x4 is the single non-
principal character modulo 4. This representation shows that r(-)/4 = x4 1. Thus
Example 5 together with Theorem 3 gives us another way to estimate the deceleration
of r.

Example 11. By Mobius inversion formula for the totient function we have

p(n)=>_du(n/d).
d|n

This representation implies that decyp = 3/4 (see Example 7 for decp). Jordan’s
totient functions have the same deceleration, because

Jr(n) = Z d*pu(n/d).
d|n

Theorem 4. Let f be an easily-computable multiplicative function. Consider

foimfxen .
—_——

k factors
Then 1 d
dec frp, =1— —Tecf.

Proof. Follows from iterative applications of Lemma 1 and Theorem 3 and from
the identities

1—a? B 1—a
2—2a 2
l—ak+a—-1)/k l1—a
2—-1+(1—-a)/k—a k+1
Example 12. For the multidimensional divisor function 74 representations
T2k — T2%...%Ta,
L —
k factors
Tok41 = Tox...xTaxl
~—_——
k factors

imply that by Example 8 and Theorem 4 function 7o sums up with the deceleration
1—2/(3k), and 7o,41 with the deceleration 1 — 2/(3k + 2).
In other words
1—4/(3k ki
decry = /(3k), ?s even, 3)
1—-4/(Bk+1), kisodd.
Considering
Tog = [k K
——
k factors

we obtain by Example 7 and Theorem 4 that dec7_, =1 — 1/(3k).
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Theorems 3 and 4 cannot provide the deceleration lower than 1/2 even in the best
case. To overcome this barrier we should develop better instruments.

Theorem 5. Let f and g be two easily-computable multiplicative functions, which
sums up with decelerations a := dec f and b := decg such that a +b < 2. Let

h(n) := Z f(d1)g(da). (4)
dlfld]2c2:7z
Then h sums up with the deceleration

1—ab

dech = .
T A ke - (1 Dk

Proof. Following the outline of the proof of Theorem 3 we obtain identity

Hz) = ¥ f(d)G(kW)+ 3 g(d)F(’“W)—

d<ze/k1 d<z(1=c)/k2

- F(xc/kl)G(x(l_c)/kQ).

Thus we need y(x) operations to calculate H(z), where

< $ () X (@)

d<ze/k1 d<g(1=e)/k2
_'_xac/kl +xb(1—c)/k2 <
< gtk t(=bk1/k2)c/kr y pa/kit(1—aks/k)-(1=c)/k2 4
+ xac/kl + mb(l—c)/kQ.
Substitution
(1 —b)k
(1 —a)ks+ (1 =b)k;

CcC =

completes the proof.
In terms of Dirichlet series identity (4) means that

H(S) = ]-'(k:ls)g(kgs)

where

n n n

n=1 1 n=1

n=

One can prove (similarly to Lemma 1) that convolutions of form (4) save a prop-
erty of the easily-computability.

Example 13. Function 75 sums up with the deceleration 7/15, because

75 (n) =) pld)ra(n/d?).

d?|n
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Example 14. As soon as

= 3" uld)ma(n/@),

d2|n
we obtain dec 3 = 5/9.

The discussion in Examples 5, 6, 7 leads to the following general statement.

Theorem 6. Let f be a multiplicative function such that

M, Mo

HC mS il Hzm ms_nm) (5)

where each of zy, is either ¢ or L(-,x), M1, Ma, kL, nm € N. Then f sums up in
sublinear time: its deceleration is strictly less than 1.

Theorem 6 clearly shows that the concept of fast summation can be easily gener-
alized over various quadratic fields. Following theorem is an example of such kind of
results.

Theorem 7. Consider the ring of Gaussian integers Z[i]. Let

be a k-dimensional divisor function on this ring. Let

Th(z) = Y tw(),

N(a)<z
where N(a +ib) = a® + b*. Then Ty(x) can be computed in sublinear time.
Proof. It is well-known that

,Z tk LkSX4

a€lli n=1

8

where

f) = > t(a).

N(a)=n

But by Theorem 4
decyg*---xxs=1—1/k.
—_—

k factors
By (3) we obtain that for even k
1-(1-1/k)(1—4/(3k
dec f = (L-1/k)(1-4/Bk) | 4
1/k +4/(3k) 7k
and for odd k
1-(1-1/k)(1-4/Bk+1)) 4

dec f =

1/k+4/(3k+1) T Tk+1
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3. Proof of the Theorem 2. The proof follows the outline of the proof of [8,
Th. 1.2], but uses improved bound for the complexity of the computation of

Ty (x):= > 73(n).

n<x

Proof. Trivially we have

> ) =T5(b) - Ty(a—1).
a<n<b
As soon as 73 (n) = 2" where w(n) = >_p|n 1, all summands in the left side are
divisible by 4, beside those, which corresponds to n = p?. Moving to the congruence
modulo 4, we obtain

O(log x

2 Z)#{pe[al/f,bl/f}}ET;(b)—T;(a—n (mod 4).

As far as a > x and b —a < O(z1/2¢), then for j > 1 interval [a'/7,b1/7] con-
tains O(z¢) elements; thus all such summands can be computed in O(z¢T¢) steps
using AKS primality test [1]. The right side of the congruence is computable in
O(x7/15+) operations due to Example 13.

The discussion above shows that the desired quantity

T3 (b) = T3(a 1)

#{p € [a,b]} = 5 —

O(log )

_ Z #{pe{al/j,bl/j}} (mod 2)

max(c,7/15)+s)

can be computed in O(z steps.

CONCLUSION. Further development of algorithms of the sublinear summation
(e. g., summation of p in arithmetic progressions) will lead to the generalization of
Theorem 6 over broader classes of functions. Also one can investigate summation of
f such that its Dirichlet series is infinite, but sparse product of form (5).
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SQUARE-FREE NUMBERS IN THE SEQUENCE {n? + 1}

®dyreno M. A., Tlonosuu II. BeskBaaparni uucia nocaigosnocri {n® 4 1}.
Hexait Bz(z) € unciom 6e3KBaPATHUX IHUCEJT, MO HAJIEKATH MOCILOBHOCTI 3CyHYTHX KBa-
aparis B inrepsadi [1,z). Panime 6y10 BuBYe€HO PO3HOIieHHs 3HAYEHD JAedKux apudMeTn-
anux GyHKUiil Ha nawxiit nocaigosnocri. Pynxuia B2 () upeacrasnse cobo0 y3araabHEHH
paxyHKOBOI (yHKUil myis Ge3kazpaTHux umiawx B inrepsasi [1,z). P. Beaman [1] orpumas
HeTpUBiaabHY OMHKY maa Ba(x). B mamiii po6oTi Mm yTounioemo ominky Beamana, xopm-
CTYIOYHUCH TIOE€THAHHIM €JIEMEHTaPHOTO T3 AHAJITHIHOTO METO/IiB.

Kurouosi ciioBa: 0Ge3kBagparhi yucsia, acuMmororudna (hopmysia, piBasguaas lena.

Dyreso H. A., IlonoBuu II. BeckBaaparHble 4mciia HOCJI€4OBATEIHBHOCTA
{n? +1}. TIIycrs Bs(z) 5T0 4mCI0 GECKBAAPATHBIX HHCEN, IPUHALICKAIINX TOCTEI0BA-
TEIBHOCTU CABHHYTHIX KBaAPATOB B mHTEpBaJse [1,x). Panee 6p10 m3yueno pacupenenenue
3HAYEHUI HEKOTOPHIX apudmMerndecknx BYHKIMH HA JAHHON mocieqoBaTeabHoCcTH. DyHK-
st Bo(x) mpencraBisier co6oit 0606menme caeTHON GyHKIMN Mg GECKAAPATHBIX TIEJIBIX B
unrepsase [1,z). P. Besuivan [1] nmony4mn HerpusBuaibHyo oneHky Jyst Ba(z). B mamsoit
paboTe MbI yTO4YHsieM OIEHKY BesiMana, UCIoIb3ysi COYeTaHUe JIEMEHTAPHOTO U aHATIHTH-
YECKOI'0 METOJIOB.
KuroueBrbie ciioBa: 0eckBaapaTHbBIE YUC/IA, ACUMITOTAYECKad Gopmysia, ypasuernue lles-
JIa.

Fugelo N. A., Popovich P. Square-free numbers in the sequence {n® + 1}.
Let Ba(z) be the number of square-free numbers belonging to the sequence of shifting square
on the interval [1,z). The distribution of values of some arithmetic functions on the rele-
vant sequence has been studied ahead. The function Bz(x) is the generalization of counting
function for square-free integers on interval [1,z). R. Bellman [1] found a non-trivial esti-
mation for Bz(z). In this work we extend the Bellman’s estimate, using the compatibility
of elementary and analytic methods.
Key words: square-free numbers, asymptotic formula, Pell’s equation.

INTRODUCTION. The sequence of natural numbers of form {n?+1},n =1,2,..,
has the complex structure. It’s the talk of such fact that it is unknown the set of prime
numbers p = n% 41 are finite or infinite. That is why the study of number-theoretical
function on the sequence {n?+ 1}, n € N is very interesting problem, but challenging
task. Recall two important results:

p(n?+1) =« 2
Z T~ 3 1 1(_[ » (1 2 ) + O (log x) (Schwartz), (1)
.’L' pP= mo

Z 7(n? +1) = cizloga + cox + O (mg) (Motohashi). (2)

n<z

(©) Fugelo N. A., Popovich P., 2013
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In present paper we construct an asymptotic formula for the sum

By(z) =Y p*(n* + 1),

n<z

where ¢(n), 7(n), pu(n) are respectively Euler’s function, divisor function, Md&bius
function.
It is obvious that Bg(x) determines the number of square-free integers among of

n?+1,n=1,2,...,[x]. The function By(x) is generalization of the function
Bl(x) = Z /-I/Q(n)v
n<z

which study usually by ”elementary method” or method of the Dirichlet generating
series. Unfortunately, the study of By(z) by method of the Dirichlet generating series
does not make sense, because p?(n? + 1) does not a multiplicative function. We will
combine ”elementary” and analytical methods to study the Bs(x). We proved the
following theorem.

Theorem 1. For x — oo we have

5=t 1150 (o)

n<x

with an absolute constant in symbol 7O”.

AUXILIARY ARGUMENTS. For a fix natural & we consider pair of the equations
(as n and d):
n — kd* = +1. (3)

The pair of equations calls the Pell’s equation.
Denote by Q (\/E) a real quadratic extension of Q. Every solution (n,d) of the

Pell’s equation defines the tetrad of numbers +n + dvk each of which has a norm
n? — kd? = 41 (thereof call unity of field). There exists a number g = ng & doV'k,
g0 > 1, such that N(eg) = n — kd? = +1, and every ¢ = n + dvk with norm
n? — kd?> = £1 is a degree of g, ¢ = ¢, a € N. That number calls a fundamental
unit. So there is one-one correspondence between the solutions (n,d) and natural
numbers a (for given unity). Hence, it follows that if (ng,dy) be the solution of the
Pell’s equation and g be an associated unity then we have for any solution (n,d):

n—dvk = (ng — doVk)? =

(o (2) ) = ()i ) R

4
n:n8+(c2l>kd(2)n82+“-, “

d= G) nd~tdy + (g) nd ik 4 -
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Lemma 1. Let Ag(z) be the number of solutions of the Pell’s equation (3) under
the condition n < x. Then the following estimation

Ag(z) = Oy, (log )
holds.

This assertion follows from (4).
Denote by p(m) the number of solutions of the congruence u? = —1 (mod m),
1 <u <m. It is clear for a prime p we have

2 if p=1 (mod4), a=1,2,...,
p(p*)=4 0 if p=3 (mod4)orp=2 a>1,
1 if p=2, a=1.

Lemma 2. For x — o

Z p(n)=xz+0 <x%(logx)3) .

n<x

Proof. We have
[e’e) (S X4) 1 —1
EZ = (2) 1+23 , Rs > 1.

The Perron’s formula gives

c+1iT
1 x® x¢
;p(n)fﬁ / F(s)sderO(T(C_l)>, c>1,T>1. (5)
nxz c—iT

Therefore, we infer

c+iT
1 C(s)L(s, x4) 1\ 'zt
Z p(n) = 97 @) (1 + 2) ?ds-l-

c—1t

+7“681i£1% {C(S)L(S’X‘l) . %ds +0 (/ lli;n.raTl_g 10gT8 . dS) + (6)

w0 (m=n)}

By the inequality Cauchy-Bunyakovsky we obtain for the first integral in (6)

1/2JriT 1
|C(5)L(s, xa)¢ ™ (28) (1 +27°) 7] %dt _
1/y—iT
T
1 2dt
=0 [ z2 /‘C +it) /’ ( +ztx4> " “logT | =
T

=0 (x%(logT)?’) .
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Next,

(V)

($)L(s,xa) 2°) _m 6 2
mhm{g(zs)(Hz )'s}_z 4 723

/!C (s, x4)C (23)(1+2_3)_1|%d020 /(%)UﬂogT)?’dg -
/e /2

:O<(T>%log T) +O(1og T>

Here, we used the estimations for {(s), L(s, x4) with Rs > 3,1 < |Ss| < T and
also the estimations of the second moments ((s), L(s, x4) on half line Rs = 3. Taking

1 . .
c=1+ @, T = x2 we obtain our assertion.

MAIN RESULTS. R. Bellman[1] (pp.146-148) have been obtained the asymptotic

o Bg(x)chrO(lng), c=]]r <1> (7)

Repeating the argument used by Bellman in the proof of (7) we can make more
precise this result:

T
Ba(w) = cx 40 <logx(log log 2)41 > ’

where A; is a large constant.

P. Bellman made an attempt to obtain an error term in form O (x% log a:) How-
ever, the assertion of author that the equation n? — kd®> = —1 (as to n and k) has
O(log ) solutions n < x, k < x for every fixed d < z3, is fallible (example, for d =1
this equation has O (x%> solutions).

For this reason the Bellman’s arguments does not lead to goal. We use other
method.
By the equality

= u(d)

d?|n
we derive
St =Y ¥ W= Y -
n<z n<z d2|(n2+1) k,d
1<kd?=n’+1<z?+1 (8)
= >+ > =D D,
kSz%(logm)f% m%(logz)7%<k§r2+l
say.
‘We have

=X > —o(etosa)t). (9)
n<zk<(logT)3
n®—kd*=1



Square-free numbers in the sequence {n* + 1} 119

2
(We taken into account that by Lemma 1 for every k < (x log™! z)® it exists O(log z)
values of n and d, n < z, for which n? — kd? = £1).

Next, by k > (zlog™" x)% and kd? < 22 + 1, we have d < x%(loga?)%.
Therefore

2., X S o= Y e Y 1=

2 2 2 1 2 1 2, 1 2
k>z38log" 3z d<z3log3z d<z3 log3 x " TI:O 1 (mod d%)
kd*=n’+1<z?+1 z3 log™ 3 z<n<zx (10)

- + Z - Z21 + Z22'

1 1 2 1
d<z2 x2<d<z3 log3 x

Application Lemma 2, gives

Y= ud Y 1= u@{:

dgmé n?+1=0 (mod d?) dSJF%
m% logfé r<n<x
1 oo
x5 - p(d?) ) p(d)p(d?) p(d?) )
+0 ( T =z Z +0 | +0 p(d?) | +
log 2) 5 d? d? d?
(log z)> d=1 d>z? d<o?
1
5 d2 2
) a:s,l p(d?) — H (IP(PQ)>+O(I;>
(logz)3 1 P p
d<z2 p=1 (mod 4)

Moreover,

(12)

Baw)=z ] <1p(pj)>+o(xilogéx).

p

ConcLUSION. With the similar method it may be obtained the asymptotic for-
mula for the sum

Y Wi(nta), a# b, beL,

n<lxz
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and hence, taking into account well-known result about the sum > p?(n)u?(n + k)
n<z

it is reputed that the distribution of square-free numbers over the sequence of values
of quadratic polynomial have been studied.

1. Bellman R. Analytic number theory — An Introduction [text] / Bellman R. — Addison-
Wesley, Reading, Massachusetts, 1980.



ISSN 2304-1579. Bicrux O0. nay. yn-my. Mam. i mex.—2013 .—T. 18, eun. 1(17).-C. 121-131

MEXAHIKA

Mathematical Subject Classification: 74R10
VIK 539.3

O. ®. Kpusunii
Opmechbka HAIIOHAJIBHA MOPCHKA, aKaIeMist

TYHEJIBHE BKJIFOYEHHA ITPU 3MIINTAHUUX YMOBAX
B3AEMO/II I3 KYCKOBO-OHOPIJTHIM AHI3OTPOIITHNM
ITPOCTOPOM

Kpusnii O. ®. TyHenbHe BKJIIIOYEHHsI IPU 3MINIAHUX yMOBax B3aeMoOZil i3
KYCKOBO-OJHOPIZHIUM aHI30TPONHUM IIPOCTOPOM. PO3IIsHYTO 3amady Nmpo TyHe/Ib-
He KOPCTKe BKJIIOUEHHS, II0 BUXOJUTH OJHUM KIiHI[EM B IIONMHY 3’€IHAHHS IBOX DI3HHUX
AaHI30TPOIMHAX MIBIPOCTOPIB, AK1 3HAXOAATHCHA B YMOBAaX y3arajabHEHO! ITOCKOI medopmariii.
Ha Brurrogenni peasiizoBaHi 3MimaHi yMOBH KOHTAKTHOI B3a€MOZII: 34eIl/IeHe OJHIEI0 IPAHHIO
i3 cepeloBMINEM i 3HAXOAMTHCST B YMOBAX IJIQIKOrO KOHTAKTY Ha iHMIi#l rpami. 3a gomomo-
rof0 mo0yI0BAHOTO PO3PUBHOTO PO3B’SA3KY 3312ty 3BEIJEHO 0 CHCTEMU IU'STH CHUHIYISPHUAX
IHTerpa/JbHUX DIBHSHBb 3 HEPYXOMOIO ocobsmBicTio. Bcramossieni ymoBu icHyBamus i acmMm-
NTOTUKK PO3B’#3KiB BKa3aHol cucremu. OTpuMani 3a/IeKHOCTI MOKA3HMKIB OCOG/mMBOCTER
HAIPy’KeHb B BEPIINHI BKJ/IIOYEHHS BiJ MOro po3TallyBaHHS i aHIZ0TPOIIHUX BJIACTHUBOCTEMN
MiBIPOCTOPIB.

Kiro4doBi cioBa:  KyCKOBO-OJHODITHUIII aHI30TPOIHUN IPOCTIP, BKJIIOYMEHHS, PO3PUBHIIL
PO3B’I30K, CUHTYJ/ISIPHI iHTerpasbHI PIBHSHHS, HEPYXOMa OCOOIUBICTD.

Kpusoii A. ®. TyHHebHOE BKJIIOYEHUE [IPYU CMEMIAHHBIX YCJIOBUIX B3aMMO-
OeficTBUs ¢ KyCOYHO-OJHOPOAHBIM aHNU30TPOIIHBIM IIPOCTPAHCTBOM. Paccmorpena
3aJla4a O TYHHEJIbHOM BKJ/IIOUEHWUM, BBIXOAAIIEM OJHUM KOHIOM B IITOCKOCTb COeJUHEHUS
ABYX PA3/IMIHBIX AHU30TPOIHBIX IIOJIyIPOCTPAHCTB, HAXOMANIUXCA B YCJIOBUAX 0000IEHHON
mwiockoil gedopmanuu. Ha Bk/aoyennn peam30BaHbI CMELIAHHBIE YCJIOBHS KOHTAKTHOI'O
B3aMMOJENCTBIS: CIEIJIEHNe OHOM M3 rpaHeil co cpenoil n rimaakmii KoHTakT apyroit. C mo-
MOMIBIO ITIOCTPOEHHOTO PA3PhIBHOIO PENMICHU 33Ja91 CBEJEHBI K CUCTEME IIATA CAHTYISPHBIX
WHTErPAJIHHBIX YPABHEHUH C HEIOABUKHON OCOOEHHOCTHIO. YCTAHOBJIEHBI YCIOBUS PA3PeIIn-
MOCTH ¥ aCHMITOTHUKA PelleHuil yKa3anuoil cucremsl. Ilosy<uensr 3aBucumocTy okasareseit
HaIPsAXKEHUH B BepIlIMHE BKIOYEHU OT ero M0JIO2KeHUd 1 aHU30TPOIIHbIX CBOMCTB IIOJIyIIPO-
CTPAaHCTB.

KurodeBrie ciioBa: KyCOYHO-OZHOPOIHOE aHH30TPOIIHOE IIPOCTPAHCTBO, BK/IIOYUEHUE, PA3-
DPBIBHOE pellleHue, CUHIYJISPHbIe HHTerPajIbHble yPABHEHNs, HEIIOBUKHAST 0COOEHHOCTb.

Kryvyy O. F. Tunnel inclusion in mixed conditions of interaction with piece-
wise homogeneous anisotropic space. The problem of the tunnel inclusion that goes
on one end to the splice plane of the of two different anisotropic half spaces in situations
of generalized plane strain. Implemented to enable mixed conditions of contact interaction:
cohesion one of the faces with the medium and sleek contact with the other. With the
constructed of discontinuous solution problems are reduced to a system of a system of five
singular integral equations with fixed singularity. Establishes the conditions the solvability
and the asymptotic behavior of solutions of this system. The dependencies of stress exponent

© O. ®. Kpusuit, 2013
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at the apex of inclusion of its provisions and the anisotropic properties of half-spaces.
Key words: inhomogeneous anisotropic spaces, crack, inclusion, discontinuous solution,
singularity equations, fixed singularity cohesion.

BeTyn. 3azadi npo mixkdasni nedekTu B KYCKOBO-OJHOPIIHUX AHI30TPOMHUX
cepezoBuiiax posrisiganu 6araro asropis. Ilpu mpomy mociimkenHsi, B OCHOBHOMY,
oOMesKyBaNCh TIOCKUMH Bumaakamu [1-6]. B poGorax [7-9] 3a momomorown moby-
JIOBAHUX iHTErPAJIPHUX CHUHTYJISPHUX CIIBBiIHOIIEHD MOCTiIKeH] MixKbas3Hi TyHe bHi
nedeKTH B KyCKOBO-OTHODPITHOMY aHI30TPONHOMY CEDEIOBHII, SKE 3HAXOIUTHCA B
nBoBuMipHomy crani (y3aranbaeHa miiocka gedopmais ([10]). B uiit upani Bkasanuii
METO/] y3arajlbHeHO HA BUIIAJOK BHYTPIIIHBOINO TYHEJIHHOI'O BKJIIOYEHHS. 30KpEeMa
OOy IOBAHO PO3PUBHUN PO3B 30K [IJIsT KYCKOBO-OJHOPITHOTO aHI30TPOITHOTO MPOCTO-
Py 3a HAABHOCTI BHYTpimHiX n1edeKTiB i iHTerpabHi CiBBiIHOIIEHHS, 10 3B’A3yI0Th
CTPUOKY 1 CyMu TE€peMillieHb Ta HAIPY2KeHb Ha BKas3aHwX nedeKTax B IPOCTOpPi y3a-
rambHeHnX (PYHKINH MTOBLILHOIO 3pocTaHHs. B pesynbrari 3amada mpo TyHETbHe
BKJIIOYEHHSI, sIKe BUXOJUTh IIiJI JOBIIbHUM KyTOM B ILIOIIMHY 3 €IHAHHS IBOX PI3HUX
AHI30TPOIHUX MiBIPOCTOPIB i mepebyBae B yMOBaxX IMOBHOIO 3YEILIEHHSA HA OHIN i3
rpaHeil i yMOBaX IJIQIKOTO KOHTAKTY HA iHIIA, 3BEIEHa JO CHCTEMH IIITH CHHTY-
ngapuux inrerpansaux piBusanb (CIP) 3 nepyxomumu ocobuBoctamu. OBrpyHTOBaHO
icHyBaHHSI 1 BUsIB/IEHA aCHMNTOTHUKA MOBEJIHKN pO3B’sa3KiB orpumanux cucrem CIP.
Orpumani 3a1€3KHOCTI TIOKA3HUKIB OCODJIMBOCTEN HAIIPYZKEHb B BEPIIMHAX BKIIOYEHHS
BiJI aHI30TPOIHUX BJIACTUBOCTE MaTepiasiB i KyTa HAXUJy BKJIIOYEHHS.

OCHOBHI PE3VJIBTATHU.

1. ITo6ymoBa po3pMBHOTIO PO3B’A3KY /i KYyCKBO-OJHOPIHOr0O aHI30TPO-
mHOTO cepeaoBuIiia. Hexait mpocrip, siknii CKIaIeHni i3 ABOX PI3HUX aHI30TPOIHUX
miBIPOCTOPiB, 3’€¢aHanux B mwionuui * = 0, 3HAXOAUTHCA B JBOBUMIDHOMY cTaHi, 6e3
HASIBHOCTI ILJTOIIUH IPY2KHOI cuMeTpil, TOOTO B yMOBaX y3araJibHEHOI ILJIOCKOI aedop-
manii [10]. B mpocTopi MicTSAThCS JOBLIBHI KYCKOBO-HETEPEPBHI IIMJIIHIPUYHI TTOBEpX-
Hi, HAIPSIMHI 9KUX TapaJiesnbHi oci OZ, B pe3y/bTraTi MePeTuHy OCTAHHIX IJIOMIAHOIO
XOY yrBOproeTbesa KyckoBo-HenepepBHuit KoHTYp . Ha BKazaHux moBepxHSX po3-
rarioBani HacKpi3Hi nedekTy 3arajabHOI IPUPOAK (THUIly TPIIWH, BiAIIADOBAHUX 1 He
BlIIAPOBAHKUX BKJIIOYEHb). Buxousiuu i3 piBHsHHsA PIBHOBAIUW Ta y3arajbHEHOIO 3a-
xouy I'yka, BiTHOCHO KOMTIOHEHTH TE€H30pa HAIMPYKEHb Ta BEKTOPA TEPEMIllIeHb:

7 = {nk(x»y)}izl = {JrvavamyaTzszyZvuvvvw}v (1)

OTPUMAEMO HACTYIIHY CACTEMY AuQEepPEHIaIbHUX PIBHIHD

D[x781782]ﬁ:f7x7507(x>y)gl? (2)
e
Ay 0
pleavo=| _giy G | B0 = Gl ={ S0
* 5 .

b 0 0 0 O
D* = O 82 81 0 0 731 =
0 0o 0 01 0O

02

9 9
ox’ oy’
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f=9{-Xo, -Y5, 0,0, 0, 0, 0, 0}, ﬁ,:ctj — koedilienTn ysarajibHeHOro 3akony I'y-
Ka BiJTMOBITHO JJI BEPXHBOTO TA HUXKHBOTO MBIPOCTOPIB, X, Yy Mpoekii 06’eMHnx
cus Ha Bigmosimai oci. HopmasbHi HampyKeHHS 0, TpHU IIHOMY BH3HAYUMO 33 (HOp-
MYJIOI0 0, = 756_61 2221 Be;vj. B mmomumani * = 0 BBAYKa€MO BUKOHAHUME YMOBH
HEIIEPEPBHOCTI:

X~ =0, (3)

ae X~ = D@ = {0m) 7 s) " a) . (o)™, ()™ (ms) "} (k)™ — crpuGin
dyukmiit 7, npu nepexoxi mwromuan x = 0. [ljgg momamas ymoB Ha JiHil £, 16 MO-
JKJIUBI PO3PUBHU BCiX KOMIIOHEHT BEKTOPA 7, BBEJAEMO B KOXKHIM TOUI JiHil £ JTOKATBHY
cucremy koopauunar (N, S, 7). Haupsamok oci S cuiBnajae 3 HANPIMKOM JOTHYHO-
ro BekTopa S 0 JiHil ¢ B ganiii Touni, HaupAMok oci N cuiBiajae 3 HAIPAMKOM
HOPMAJIBHOTO BEKTOPA 71, AKW BUOUPAETHCS 3/1iBA BiJ JOTHIHOIO BEKTOPA, BiCh Z 3a-
Jmaerbes HeaminHoo. KyT mix ocamu X i N nosnauumo ¢ = ¢(z,y), (z,y) € L. B
HOBi#l cHUCTeMi KOOPJAWHAT KOMIIOHEHTH TEH30pa HAIPYKeHb Ta BEKTOPA NepeMillleHb
MMO3HAYUMO TaK:

74 = {ﬁk(ﬂc,y)}%ﬂ = {on, 03, T™Ns, ™NZ, 787, UN, Us, Wz}. (4)

B 3asnexnocTi Bif By KOHTAKTHOI B3aeMOil AedekTis i3 mpocTropom Ha JiHii ¢ Oy-
JIyTh BifoMi ImiCTh i3 HACTYNHHX BENTHYHH: X+ = {)Z,f}zzl, e )Z,f = (xx (z, y)ﬁt —
BianoBinHo crpubku i cymu yukuiit (4). Jns Busnavenocri GyneMo BBazkaTH Bigo-
MUMM Ha JiiHil ¢ cTpubKu:

(Ur)y = Xp (2,9), k=T1,8, k#2,5, (z,y) € L. (5)

Po3s’s3ku kpaiiosoi samasi (2), (3), (5), mpn Bukomami ymos Xo, Yp € Cj ,(R*)N
NL1(R?), X (x,y) € C.(0) N Ly (), xE(y) € Co(R) N Ly (R), caix posmykysarn B
KJaci C&,e (R?) N L1 (R?), ne Cy'y — mpoctip bynKiii, HemepepBHEX pasoM 3i Beima
noxigauMu 10 m-mopaaky B R2, 3a BukmouennaM mpavol x = 0 i mimii ¢, Ll(R2) —
npocrip inrerposanux B R? dynkmniit, C, (), Ly (¢) — mpocTOpH BiMOBITHO KYCKOBO-
HEMEPEPBHUX Ta iHTerpoBaHux Ha { QYyHKIIi.

Ipomos:kumMo cucremy (2) Ha BECh MPOCTIP, MJIsd I[LOrO MEPEHIEMO JI0 IIPOCTOPY
y3aranbHenux (yHKiit nosimpaoro spocranaa I'(R?) i Bpaxyemo 3B’M30K MixK y3a-
ra/IbHEHAMHE 1 3praaiinmvu noxigmamu dy1; = Ogn; — X; (z, y) (= 1)+ k5 (0), me §(0)
— ¢bynkuiz [lipaka 30cepezkena Ha KOHTYDI £, x; — cTpubku dyHKuii 7); Ha KOHTYDI
£, a Takoxx opmysu 38’u3Ky MiK KoMuoHeHTamu BeKTopiB 77 1 7y [11]. B pesysabrari
BiHOCHO BekTOPY 7] B MpocTopi ' (R?) oTpumaemo KpaioBy 3a1auy

(Dl 1. 3elii.q) = (fu ). (2.9) € B2, q € S(R?), (6)

77]—::77]@_7]{::1737436a7,87 (7)

zie
’Uki € %/i(Rz)a fe= {fj*}s’fl* = (9217’%1 + >~(27"£2) 6(@ — Xo,

for = (=X1 K2 + X2 K1) 6(£) — Yo, f3« = X5 6(£), fax = —Xg k26(£),

Jae = (Xq K1+ X5 K2)K10(£), fox = (Xg K2 — X5 K1)K20(£), K1 = cos ¢,
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~—/ 92 2 ~— ~— .
for = (X5 (K1 — K3) — 261K2X45 )0(£), frs = Xg £10(£), 2 = sin ¢,
2 + 2 +
SL(R%) = {f* € '(R”) [supp f= = Ry x R}.

Poss’asku kpaitosol 3ana4i (6), (7), cainyroun poboram [12, 7-9], Gyuemo Haszu-
BATH PO3PUSHUM PO36 A3KOM OAA KYCKOB0-00HOPIIH020 AHIZOMPONHO20 CEPedosuULa B
npoctopi ’(R?). Ocranmifi oTpuMaeMo, CIIparoYnch Ha (DyHIaMeHTaTbHA PO3PUB-
HUi PO3B 30K 151 KyCKOBO-OJHOPIIHOTO aHI30TPOITHOTO MIPOCTOPY, TOOTO HA CHCTEMY
BexTopis w; = {wk;(z,Y, Z0,Yo) ho1s Wk € S'(R?), j = 1,8, aKka 3a10B0IbHAE HA-
CTYIHIH cucTemMi KpalloBUX 33/1a4:

Dz, 01, &]w; = fo;,j =1,8  (x,y) € R?, (8)
w,jjzw,;j,kzﬁ,k¢27k7é5, (9)

e w]:i:] S S/j:(]RQ)vaJ = {f](g)]}s = {5kj}8§(x — 20,y — yO)?'” (x()ay()) 7£ Oa 5nj -
cumBos Kponekepa.

KowmmonenTtn BeKTopis w; Hanexarb nignpocropy [6] I} (R?), orxke, 3acrocysas-
w110 (8) mposBumipue nepersopenns Pyp’e i ckopucraBuIUCh pe3yJbraramMu pooiT

[7-9], BigHOCHO W,jf] (a1,a9) = Fy [w,jfj] e @, ,(R?), orpuMaeMo 3a 3MIiHHOI Q)

MaTpHYHy KpaioBy 3amady Pimama B mpoctopi §'(R?) :
My (—iay, —iag) W} = M_ (—iay, —iag) W} + fuj, 5 =1.8, (10)
8 N , ,
ae My = +£D [£0, —iay, —ias] , Wi {W } , Fo = {0nges)® e = etorvotiozuo,

Bpaxosytouu noninomianbuuit Buj koedimienris 3ana4di (10), 3acrocyemo no it
pO3B’s3yBaHHs MeToJl, nojanuii B poborax [6-7], B pe3ysibrari orpumMaemo

Wi =W +Weo, k=138, j =15, (11)
e (ij; = (—iag)W,j[j, k=6,7,8), W,w(al,ag) m pe1l rkptzfj,

PE (o1, ap) = PEPE — (P;t) P = a2 — 265100 + BEA3,

+
Py = 5140‘2 (515 + 634)a1a2 (524 + 535)0‘102 5250%
Py = Biia3 — 28130003 + (B33 + 2B13)aia3 — 2855080 + B0,

1, £=1,2,3 { I,p=1,
701:

T]:gtp:h:kt)\;l, k:ﬁ7 p:ﬁ’ l:{

27 k = 47 57 O7p = 78 ’
+p ++ i +p SN
A =ar ( z+2 — P ) A = ay (g5 1+2 — (P50 =13,
+ + + +
Ay =— Pl+17 )‘6l = ala?PlJrl? A= a2Pl+2’)‘81 =-—aP, =12

+ + )t B E _E T et — gt + +

Te; = Q. 0‘2()‘ 4 J291) T7J A 145 A293 5 Ts; = >‘j1€5 — 295
+ +

h1 :ozz, h2 zal, h3 = —a1Q9, h4 = —ag,h5 =a,\; =« PlJr17

éi - /Blka2 ﬂSko‘la2 + /szala gk = /8419042 B?kal, k= ﬁ
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{t i teets = 0(£z0)eo {0k 15 F vaJ—l 8,

f5 = {xaola2), xs0(a2), Xa0(a2), Xgo(a2), 0, X70(2), Xgo(v2), 0}

Jns BusHavenHs HeBimomux GyHKIHN X, (a2) ckopucraemocsa ymosamu (9). ITi-
cns obepuennst (11), BUpa3uW KOMIOHEHT (DYHIAMEHTATLHUX DO3PUBHUX PO3B’SI3KIiB
JI9 KYCKOBO-OTHOPITHOTO aHI30TPOITHOTO MPOCTOPY MOJAMO TaK:

se

wk] = 2Im Zn I{G(IO)Rk]nKkJ [§+ ETTO] +Ziz=1[0(x0)6l—:j—2kaj[gﬁ - :—10]+
+9( xo)ﬂkgankJ[g ;EOH}?

Wy; = %ImZizl{G‘( xO)ngnKkJ[ - nO] +Zm [0 (x())ﬁl;jirmekj[g; _é-nto}—"_
F0(=20) BrejnmKril€n — Emoll}
Kij[f] = (k=15 =13 J(k =68, =138),& = z5x + v,

Kkj[f]zif 2( = 757]: 78)5Kkj[f]:lnfa(k:6787]:173)7
6

+ 2 : O 2 : 2 :
apjn - Rkjn’ J a‘kp kjn>’ kjmn apjm kpn’ Rkpn’
k=1

4 + o+ 0,4 [t
Brjnm = Zam” kpm> &m0 = Zm®0 + Yo, {Rkjm}k:1 5 {Rkjm}k:1 3,4,6,7,8

+ rfp(zil) £+ - £k ~k S
Rkpn: + £, F\-+,/_+ 7qn(’zn): H (Zn - % )7qn(zn):H(zn -2 )7
By an (zn )an (2n)

=1, I#n =1

PE(zE, 1) =0, 65 = BRAE — (B%)°,

6 p=1,2,3,4,6,7
o S

k=1,3,4,6,7,8

Buaiizeni Bupasu (12) 7ar0Th 3MOry, CKOPHCTABIIUCH TEOPEMOIO PO 3TOPTKY,
OTPUMATH PO3PUBHUN PO3B’SI30K I KYCKOBO-OJHOPITHOTO aHI30TPOMHOIO CEpeo-
BUITA:

8 8
Nk = Zwkj * fie = Z //2 Wi (T, Y, To, Yo) [+ (20, Yo)dzodyo. (13)
j=1 j=1""R

Honanus (13) micrurs wicrs cTpubkisB X, , k = 1,6 KOMIOHEHT TeH30pa HAIpy-
JKEHb Ta BEKTOpa IIepeMilleHb, 30cepemKeHnx Ha KOHTypi £. YacruHa i3 gkux, B
3aJIEXKHOCTI Bif Tumy medexTy, BUSIBAAIOTHCS HeBimomumu yHKIigvmu. [ ix Bu-
3HAYEHHsI, CKOpPUCTABIIUCH (popmynaamu COXOTCHKOTO, OTPUMAEMO IHTErpasibHi CITiB-
BiTHOIIEHHST, 10 3B’I3YI0TH CTPUOKHM Ta CyMm Y= = {)2%}2:1 Ha KOHTYpi £. 30Kpema,
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AKIO KOHTYP £ € 00’eaHaHHAM Bi/pi3KiB, pO3TAlIOBAHUX B3J0B2K LPAMOI, sAKa IIPO-
XOJIUThH 9epe3 TMOYaTOK KOOPAWHAT Tix KyToM ¢ mo oci OX: £ = U;:1(aj§ b;), TobTo:
T = tcosd), To = TCOSp, y = tsing, yg = Tsing, X%(m,y) = )Zki(t),(k: = 1,6),
() = (XF ), (k = 4,6), Brasani cuiBsigHOMeH S TIOIAMO TaK:

Jj=1 t—7 n,m=1 mn
nie
Vi b 1,j=173
74Imz ]k" k:+ _ kjnm Bi-_ _ kjnm 5 _{ 7]. -5
jmn =4\ 0.7 Tkjmn PERE N 2.i=14.6 °
(5) (8) S
++ +— =
++ bkjnm +—- bk]nm 44 = -+ —— _ BJF 5 B
kjnm — ( ) kjnm — (ﬁn) s Lnmo Cnmo Cnmos C“nm § — 67;7 + ﬂm
+(£
BE = zEcosp +sing, Ty = Za ()T Brjum = 3 0(EDO((£)7) By
+(+)
= 3 0EH0((E)r)eED.
+(£)

Cuissinnorients (14) y3araabHIOIOTH CHIBBIAHOIIEHHS JJisi KyCKOBO-OIHOPIIHOL
anizorponHol miomunay [6] 1 103BOMIAITH 3a1a4i PO BHYTPIiIHL TyHebH] nedekTr B
KYCKOBO-OTHOPI/THOMY aHI30TPOITHOMY CEPEIOBHII 3BOJUTH DE3IOCEPETHBO 10 CUCTEM
CUHTYNApHUX iHTerpanbaux pisusab (CIP).

2. ITocranoBka i 3Begenus g0 cucremu CIP 3aga4d npo TyHeabHe BKJIIIO-
gyeHHd. Hexail B pe3ynbTarTi nepeTnHy TYHEJIBHOIO BKIOYeHHS IomuHo0 X0V yTBo-
purhbes Biapizok £ = (0;a) (Puc. 1).

X

Puc. 1

Jo BRITIOUeHHSI TPUKJIIAIEHE TOBLILHE HABAHTAKEHHs 3 piBHOAiitHO0 P = (P, P, 0)
i meHTpasbHUM MOMeHTOM M, sKi 3a0e3medyorTh ABOBUMipHUE craH. Po3minenus
rpaHeil BKJIIOYEHD Micjist AedopMariil Omucy€eThCss QPyHKIIIMA

DE(t) =& + 6"t + (1), t €4, (15)
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je dbyuknii W (t) omucyrors dopmy rpaneii Bkiodenns. ['pani BKITOUeHD, 1110 3HAXO0-
IAThCS 3 OOKY HOpMAJIi, 3YEIIJIEHH] 3 CEPEIOBUIIEM, & TPOTUJIEKHI TPAHI 3HAXOISATHCS
B yMOBaX TJIaJKOTO KOHTAaKTy. Bpaxosyroun nomamns Y7 (t) = (@t (t)) +

o~ (), X5 () = (@) — (@ (1)t € £, pisnocri X; () = 0, ¢ £,j = 1,6, i
YMOBU

_ . 1 -
Cj (t) = ]JrJrS(t) = 07 J= 2737t S Z7 {Clzct}6 = E{X; iXk }6a

AK1 BiIOOpaskaroTh BKA3aHMWI THUI KOHTAKTHOI B3a€MOil, 3a JOMTOMOIOI0 OCTaHHIX
’siTn piBHOCTE i3 criBBinHOmeHD (14), oTpuMaemo BinHOCHO BekTopa h = {h;(t)}® =

= {1 (8,65 (1), G (1), =G5 (1), =Cg (1)}, encreny wsrn CIP

1 “ h(r) 4 > “ h(r)ydr
Moh(t) + ;MS/O ; dr + ;Im Z Bnm/ —— =q(t), tel, (16)

_ T
T e 0 enmt—T

e
Me — {TJF} My = {B+,+ } ;
S k:j k:ﬁ;j:liﬁ‘,j¢4 nm k']nm kziﬁ j:TJ'#Al
T+ Ni('r) 3 ++ Ni(T)
- L ns ks X4 dr —Im k,4 nm/ X4 d
q( ) {X4 ( ) k.4 T p t—T T n%;1 ™ Vi tenm(th) -T ! ==
L M= k=2

My = diag{0,—1,—1,1,1} — aiaroHasbHa MATPHUI T’ATOTO MOPsiAKY. Bkaszany cu-
CTEeMY CJIiJT TOTIOBHUTH YMOBAMH PIBHOBAIM i 3aMKHYTOCTI

[Ri@dr =P, (s =Pi=Pi—Pi=0k=TOkZ4 (1)
¢
1 ymMoBaM#U MOMEHTHOI PiBHOBaru

/TXl_ (1)dT = My. (18)

14

3. YMoBu icCHyBaHHS 1 aCHUMIITOTHMKHN MOBEIIHKHN PO3B’I3KiB CHCTEMH
CIP i3 Hepyxomoro ocobuuBicTio. dupa cucremu (16), Kpim cunryiasipHocti tuiy
Kormi, micTaTs TakoxK HEPYXOMi OCOOIMBOCTI, 1110 0OYMOBITIOE HEOOXITHICTD TOBEIEHHS
icHyBaHHS | BU3HAYEHHS aCHMITOTHKY ii po3s’s3kis. Ilosmaunmvo gepes L2 (Lo, w(t))
(wt) = t7"(a—1)% ¢g—1 < Rey < =1+ qRey, ¢ — 1 < Ref3 < —1 + qRep,

1 < ¢ < oo) mpocrip Bamaxa dbymxiit 3 wopmoro [13] [|fl, ., = {/ [,w(t) [f(t)|* dt.
H7A(0) (=1 < Rev, Ref3 < 0) knac dynxuiit f(t) ( € £) aKi 10MycKAIOTH PO3BUHEHHS
f=t7(A=t)P f.(t),f(t) € H,(¢), H,(¢) — knac Teasaeposux dynxuiit. Ilepeacumporn
[13] cucremu (16) mogamo Tak:

5
GOn) = o2 = {7“””’(")} = {Mo — ctgmnM,—

sin sin 7

i (19)
— s Yoo et (Bum (=€) 1 = B (=&f4)717)
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Teopema 1. Hxwo ichye maxe wucao v, Rey € (=1;0], axe e (k+1) — xpamnum
KOpeHeMm PI6HANHA

wo-usn-{EDIDIGTY o

trG (n) — caid mampuyi G (1), mo cucmema (16) poze’asna 6 L7 ({,w (t)), i indexc
dopisnioe odunuyi, i npu ymoear (17) ma npu qi(t) € Hﬁ"’s’m‘s(f) Mmae eounull
pose’asox 6 L2 (€, w(t)) ﬁHl‘j"ﬁ(ﬁ)7 (0 < @,f < 1), akuli Mae acUMNMOMUYHE PO3EU-
HEMHA

hj(t) =~ hjt" Pej(Int), t — 0, h} #0,5 =1,5, (21)

de P.j(z) — mmuozourenu k-mozo cmynemns.

Josenennsi. [Ipn ukonanui ymos Teopemn Gyaemo matn: det GO(n) # 0 axmo
—1 < Ren < Rey. Omxe 3rigno [13], cucrema nereposa B npocropi L2(¢,w(t)), a ii
imexc pusnagaerses bopmysnono Ind A = —ind(Ag (7)), Ag(r) = detGY(n), n = £+
+i7. Hesaxwo seranosurn, mo ind(A¢(7)) = m® — 1, 1e m° = ind(AZ(7)),A2(1) =
= tg°3A, (7). Aximo 7 3mimoerses Bix —oo 0 oo dymkiia AY(T) npu £ € (Rey,1)
OIUIIIe 3aAMKHYTHN KOHTYP, KU PO3TAIIOBAHUN CHMETPUYHO BiJIHOCHO Ji#icHOI Oci i
HE OXOILTIOE IOYATOK KOOpanHaT. Taka ITOBEIIHKA MA€ MICIE JJisi ITOCTABICHUX 33134 1
s koMmOinaniit Bimomux Marepianis (16) mopisuioe omunuti i npu ymosax (17) icuye
€IMHUN PO3B’SI30K B MPOCTOPI Li(ﬁ,w(t)), KU Mag iHTerpoBaHy OCOOJMBICTH MpU
t — 0. To6ro mae wmicne nomamus h;(t) ~ t"Pj(Int)hs, t — 0, hi € H,(0),j = 1,7
CKOpHCTABIIMCH ACMMITOTMYHUME BJIACTUBOCTAMU ONEPATOPIB 13 HEPYyXOMUMHU OCO-
6amBocTsIMH [2], U1t omeparopa

“ f(r) ~ o [ 0T
Njslf] =m0 + == | T+;Imn%;1b§k o et

OTPEMAEMO HACTYTIHE PO3BUHEHHS (€ > 0):

Njk [t’YP,ik (ln t)hZ] =

m m N 22
= R0 Zg( ) (y ) Pék)(lnt)—kQ (1), || < Cjptfierte, (22)
Ckopucrasmmcs noganasam (22) i3 cucremu (16), orpuMaeMo CiBBiAHOIIEHHS
: om) () (ED" pimy =
1 B Z g’ ( 7'19,,»]. (Int) +Q9(t) =0, j = 1,5. (23)

QyHKIIis Q(J)»(t) 3a10BOJIbHAE OIHIIL |Q?(t)| < Ctferte ¢ > 0. Brigmo ocrauniii,
piBaOCTI (23) MOXKMBI ipu ¢ — 0 JIMIIE TPU BUKOHAHHS CIIBBIIHOIIEHD

Zlnl t-No_; =0, (24)
=0
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N, = i(_l)m—p+1 ( K > mepXH*P’Xp = {hj*(O)apj}?,

m —
p=0 p

Qum—p =177 ()},

a,,; — xoedinientn muorousnenis Py;(z). PiBmicTs (24) MOXKIMBA, AKIINO BUKOHYIOTHCS
CITiBBiTHOTITEHHST

i(*l)mﬂ)H ( i > Qm-—pXn—p =0, m=0,k. (25)

m-—=p

Tax sik BekTOopn X, # 0, p = 0,7 miniitno He 3a1e3KHi, TO OCTAHHL PIBHOCTI MOKIIHUBI
TOMi i TIIBKU TOJ, KOJIM BU3HAYHUK cucremu (25), axkuii JOPIBHIOE A (7), obepra-
€rbcd B HyJdb. OTkKe, aKmO Mae Mmicue nomanug (22), To v € (k + 1) — kparHEM
KopeHeM TpaHcuengenTHoro pisusauus (21). Iloeninka npu t — a — 0 po3s’a3kis
cucremu (16) BU3HAYAETHCH XaPAKTEPUCTHIHOK YACTHHOIO 1 CHIBIAJIAE 3 HOBEIHKOIO
PO3B’SI3KIB U151 BIAMOBIAHMX 3874, PO BKIIOYEHHS B OHOPiAHOMY mipocTopi [7]. Te-
opemy dosedeHo.

Hacuinok 1. dxwo v € npocmum Kopenem mpancuyendenmnozo piehanns (20) 3
HaU6LALWOI0 JiticHor wacmunot i3 cmyzu Rey € [0;1), mo pose’asxu cucmemu (16)
donycrarwms acuMnNMOMuYHe NOdaHHA

hj(t) ~t"h%, t =0, Rey € (~1,0],5 = I,5. (26)

Hacuinok 2. Tpancuendenmue pisnsanns (20) dozeonsne eusasumu nacmynui 3a
204061010 d0danKu do bYydb axozo nopadky K 6 acumnmomuyuromy po3eunenHi po3e’as-
ki cucmemu (16)

K
hi(t) =Y %, t =0, j =15,
k=0

—1 <Rev < Rey <...<Reyk, A(yj) =0, hj, #0.

Hocmikennst moKa3aJn, Mo /i MOCTABJIECHOI 33/1a4i, [Aad BimoMmux KoMOinarmiit
anizorporHnx Marepiamnis [10, 14] pisusuus (20) mMae npuHANMI OMH KOpiHb B CMy3i
Rey € (—1;0], or:ke cpaBe/yinBe TBEP/KEHHS

Hacaigok 3. Cucmema (16) npu dodamxosuz ymosax (17) mae edunut po3e’s-
30x 6 npocmopi L2 (,w (1)), axui donyckae acumnmomuune nodarna (26).

4.9ucsaoBi pesyabratu i ix aHauiz. Ha pucynkax 2, 3 maBejeni 3aieKHO-
cTi HafOLIBINIMX TIOKA3HUKIB OCOOJIMBOCTEH I JessKuX KoMOiHariii mMarepiasiB mpwu
OBOPOTi oceit anizorponii HaBKosO0 oci Z i npu 3MiHi KyTa ¢ HaxXuIy nedexty, Bii-
noBifHO Ayt komOimaniit maTepiazmis [10] ml —m2 i m3 —m4 (marepian ml — cxo-
MJIACTUK OJHOHANPABIEHUH, MaTEPiaT m2 — CKJIOILTACTHK OPTOrOHAJIBHO-APMOBAHUH
(2:1), m3 — cxuomwnacruk CTET, m4 — ckinomnacruk ACTT(6)), naseneni 3amexxno-
cti g = —Revo, e Yo Kopiub piBuauaHgA (21) 3 HalMEHIIO AiHCHOI YACTHHOIO i3
cmyru Revy € (—1;0], Bim KyTra ¢ OpTOrOHAJIBHOTO TEPETBOPEHHS OCeil aHi30TPOIii
HABKOJIO OCi Z.
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0,657 1 i ['E] . ¥ !

Puc.2
o y
0] “
& 1 . - - __,-"".':;'-.
e ST T
2 '\_‘ i L ‘__,'__-" 4
}. J.I‘ 'I-Lf S
05+ K L1d . 1] -
37 =
02 ! 4 01 ;
v . _3.__ #
|} J h ;
0 2/6 /3 0 0 /6 x/3 ]
Puc.4 Puc.5

Kpusa 1 Binnosinae snauennio kyta Haxuiy gedekry ¢ = 0, kpusa 2 — ¢ = T,
kpusa 3 — ¢ = 7, kpuBa 4 — ¢ = §. Ha puc. 4, 5, Bianosiano ayia komOGinariit
marepianis ml — m2 i m3 — m4, naBeneni 3a/1eKHOCTI oy Bifg KyTa HAXuIy nedexry
¢. Kpusa 1 Bimmosiznae 3nadennio Kyra moBopory oceil anizorpomnii ¢ = 0, HABKOJIO
oci Z, kpuBa 2 — ¢ = &, KpuBa 3 — ¢ = 7, KpuBa 4 — ¢ = 7.

PesynpraTn ob4unciensb MOKa3yiOTh, M0 KOHIEHTPAIlis HAIPYKeHb B OKOJI mede-
KTy, 9KUil BUXOJAUTH B IUIOIIMHY 3 €IHAHHS PI3HUX MiBIPOCTOPIB CYTTEBO 3aJIEXKUTH
BiJ aHI30TPOMHUX BJIACTHBOCTEH MaTepiaiB i KyTa HAXUIY BKJIOUYEHHS. 30KpeMa,
BUSBHUBCSA CYTTEBUM BILTUB OPi€HTAIll TOJIOBHUX OCEil aHI30TPOTMil MBIPOCTOPY, B TKO-
My po3TamoBaHo BKjOUeHHs. CUrig TakoK BiAMiTHTH, 10 TMpU HADJIWKEHHI KyTa ¢
0 5 (BKJITOUEHHSI HAOJIMKAETHC 10 MJIOMMHYU 3’€JHAHHS MIiBIPOCTOPIB) MOKA3HU-
KM 0CODTMBOCTI HAOJIMKAIOTHCSA 0 TMTOKA3HUKIB OCOOINBOCTEH BiAIOBIIHUX 3314 PO

mizkdasui gedexru [7].

BucHOBKU. Otxke, 3anMpONOHOBAHO METOAWKY 3BEJAEHHS 337329 MPO TyHETbHI
BKJIIOYEHHSI, AKI BUXOAATH OJHWM KiHIIEM B ILUIOMWHY 3’€IHAHHS PI3HUX aHI30TPO-
nHux niBnpocropis g0 cucremu CIP 3 Hepyxomumu ocobmuBocrsamu. JlocmimzkeHo ix
PO3B’SI3HICTH i BUSIBJIEHI aCUMIITOTHKHU TOBEIIHKYA PO3B’SI3KiB B BEPITHHAX BKJIIOYEHD,
110 A€ MOXKJIUBICTH J10 IX PO3B’A3yBaHHs 3aCTOCYyBaTH e(DEKTUBHI YUCIOBO-AaHATI THIHI
METO/IH.

Amnasyoriyno MOXKYTEH 6yTH PO3TISHYTI 330441 PO TYHEIbHI AedeKTH iHIIUX THTTB
(Tpimunu, BimMmapoBaHi BKJIIOYEHHS), siKi BUXOAATL B IUIOMIMHY 3’€IHAHHSA PI3HUX
AHI30TPOMMHUX MiBIPOCTOPIB.
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1. 4. IITor
JIbBiBCHKMIT HaIiOHANMLHMI yHiBepcuTeT iMeni IBana Ppanka

YHNCEJIBHE PO3B’I3YBAHHSA 3AJAY TEOPIIi TOHKIX
OBOJIOHOK, ITOJATJINBUX HA 3CYB TA CTUCHEHHA

IITor I. 5I. YucesibHe po3B’si3yBaHHs 3a4ad Teopil TOHKUX ODOJIOHOK, moJa-
TJIMBUX Ha 3CYB Ta CTHCHEHHs. Y MAaTPUYHOMY BUIJIA[]l 3AlIMCAHO KJIIOYOBI CHiBBiTHO-
LIeHHS [JIsi BU3HAYEHHs] HAIIPYKeHO-1e(OPMOBAHOI0 CTAHy TOHKHUX OOOJIOHOK, IOJATINBUX
Ha 3CyB Ta CTHCHEHHsI, 3HAXO/KEHHsI BJIACHUX YAaCTOT BLABHUX KOJIMBAHb Ta II0YATKOBOIO
MCIAKPUTUYHOTO CTAHY PO3IVISIyBAaHUX OOOJIOHOK, METOIAOM CKiHdYeHHHX esieMeHTiB. HaBe-
JEeHO HU3KY YHMCJIOBUX MPUKJIAIIB.

Kiro4osi cioBa: 0060/10HKA, KpaiioBa 3a/atva, BapiamifiHa 3a1a4a, MeTO ] CKiHIeHHUX eJjIe-
MEHTIB.

ITTor U. 5I. YuciieHHOEe pellieHUe 3a4a4 TEOPUU TOHKHUX 00OJIOYEK, OAATIN-
BBIX Ha CABUT U CXKaTHe. B MaTpuIHOM BHe 3aIMCAHBI K/IIOUEBbIE COOTHOIIEHUS IS
OIIpe/ie/IeHUs] HAIIPAKEHHO-1e(DOPMUPOBAHHOIO COCTOSHUS TOHKHX ODOJIOYUEK, IIOJAT/IUBBIX
HA CIBUI M CZKATHe, HAXOXK/IeHUs COOCTBEHHBIX 4acTOT CBOOOAHBIX KOoebaHuil 1 HadaabHOIO
MTOCJIEKPUTUIECKOTO COCTOSIHVSI PACCMATPUBAEMBIX ODOJIOYEK, METOAOM KOHEUHBIX JIEMEH-
T0B. IIpuBeneH®l YMCIOBBIE IIPAMEDHL.

KinroueBble cioBa: 0007101Ka, KPaeBast 3aaIa, BAPUAIMOHHA 33/4a9a, METO KOHETHBIX
3/IEMEHTOB.

Shot I. Ya. Numerical solution of problems in the theory of thin shells com-
pliant to shear and compression. Written in matrix form key equations to determine
the stress-strain state of thin shells compliant to shear and compression, the natural frequen-
cies of free oscillations and the initial post-critical state shells by the finite element method.
There are a number of numerical examples.

Key words: shell, boundary value problem, variational problems, finite element method.

Bceryn. Hocaimxenns HAIPYKEHO-1e(MOPMOBAHOIO CTAHY TOHKUX I'HYJIKHX 000-
JIOHOK, II[0 BUMAara€ BUKOPHUCTAHHS HETIHIIHOI Teopii 00OJIOHOK, & TaKOXK DPO3BUTOK
eeKTUBHUX YUCIOBUX METOIB IX PO3B’SI3aHHS MA€ BAXKJINBE 3HAYEHHS, OCKLIBKU
JO3BOJIATH MPOTrHO3YBATH 1 MOKPAILyBATU MIIHICHI Ta eKCILTyaTallifiHi BJIACTUBOCTI
THYYKUX KOHCTPYKIIiH.

IIpu posrasai 3amad cydacHOl HEMiHIHHOT Teopil 000JIOHOK, TOJIOBHAM 9HHOM, BH-
KOPUCTOBYIOTH KjtacuuHy rinore3y Kipxroda—J/Isasa ta rimoresy Tumontenka—Minmgtina
(rak 3BaHa WATHMOJANIBHA Teopis) [8, 16]. LociinKeHHIO HeiHIHOT Teopil 060JI0HOK
tuny TumomeHka, OJATIAMBUX HA 3CYB Ta CTUCHEHHs (IIECTUMOJANBHUN BapiaHT, y
SKOMY TIOJIe TIEPEeMIIeHb XapaKTePU3YEThCA MiCTbMa (PYHKINSAME, IO OMUCYIOTH IO~
BOPOT Ta CTUCHEHHs HOPMaJli), npucssaveno upaui [6, 11, 15].

VY mi#t cTarTi 3amMCaHO KJIIOYOBI CHiBBIIHONIEHHS A1 BU3HAUYEHHS HAMPYKEHO-
71e(POPMOBAHOTO CTAHY TOHKUX ODOJIOHOK, MOJATAUBUAX HA 3CYB TA CTUCHEHHS, 3HAXO-
JPKeHHS BJIACHUX YaCTOT BLILHUX KOJHWBAHB TA MOYATKOBOTO MCIAKPUTHIHOTO CTAHY

© 1 4. Illor, 2013
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pO3LIsAyBaHUX ODOJIOHOK, METO/IOM CKiHYeHHHX ejeMeHTiB. [l 3py4aHocTi 3acrocy-
BaHHs YUCIOBUX Merofis [1, 11, 13, 14] yci criBBigHOIIEHHST TOJAHO B MATPUIHOMY
BUTJIAT].

OCHOBHI PE3VJIbTATH.

1. Tosl0BHI HPUNIYIIIEHHs Ta CHiBBIIHOIIEHHS TeOPii TOHKNX ODOJIOHOK,
TOJATJIMBUX Ha 3CYB Ta CTUCHEHHdA. Po3rjisgHeMo 0OOJIOHKY K TPUBHMIPHE TLIO
craJsiol ToBiuHU h. Binnecemo cepeaunHy mopepxHio {2 000JIOHKH 40 KPHBOJIIHIAHOI
OPTOrOHAJIBHOI cucreMu KoopauHar « = (qq,qs2) 1 BBEAEMO OPTOIOHAJbHY 10 HEl
3MIHHY a3 Tak, 1m0 |ag| < h/2. BBaxkaemo, 1110 KOOPANHATHI JIiHIT cepenHHOT TOBEpXHi
30iraroThCs i3 JIiHIIMY TOJIOBHUX KPUBWH, 3 TOBIIIHA ODOJIOHKY € iCTOTHO MEHIITOIO BiT
iHImMUX 11 po3MipiB.

BekTop nepewmiress 10BLIBHOI TOYKH OOOTOHKH, TIOJATINBOI HA 3CYB Ta CTUCHE-
HHsl, HOBHICTIO BU3HAYAIOTH KOMIIOHEHTH BEKTODA nepeMiiieHs u; () ( = ﬁ) Ta Be-
KTOpa KyTiB [IOBOPOTY HOPMAJIL JI0 CepeAuHHOl noBepxui 06osonKu ; ( (z )
dAxiio BBecTH:

u = (Ul,UQ,U?,,’Yh’YQ,’Yg)T — BEKTOp y3arajJbHEHUX TepeMillleHb TOYOK Ccepe-
JWHHOI MOBEPXHI OOOJIOHKH;

er = (611, €992, €33, €12, €13, €23, K11, K22, K12, K13, KQg)T — BEKTOP KOMIIOHEHT T€H-
30pa JiniitHOl medopmarrii;

T
o 0 o0 1 1 1 .
w= (w 1,Wa,Ws,W1,Wo,Ww 3) — BEKTOP KOMITOHEHT TE€H30pa TTOBOPOTIB;
T
€ = (€11, €22, €33, €12, €13, €23, X11, X22, X12, X13, X23) — BEKTOP KOMTIOHEHT
Ter3opa medopmariit ['pina, To Bupasn A/ BU3HAUEHHST KOMIIOHEHT T€H30pa JIHIAHOT

nedbopmarii i ren3opa mosopory B Marpuuniit dbopmi 3 TognicTio 10 o (h) momamo y
BULJISIIL:

ey = CLU, (1)
w = CQU. (2)

Toxi medopmariiitai CriBBiIHOIIEHHS /IJ1si THYYKUX 000JIOHOK 3 YpaXyBaHHSM JIiHIHHOT
i HemiHiTHOT CKIaMOBUX AepOPMAIIil 3AIMUIIEMO TAKUM IHHOM:

e =er +en, (3)
e
1 T
eEN = 5 (CQU)H EQ (CQ'LL) . (4)

Tyr Cp, ta Cq — marpuui audepenniajibHux omneparopis po3mipuocti 11x6 Ta 6x6
BiITIOBI THO:
noeuuit urasg Cr, HaBeneHo y [3], a

0 -k 2 0 -1 0
Ky 0 —f—ll 1 0 0
Coo L TEA HE 0o 000
2 0 0 0 0 2k, &2
0 0 0 %, (R
0 0 0 _ 02(A1)  01(A2)) 0

A1 Ay AjAs
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T . . .
Eq — marpuns surnsany Eq = (Ey, Es, ..., E11)" , ne E; — marpuni po3miprocti 6X6,
BiIMiHHI BiJT HY/IT KOMIIOHEHTH SIKUX BiAMOBITHO PiBHI

E122 = E33 =1, E211 = E33 =1, EZl = Ei2 = —1/27
Eg’l E13 = —1/2, E E23 = —1/2, E?Q = —kq,
E?" = E§6 = E52 = E63 = 1 E§3 = — (k:1 + 2k2),
Eg“ = E814 E36 E63 = 1 E§’3 = — (2k1 + kg),
E11 = —kg, E51 E E24 = E15 = —1/27
ElO = 10 = k2a ElO = ElO = ElO = ElO = _1/2,
E11 = 11 = ka1, E11 = E11 = E11 = E11 = _1/2~

Tyt A1 = Ay (), Ay = As () — KoedinienTu nepinol KBaapaTudHol (POPMU cepeiuH-
HOI noBepxHi obosouku Q; k1 = k1 (), ka = ko () — 11 rosioBHI KpUBUHU BiAMOBIIHO.

Baypaxkumo, o cuissiguoments (1) BU3HAYAIOTH reoMerpuyHi CHiBBLAHOLIEHH
Teopil 0O0JIOHOK, IOJATIUBUX HA 3CYB Ta CTUCHEHHS, B JIIHIWHI{ MOCTAHOBII, a CITiBBiI-
HomeHHs (3) MoB’g3yI0Th KOMIIOHEHTH Ten30pa nedopmartiii ['pina 3 nepemineHusayu
B F€OMETPHUYHO HEIHIfHI# MOCTAHOBIN /18 PO3TVISLYBAHUX OOOJOHOK.

CuiBBiHOIIEHHST TPYXKHOCTI, M0 MOB’A3yI0Th AedopMaliil 3 BHyTPIlHIMU 3yCHJI-
JISIMA T MOMEHTAMH, [IO/IAMO y MATPUYIHOMY BHUIJISAI:

o = Be, (5)

e o = (Nll,NQQ,Ngg,,S, N13,N23,M11,M22,H, M137M23)T — BEKTOD BHyTpiIHHiX
3yCHJIb-MOMEHTIB, B — CHMETpWYHA MATPHUIlHd MPYKHUX XaPAKTEPUCTUK Marepiamy
posmipuocri 11x 11 [3].

Hudepenmiaabai piBHSIHHS, IO OMUCYIOTH piBHOBary mneOpMOBAHOIO Tija, Ta
craruvHi KpaiioBl ymoBu Ha dwactuHi [, KOHTYpY CepeanHHOI MOBEPXHI OOOJIOHKH
I' =T,JT, orpumaeMo 3 NpHHIMIY MOXKJHMBHX Hepemimienb [9] Ta 3amumemo y
MaTPUIHOMY BUTJISII:

Coo™ + P =0, (6)
Goo'|p, =g (7)

JIis1 BCTAHOBIEHHS KiHEMATHYHOI BH3HAYEHOCTI CHCTEMHU HEOOXiTHO JOJATH TaKOXK
KpaiioBl ymoBH B 3MminieHusx [10]

Guulp, = ug, Ty =T\I;. (8)

VY Bupazax (6)—(8) BBeJeHO HO3HAYECHHS:
T .
P = (P, Py, P3,m1,my,m3)" — BEKTOP 30BHINIHHOIO HABAHTAKEHHS,
T
g = (]\7]_17 N227 ]\7337 57 N13, N23, Ml]_, M22, H, M13, M23) — BEKTOP CUMETPUIHUX 3Y-
CUJIb-MOMEHTIB,
T
* * * * * * * * * * * * * * *
(N117 N227 N337 N127 N217 N137 N317 N237 N327M117 M225 M123 M21’ Ml?ﬂ M23)

BEKTOD HOBOBBEIEHHUX 3yCHUJIb-MOMEHTIB,

T . .

= (N, Ng, Ny, My, Mg, M,,)” — BeKTOp KpallOBUX 3yCHUJIb-MOMEHTIB,
b, b b b b A0\T & :

ug (ug, U, Ul Ve, Ve Yy)' — BEKTOP KpaHOBHUX 3MIIEHD,
C, — Marpung audepeHiaIbHuX OmepaTopis po3mipuocti 6 X 15, Biaminui Bifg Hys
KOMTIOHEHTH SIKOI PiBHI

o (Az') 014 da (A1)
1,1 _ 12 _ 14 _
C A1Asy 7 C A1 As’ C A1As
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0o (Arky-) + koO2Ar)
2A1A,

o 5‘2141 02,2 82 (Al) 2,4 _ alAQ

9

C’;’5 _ 1‘?121311 7 C’;ﬁ =k, C;,u _ 03,13 _ (
142

CQ,l — —
7 A1 Ay ° AAy T A Ay’
(01 (Agka) + k101 A2)

)

02,5 _ 61 (A2) 02,8 _ k2 C2,12 _ 02’13 _

7 A Ay 2A1 A,
a1 (As”) B (A;-)
31 32 _ 3,6 _ vl \£427) 3,8 _ 02 {41°)
Co' kl; Cg' k2) Co- A1A2 ’ Co- A1A2 )
1 (As-) 1 As AL O
04,7 — _17 C4,10 — , 04,11 — _ , C4,12 — + =
7 7 A A, 7 A1 A, 7 A1Ay Ay
BA . B, A 8y (A1)
4,13 _ 0241 59 _ _ 510 _ _ 9241 511 _ 92 (41
Co A1 A’ Ca L Co A1 Ay’ Co A1 Ay
81142 61142 a1
512 _ 5,13 _ G 63 1 o610 _ _
Cy A4, Cy 1.4, + A, Cy , Cy k1,
91 (Az) 9 (A1)

06,11 _ _k2 06,14 _ 06,15 _

7 T AAy 7T AAy
Gy,Gy — Mmarpuni po3mipaocTeir 6x15 Ta 6X6 BiAMOBiIHO, HEHYIHOBI KOMIOHEHTH
AKUX PiBHI

Gl =G% = G310 = G313 = cos? (n, 1),

GY=-GF =Gy = -Gy =sin® (n,cn),

Gl =GP =-GI =G =Gy =Gy = -Gy =G = %sin2 (n,a1),
1
G2 =GL13 = 1 (k1 + ko) sin2(n,aq),

(k:g cos? (n, a1) — ky sin? (n, al)) ,

DN | =

G212 = G213 =
G0 = G5 = cos (n,a1), G3® =G%Y =sin(n, ),
G} =G?2 = G = G5 = cos (n, 1),

OGP =GB =GP = G —sin(nar), G = G = 1,

Tyt depe3 n MO3HAYEHO HOPMAJIb 10 MEXKI CEPEINHHOI MOBEPXHI OOOJIOHKH.
3B’430K MiK CHMETPUYHUMH 3yCUISMU-MOMEHTAME Ta 1X HOBOBBEJIEHUMHU XapaKTe-

PHUCTHKAMU TOIAMO Y MATPUIHOMY BUTJISIII:
o = Fo, 9)
ne F' — marpuis po3miprocti 15x11 3 BigminauMu Bifg Hy/1st Koedimientamm

Fll — F22 — F33 — F44 — F54 — F65 — F75 — F86 — F96 — F10’7 —
— F11’8 — F12,9 — F13,9 — F14,10 — F15’11 — 1,
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F45 — _FSS — F64 F74 F82 F92 — F12,10 — —F13’10 —

0
_ 149 _ 158 _ 1
= F19 = 158 = Ly
F46:—F56:—F61:F71:—F84:F94:F12’11:

_ 7F13’11 — 7F14’7 — 7F15,9 —

F41 — F42 — F51 — F52 — _F66 — F76 — F85 F12 7T _ F12 8 _

— _p137 — _pl138 _ _pl41l _ p15,10 _ 7%3 s,
F4’7:7F"’7:%(k1+2k2 ~ws),

F48 = b %<2k1+k2 ~ds),
F4’10=—F5’10=%t}11—/€2£}17 Jast! Ja:at! %(}12 k1327
F= (ks —ds), PO = dy ks,
F77:%(k1c?12+oldz), F79:—k1w1—u111,
FSS:%(—kgw +wa), F8’10:—%(}13+k2(23, F98:—%(k2£)1+&;1).

Jliniftae popmymoBanns piBHSHb PiBHOBaru i BiAOBiIHUX KPaOBUX yMOB T€Opil
060JIOHOK, TIONATINBAX Ha 3CYB Ta CTHCHEHHS, IOJAHO y [3].

SIKIII0 KOMITOHEHTH 30BHINIHBOIO HABAHTAYKEHHS, IO /i€ HA OOOJIOHKY, 3MiHIOI0-
ThCA B 9aci, TO BUKJIMKAHI HUMHU TepeMileHHsi, nedopMariii Ta, HAIPYKEHHS TEXK €
dyukuisvu gacy t. PiBasnas pyxy 0OOJIOHOK, MOJATIMBAX HA 3CYyB Ta CTUCHEHHS,
dKi orpumaemo 3 apiauiiinoro upuniuny Ocrporpaincbkoro-Laminbrona [4, 6], ma-
FOTH BUTJISI;

82
Cyo*+ P — matzzo, (10)

Je m — JiaroHajJbHa MaTPHIF PO3MIpHOCTI 6X6, HEHYIHOBI KOMIIOHEHTH SKOI
mi1 = Moy = M3z = ph,

hS
Maqg = M55 = Me6 = P75
p 12
p — TYCTUHA MaTepiasy O0DOJOHKH.
g 01HO3HAYHOrO iHTErpyBatHts cucreMu piBHsub (10), okpiM craruunux (7) Ta

reomerpuunux (8) KpaioBux yMOB, HEOOXIIHO 3a/aTH IIe TI0YATKOBI yMOBU

u(e,0) = u’(a), u(a,0) =u'(a). (11)

Posp’a3ok cucremu (10) 3 KpailoBUMHU Ta TIOYATKOBMMHU YMOBAMH BHU3HAYAE pea-
KI[i}0 OOOJIOHKH Ha Jil0 3MiHHOIO B Yaci 30BHIIIHBOIO HABAHTAYKEHHSI.
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2. Bapiamiiini dopmynroBaHHd 3ada4 Teopil TOHKHX 00OJIOHOK, IOda-
TJIMBAX HA 3CyB Ta CTUCHEHHsi. PoO3B’s3yBaHHS 33734 MexaHiku maedopMmyBaH-
Hs THYYKHUX ODOJIOHOK y JaHiii poOOTi 3AifiCHIOETHCS METOIOM CKIHIYEHHUX €/IEMEHTIB
[11, 13, 14], axwuii 6a3yerbea Ha Bapianiiinux npudnunax. Ha ocHOBL npuHumny BipTy-
AJTBHUX POOIT CPOPMYTIOEMO BapialliiiHi MOCTAHOBKY 3a/1a9 CTATUKH 1 AUHAMIKH TEopii
000JIOHOK, IOJIAT/IMBUX HA 3CyB Ta cTucHeHHs. Jljs nporo BBememMo (yHKIIOHAJIbHI
TIPOCTOPH

V:{U:(Ulav231}35§17£27£3)€ [WQI(Q)]6 |U =0 mna F\Fo}
Ta

G= { v = (v1,v2,03,&1,62,&3) € [LQ(Q)] 6} :

Toni maBememo Bapiariiiine popMyTIOBAHHS 33139l CTATUKY HETiHIHHOI Teopil 060~
JIOHOK,, TIOJIATJIMBUAX HA 3CYB Ta CTHCHEHHS:
sadano | € V',
3HATUMU B6EKMOP Y302aNbHERUT nepemiutend u € V. marud, wo

an (u,v) =<l,v>, YveV, (12)

ze dopma ay (u,v) Ta dyakuionan < I, v > MamOTb BULJII;

T T 1 T
an (u,v) = (C’lv + (Cqu), EQCQ'U) EyB | Ciu + 3 (Cqu)i; EaCou | dS2
Q
(13)
<lv>= Z?:l ff (H’Ui + mifi) A1 Asdados+
Q
+ f (Ntvt + Nyvs + Nyvp, + Mtgt + Msfs + Mngn) dr.
I

o

(14)

V pisuocri (13) Ey — piaronasbhia marpug po3mipy 11x11 3 BiaMinaumu Big myms

eJIEMEHTaMu:
11 _ 7722 _ 1733 _ 77 _ 1088 __
EN'=E2=EB=E"=E¥ =1,

44 _ 55 _ 166 _ 199 _ 110,10 11,11
EM = EP =E = EP = Bl = g}M =2,

SayBaxkumo, 10 Bapiarniitae popMyTIOBaHHS 33/1a49i CTATUKY JiHIHHOT Teopil 06o-
JIOHOK, IHOJATJIMBHUX HA 3CYB Ta CTUCHEHHs, TeX Mae surisn (12), ane Bupas mis
dbopmu ay (u,v) 3amiHIOEMO HA TAKWIi:

a(u,v) = // (Cyv)" By BCuds. (15)
Q

Cdopmymioemo Temep BapiamiiiHy 3aady AWHAMIKYM HEJTIHIHHOI Teopili 3CyBHHUX
00O0JIOHOK,, TIOJATINBUX HA 3CYyB Ta CTUCHEHHSI:
zadano 1 € L? (0, T; V"), u® € V, ul € G;
anatimu 6exmop yaazasvrenur nepemiwens u € L2 (0,T; V) maxudi, wo

o (t),v) +an (u(t),v) =<l(t),v>, Vte(0,T], (16)
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(v (0) —u',v) =0,
a(u(0)—u’v) =0, VvoeW.

Tyt dopma ay (u,v) Ta niniitanii GyHkiionan < I,v > CHiBNaga0Th 3 BIAMOBLAHIME
dbopmoro (13) ta dbyuxiionanom (14) meniniiinoi 3anaui craruku, a Giiinilina dbopma
u(u,v) Mag BULJISI;

3
h2
_ Z s 4~ ) A A . 1
M(U,U) [/ph at (uzvz + 127%5%) 1 2dalda2 ( 7)
Q =

3a3zHaunmo, 10 Bapiariiine hOpMyTIOBAHHS TOYATKOBO-KPANOBOI 33484l JIiHIHHOT
Teopii 060JIOHOK, [OJATIMBUX HA 3CYB Ta CTUCHEHHs, Texk Mae Buriisiy (16), ajge Bupas
st bopmu ay (u,v) 3aminoemo Ha 6ininiitny dopmy a (u,v) (15).

3. OGuncaroBaJIbHI aCIEKTH METO/y CKIHYeHHHX ejieMeHTiB. Po3s’sa3yBaH-
HST 33184 371 HCHIOETHCST METOIOM CKiHUeHHWX esieMenTiB [11, 13, 14] 3 BuKopHCcTaHHAM
OiKBaIPATUYHUX 130MAPAMETPUYHAX AMPOKCUMAIl CEPEHIUTIOBOIO THILY.

Bekrop nepemimens v = (u1, ug, us,V1,Y2,73) , WO BXOAUTH y Bapiauiiiny pis-
micrs (12), nonamo na enementi Q* (2% = {(&1,&2) : —1 < &,& < 1}) y Burusani

u=N*(£1,6)q", (&,6) €, (18)

T . .
ne ¢* = (u%, ud, ud, 1,8, 93, ...,73) — BEKTODP HEBIIOMWX BY3/IOBUX MEPEMIIIEHDb Ta,
MTOBOPOTIB Ha k-My eJIeMeHTi,

Nk (51752) = (N17N27N37N47N57N67N77N8)7

Pi
Pi
©i
Ni (611 52) = ! . 5
Pi
Pi
Pi
p; — 6azucHi dyHKIIii.
Binuosinno BekTop iiykanux nepemimienb u (o, t), 10 BXOAUTH y Bapiauiiiny pis-

HicTh (16), nogamo Ha exemenTti Q* y BUMIsIAL

u:Nk (51;52)qk (t)7 (51762) EQ*? (19)

Ae qk (t) = (’U& (t) au% (t), ’Ué (t) 37% (t) 37% (t) 37:% ()5 7:? (t))T — BEKTOP HEeBLIOMUX
BY3JIOBHUX IEPEMIIEHb Ta TMOBOPOTIB, IO 3aJI€KUTh Bij dacy t Ha k-My eleMeHTi.

Micas po3durtsa obaacti 2 Ha cKinyenni eremenTu crissiguomenns (18) ta (19)
CHMBOJIITHO MOYKHA 3aITNCATH

U= Z N*(&1(ar, a2), &a(a1, @2))gr = N(ar, as)q, (20)
k

JIe ¢ — BEKTOp IIYKAHWX MEPEMIIEeHb Ta TOBOPOTIB BCHOTO AHCAMOJIIO CKiHUEHHUX
€JIEMeHTIB.
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Migcrasuswu (20) y Bapiauiiini dopmymniosanus (12) ra (16), orpumaemo Biuo-
BiHO 3371841 CTATUYIHOTO TA IUHAMITHOTO AedopMyBaHHs:

Kr(9)q=R, (21)
Mq" (t) + K (q(t)q(t) = R(t). (22)

s po3B’s3yBaHHs HEJIHINHOI CHCTEMHU 3aCTOCOBYETHCH MeToxa HbioToHa, sKwmii
IIPUBOJIUTH JIO iTEPAIiiiHOI POl y pu

Kr(q;)Aq+ K (¢:) ¢ — R =0, (23)

J€ o — BEKTOp MIYKAHUX MEepPeMilleHb JiHIHOI CTATUYHOI 3a/1a4i.
IIpu 3HaXOMKEHH] 9aCTOT MHIAHAX BIACHAX KOJIUBAHD ITOMEPEIHBO HABAHTAZKEHOT
00OJTOHKHY IIPUXOINMO JIO TAK 3BAHOI y3arajbHEHOI 33124l Ha BJIACHI 3HATEHHS

Kr(0)§ =w?Mq, (24)

Jle w — KPyroBa YacToTa BJIACHUX KomuBaHb, G (t) = {q (t)} — HeBigomi KoedinieHnTH,
AKi € PYHKIIAME Tacy.
PiBaganms crifikocTi po3risiayBaHol Teopil 0O0STOHOK 3aIUIIEMO Y BUIVIAL

Kr(0)§=AG(q)q. (25)

Haitmenmie Biacue 3HaueHHs piBHAHHsA (25) BU3HAYAE KPUTHYHWI TapaMeTD HABAH-
TaykKeHHs A", mpu KoMy ODOJOHKA 3 MOYATKOBOTO CTAHY PiBHOBATM MEPEXOJUTH Yy
CYMiXKHUI.

Y cuisBiguomennsax (21)—(25) BBeaeno HaCTyHHi LO3HAYEHHS:

K (¢') = [f ((Ci+ (CaNg') ], EaCa) ) EoB (C1+ % (CaN'),, FaCq) NdQ -
Q
MAaTPHUIld Ci4HOI >KOPCTKOCTI;

Kr (qz) = K, (qi) +G (qi) — MATPHUIA TAHIE€HIIAJIbHOL JKOPCTKOCTI, e

)= / ((Cl + (CaNg))7, EQCQ) N)T EoB (Cl + (CaNg')y, EQCQ) Nt
Q

11
q) = / / > b (N¢') (CaN)f; E;CoNdQ,
o J=1

1 T )
b= (b1,...,b11)" = EyB (Cl +5 (CaNq'), EQCQ> N¢';
R= f [ NT PdQ+ f (GyN) ang — BEKTOP 30BHINTHLOTO By3J0BOTO HABAHTAKCHHS;

M = ff NTmNdQ — MATPHUIST Mac.

4. qHCﬂOBl npukJaan. locmimKeHo Ta po3B’sS3aHO HU3KY UHCIOBUX MPHUKJIA-
JiB BU3HAYEHHS CTATUIHUAX TA JUHAMIYHAX XapPAKTEPUCTUK OOOOHOK, 3HAXOIZKEHHS
BJIQCHUX YACTOT BiJIbHUX KOJWBAHB Ta MOYATKOBOTO MCIAKPUTHIHOTO CTAHY PO3TJIS-
JyBaHUX O0OJIOHOK METOIOM CKiHYEHHUX €JIEMEHTIB. 3/1ifiCHEHO MOPiBHAIbHNM aHAJI3
OTPUMAHUX YUCIOBUX PO3B’SA3KiB 3 PO3B’SI3KAMU, HABEIEHUMU B JITEPATYPI.
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SoKpeMa MPUKJIIAIU 3329 CTATUIHOIO JeDOPMyBAHHS 3aMKHYTOI IUJIiHIPUIHOL
OBOJIOHKY Ta KaTeHOIa HABEIEHO y [2], pe3ysbTaT OTPUMAHNX YMCIOBAX PO3B’SI3KiB
HOPIBHIOIOTHCS 3 pPe3yJIbTaTaMi, HaBeJeHuMK y mpari [13] (B Mexkax 1m’saTuMoaabHOL
reopii obosonok tuny Tumormenka—Miniina).

IIpukaau 3aa9 Tpo BijibHI KOJTUBAHHS MUJIIHAPAIHAX O0OJIOHOK MOXKHA 3HANTH
y [3], ae pe3ynbraru peasii3oBaHOl METONOM CKIHYEHHUX €JIEMEHTIB MOJeJi 3CyBHUX
000JIOHOK, OTTUCAHOI ¥ IBOMY JTOCJIiIZKEHH], TTOPIBHIOIOTHCS 3 PE3YIbTATAMU, PO3TIIs-
HytMu y [7, 11, 12] (y mMexax m’sarumoganbHol Teopii 06010HOK Tumy TrumorneHka—
Minminina ta Kipxrodga—JIgasa). 3 ananisy HaBeJeHUX pe3yJIbTaTiB BUIHO, IO 3HA-
YeHHsI 9aCTOT BJIACHUX KOJIWBAHbB, 3HANIEH] 33 MIECTUMOIAIBLHOIO TEOPI€I0 0DOIOHOK,
MMOJAT/IUBAX HA 3CYB i CTHCHEHHsI, € OLIBIMINMK MOPiBHAHO 3 OOYMUCIEHUMHE 3TiTHO 3
inmmMmu Teopisimu 006070HOK. BpaxyBaHHst OOTHCKY ITOKA3ye€, M0 OOOJIOHKA, IIBHUIIIE
MOXKe MiITATUCA PE30HAHCY, a OTXKe i pyHHYyBaHHIO.

IlopiBHAHHS pe3yabTAaTIB YUCJIOBOTO PO3PAXYHKY 33/1a9i MPO 3HAXO/IKEHHS KPH-
TUYHOTO HABAHTAXKEHHS 3ATUCHYTOI IO KOHTYPY KPYTJIOl IJIACTUHKA 3 Pe3yJIbTaTaMu,
postusinyTuMu y [5], HaBeneno y npami [15].

Takox po3rIgHEMO 33139y CTIHKOCTL JJist 3Pi3aHOT0 KOHYCa, M0 3HAXOIUTHCS IIiT
JII€I0 30BHIMIHKLOTO HaBaHTaxkeHHsT P. Po3paxyHOK TpoBeIeHmi I 3HAYEHB: PaJIi-
yc Oipmiol ocaoBu Ry = 1 M, pagiyc menrnoi ocaoBu Ry = 0,5 M, KyT mpu OCHOBI
a = 60°, ToBmmua obomonku h = 0,02 M, goxuna L = 1 M. ®izuko-mexaniuni
mapaMerpu mMarepianay BuOpaHo HacTynHuM unHOM: Koedimient Ilyaccona v = 0,3,
mozynb FOura E = 105 MITa. Kpaitosi ymMoBu HACTYIIHI: »KOPCTKe 3aIleMJIeHHs IPH
MEHITi OCHOBI KOHyCa Ta mapHip npwu OlLibmii ftoro ocrnosi. Ilpwm BTparti crifikocti
O0DOJIOHKHU y BUTJISAL 3pi3aHOr0 KOHyca (hOPMHU OMYKJIOCTI € HECHMETPUUHI BiTHOCHO
oci 1 XapaKTepu3yIOThCA YUCIOM XBUJIb 71, TOMY DPO3PAXYHOK METOJIOM CKiHYeHHUX
€JIEMEHTIB IIPOBOAUTLCA i ceKropy 7 /n (y manomy Bunaaky w/8). Hasenemo mo-
PiBHAHHA PE3Y/ILTATIB YMCIOBOrO PO3PAXyHKY KPUTHYHOIO HaBaHTaxKeHHsA Prp jis
i€l 3a7adi, mpu gaKOMy OOOJIOHKA, Y BHUIVISI 3Pi3aHOr0 KOHYyca mepeiine 3i ctany pis-
HOBAr"W y CyMi>KHUI CTaH:

— I’ATEMOJANBHII BapiaHT Teopil obomonok Ty Tumomenka—Minaina [11]

Pyp = 9,57,
— MEeCTUMOMANBHAN BapiaHT Teopii 060m0HOK Tumy Tumomenka—Minmtina

Prp = 8,67.

BUCHOBKU. 3 aHajiizy HaBEJIEHUX PE3YIbTATIB OAYUMO, IO HABAHTAYKEHHS,
3Haii/ieHe 3a MIECTUMOIAIBHOIO TEOPi€i0 0O0IOHOK, MOJATINBUX HA 3CYB Ta CTUCHEH-
Hsl, € MEHIITUM TTOPIBHSIHO 3 KPUTUYHUM HABAHTAYKEHHSIM, OOUMCIEHAM 3TiTHO 3 1HIITOI0
Teopiero 006010HOK. BpaxyBantus 00THCKY 3MEHIIY€ KOPCTKICTh OOOJIOHKHU, TOMY st
TOrO, MO0 0OOJTOHKA BTPATHIA CTIHKICTD, TOCTATHHO MEHIIIOTO HABAHTAXKEHHSI.
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