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VIIK 539.3

B pacuerax aBTOMOOWJIBHBIX JOPOT Ha NPOYHOCTh M JKECTKOCTH JOPOXKHAs OJIEKAA PaccMaTpHBAETCs Kak
yIpyroe MHOTOCIOWHOE MOJYPOCTPAHCTBO C KOHEYHBIM 4ducioMm cioeB [1, 2]. B GomblMHCTBE cilydaeB
00J1acTh KOHTAKTa KoJIeca C JJOPOTrO MOKHO NMPHOJMKEHHO CUMTATh BBHINYKJIBIM MHOTOYroibHHKOM. Harpyska
Ha JIOpOT’Y CO CTOPOHBI KOJIeca MMEET JIBE COCTABIISIONINE — HOPMAIBHYIO U KacaTenbHylo. CUMTaeTcs], 4To 3TH
COCTaBISIFOLIME PABHOMEPHO paclpelesieHbl B 00NacTH KOHTAaKTa Kojieca € MOBEPXHOCTBIO noporu [2, 3].
Bo3Hukaer moTpeGHOCTH B pEIICHWH 33/1a4d TEOPUHM YNPYIOCTH O JAEHCTBMM Ha MHOTOCIOHHOE YIpyroe

NEVCTBUE HOPMAJIBHOM U KACATEJBHOM HATPY30K
HA YIIPYT'OE OJYIIPOCTPAHCTBO

Anexcanapos U. A., acnmpant, Mary3sko 1O. O., k. ¢.-M. H., CT. IpenoaBaTeb,
[MpuBaprukoB A. K., 1. ¢.-m. H., mpodeccop

3anopoorcckuill HaYUOHANLHBIL YHUBEPCUMEN

Ilomyueno TouHOe pemeHne (B KBajgpaTypax) TpaHMYHOH 3agadd TEOPHUH YHPYroCTH O JAEHCTBHM Ha
MHOTOYTOJIFHYIO 00JIaCTh TPAHHUIIBI OJHOPOJHOTO H30TPOITHOTO IOJIYIPOCTPAHCTBA KacaTeJIbHOM HarpysKHy,
HAaIPaBJICHHOH B OJHY CTOPOHY, M HOPMAalbHOW Harpy3KH, paBHOMEPHO pacIHpefelieHHbIX B 0ONIacTH.
IIpoBeneH aHanu3 YNCIOBBIX PE3yIHTATOB, 0OOCHOBAHA UX JOCTOBEPHOCTb.
Kniouesvie cnosa: nepsas cpanuumnas 3adaua meopuu yYnpy2ocmu, ynpyzoe O0O0HOPOOHOE U30MPONHOE
NOIYNPOCMpPANCMBO, HOPMANLHAS U KACAMENbHAS HAZPY3KU, MHO20Y20/IbHASL 0OIACMb HASPYIHCEHU.

AnekcannpoB I. O., Marysko 1O. O., Ilpusapuuxos A. K. JIX1 HOPMAJIbBHOI'O TA AOTHMYHOI'O

HABAHTAYEHbD HA IIPYXHUH ITIBIIPOCTIP / 3anopisskuii HanioHansHuii yHiBepcuter, Ykpaina
OtpuMaHO TOYHHUH Po3B’s130K (Y KBajgpaTypax) TpaHHYHOI 3a1adi Teopii NpyKHOCTI IO Jifo Ha 6araToKyTHY
o0J1acTh MeXi OJJHOPITHOTO 130TPOITHOTO HIiBIPOCTOPY JOTUYHOTO HABAaHTAXXECHHS, CIIPSIMOBAHOTO B OJIMH OiK,
Ta HOPMAaJbHOTO HABAaHTAXXCHHS, SKi PIBHOMIpHO po3moxiteHi B obOnacti. [IpoBeneHo aHami3 YHCENBHHX
pe3ynbTaTiB, OOIPYHTOBaHA iX BIpOTiAHICTb.

Knrouosi cnosa: nepwia epanuyna 3adaua meopii npYIHCHOCMI, NPY*CHUNL OOHOPIOHUL I30MPONHULL NiGNPOCMIp,

HOpManbHe ma 00MmuyHe HABAHMAICeH s, Oa2amoKymua oo1acmes HABAHMAICEHHSL.

Alexandrov I. A., Matuzko Yu. O., Privarnikov A. K. AN ELASTIC SEMISPACE UNDER THE NORMAL

AND TANGENTIAL LOAD / Zaporizhzhya national university, Ukraine
In the case of finding of the stresses and the displacements in the automobile roads the road itself is
considered to be an elastic multilayer semispace with the finite number of layers [1, 2]. The load, created by
the wheel, consists of two components — the normal load and the tangential load. It is considered that these
components are evenly distributed in the domain of the contact of the wheel with the road [2, 3]. It is
convenient to consider the domain of the contact as the convex polygon. It is necessary to solve the problem
of elasticity theory, connected with the action of the normal and the tangential loads, which are evenly
distributed in the polygonal domain, on the elastic multilayer foundation. To evaluate the stresses and the
displacements in the multilayer foundation with the required accuracy it is necessary to solve an analogical
problem for the elastic homogeneous semispace [3, 4, 5]. Note that the solution for the polygonal domain 10
of the semispace has been obtained only for the case of the normal load [5]. This article gives the exact
solution (in quadratures) of the problem connected with the action of the normal and the tangential loads,
which are evenly distributed in the polygonal domain. The method of the solution is based on the principle of
superposition and on the known solutions of Boussinesq problem and Cherutti problem, connected with the
action of the normal and the tangential concentrated forces on the elastic homogeneous isotropic semispace.
The stresses and the displacements in the semispace z >0 have been given in the form of the double integrals

over the polygonal domain. The subintegral functions can have the integrable singularity, if the point (x,y,z)

belongs to the loading site. These singularities have been eliminated and the double integrals have been
transformed into the one-dimensional integrals after the division of the loading site into the triangles with the
common vertex at the point (X, y,0) and the change of the variables. The exact expressions for all subintegral

functions of the one-dimensional integrals have been obtained. These functions have the derivatives of any
order. That is why it is recommended to use Gauss quadrature formula of the highest accuracy degree for the
approximate evaluation of the one-dimensional integrals with the help of the computer [8]. The numerical
results for the case of the semispace under the normal and the tangential evenly distributed in the polygonal
domain loads have been given in the paper. The normal loading is directed to the exterior of the semispace
and the tangential loading is parallel to the side of the rectangle. The characteristic of the laws of the
distribution of the stresses and the displacements in the elastic semispace corresponds to the physics. The
stresses and the displacements in the semispace in the distance from the loading site have been compared with
the corresponding stresses and displacements in the semispace under the concentrated forces. The
concentrated forces are statically equivalent to the distributed loads, the forces act in the center of the
rectangle. The proximity of the numerical values in the points of the semispace, which are remote from the
load, substantiates the validity of the theoretical results, the calculating formulas and the numerical results.
Key words: the first boundary problem, the elastic homogeneous isotropic semispace, the normal and tangential
load, the polygonal domain.

BBEJIEHUE

Dizuxo-mamemamuyni HayKu



OCHOBaHHWE HOPMAJIbHOW W KacaTelbHOM HAarpy3oK, paBHOMEpPHO pacClpeAe€HHBIX B IPOU3BOJILHON
MHOTOYTONBHON oOnacTu. J{ns pemeHns 3ToH 3agadn HEOOXOAWMO TPENBAPHUTENBHO PEUINTh aHAIOTHYHYIO
3a7a4y JUId YOPYroro OJHOPOAHOro moiympocrpanctsa [3, 4, 5]. B nanHoii paGore TouHO perieHa (B
KBaJpaTypax) 3afada O JACHCTBHHM Ha YIPYroe OJHOPOJHOE H30TPOMHOE MOIYMPOCTPAHCTBO HOPMAJIBHON M
KacaTeIbHOH Harpy30K, pABHOMEPHO pacIpeIeiIeHHBIX B IPON3BOJIFHON MHOTOYTOJIBHOM 00TacTH.

AHanu3 wucciaeaoBanuid u nyoaukamuid. ChopmynmpoBaHHas 3amadya ObUIa IOCTaBICHA W peIIeHA VIS
MHOT'OCJIOHOTO OCHOBaHHMSI M YIIPYroro IOJIyIIPOCTPAaHCTBA Ul YaCTHOTO Ciydas oOJacTH HarpyXeHUs B
¢dopme kpyra [4]. [lns MHOTOYrojapHOW 00JIACTH HArpy>KEHHWs AENAIUCH IIONBITKUA MOJIYYUTh PEIICHHE TOJIBKO
JUIsl HOpMabHOHU Harpy3kH [5]. [ToaToMy B mpakTH4ecKOM OTHOLIEHHUH 3ajada 00 Onpe/esieHHH HalpsHKeHUH |
MepeMeIleH’ B yNpPyroM OJHOPOJHOM H30TPOIHOM TOIYIPOCTPAHCTBE, HArPYKEHHOM HOPMAJBHOH U
KacaTeJIbHOM Harpy3KaMHd, paBHOMEPHO paclpelefieHHBIMH B  MHOTOYTOJIbHOM  00nacTd, ocraercs
HEHCCIIEI0BAaHHOM.

Heas pa6otel. [loxydnTs TOUHOE pemIeHHE ITOCTABICHHON 3a/auu, NMPEIUIOKATh YAOOHBIH crioco0 YnCIIeHHON
peam3aliy 3TOr0 PEIIeHNs, 000CHOBATh JOCTOBEPHOCTH PACYETHBIX (POPMYIT M YMCIEHHBIX PE3YIbTaTOB.

INHOCTAHOBKA 3AJIAYA

VYnpyroe oJHOPOAHOE H30TPOIHOE IMOJYNPOCTPAHCTBO OTHECEM K NPaBOM JEKapTOBOH CHCTEME KOOpPIMHAT
Oxyz ¢ HavaioM O Ha rpanune. Och Z HampaBUM BIJIyOb IOJIYNIPOCTPAHCTBA IO HOPMalHM K TPaHUYHON

wrockoctd. Ha rpannny z =0 nomynpoctpanctBa Z >0 neifcTBYIOT HOpMallbHAsl Harpy3Ka HHTEHCUBHOCTH (],

a TakkKe KacaTelbHAas Harpy3ka MHTEHCHBHOCTH 7 . HopManbpHas Harpyska HallpaBieHa B OTpPHIATEIbHYIO
CTOPOHY OCH Z , KacaTelbHas — B IOJIOXKHUTEIbHYIO CTOPOHY OCH X . Tpebyercs ompenenuTh HamlpsKeHUS U
NepeMeIlIeHHs B MPOU3BOJILHOW TOYKE IMOJYHNPOCTPAaHCTBE. DTOW (M3UUECKOIl ITOCTAaHOBKE 3a/1aud OTBEYAET
Takas ee MaTeMaTH4ecKas IOCTaHOBKa: TpeOyeTcs OIpPEAETHTh PEIICHHWE ypaBHEHHH TEOPHH YNPYroCTH B
MOJIYIIPOCTpaHcTBe Z > 0, KOTOPOE YAOBIETBOPSIET CIEAYIONIMM I'PaHUYHBIM YCIIOBHSIM:

a, (x,y)eD, 7, (x,y)eD,
:0 Il |0 = = , ,O :o;
npu Z O'ZZ(X y ) 0, (x,y)e D o, 0 (x,y)g b ayz(x y )

mpn z—o U (X,y,2)>0, u,(xYy,z)>0, u,(xy,z)>0.

32[605 D — xoneunas MHOT'OYTrOoJibHas 001acTh T'paHULbl IOJTYIIPOCTPAHCTBA, Heo0s13aTeNIbHO BBIITYKJIaA.

METO/J PEHIEHUA

Bocnonp3yemcst M3BeCTHBIMH pelieHusMu 3amad byccunecka u UYepyrru [4, 6] o neiictBum Ha ympyroe
OJIHOPOJIHOE U3OTPOIHOE MOIYIPOCTPaHCTBO Z <0 COCPENOTOUEHHBIX CHI Q W T, KOTOpBIE TPUIOKEHBI B

TOYKE (O, 0,0). Cuna Q HampapieHa B OTPULATENBHYIO CTOPOHY OCH Z , 4 CUJIa | B MOJOKUTEIBHYIO CTOPOHY

och X.
2 _ 2 oo 2 ,
GXX(X,y,Z)zg. X_52+l 2v( R - Rz—-z _X3(2R+Zz |
27 | R 3 R°(R+z) R(R+2)
3 2z 1-2v(R*—Rz-7* y*(2R+z
ny(xvyaZ)Z—Q. y_5+ _ _y3( 2) |
2z | R° 3 | R(R+z) R(R+2)
“ (Xyz)_g.zi o (XyZ)—g-£2 o (xyz)—g.ﬂ2
z\M Y 27 R5’ yz \ s Y o Rsa x \ A Yy Py R5’

_3Q [xyz 1-2v xy(2R+2) __QXxXz 4, X
UXV(X’y’Z)_zﬁ[RS 3 RS(R+Z)2] 2oLy ) Zﬂ{Rs : ZV)R(R”)]

2

2Gu, :_ZE[E_ 1_2‘/)L] 2Gu, (x, Y, z)=—g[z—+2(1—v)%}

7| R® R(R+2) | R
: °(3R
0 (k9. 2) | -2y (12| Ko X RE2)
27| R R® R(R+z)" R°(R+2)
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T | 3xz? X
O'W(X,y,Z):Z[ R5 _2(1+V)F:|_O-xx’

lez2
2r R® '

axy(x, y,z):;_”[_gng(l_zv)(_ y +X2y(3R+Z)ﬂ’

R(R+z)" R*(R+z)

T 3xyz 3T x?z
O-yZ(X’y’Z):_g' RS ' O-XZ(X'y’Z):_ZE!

o, (X y,2)=-

2 2
ZGux(x,y,z):L l+X—3+(1—2v) 1 x =11,
27| R R R+z R(R+2)

T 1 1-2 -
ZGuy(x,y,z):—ﬁ —2——‘/2 , ZGuz(x,y,z):li i2+ﬂ . ()]
2r R| R (R+Z) 2r R{R® R+z
3nece E -~ wmomyms IOHra wmarepwana monympocTpaHcTBa, v — ero koadguiment Ilyaccomna,

R=yxX*+y>+2?, G

Ecnu cuinbl Q u T MPHIIOXKEHBI B TOUKE (S,t, 0) TPaHMIIB! TOTYTIPOCTPAHCTBA, TO HANPSDKEHHUS U TIEPEMEILCHNS

= — MOIYJb CIIBHTA.
20+v) Y

B TIOJIyIIPOCTPAaHCTBE MOKHO IOJYYHTh U3 popmyi (1) myTem 3aMeHbl B HUX X Ha X—S,a Yy Ha y—t.

[TycTh HOpMaJbHAs HArpy3Ka ( W KacarellbHas 7 PaBHOMEPHO paclpelesieHbl B MHOIOyroyibHOM obnactu D

TpaHUlbl IIOJTYNIPOCTPAHCTBA, MPpUYEM HOpMaJlbHasl Harpy3Ka HallpaBj€HAa B OTPUIATCIbHYIO CTOPOHY OCH Z , a
KacaTejbHasA — B MOJOXUTCIbHYIO CTOPOHY OCH X, TOTJda HAa OCHOBAHHHU IPHUHIUIIA HE3aBUCUMOCTH ﬂeﬁCTBHﬂ

CHUJL JUISl ICKOMBIX BEJIMYUH B TOuKe (X, Y, Z) MOJIyMpOCTPAHCTBA MOJYYUM CIIEAYIOUINE TOYHBIE (OPMYJIbI

axx(x,y,z)=§—:'”{(x_s) Z+1_2V[R2_RZ_ZZ XZ(ZR”)ﬂdsdt,

R 3 | R(R+z) R}(R+12)?

2Gu (x,y,z):—i” Z—2+2(1—v)i dsdt
! 27| R® R

axx(x,y,z)ziﬂ[—3(x_s)3+(1_2V)[X_S— 3(X_S)Z+(X_S)3(3th)ﬂdsdt,

R R(R+z)’ R(R+2)

2Gu, (x, y,z)=i”x—_s[i+%}dsdt, ()

2 2
e R= \l(x—s) +(y—t)" +2* . 3amerHM, 9TO MOABIHTErpabHbIC (YHKIMH BO BCeX HHTerpanax (2) mpu z =0
MOTYT HMETh OCOOEHHOCTM B OOJACTH MHTErPMPOBAHHMs WM3-3a OOpallleHUs B HyJb BeJuduHbl R B Touke
(X,y,0). IosTomy Bbluncienne uuterpanoB B (opMmynax (2) Ha KOMIBIOTEDE BO3MOXKHO JIMUIb IOCIE HX

MpeaBapUTEIHHOTO IPE0Opa30OBaHN.

HyCTI) (X, y,O) — TOYKa Ha TI'paHUIC MOJYHNPOCTPAHCTBA, COOTBCTCTBYHOLIAsA TOYKE (X, y,Z), B KOTOpOﬁ

OTPENIETAIOTCS HAMPSDKEHUS W nepeMeienus 1o ¢dopmynam (2). Bepwmsasl obmactu D yenosumces
[OCIIEIOBATEIFHO HyMEpOBaTh MO XOAy 4acoBoil crpenku. Ompexenum yron ¥, Mexamy Bekropamu MM, wu
MM

k+1 :

(Xk — X)(Xk+l — X) + (yk — y)(yk+l — y)

¥ =arccos
\/(Xk - X)Z + (yk - y)2 \/(Xk+l - X)Z + (yk+1 - y)z
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OGo3HaunM CHMBOJIOM A, — TpeyroisHHK ¢ BepmmHamMH B Ttoukax M (X, y,0), M, (X.V,.0),
M,.;(X.1» Yiurs0) k=10, rie N — uuciio Bepummn MEOroOyromsanka D . Tora 1erko yGeauThes B TOM, UTO JUs

nobIHTErpanbHbiX GyHkumii F(X, Y), onpeneneHHbIX 17st BeceX IeHCTBUTENBHBIX X U Y

j j F (s, t)dsdt —Zak j j F(s,t)dsdt,
k=1 A
rae o, =Sign((X, =XV =) — Ve —=¥)X s —X)). Tlocmenusis  ¢dopMmyna chnpaBeqyiiBa OpH  JIEOOOM
pacmonoxennn Touku M (X,y,0) Ha TIpaHMIE NONYIPOCTPaHCTBA, a TAKXKE M B TeX Clydasx, Koria
MHOTOYronbHUK D He 06s3aTenbHO SBIAETCS BBITYKIBIM.

B kaxmoM w3 [BOHHBIX MHTErpaJioB II0 TPEYroJbHOW OOJIACTH cAeldaeM 3aMeHy IepeMEeHHBIX
S=X+rcosd, t=y+rsind, nonyunm

Ak R(0)

IIF(s,t)dsdt: J d@j F(x+rcosé,y+rsin&)rdr. 4)
Ay i 0

3mecs R(6) — paccrosaue ot Toukn M(X,Y,0) mo cropoHsI TpeyronbHUKa ¢ BEpIIMHAMHA B To9kax (X, Y,,0),
(X1 Yisrs 0) . Paccrosinme R(6) usmepsiercs Baons syda u3 toukn M (X, Y,0), kotopsiii o6pasyer yron 6 ¢
JPYTHM JIy94OM K3 TOHU K€ TOYKH, COHAMPABICHHBIM C OCBI0 X . YTOI @ OTCUMTBHIBAETCS OT «APYTOT0» JIyda 1o
X0[y 4acoBoii cTpenku. [Ipu Takom cornameHun 4, — 3T0 3HaueHueM yrmna 6 mis rouku M, .

Hecs10KHO MOJTYYUTh METOJAMH aHATUTHIECKOM TeOMETPHH Takyto hopmyiry s paccrosaust R(6)

R(6) = (% =X)Yier = ¥i) = (Vi —Y)(Xk+%—xk) . )
(Yier = Yi) COS O — (X, — X, )SINEG

ITpeoOpa3yem Bce MHTETpaibl 110 TPEYTOJBHBIM OOJACTSIM B BBIPAXKEHHSX (2) AT MCKOMBIX HaNpsDKCHHH H
NepeMeIIeHNH K yKa3aHHbIM BBIIIE MOBTOPHBIM HHTErpanaM. Bocmonab30BaBIINCH TaONMIAMHU HMHTETPAJIOB,
Hampumep, [[Baifra [7], mpuaeM K TaKUM pacdeTHBIM (hopMyIam

n A

) R2(6) ~ 3-2y
y,2) = 0 —2-2v)L, (R(8),
D52 e {JRZ(Q)HZ(R2(9)+22+JR2(9)+ZZ+ZJ =2L( ()Z)}

R?(6)
\/R )+ 22 (\]R )+ 72 +z)

+(1-2v)| L, (R(6),2) de,

1= 93T sine )| K@) 2 372V | au-2v)L, (RO
T x¥:2) 2n§ ;{ s ){\/RZ(H)+ZZ(R2(9)+22+JR2(6)+22+Z] A-2IL RO+

R2(0)

1-2 RO do,
b ( ( )Z \/R (6) +z? (\]R (6) +7? +z)
ZZ(X y’z) i%*jjk’/k RZ(H) 1+ z + i 22 : dg’
R@+7 (RO +2) RO+ RO)+2

A +ayry 3 A +ay i 3
—q < . R*(6 - < R*(6
k=1

A (W) s (W)s

n Aok
O'Xy(x,y,z):z jcos(e)sm(e)[ R'(6) [ o Sl 4 J—z(l—ZV)Ll(R(H),z)]de
T

= RP@)+22 |\ RO +2* R (0)+7% +2

dae,
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n o Atar
2Gu, (X, yz)— g z j COS(H){M—(1—2v)R(¢9)+2(1—v)ZL2(R(H),Z)]dé’

A wfR ) +7°

n At [ —R(H)Z

2Gu, (X, yz)_2q Z I sin(0) W

— A

—(1-2v)R(0) +2(L-v) L, (R(0), z)Jde

n Ao
2GU, (X, Y,2) = z I R'(6) Z +2(1-v) |d6.
2713 5 (RH(O)+2% + 2|\ JR¥(9)+ 22

n /1k+ak7k 3
axx(x,y,z):ziz Jcos30 3RO R™(9) 3—3In(R(9)+\fR2(9)+22) do+

=11 JR2(0)+7 ( W)

/11<+ak7k
R(9) R? (9)+z z 2 2
1-2 o 6 2In| R(6 R (6 do—
+1-2v) cos [ = (9)+Z RO) + R(0)+ n( ()+«¢ 0)+2 )]

/1k+ak}/k

o 3| RO+ 8z R(0) 22
(1-2v) cos 9[ -8 RO) R(e) m+3ln(R(6’)+«/R 0)+12 ]]d&},

n ﬂ'k+akyk 3
oy (X, Y,2) =0y (X, Y, z)+iz j cos? @sin | - RO _ R°(0) 3+In(R(9)+«fR2(€)+zz) do+

=11 JR%(0)+ 22 3( sz(g)sz

Aottt R(9) 2 2
+2(1-v) /{ COSH{—W+IHKR(9)+«/R 0)+z j dot,

n Ao, 2
GZZ(X Y, Z)—— j Cosgw

2Tia (JRZ(Q)HZJS |

n Ata 1 72

ayz(x,y,z)=%z I sin@cosé| — + de,

T GRS N errea

_ n ﬂ1<+ak7k 2
oy (X,Y,2) = 3TZZ j cos? 6| - ! + z L2 de,

27 3 A W 3(@)3

n ﬂ'k+ak7k 3
o-xy(x,y,z):ziz j cos? Osing| ——~9) R™(9) 3—3In(R(6’)+JR2(9)+22) do—

=1 JR2(0)+ 22 ( \/m)

j'k-*—ak k
-(1-2v) _[75"”9[‘2 RA(0) +2* 12t +In(R(t9)+«/R2(t9)+22)]d6—

; RO RO
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Aran, JR2@)+22 &2 R(6)
+(1-2v) cos? fsin 6| -8 +3In R(9)+«/R2(¢9)+ 22 ||do
{ RO) RO [R2(6) + 22 ( j

n Aoz,

2 2
ZGux(x,y,Z)=i kzl [ RO+ -z-a-2) JR2@) 122 —2- RO H2 42 (QZZ 2
4,

Aoy,
2y ¢R2¢9 2
+ ﬁ{ oS O)+72° + —— V—R (49)+z

n A%+ak]/k 2

2Guy (x,y,2 =éz ﬂ{ sin0cos 0| R (6) +22 +$_(1_2v)( (Rz(—g)ﬂz_zXIn(H\/mD W0

26U, (Y2 = szkyk[R(e)—zarctg B ao+a-20 TnzlRO2 1

TTia 3 3 2z

2
“224(1-2)| (RO 1 22 222 YOI 2 (9)” 2 | dal,

rac

|n(z+,/R2(9)+z2) npu z <1, In(R(6)+ R2(9)+z2) npu z <1,
L,(R(0).2)= | 2R (0)+ 22 L(R(0)2)=1 (R(p)+R(6)+ 22

npu z>1, In
z z

npu z>1.

Hanomuum, yto Benmuuda R(6) onpenenena dpopmyioii (5).

AHAJIN3 YUCJIEHHBIX PE3YJIBTATOB
B kavecTBe mpuMepa OIpeaeInM HANPSHKEHHUS U IEPEMEICHHUS B YIPYTOM MOJXYIIPOCTPAHCTBE NP ASHCTBUH HA
HEro HOPMalbHOM HAarpy3KH ( W KacaTelIbHOW 7, paclpeAel€HHBIX B NPSMOYTOJBHHKE CO CTOPOHAMH
AX=1cm, Ay =2cm. leHTp NPAMOYTONBHUKA HAXOAUTCA B TOYKE (0,0). BepmmHbl psMOyTOJIBHUKA
UMEIOT KOOPJIMHATHI (%, l), (—%, lj,(—%, —lj,(%, —1). Torga B wHTerpanmax (4) n=4. B pacuérax
IIPE/NONarajgoch, 4YTO HMHTEHCHBHOCTH HOPMaibHOM Harpysku (=10 /1o, WMHTEHCHBHOCTb KacaTeNlbHOI
narpyskn 7=10" Ila, momyns IOnra marepuana monynpoctpanctsa E =2-10" I1a, xosdduument Ilyaccona

storo marepuana v = 0,3. [loxpiHTerpansHble QYHKINHE B ONPEASIEHHBIX HHTETpalax B IIPABBIX YacTiIX GopMyI

(6) UMEIOT MPOM3BOHBIE JIIOOOTO MOPS/IKA MO HepeMeHHON nHTerpupoBanus. [103TOMY JUIs BBIYHCIICHHS UX C
BBICOKOH TOYHOCTBIO Ha KOMIIbIOTEPE II€1eCO00pa3HO HCIOIb30BaTh KBAApaTypHbIe (HOPMYIbl HAWUBBICHICH
anredpanyeckoil crerneHu TouHOCTH ((popmyiner [Maycca) [8]. DkcrnepuMeHTaMu OBUIO YCTAHOBJICHO, YTO JIJIS
MONyYCHUsI UYETHIPEX BEPHBIX JECATHYHBIX IUPP B KOHEUHBIX pE3yNbTaTax BBIYMCICHUH TOCTATOYHO
UCIIOJIb30BaTh KBaJApaTypHyr (opmyiy ['aycca ¢ ceMblo y3inamu Jyisi KaXJIOro OIpelesIEHHOTO MHTerpaia B

dopmyie (4).
B Tabmume 1 npuBeneHBl 3HAYCHUS HAMPSKSHUMH o-ZZ(X, y,z), o-xz(x, y,Z), o-xy(x, y,Z) U MepeMelieH st
ux(x,y,z) B YIPYroM TMOJYMPOCTPAHCTBE Uil HOPMAbHOM HArPY3KH WHTEHCUBHOCTH ( B MHPSIMOYTOJILHON

obnactu. IlepBas KOJIOHKA ¢ YHCICHHBIMU PE3yJNbTaTaMHU JUIsl KaXXKIOW BEJIMYWHBI COOTBETCTBYET JEHCTBHUIO
Harpy3ku (], BTOpas KOJIOHKa COOTBETCTBYET JEHCTBHIO Ha MOJYIPOCTPAHCTBO COCPENOTOYEHHOU CHJIBI

Q=2H. B Tabmune 2 npUBEACHbl 3HAYECHUsS HAMPSHKEHUN O'ZZ(X,y,Z), o-xz(x, y,z), o-xy(x,y,z) u
HnepeMeIleHUs UX(X, y,z) B YIPYroM MOJYNPOCTPAHCTBE IS KacaTeIbHOM Harpy3KH WHTEHCUBHOCTH 7 B

NPSAMOYTOJBHOM 007acTH (Harpy3ka HalpaBlicHa B TIOJOXHTENBHYIO CTOPOHY ocu X ). IlepBas KoJOHKa C
YHCIEHHBIMH pe3yJbTaTaMU Ul KaXkJOW BEIIMYMHBI COOTBETCTBYET JNEHCTBUIO HArpy3KU 7 , BTOpas KOJOHKA
COOTBETCTBYET JIEHCTBUIO Ha TOJTYPOCTPAHCTBO COCPENOTOYEHHOM cuibl T =2 H .
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Ta6mma 1 — HopmanbsHas Harpyska

x|y|z o, (% Y,2) o, (X, Y,2) oy (X Y,2) u (x,y,2)
q Q q Q q Q q Q

1{0|1| 0,1703 0,1688 0,1695 0,1688 | 0.25-10™ | 0 -0,488-1072 -0,489-107%

2|01 0,01719 0,01708 0,03422 | 0,03416 | 0,63 .10 0 0,141 1072 -0,141 107

3|01 0,00318 0,00301 0,00907 | 0,00905 | 0,79 .10 0 -0,827 10 ~0,765 A0

4101 0,00079 0,0008 0,00334 0,0032 0,95 107 0 0,382 1078 0.386-107%°

5/0(1 0,00031 0,00027 0,00159 | 0,00138 | 0,63 .07 0 0,558 1078 055-107%

6|01 0,00015 0,00011 0,00063 | 0,00068 | 0,63 .07 0 0,6 1078 06-107%
Tabnmna 2 — KacatenpHas Harpy3ka

x|yl 0, (X Y,2) o (X Y,2) oy (X Y,2) u (X y,z)

3 T 2 T T T T T
1{0|1| -0,1687 -0,1688 -0,1688 -0,1688 0,42 070 0 0,243 A0 0,243 A0
2|1 0|1 -0,03417 —0,03416 -0,06833 | -0,06832 | 0,84 107 0 0,177 Q07 0,178 Q0
310]| 1| —0,00906 —0,00905 -0,02719 | -0,02716 | 0,31 107 0 0,13 A0 0,13 A0
410| 1| -0,0032 -0,0032 -0,01283 | -0,01282 | 0,14 07 0 0,101 1078 0,101 07
5/0|1| -0,00138 | —0,000138 | —0,00692 | —0,00692 | 0,14 107 0 0,822 107 0,822 1077
60| 1| -0,00069 —-0,00068 -0,00413 | -0,00412 | 0,18- 107 0 0,69 107 0,69 1072

XapakTep 3aKOHOB pacHpeiesICHUs] BBIUUCICHHBIX HANPSKEHUN U TIEpEMENICHUI B yIPYTOM MOJIYIIPOCTPAHCTBE
COOTBETCTBYET OKHIAeMOH (hHU3UUECKOI KapTHHE. BIM30CTh COOTBETCTBYIOIIMX YHUCICHHBIX 3HAUCHUN B TOUKAX
MOJIYIIPOCTPAHCTBA, YJAJIEHHBIX OT TOYEK MPHJIOKEHUS PAcCMaTPUBAEMbBIX HArpy30K, CBUIETEIbCTBYET KaK O
JIOCTOBEPHOCTH TCOPETUYECKHUX PACCY)KICHHH U pacueTHBIX (HOPMYJ, TaK U O JOCTOBEPHOCTH MPHUBEICHHBIX
YUCJICHHBIX PE3YJIbTATOB.
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YUCJIEHHBINA AHAJINU3 3AJAYU NEPEMEIIIUBAHUS BSI3KOM
"KNJIKOCTH, BBI3BBAHHOI'O CUCTEMOM TOYEYHBIX BUXPEH

I'u6kuna H. B., . 1. H., nouent, Porosoit H. C., maructp, Cunopos M. B., k. ¢.-M. H, JOIIEHT,
CraguukoBa A. B., accucrent

Xapbko6cKull HAYUOHANLHLLI YHUSEPCUMEm PAOUOINEKMPOHUKU

PaccmarpuBaercst 3aj1aua YHCIEHHOTO aHAIN3a MEPEMEIIUBAHMS BS3KOM KHUIKOCTH, BBI3BAHHOTO CHCTEMO
TOYEUYHBIX BUXpeil. MaTeMaTHIeCKON MOJIENBIO CIIY)KHT HadallbHO-KpaeBast 3aj1ada Jyisi QyHKIUA Toka. JIiist
e€ pelleHWs] TpeUIaraeTcs HWCIOIb30BaTh CTPYKTYPHBI MeTox R-pyHKImii ¢  anmpokcumarueit
HEOTIPEIeTIEHHOW KOMIIOHEHTBI CTPYKTYphl MeTogoM [anépkuna. AHamu3 TPacKTOPHUM IBHKEHHS YaCTHUI]
JKHUIKOCTH TPOBOJUTCSI C TOMOIIBI0 METOJNOB perneHus 3anaun Komm. BeIUMCINTENbHbINA 3KCIIEPUMEHT
MIPOBEJIEH YIS CIydasi eMHUYHOTO KBAJIpaTa ¢ PACIOJIOKEHHBIMUA B HEM JBYMSI TOUEYHBIMH BUXPSIMH MPU
Pa3IIMYHBIX PEXKUMAaX UX BpauieHus. [[0oCTPOEHbI JINHUK YPOBHS (DYHKIIUH TOKA, TIOJISI CKOPOCTEH KUAKOCTH U
TPAEKTOPUH JIBM)KEHUS OTIEIBHBIX YACTHI], W3y9YE€HBI 3BOJIOIUHM JIMHEHHOTO W IUIOCKOTO 3JIEMEHTOB.
IMony4yeHHbIe pe3yIbTaThI MO3BOJIMIH HAUTH 3()(MEKTUBHBINA PEXKUM ITEPEMEITUBAHMS.

Knroueevie cnosa: meuenue 6s13K0U HCUOKOCMU, 300a4a NepeMewueanis, GyHkyus moka, memoo R-gynxyuil,

Mmemoo I anépkuna.

I'mokina H. B., Porosmii H. C., CumopoB M. B., Crammikosa I. B. UMCEJILHHUIA AHAJI3 3AJIAUI

MEPEMILIYBAHHS B’S3KOI PIIMHU, SIKE BUKJIIMKAHE CUCTEMOIO TOYKOBMX BUXOPIB /

XapKiBCbKUI HAI[IOHATBHUN YHIBEPCHTET PaliOCNIeKTPOHIKH, YKpaiHa
Po3rnsHyTO 3amady YHCENBHOTO aHANIi3y NEepeMIllyBaHHS B’S3KOI PIJWHH, SKE BHKIMKAHE CHCTEMOIO
TOYKOBUX BHXOpPIB. MaTeMaTH4YHOIO MOJIEIUII0 € I[O0YaTKOBO-KpaifoBa 3amaya must GyHKmii Tewii. Jms ii
PO3B’sI3aHHS 3alPOIIOHOBAHO BUKOPHUCTATH CTPYKTYpHHI MeTon R-QyHKIiH 3 anpokcuMarii€lo HeBU3HAYECHOT
KOMIIOHEHTH CTPYKTYpH MeTofoM [ ambopkiHa. AHajli3 TpaeKkTopii pyXy YacTHHOK PiIMHH IPOBOJHUTHCS 3a
JIOTIOMOTOI0 MeTOJiB po3B’si3aHHs 3anadi Komi. OOUHCITIOBAIBHUI EKCIIEPUMEHT HPOBEICHO JUIS BUITAAKY
OJMHUYHOTO KBajpara i3 pO3TAlIOBAaHMMH Y HBOMY IBOMAa TOYKOBMMH BHXOpPaMH UL Pi3HUX PEXUMIB 1X
obepranus. [ToOyroBaHo JiHii piBHSA (QYHKIIT Tedii, MO NIBUAKOCTEH PIIMHH i TPAEKTOPIi PyXy OKpeMHUX
YaCTHHOK, BUBYEHI €BOJIONI{ JIHIHHOTO 1 TUIOCKOTO eneMeHTiB. OTpUMaHi pe3yibTaTd TO3BOMIA 3HAWTH
e(DEKTHBHUH PEKHUM IePEMilTyBaHHS.

Kniouoei cnosa: meuin 6’askoi piounu, 3adaya nepemiuiy8anwus, (QyHkyia meuii, memoo R-¢yuxyii, memoo

Tanvopkina.

Gibkina N. V., Rogovyi N. S., Sidorov M. V., Stadnikova A. V. NUMERICAL ANALYSIS OF THE PROBLEM

OF VISCOUS FLUID MIXING INDUCED BY THE POINT VORTICES SYSTEM / Kharkov National

University of Radioelectronics, Ukraine
The paper considers the problem of numerical analysis of viscous incompressible fluid mixing caused by a
system of point vortices. The solution of the mixing problem consists of two stages — the velocity field
construction and the individual fluid particles trajectories study. Mathematical model of the first part of the
mixing task is the initial-boundary value problem for the stream function. For its solution the R-functions
structural method and the Galerkin method are proposed to use. A structure solution of the problem has been
constructed and a system of ordinary differential equations for the coefficients of the uncertain component
approximation has been derived. Mathematical model of the second part of the mixing task is the Cauchy
problem for the trajectories of fluid particles motion. Its numerical analysis is carried out using one-step
methods with automatic selection of the integration step. Using the methods of R-functions and Galerkin
possible to obtain an approximate expression for the current (and hence the velocity field) in an explicit
analytic form, so that the right side of the system describing the trajectory of motion of the particles is given
analytically, rather than as an array. Using the R-functions method and Galerkin method allowed to obtain an
approximate expression for the stream function (and hence the velocity field) in an explicit analytic form, so
that the right side of the system describing the trajectory of the particles motion is given analytically, rather
than as an array. Due to the proposed method the numerical analysis of viscous liquid mixing caused by a
system of two vortices in the unit square has been conducted. Vortices were located at points with coordinates
(0,23; 0,23) and (0,73; 0,73). Three modes of vortices rotational have been considered: vortices rotate in one
direction with a constant intensity (first mode), the vortices rotate in different directions with a constant
intensity (second mode) and vortices rotate with variable intensity and variable direction (third mode). For the
case when the vortices rotate with variable intensity and variable direction, for each vortex the law of motion
is given by as follows: for a vortex with coordinates (0,23; 0,23) the law is expressed in the form sint and
for a vortex with coordinates (0,73; 0,73) the law is expressed in the form COSt, where t is time. For each
mode the streamlines, the vector velocity fields, the trajectories of particles motion, the evolution of linear
(line segment) and plane (rhomb) elements are given. The results obtained allow to conclude about the
efficiency of the mixing only in the third mode.

Keywords: viscous fluid flow, mixing flow, stream function, Galerkin’s method, the R-function method.
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BBEJIEHUE

[Ipobnema MaTeMaTH4ecKoro MOJEIMPOBAaHHMS W YHUCICHHOIO aHAIW3a INEPEMELIMBAaHHS BS3KUX KUIKOCTEH
4acTO BCTpEYaeTcs B XMMUYECKOH, (papMarieBTUUECKOM, MUIIEBOH NPOMBINIICHHOCTSX M JPYTUX MPUKIAIHBIX
obmactsix [2, 11, 18]. Kpome Ttoro, mpobiema mnepeMeIIMBaHUS XHIKOCTEH sBIsieTCs (yHAaMEHTAIbHOM
Hay4HOH MPOOJIEMOM, TECHO CBSI3aHHON C COBPEMEHHBIMU KOHIIETIIIAMHI XaO0THYECKOW U PEerysIsipHOM TUHAMUKH
[1, 17]. UsBectHo [3, 9], uTO mpHU HEKOTOPHIX YCIOBUSIX JIAMHHAPHBIC TEYEHUS MOTYT MPHBOIHTH K
UHTEHCUBHOMY IIepeMElIMBaHUI0. Takue peXUMbl MOTY4YMIN Ha3BaHHE XAOTHUECKUX M CTadd MPEAMETOM
WHTCHCUBHOTO H3y4YEHUS] KaK C TEOPETHIECKOW, TaK M C OKCIEPUMEHTAIbHOW TOdUeK 3peHmsa. OngHaKo
OOJIBIIMHCTBO METOMOB, HCIOIb3YyEMBIX HPH MOJACIMPOBAHMHM TaKUX IPOIECCOB, HE 00Iagar0T CBOHCTBOM
YHHUBEPCATHHOCTH M UX CIOKHO TPUMEHATH U1 «HEPUMHUTHUBHBIX» obnacteil. B paborax k.M. OrTHHO,
X. Apeda, B.B. Menemiko, T.A. Jdyuaesoit, T.C. Kpacuomonsckoit u ap. [3, 7, 9, 11, 18] pemanacs 3amaua
MEepEMEIINBAHNS JUIA TaKUX NPOCTHIX 00IacTed, KaK Kpyr, MOIYKPYyT, KPYTOBOW CEKTOp W T.H., OJHAKO I
M3yUYCHUs] TIpoliecca IEpPEeMEIINBAHUS B Ooyee CIOXKHBIX OOJIACTAX NPEIUIOKCHHBIH MMM MaTeMaTHYeCKUH
anmapat He pabortaeT. TOYHO yyecTh reOMETPHIO 00JIaCTH MOYKHO, UCTIONB3Ysl KOHCTPYKTHBHBIN anmnapar TeOpUH
R-dynkiuii, npeanoxennsiii akan. HAH Ykpaunst B.JI. PaueBrbim [12]. TlosToMy pa3paboTka HOBBIX METO/IOB
YHCJICHHOTO aHajM3a 3aJaddl IepeMelINBaHus, OCHOBAaHHBIX Ha NPUMEHEHHH MeTona R-(yHkumii, sBisercs
aKTyaJIbHOM Hay49HOU MpOOIEMOI.

Lenpto ganHONH pabOTHl ABISETCS MaTeMaTHUYECKOE MOJAETUPOBAHWE W YHCICHHBIM aHajgu3 Ipolecca
MIEPEMEIMBAHUS BSI3KOH HEC)KHMMAEeMOW JKUJKOCTH, BBI3BAHHOTO CHUCTEMOW TOYEUYHBIX BHUXpEW, meTtogamu R-
¢yaxuuit u [anépkuna. Pemenne 3anaun nepeMeIIMBaHus COCTOUT U3 IBYX 3TAIOB:

1) ompenenenre MO CKOPOCTEH TeUCHNUS KUAKOCTH ((hopMmanm3Mm Ditrepa):
2) uccienoBaHKe TPACKTOPHIl IBH)KSHHUS OTICNBHBIX YacTHII )uaKkocTH (hopmanism Jlarpamxka).

Jns pemieHns epBoi 4acTH 3aJaduy MepeMENINBaHII HEOOX0qUMO pa3padboTaTh NMPHUOIIKEHHO -aHATMTHYSCKUN
METOJl, OCHOBAaHHBIM Ha Merone R-pyHKumit (MOCTPOUTH CTPYKTYpY PELIEHHS COOTBETCTBYIOLIEH HadaJbHO-
KpaeBoi 3a/1auu, pa3paboTaTh AITOPUTM alIPOKCHUMAIMU HEONPEAEIeHHOH KOMIIOHEHTHI CTPYKTYPhl METOIOM
I'anépkuna). [Insg pemieHus BTOpPOH YacTH 3adadydl IEpPEeMEIIMBAaHUS HEOOXOJHWMO COCTaBUTh U PEIIUTh
(ucmonp3yst YMCIEHHBIE METOABI pelleHus 3agaun Komm) cucrteMy ypaBHEHMH JBIKEHHUS JarpaH)KeBOi
gactunpl. Jlanee, MONydeHHBIE TPAeKTOPUH [BIDKGHUS HY)KHO HCCIIEOBaTh Ha HalM4Yhe MU XapakTep
Xa0THYECKOTO TOBEACHHUS C MOMOIIBI0 METOMOB HEJIMHEHHON TUHAMUKU (ONpPEesIUTh CTAllMOHAPHBIC TOUKH,
MOCTPOUTD (ha30BbIE MMOPTPETHI, KCCIIEAOBATH SBOJIOLNY JHHEHHOTO U IIOCKOTO 3JIEMEHTOB).

Hactosmmass paboTta mpomoinkaeT wuccienoBaHus, HadaTele B [4, 5]. IlpemBapurenbHbIC pe3yibTaThl OBLIH
M3JI0KeHbI B paboTtax [6, 13-15].

INIOCTAHOBKA 3AJTIAYA

Bynem paccmaTtpuBath IIOCKONapajulelabHbl ciydail. IlycTe Bsi3kas Hecxkumaemas XKUJIKOCTb 3aIIOJIHSAET
obmacte Q). JIBmwkenwe xumakoctd B obmact () BbizBaHO N TOYECYHBIMH BUXPSAMH C WHTCHCHBHOCTSIMH

T (t) , pacnonoxennsivu B Toukax (Xj,Yj), i=1, ..., N, t — Bpems. 3nauennam [j(t) >0 coorsercrByer

TNOTOK, 3aKpyduBarommiics no yacosoii crpenke, Ij(t) <O — norok, sakpyunsarommiics mpotue wyacoBoii

CTPEJKH.

Pemenne HepBOﬁ HJacTu 3aJavd IMNCPEMCIIMBAHHWA 3aKIHOYACTCA B TMOJYUYCHHU NOJIA CKOpOCTeﬁ (VX,Vy) B

ob6nactu Teuenus (2. ByjeM c4uTaTh, YTO PACCMATPUBAEMOE TEYEHHE OTHOCUTCS K IOJI3YLIMM U HEIMHENHBIMU
crnaraeMeIMu B ypaBHeHUsX HaBbe-CTOKCa MOXKHO NMPEHEOPEUD, T.€., MOYKHO OIPAHUYMTELCS PACCMOTPEHUEM T.H.
npubsmxenust Crokca [8].

IIiocKOoe CTOKCOBO TeueHHWe OylaeM ONMCHIBAaTh ¢ moMompbio Qyskmmn Toka (X, Y,t), BBOAMMOM

cooTHomeHusmMH [8]

HavanpHble ¥ KpaeBble YCIOBHS IS ()YHKIIMH TOKa MOTYT OBITH IOJyYeHBI U3 YCIIOBHA, HAKIAJbIBAEMBIX Ha
BeKTOp V. Tak, eciiu )KUAKOCTb NPUMBIKAET K HEMOJBMKHOM CTEHKE, TO B A3THX TOYKAaX CKOPOCTb KMJIKOCTH
oOpamraercss B Hy/lb. DTO O3HAYaeT, YTO B HyJb oOpamaeTcs HOpMajbHAs M TaHTCHIMAIbHAS COCTABIISAIOIIAsS
cKkopocTH (ycioBue npuiaunanus). Eciii ke >KUIKOCTh MPUMBIKAET K TIOJBHUKHOW TBEPAOH CTEHKE, TO B TAKUX
TOYKaX CKOPOCTH YKHUJIKOCTH JIOJDKHA TI0 BEJIMYMHE U HATIPABJICHUIO COBMAAATh CO CKOPOCTHIO COOTBETCTBYIOMIEH
TOYKH CTEHKH. VICX0/Is1 U3 3TOr0, Ha rpanuie O obmactn (2 MOXHO 3a1aTh 3HaYeHHE QYHKIMH TOKA \J H e
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HOpMAaJIbHON TTPON3BOAHON a—\lj , TIe N — BHemHss HopManb K 00 . Kpome Toro, st GyHKINH TOKA TOJHKHO
n
OBITH 3aJJaHO HaYaJIbHOE YCIIOBHUE ‘|’|t=0 .

Cunraem, uto rpanuia O obnactu (2 — HempoTeKacMas M HEMOABMKHas. Torja 3ajadya MaTeMaTHYECKOTO
MOJICIIUPOBAHMUS TCUCHHUS XKHUIAKOCTH B obmacti (2 CBOJAWTCS K HAYalbHO-KpPAacBOM 3ajave s QYHKIUH TOKa

w(X, y,t):

A
—%+VA2\V=F(X,y,t)BQ,t>O, @)
oy

—0, 2 =0, 2
Vlea=0. — - @)
Y|tz =0, 3)

, , o o o

rme V — KUHEMaTudeckas BA3KOCTb, A° — Gurapmonmueckuil omeparop, A =——r+2

—_— + _—,
N
FOGy, 1) =2 Ti(t)-8(x—X,y—Vi), 8(X,y) — nBymepHas nensra-pyHkuus Jupaxa.
i=1

Pemenue BTOpoil 4acTu 3a7auu NEPEMEILNBAHUS 3aKIII0YACTCS B PELICHUH YPABHEHUM IBUXKCHHUS JIArPAHKEBOMI
YaCTHLIBL

Xz%’(x,y,t), y:-%"(x, y,t), (4)
X(to) =%, Y(to)=VYo. ®)

¥ B IOCTPOEHHH M aHAJIM3€ TPAEKTOPUH JIBUKEHHUSL.
METOJA YACJIEHHOI'O AHAJIM3A

Jlnist penieHust HavanbHO-KpaeBoi 3a1a4n (1)-(3) Bocmonb3yemcest CTpyKTypHBIM MeTonoM akan. HAH Ykpauns
B.JI. PBauéna [12].

UzBectHO [16], 9TO CTpYKTYypa pelIeHus cTaloHapHo# 3agaun CTokca

A2\|l=|: B Q,

- 0 -
Voo = F(), %a;g(s), seaq,

HMEET BU/J
y=f—o(Df +g)+w’D, ®)

rie f =ECf, g=EC§ — nponomkenus pynxumii f , § B Q, oneparop Dy onpezensiercs pasenctom

@ — HeonpeneneHHas KOMIIOHEHTA CTPYKTYPHL, a hyHkius (X, Y) obraxaer coiicTBamu
a) =0 na 0Q;
6) ®>0 B Q;

0w

B) an =—1na 0Q, n —BHemHsAA Kk 02 HOpMAIIb.
n

®dyrxkuus (X, Y) ¢ yKa3aHHBIMH CBOMCTBAMH MOYET OBITh IIOCTPOEHA C MOMOINBIO R-QyHKIMH s
JIOCTATOYHO HIMPOKOro Kiiacca obmacreit [12].

Toraa B cOOTBETCTBUH € (6) CTPYKTypa pellieHUs] HaualbHO-KpaeBoi 3anaun (1)-(3), T.e. my4ok ¢yHKUHMi, TOUHO
YIOBIIETBOPSIFONIMH KPAeBBIM YCIOBUSIM (2), IMEET BUJL
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2
v(Xy,1) =0 (X, Y)O(x, 1),
rae @ =d(X,Y,t) — HeomnpeneaeHHas KOMIIOHEHTA CTPYKTYPBIL.

Jus  anmpokcuMaliyd  HeompeseNeHHOW komrnoHeHThl @  Bocmojb3yemcsi MerogoM [anépkunHa st
HecTanuoHapHbIx 3a1a4 [10]. st aroro npencrasum @ B Buje

n
D(X,y,1) = Dy (X, y,1) = X e (O (X, Y) (7
k=1
rae Cy(t), k=1,..,n, — HensectHble TMoKa QyHKuMH, {T)} — moGas monmHas B mpoctpanctee Ly (Q2)

cucreMa QyHKIMH (CTENEHHBIE WIX TPUTOHOMETPUYECKUE MTOJIMHOMBI, CIUIAMHBI U T.]1.).

IpencraBnenne @ B Bume (7) MPUBOAUT K TOMY, 4TO OpHOMKeHHOe pemeHue 3amadd (1)-(3) mber Gymem
UCKaTh B BUZIE

n
wn(x Y1) = X ek (x ), ®)
k=1
rae Qg Zcoztk, k=1..,n.

3aMeTHM, YTO B CIENAHHBIX IIPEION0KEHUIX {(P } — KOOp/MHATHAs I0CIIEA0BATENBHOCTD:

1) nos moGoro K @ € HAZ :

2) ans mo6oro N @p,..., P, JTHHEHHO HE3ABUCUMBI;
3) {¢y} nonnas s HA2 .

B cootBerctBum ¢ Metomom ['anépkuna, newssectnsie (ynxkumn Cy (1), k=1,..,n, Haiizem u3 ycnosus
OpPTOTOHAJILHOCTH HEBA3KH, MOJIydaeMoi NpH MojcTaHoBKe (8) B ypaBHeHHe (1), mepBBIM N KOOPIUHATHBIM

obyHKIMAM  @q,...,(. OTO TNPHUBOAUT K CHCTEME OOBIKHOBEHHBIX UGB (epeHIanbHbIX ypaBHEHHI

otHocutenbHo HemsectHbIX Cp (), k =1,...,n,

n n
2 G ®lok @jla +v2 o Olox. 012 =(F.0j), ). 1=12...n, 9)
k=1 k=1

rae

g 9Pj gy OPj
[ok. @jla = H( - dxdy ,
O\ O OX oy oy

o g | P0)  e;
2 + 2 2 + 2
OX oy OX oy

[o,@jl,2 = ][ dxdy
Q

N N
(F o)) = 2Ti M- [[30x=x, ¥y = ¥i)ej(x, y)dxdy = S T5(1)- 004, %)
i=1 @) i=1

CucteMy (9) HyXHO JIOTIOJIHUTH Ha4aJIbHBIMH yCIOBUSAMH, KOTOPBIE MosTydaroTcs u3 (3):

Ck(O) =0, k =12,...,n.
OTmeTuM, 4TO peLICHHE MEePBOW 3aJayd NEpeMEIIMBaHMs MOIY4aeTCsl B SBHOM AHATUTUYECKOM BHJE, 4TO
obJiervyaeT ero JajbHeHIIee UCII0Ib30BAaHNE MTPH PEIICHUN BTOPOH YacTH.

[ uccneioBanusl Mmpolecca nepeMelInBaius B (pU3NIECKOM IKCIIEPUMEHTE OOBIYHO B OKPAIICHHYIO BSI3KYIO
XKHUJIKOCTh (HaIIpUMep, TIHIEPHH) MMOMENIA0T KaIUTio KHUJIKOCTH, OKpAIIEeHHOH B JPYroi nBeT (Tak Ha3bIBACMBbIH
TOYEYHBIA MapKep), U HaOIIOAAIOT 32 ero ABIDKEHHEM B obmacTu. [Ipi KOMITBIOTEPHOM MOJEIHPOBAHUH TAKOMY
SKCHEPUMEHTY OyZeT COOTBETCTBOBaTH pemreHue 3amaun Komm (4), (5), Ansd pemeHus KOTOPOH MOXKHO
HCII0JIB30BaTh SIBHBIC OJJHOIIATOBBIE METOJIBI C ABTOMATHIECKHM KOHTpoJeM TourocTH [19].

PE3YJIBTATBHI YUCJIEHHOI'O AHAJIU3A

BBlY4UCIUTENbHBIA OKCIIEPUMEHT ObLI MpOBedeH [uisi mpsmoyroubHOM obmactn 0<x<1, 0<y<1.
PaccmaTpuBanoch TpH pasHBIX pEKMMa BpalleHUs] BUXpEH: BUXPH BpallalOTCs B OJHOM HAlpaBJICHUH C
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MOCTOSIHHOW MHTEHCHBHOCTBIO (IIEPBBIA PEXKMM), BUXPU BPAIIAIOTCS B Pa3HbIX HAMPABJICHHUSX C MOCTOSHHOM
WHTEHCHUBHOCTBIO (BTOPOW DPEXMM) M BHXPH BPAILAIOTCS C IIEPEMEHHOW HHTCHCHUBHOCTBIO M IEPEMEHHBIM
HaIpaBJICHUEM (TPETHI PEXKIIM).

B paccmarpuBaemMyro 06JIaCTh TIOMENIEHO [BA BUXPS. Buxpu ObLIM PACIONOKEHBI B TOUKAX ¢ KOOPAMHATAMU
(0,23,0,23) u (0,73;0,73). nst ciywast, KOrJa BUXPH BpPANIAKOTCA C MEPEMEHHOM HMHTEHCHUBHOCTHIO M
NEPEMEHHBIM HANPAaBJIEHUEM, ISl KaXKI0TO BUXPS 3a]a€TCA 3aKOH JIBHKEHHS CIIEAYIOIMM 00pa3oM: JUIs BUXPS
¢ xoopmunaramu (0,23;0,23) sakon Bepaxaercss B Buge Sint, a ans Buxps ¢ koopmunaramu (0,73;0,73)

3aKOH BbIpaxkaeTcs B Buae COSt, roe t — Bpems.

33[[3‘1& nepeMeuIMBaHus OblIa peuicHa U1l KaXXJI0To U3 TPEX PCKHUMOB. Ha puc. 1-6 TMPUBCACHBI TOJTYUYCHHBIC
JIMHWUU YPOBHA (byHKHI/II/I TOKa U IOJIA CKOpOCTeﬁ JKUJAKOCTHU B pa3IMYHbIC MOMCHTbBI BpEMCHU.

Jlist pa3HBIX PEKMMOB BpALICHUs] BUXpeH ObUIM Haii/ieHbl CTallMOHAapHBIE TOYKH. I Ka)KIOro M3 PEKHMOB
CYIIECTBYET II0 ABE CTAllMOHApHBIC TOYKH, KOOPAMHATHI KOTOPBHIX COBIANAIOT C KoopAMHaTamu Buxpeil. O0e
CTAalMOHAPHBIE TOYKH — TOYKH THIA «HIEHTp». TakuM o00pa3oMm, IpU IMOCTOSHHON WHTEHCHBHOCTH BHXPEH
nepeMemuBanue He OyzneT 3(QQEKTUBHBIM, T.K. TPACKTOPHM [BW)KCHHS YacTHI B OKPECTHOCTH TOYEK THUIIA
«HEHTP» WMEIOT 3aMKHYTYI0 CTPYKTYpy. O(Q(EKTHBHOrO MEpEMEIINBAHUS MOXKHO JOCTHYb, H3MCHSAA
MHTEHCHBHOCTH BHXPEH BO BPEMEHH, T.€., IPH TPETHEM PEKHUME.

Ha cetke ¢ marom 0,25 Ob1mH TOCTpOEHHI (ha30BBIE TPACKTOPHH MapkepoB (puc. 8). 13 puc. 8 0) BuIHO, 4TO I
BTOPOTO pEKMMa TEepPEeMEIINBAaHUS TPACKTOPUU JIBH)KEHHS YacCTHI[ CTATHBAIOTCS K OKPECTHOCTSAM BHXPS U
OCTarOTCSl TaM JI0 KOHIIA MEpeMELIMBaHMs, YTO CBHAETEILCTBYET O HEIP(PEKTUBHOM IEPEMEIINBAHUN B 3TOM
pexxume. M3 puc. 8 a) BHIAHO, YTO ISl TEPBOTO PEXUMA MEPEMELIMBAaHMs, HECMOTPS HA TO, YTO YaCTHILIBI
NepeMelaroTcs Mo Bcel 001acTH, OHU BCE K€ JBIKYTCS 110 3aMKHYTHIM TPAeKTOPHSM, YTO CBUIETEILCTBYET O
TOM, 4TO TEpEeMENIMBaHie B 3TOM Cilydae JIy4llle, YeM B NpeAblayIieM, OIHaKo BcE paBHO Hed(dekTuHo. [Ipu
TPEThEM K€ peKUMe MepeMelInBaHus (puc. § B)) YaCTUIIBI HE CTATHBAIOTCA K OKPECTHOCTSIM BUXPEBBIX TOUCK, a
MepeMEIIAOTCs M0 HE3aMKHYTBIM TPAeKTOPHSIM BHYTPU OOJIACTH, YTO CBHIETENIBCTBYET 00 3¢ddexTHBHOM
NepeMeIINBaHNH.

Taroke OBUTH HCCIICIOBAHBI IBONIOIUH JIMHEHHOTO 3JieMeHTa (O0Tpe3Ka), PACIOJIOKEHHOTO B OKPECTHOCTH
BHUXPEBOW TOYKH M B OOJIACTH, TAC BIUSHHE BUXpEH NMPUMEPHO OIWHAKOBO. PacueThl MPOBOIMINCH B paMKax
MOJIHOTO Tiepuona 27 . PesynsTaThl nepeMemmnBanus (T.e. TPACKTOPHU YACTHIL, 00pa3yIOLIMX 3TOT OTPE30K)
npuBeneHbl Ha puc. 9-11. 13 aHanmm3a pe3ynbTaToB BUAHO, UYTO MepeMeInBaHue S(P(PEKTHBHO TOIBKO B TPETHEM
peXuMe, Tak KaK B IIEPBBIX JIBYX W3HAYAIHHO OJM3KHE TOYKH C TEUYCHUEM BPEMEHH HE3HAUHUTEIFHO PACXOIATCS,
JTake KOTAa OTPE30K MOMEMIEH B 00JIaCTh C OJMHAKOBBIM BIMSHUCM IBYX BHXpEH.

Jlanee ucciie0BaINCh SBOJIONNH IUIOCKOTO 3JIEMEHTa — HeOOIBIIOH 00J1acTH, COCTOSIIIEH U3 OOJIBIIOTO Yncia
HaXOJAIIMXCS PAAOM TOUYEK. DTa 00NacTh ObljIa pacIoIoKeHa B OKPECTHOCTH BUXPEBON TOUYKH M B 00JacTH, T1e
BIIUSIHAE BUXpEW MPUMEPHO OAMHAKOBO. PacdyeThl MPOBOAMIKMCH TAKXKE B PaMKax IOJHOTO Iepuoma 27T .
PesynbraThl nepeMernivBaHus (T.€. TPAGKTOPHU YacTHIl, 00pa3yloIuX 3Ty 00JlacTh) pUBEIeHbI Ha puc. 12-14.
W3 aHanu3a pe3ynbTaToB BHIHO, YTO NepeMelinBaHue 3P(EeKTHBHO TOIBKO B TPETHEM PEKHME, TaK KaK B
MEePBBIX JBYX M3HAYAJILHO OJIM3KME TOYKH C TCYCHHEM BPEMEHH HE3HAYUTENIHLHO PACXOIATCS U OCTAIOTCS B
OKPECTHOCTSX BHXPEBBIX TOUEK.
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BbIBO/IbI

B pabote nmpeanoxeH METO/ YHCICHHOTO aHajiM3a NEepPEeMEIINBAHUS BSI3KOW JKUJIKOCTH, BBI3BAHHOTO CHUCTEMOM
TOYEYHBIX BUXpeH. MeTo/l OCHOBaH Ha UCIOJIb30BAaHUU CTPYKTYPHOTO MeToja R-GyHKIMi ¢ anmpokchuMariei
HEOTpEICICHHOW KOMIIOHEHTHI CTPYKTyphl MeronoM ['anépkuna. bBrmaromapsi ucmonb3oBaHuio Merona R-
(yHKIMHA, TPHOIMIKEHHOE BhIpaKEHUE Ui (DYHKIMU TOKA MOJy4aeTcsl B aHAIUTHYECKOM BHUJIE, YTO BBIJIEINISET
NPETOKEHHBI METOJ] Cpeld OCTaJbHBIX METOJOB pEIICHHs HayalbHO-KpaeBbIX 3amad. Emé omHuMm
NPEUMYILIECTBOM IPEJIOKEHHOTO METOAA SIBIISIETCSI TO, YTO PELICHHE MOXKET OBITh MOJXYYEHO VIS JOCTATOYHO
CIIO)KHOM O00JacTH, YTO JeNaceT ero YHUBEPCAIBHBIM. PellleHHe BTOPO YacTH 3agadyn HepeMelInBaHUs
HO3BOJIICT MOJEIHMPOBATh INPOLECC NEPeMEIIMBAHMS, aHAIM3UPOBaTh ero 3((EeKTHBHOCTb, OCHOBBHIBASCH Ha
W3YYCHUY TTOBEACHHS OTACNBHBIX YacTHL. Takke OBIIM PaCCMOTPEHBI TPU PEXXUMA NEPEMEIIMBAHMU, IPOBEACH
WX YHCJICHHBIA aHAJIU3 U CIeNaH BBIBOJA 00 3((EKTHBHOCTH KaXIOTO M3 HUX. DTHUM H OIPENeNsIeTcs HaydHas
HOBH3HA U MIPAKTHYECKasi 3HAUUMOCTH PAOOTHI.
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OCOBJIMBOCTI JOCJIIKEHHSA ITAPAMETPIB PI/IMH
EJEKTPOAHUM TA BE3EJIEKTPOJHUM METOJAMUA

1 2 . N .
I'yiyn O. B., acucrent, “CrobosH B. 3., 3aBiayounii HAyKOBOIO 1a00paTopiero, K. ¢).-M. H.
1 o o o .
Byrosuncwruil depoicagruii MeouuHull yHigepcumem
2 . o« . o . .
Yepniseyvkuil Hayionaivhuil yHisepcumem im. FO. @edvrosuua

[IpoBeneHO MOPIBHAHHS €JIEKTPOAHOTO Ta OE3ENEeKTPOTHOTO METOMIB JOCIIKEHHS EIEeKTPO(PI3HYHHX Ta
PEOJIOTIYHUX MapaMeTpiB PiMH MiJ Yac iX MPOTiKaHHA y Kamijsipi. PO3IJIsIHYTO Tpu OCHOBHI BapiaHTH
JOOCHI/DKEHb: JOCHIKEHHS ONHOPIZHMX PIiAWH, IOCHIIKeHHS NPOTIKaHHA TpPAHMII [ABOX pIiOHH Ta
JOCHI/DKEHHSI MPOTIKaHHS HEBENHWKOI MpoOHM piiuHM Ha (OHI €TaJOHHOI, SKi MOXXKHAa BHKOPHCTOBYBATH
HE3aJIeKHO OJIMH BiJl OTHOTO ab0 0JJHOYACHO, 3AJISKHO BiJl 00paHOTr0 00’€KTY JOCIIKEHHS Ta MOCTaBICHOT
METH EKCIIEPUMEHTY.

Kniouosi crosa: enekmpoonuii memoo, 6e3eneKmpoOnuil Memoo, eiekmpoMazHimHUuLl pe3oHaAnc, enekmpoQisuymi

eracmugocmi piour 8 Kaniispax, peoiosiuti 61acmugocni piouH.

Tynyr O. B., *Cnobogs B. 3. OCOBEHHOCTH HCCJIEJJOBAHUS TTAPAMETPOB XHUJKOCTEN

OJIEKTPOJJHBIM W BE3DJIEKTPOJHBIM METOJAMMU / 1ByKOBI/IHCKI/II71 TOCYJapCTBEHHBII MEIUIIMHCKUI

YHUBEPCUTET, qupHOBI/IHKI/Iﬁ HaIMOHANBHEINA yHUBepcuTeT uM. 0. denpkoBrya, Yikpanna
ITpoBenieHO CpaBHEHHE SIEKTPOAHOTO M OE33JIEKTPOIHOIO METOJO0B HCCICAOBAHUS ICKTPOPUZHYECKUX H
PEOJIOTHYECKHX IapaMeTpoOB JKUIKOCTEH BO BpeMs WX MpPOTeKaHHs B Kamwuiipe. PaccMoTpeHbl Tpu
OCHOBHBIX BapHaHTa MCCIEJOBaHHUI: HCCIEAOBAHHE OJHOPOIHBIX KUAKOCTEH, MCCIEIOBaHHE NPOTEKaHMS
TPaHULBI IBYX XHUAKOCTEH M MCCIIE0BaHUE MPOTEKaHHs HeOOJIBIION MPOOBI KUIKOCTH Ha (OHE ITAIOHHOM,
KOTOpBIE MOXKHO HCIIOJB30BaTh HE3aBHCUMO JpPYr OT JApyra WIM OJHOBPEMEHHO, B 3aBHCHMOCTH OT
BBIOPAHHOTO 0OBEKTA UCCIIEIOBAHMS U TOCTABICHHOH ETH AKCHePUMEHTA.

Kniouesvie cnosa: snekmpoouviii  memoo,  6e321eKMPOOHbIll  Memoo,  INeKMPOMACHUMHbBIL  PE3OHAHC,

neKmpoghuzuyecKue coUCmaa HCUOKOCmell 8 KANWLIAPAX, PeosocudecKue C80lUCmaea HeUuoKocmell.

'Gutsul O. V., *Slobodyan V. Z. FEATURES STUDY OF THE PARAMETERS LIQUIDS BY ELECTRODE
AND ELECTRODELESS METHODS / 'Bukovinian State Medical University, 2Yuriy Fedkovych Chernivtsi
National University, Ukraine
The electrode and electrodeless methods for research electrical and rheological parameters of fluids during
their flow in the capillary was compared. We consider three main options for research: study of homogeneous
fluids flow boundary survey and study of two fluids flow of a small sample of fluid on the background
reference that can be used independently or simultaneously, depending on the chosen object of study and the
goal of the experiment.
The electrode and electrodeless methods for research of the fluids are generally designed to measure the
specific conductivity of fluids, their homogeneity, the rate of flow through the capillary, the effective
viscosity, identify the fluids and make control parameters for fluid during time of its occurrence in the
capillary and measurements using small volumes of test fluid, which is important in the analysis of biological
fluids (blood, plasma), especially in the study of pure fluids and fluids corrosive to the electrodes. There are
three variants of experimental studies for comparison electrode and electrodeless methods.
There are three variants of electrode and electrodeless methods for study of the parameters fluids. The first
variant of study is research of a homogeneous fluid, measuring system with capillary solenoid filled with
fluid that may leak through the capillary under pressure difference at its ends. The parallel lines of current |

(for electrode method) and quality factor (Q -factor for electrodeless method in the values of voltage U, ) to

time axis are visualized on the graphic. The curves of voltage U, and current | with the time can be used for
identification of the fluid heterogeneity, if unknown fluid flows through capillary.
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The second variant is research of the flow border of two fluids. Through capillary solenoid followed by the
first fluid is passed a second fluid, so that there is a movement of the boundary of two fluids through the
capillary. The electrode method characterized of current increases and for electrodeless method decrease in

Q-factor of tuned circuit (voltage U, decrease respectively). This change in voltage U, can be used for

measuring the effective fluid velocity in the capillary vg,;4-
The length of the reactive zone of the capillary solenoid by measuring the flow of fluids in the electrodeless
method can be determined then know the effective speed of the fluid in the electrode method.
The third variant is research of the fluid small volume. The capillary solenoid of measurement complex filled
with a standard fluid that continuously flows through the capillary. At fixed time instead of standard fluid is
passed the test fluid, in a short fixed time interval, and then pass a standard fluid. When entering a small
sample in a capillary fluid on the background standard fluid (originally introduced reference fluid beyond its
small sample test fluid after which the newly introduced reference fluid). The advantage of this variant of
research is the use of much smaller amounts of the test fluid.
Three variants of the research the flow of fluids in capillaries (electrodeless and electrode methods) can be
used for interpretations the next information: the electrical and rheological properties of aqueous solutions of
electrolytes and biological fluids, diffusion of impurities through the boundary of two fluids, the impact of
positive and negative pressure on the boundary of two fluids on a kinematic properties of the fluids, the
interaction of the fluid with a material of a capillary walls. The second variant of the method of electrode
configuration 1/1 = f(t) can be determined of the fluids effective viscosity in a wide range of motion
boundary fluid in the capillary. The third variant of the electrodeless method can be used for analyses of
specific information about the interaction of fluids as their border and with the walls of the capillaries.
Keywords: electrode method, electrodeless method, electromagnetic resonance, the electrical properties of liquids
in capillaries, the rheological properties of liquids.

Benuka KIJIBKICTH TEOPETHYHHMX Ta  EKCIHEPHUMEHTAIBHUX  POOIT MPUCBSYEHI  AOCIIIHKEHHIO
enexTpodizuuHuXx BiactuBocTel piguH [1-5]. PospobGneni emextpoani [6, 7] Tta Gesenexkrpoani [8, 9]
METOMIH JOCHIKCHHS PiTUH, SKi MTO3BOJISIFOTh BHUMIPIOBATH MHUTOMY CIICKTPONPOBIAHICT pimmu [2], ix
OJHOPIJHICTh, IIBHUJKICTh MPOTIKAHHS B Kamuisipi, eQeKTUBHY B’A3KICTh, MPOBOJUTH iNeHTU(DIKAIIIO
pIIMH 3a ICBHUMH O3HAKaMU Ta 3MIHCHIOBATH Oe3lepepBHUN KOHTPOJb MapaMeTPiB PIIUHH MPOTITOM
gacy i1 mpoTikaHHS B KamiIspi, a TaKOK IPOBOAUTH BUMIPIOBaHHS IIPU BUKOPUCTaHHI HEBEIUKUX 00’ €MiB
JIOCTI/DKYBAHOI PIAMHU, II0 Ma€ BEJWKE 3HAUSHH MIPH aHaIIi3i O10JIOTIYHUX PiauH (KPOBi, INIa3MH KPOBi),
MIpU JOCIIKEHHI OCOOJNMBO YHCTHX PIAMH Ta PIIWH arpeCHBHUX 10 EIEKTPOAiB. s MOpiBHAHHSA
enexkTpoaHoro Ta  OesenekrpomHoro wmetoniB  [10] mpoBemeHo TpuM  BapiaHTH  OJHOYACHUX
SKCIIEPUMEHTAIILHUX JTOCITiKCHb.

JOCJIIPKEHHSA OAHOPIIHUX PIIMH

KaninspHuii conieHoi BUMIpIOBaILHOTO KOMIUIEKCY [6, 8] 3alOBHIOETHCS OJHIEIO PIJUHOI, SKa MOXKe
MPOTIKATH dYepe3 Kamumap Tix pI3HUIEI TUCKIB Ha #oro kiHmsgX. Jlnmsg onHopimHOi piamHM Ha Tpadiky
CIOCTEPITalOTHCS MPSAMI MapaliellbHi Bicl 4acy, sK ajs cTpyMy / (eIEKTPOTHIM METOIOM), Tak i JOOpOTHOCTI Q ,

sKa BU3HAYAEThCs uepes Hanpyry U . 38’30k Mik 1BOMa METOIaMU OJIHO3HAYHHI i BUPaXKaeThest POpMYJIOH0:

l_i:éy Uq:BQ! IZE!
Q Q R R
TOII
L1 A o e AL CUUg
U, U, BU BU' 1 Ug-U,

ne U g, — AOOPOTHICTb IYCTOro KamiispHOro coneHoiny; U — QikcoBaHa Hampyra Ha KiHISIX KaliIspHOrO

COJIEHOIA i yac BUMiproBanb enekTpoaaum Merogom A, B, C — Benuuuny, sKi 3a1MIIAI0TECS HE3MIHHMMU
MiJ] 9ac BUMipIOBaHb.

SIKuwo npu nporycKaHHi HEBiIOMOT PiIMHK YEPE3 KalliIAp CIOCTEPIralThes 3a1exHocTi Hanpyru U, Ta ctpymy
| Bix yacy, To omepskani naHi MOXKHA BUKOPUCTATH U1 OL[IHKH CTYIIEHS HEOIHOPIAHOCTI L€l piguHu.
JOCJIIIKEHHS ITPOTIKAHHSA 'PAHUIII IBOX PIIUH

UYepes KanisipHUH COJIEHOI BUMIPIOBAIEHOTO KOMIUIEKCY BCIIiJ 32 TEPIIOI0 PIMHOIO (SIK IPaBUIIO €TAIIOHHOIO)
MPOITYCKAETHCS JIpyra pifiMHa, BHACIIJIOK YOTO CIIOCTEPIraeThbCsl PyX TpaHUIl JBOX PIAMH depe3 Kamijsp.
ExcriepumeHTanbHe TOCIIPKEHHS IBOMa METOIaMH HaBeJIeHo Ha puc. 1.

CrnovaTky Kamijislp 3arnoBHEHMH pPIiIMHOIO 3 BEJIMKUM IHTOMHM OIIOPOM, BHACIHIZIOK YOro JOOPOTHICTH
KOJIMBAJBbHOTO KOHTYpY Q) Ta, BiINOBiAHO, Hampyra Uql MaroTh BENIUKI 3HA4YEHHS, a CTpyM |;, HaBmakwy,
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naiivenue 3navenns (Q =135; Uy =900 mB; 1} =017 M4 =170 uA). Ilin yac 3an0BHEHHS KaNiIApy IPYrOK
pianMHOIO i3 OUIBILOI0 MUTOMOIO ENEKTPONPOBINHICTIO, SIKa BUTICHSE MEpUIy pigUHY, DOOPOTHICTH Q Ta,
BIAIIOBiAHO, Uq 3MEHIIYIOThCA, a ctpyM |, BiamosizHo, 3pocTae. IIpy MOBHOMY BUTICHEHHI MEPLIOT piAMHU
ApYroro, A0OPOTHICTh KOJIMBAILHOIO KOHTYPY Q, Ta, Bimnosinno, Ug, pmocsaraioTs uepes jeskuii vac

MiHIMaJIBHOTO, a CTpyM |, MakcHMaJbHOIO 3Ha4yeHb i CTalOTh, BiANOBiAHO, piBHUMHU: Q, =33, qu =125 mB,

l_. MEA R . e e . Uq_. MB
e,
4
|
1 e
3 i PR
2 e A S e e St B AT B 568
1 : e B A 2509
-\‘"‘“‘—74
[
a 88 168 240 3z0 t,c

Puc. 1. Yacosa sanesxuicts ctpymy | Ta manpyru U, Ha BUXOi BUMipioBada 106poTHOCTI
i/ Yac NpOTiKaHHS TPAHUILIl ABOX PILAMH Y KalUIIPHOMY COJICHOIAI

Xoya omip 3MEHIIYEThCS MPONOPLIHHO 3 YaCOM MPHU 3aOBHEHHI KAMJISIPHOTO COJICHOINY IPYTO0 PiMHOI0, aje
CTpyM, SKHH OOCpHEHO MPOMOPUIHHUNA 3aralbkHOMY OMOPY PiIUH, CIIOYATKY 3pPOCTAa€ MOBUTBHO i JIMIIE B KiHII
moyuHae 3poctaTd mBHUAK0. Ockinbku 3a IlyaseineM mpodias MBUIKOCTI MITIHAPHYHUX [IAPIB PITUHA Mae
mapaboTigyHIA XapakTep, TO 3[aBaiocs 0, M0 3arayibkHUH Omip piluH OyAe HENiHIIHO 3MIHIOBATHCS 3 4acoM,
Yyepe3 pi3Hy MIBHAKICTH IMIApiB PiAWHHU, MPOTe B HAOMIDKEHHI OJHAKOBOI IIBHUAKOCTI BCIX IIApiB OImip Mae
3MIHIOBaTUCh CTPOrO JIIHIHHO NPOTATOM YCBHOIO 4Yacy BXOJKEHHS JAPYroi PiAMHM B KamiJslp aX IOKH He
BUTICHUTKCS BCs Iepiia piguHa. Ha excrniepumeHTanbHuX rpadikax, e 3aMiCTh CTpyMy HaBeJCHO OOEpHEHHUI
CTpYM, NpONOPLIHHUKA J0 omopy piauH mnpu (GiKCOBaHIM Hampy3l Ha KIHIMX KamiIsspHOTO COJICHOINY,
CIOCTEPIraeThes JIiHIMHA 3aJI€KHICTh NPU 3aIOBHEHHI JPYTrOI0 PIJUHOI0 BiJi CAMOTO MOYATKy MPHOIN3HO JI0
75% 3anoBHEHHSI Kanisipy, 1110 BUIHO 3 pUC. 2.

3 puc. 2 ciigye, o B 00J1acTi JiHIHHOT 3aJIe)KHOCTI MOYKHA BU3HAYNTH €(EKTHBHY LIBHIKICTH PIJIMH y Kamijispi
U9, KA TMPOMNOPLIAHA TAHTEHCY KyTa HAaXWiIy MPsAMOI i3 Biccro abcuuc, TOMy AUIHKY rpadika, Ko japyra

piavHA MPOTIKAE BiX MOYATKY 10 75% BCHOTO Kamisipy MOKHA BUKOPHUCTOBYBATH IS BUMIPIOBAHHS MHUTTEBOI
e(heKTUBHOI NIBUIKOCTI PIAUHH B [ MOMEHT Yacy. SIKIIO B’SI3KOCTI ABOX PiJMH CHIIBHO PI3HATHCS MiX CO0O0I0,
Toli e(heKTUBHA IIBHUAKICTH PIIMH 3MIHIOETHCS 3 4acoM, 1 ii MOKHA BHUMIPSATH €KCICPUMEHTAIEHO Ha JTUISHII
MeHIe 75%, a pemra nuisHkH (Outbme 75%) € iHGOPMATHBHOK UIS AOCHTIIHKEHHS PO3IOALTY IIBHIKOCTEH
B3JIOBXK pajiycy Kamiisgpa, a TaKOX BIUIMBY 3MOYYBAHOCTI PIOMH 31 CTIHKAMH Kamnipy, SKa XapaKTepU3ye
B3a€MOJIII0 PiMHHA 3 MaTepiaioM Kanusipy.
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Puc. 2. Yacosa 3anexuicts | Ta o6epuenoro crpymy 10/1

ITi/1 9ac MpOoTiKaHHS I'PaHUL ABOX PIAMH Y Kariispi
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SIKII0 TIpY BUKOPUCTAHHI €IEKTPOJHOTO METOY CIIOCTEPIra€ThCs Pi3Ke 3pOCTaHHS CTPYMY B KiHIII 3aIlTOBHEHHS
KaIJIsipy JApPYrolo PpiIWHOI0, TO TPH BUKOPUCTAHHI O€3€eNEeKTPOJHOTO METOAY CIIOCTEpIracTbes pi3ke
3MEHLIEHHs JI0OPOTHOCTI KOJIMBAIBHOTO KOHTYDY i BinoBinHo Hanpyru U, Ha movaTky BXOJDKEHHS APYyroi

pinueu B kanimap. Lo 3miny wanpyru U, MOKHa BUKOPUCTATH /Ul BUMipHOBaHHS €()EKTUBHOI WIBUIKOCTI

piavHA U, B Kamispi. O61acTs 3MiHH 1OGPOTHOCTI 3HAYHO BY’KYa MOPIBHSAHO i3 3MIHO0 ONOPY €JICKTPOIHAM

METOJIOM, OCKUIBKHM JOBXHMHA PEaKTUBHOI 30HM B Kamlsipi 3HAYHO MEHINA BiJ JOBXKMHM caMoro Kamiyspy. Ha
BIZIMiHY BiJ CJIEKTPOAHOTO METOAY, A¢ C(PCKTHBHY B’S3KICTb PIJAMHH 177,,, MOXHA BH3Ha4YMTH B 00IacTi

npsAMOIiHIHOT IUIsHKM B iHTepani Bix 0 mo 75% MOBXUHM Kamijisipy, B’s3KICTh O€3€JIEKTPOAHUM METOAO0M
MOXXHA BH3HAUWTH Ha 3HAYHO BYX4il nunstHII (6m3bko 10% Bin 4acy HMOYaTKy 3alOBHEHHS Kamijspy APYToro
PiAMHOIO0), IO € HEAONIKOM IHOTO BapiaHTy 0€3eIeKTPOIHOTO METOIy IPU BUMIpIOBAaHHI B SI3KOCTI PiAHH.

J1st eNeKTPOIHOrO METONY e(heKTUBHA IIBUAKICTD PIIMH U,;, BU3HAYAETHCS NOOYTKOM TAHICHCA KyTa HaXMILy
sanexsocti 10/1 = f(t) Ha IONepeIHbO PO3PaxXOBaHy KOHCTAHTY A !

Vpio =100y - Ay,
a [yist 6E3eIEKTPOIHOrO METO/ly eEeKTUBHA IBUAKICTh PIMH U, BU3HAYAETBCS TAKOXK NOOYTKOM TaHTeHCa

KyTa Haxuiy tga, sanexnocti Uy = f(t) puc. 3 Ha MONEPEJHBO PO3PAXOBAHY KOHCTAHTY A, :

Upi() :tgaz . A2 .
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Puc. 3. anexnocti Uy = f(t) ta 10/1 = f(t) nix vac 3anoBHEHHS KANIIAPHOTO CONEHOTTY

JIOCITI[KYBAHOIO PiTUHOIO 3aMICTh €TaJIOHHOI PiIUHH

Ha BigmiHy Bij 06e3eleKTPOAHOrO B €JIEKTPOJAHOMY METOJI MOXKHA BH3HAUUTH B’S3KICTh JIPYTUM CHOCOOOM,
BUMIPIOIOYM 4Yac 3allOBHEHHS Kamusipy JpPYyrol piAMHOK, SKMH BH3HAYAEThCS 13 Ipadiky 3aleKHOCTI
10/1 = f(t) TOYKOIO MEPETHHY EKCTPAIloJIbOBAHOI MPSIMOJIIHIMHOT AUISIHKA 3 TAHFEHCOM KyTa Haxuiy tgoa i3

napaneinbHO0 Bici 4acy MPSIMOJIIHIHHOO JUISHKOIO, SIKa BU3HAYAETHCS CTPYMOM IOBHICTIO 3a[I0BHEHOTO JAPYTO0
pinuHoto kamimspy. CepenHst epeKTHBHA MIBHAKICT PiAMH U pio  BU3HAYAETBCS BIAHOIIEHHAM [OBXWUHHA

Kamiapy |, 1o dacy 3aloBHEHHS Kamiaapy i, JOCIDKYBAaHOIO DPiAMHOIO 1 MOXke OyTH BHUKOpUCTaHA [JIA

K

BHU3HAYCHHA KOHCTAaHTHU A.I. He3aJIeKHUM CIIOCOOOM.

3Hat0un e(eKTUBHY MIBHIKICTh PiAMH i3 €JEKTPOAHOTO METOAY MOXHA BH3HAUHMTH JOBXHHY PEaKTHBHOI 30HU
KaIliIIPHOTO COJICHOIZa TIPM BUMIPIOBaHHI IPOTIKAHHSA PiAWH 0€3eNeKTPOAHNM METOIOM, Ky HEOOXiTHO 3HATH
IIpY TIOPIBHSHHI OIMOPIB PiAMHHU, OJAEPKAHWX EJIEKTPOJHUM Ta O€3eJeKTPOTHHM METOJaMH JJIS BU3HAYEHHS
MMUTOMOI EJIEKTPOTIPOBIAHOCTI PiIUHHU.

JOCJIKEHHSA IMMTPOTIKAHHA HEBEJIMKOI ITPOBHU PIIMHUA

[lix wac BUMIpIB CIIOYAaTKy 3allOBHIOETHbCS KAIIUIIPHUI COJICHOIN €TaJOHHOIO DIJMHOI, fKa Oe3lepepBHO
NpOTIKae 1Mo Kanisipy. Y (ikcoBaHMH MOMEHT 4Yacy 3aMiCTh €TaJOHHOI PIMHH IPOITYCKAIOTh JIOCITIPKyBaHY
pinuHY, MPOTATOM HEBEJIMKOTrO (DiKCOBAHOTO IHTEpPBAy Yacy, a MOTIM 3HOBY INPOIYCKAalOTh CTAJIOHHY PiIUHY.
[Tpu BXO/UKEHHI B KaliJIsip HEBENHKOI TpoOH pimHK Ha (QOHI €TATOHHOI PIIMHH (CHIOYATKy BBOJUTHCS €TaJOHHA
pianHa, mami 3a HEH HeBelUKa Ipoda JOCIiHKYBAaHOI PIAWHU MICIs SKOI 3HOBY BBOAMTHCS €TAaJOHHA PiJIHA)
CIOCTepiraloTecsl TpadiuHi 3aleXHOCTI, HaBeAeHI Ha puc. 4. Y mpoMy BapiaHTI YiTKO NPOCITiTKOBYIOTHCS
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nepeBaru 0e3eIeKTPOJHOT0 METONY Haj elneKTpoaHuM. [lepeBaroio mporo BapiaHTy JOCIIIKEHHS, TTOPIBHIHO 3
TOTIEpEHIM, € MOXKITMBICTh BUKOPHUCTAHHS 3HAYHO MEHIIUX 00’ €MiB TOCIiPKYBaHUX PiAWH.

Pyuc. 4. ITopiBHSAHHS €JIEKTPOJHOTO Ta 0€3eIEKTPOJHOI0 METOLY LIS JOCIIDKCHHS
HEBEJIMKUX IPOO pinuH Ha (OHI eTaIOHHOT PIAMHH i3 OLIBIIOI MUTOMOIO EIEKTPOIPOBIIHICTIO

Sk BuAHO 3 puc. 4, mepeBard BHIIE PO3MIISTHYTOrO OE3€JIEKTPOJHOTO METOJY BUMIPIOBAHHS €JIEKTPO(I3HUYHHX
mapaMeTpiB PiAWHY Tix Jac i1 MpOTiKaHHS y KaIIsApi MOPIBHSHO i3 €IEKTPOJHUM CIIOCOO0M HAMOLIBII SICKPaBO
TIPOSIBIISFOTHCS TIPH TOCTIKEHHI MPOTIKaHHA HEBEIUKOI MPOOH AOCIIIHKYBAHOT PIIUHH, OCKUTBKH €IEKTPOIHUI
croci0 y ObOMY BHIIAIKY € Majio ©(peKTHBHUM. Pe3ylbTaTH OIHOYACHHX EKCHEPHMEHTAIBHHX IOCIHiIKCHb
JIBOMa METOJaMH HaBeJeHI Ha puc. 4. besenexTpoaHuii MeTox paHime (ikcye BiTHOBICHE 3HAYCHHS STATOHHOT
pIAMHU, OCKIIBKM peaKTHBHA 30HA 3aKiHUYEThCS paHille, HDK KiHENp KamiJSIPHOTO colieHoima. Po3mipu
PEaKTUBHOI 30HHM KaIllUIAPHOTO COJEHOiAy A7 MOXXHa BH3HAUMTH IONIEpeNHIM BapiaHTOM abo i3 puc. 4,
noOyayBaBLIM JOTHUYHI 0 MEPEAHBOrO i 33HOTO (PPOHTY iIMIYNIBCY 1 3HAWIIOBIIM TOYKH MEPETHHY AOTHYHHX

i3 TOPU30HTANBLHOIO NMPAMOJiHIiiHOW JisHKo KpuBoi 2 (U, ) 3a Mexamu il immynbcy. 3Hallmosmm vac t
MOYaTKy BXOKEHHS JOCHiIKyBaHOI PilMHH B KaIinsApi, yac t, MOYaTKy BXOIKEHHS ii B peakTHBHY 30Hy, 4ac t,

MOYaTKy BUXOAy i1 13 peakTUBHOI 30HM Ta 4ac t, MOYaTKy BUXOIY AOCIIKYBaHOI PiAUHU i3 KaIUIAPy, MOXHA,
3HAIOYW JOBXKHUHY KaIiJisipa, O0YUCIUTH e()eKTUBHY IIBHIKICTh PIAWHY B KaMUISIPi 32 POPMYIIOF0:

K

t,—t

Ly =

3HaOUN JOBXKHUHY Kalijispa, MOXKHA OOYHCIUTH €(QEeKTHBHY IIBHIKICTh PIAMHHA B Kamiusipi 1 e(peKTHUBHY
JOBXUHY DPEaKTUBHOI 30HM, SIKa 3B’A3y€ OMIp PiAMHM R; 3 IHTOMHM ONOPOM p IiJ 4Yac BHUMIPIOBAHHA

Oe3enekTpogHUM R; Ta eneKTpogHUM MeTomoM R, :

|p3 :UK(t3 _tZ):w;
4 1

l, I
R1:Pf§ R2=PS—K-

K K

[Tpu nopiBHIHHI €IEKTPOAHOTO Ta 6€3eTeKTPOJHOTO METOIiB MK OTIOpAaMH PiANHY iICHY€ TaKe CIiBBIJHOIICHHS:

|ps

K

B’sa3kicTh pifuH mpomnopiiiina inTeppany yacy t=t; —t, Bia moyarky nporikaHHs t, HeBeIMKOi MPoOH piiUHU

710 4acy t; , P AKOMyY CIIOCTEPIraeThes eKCTpeMyM 3anexnocti Uy = f(t) , IIT0 TIOKA3aHO Ha pHC. 5.
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Puc. 5. JocmimkeHHs MPOTiKaHHSA HEBEIUKHUX MPOO pianH Ha (OHI €TaJOHHOI PiIuHH
i3 MEHIIIOK TUTOMOIO EJIEKTPOIPOBITHICTIO
(3,1 — kpoB i mna3ma oTpuMaHi 3 repuioi mpodu; 4,2 — KPoB i I1a3mMa OTPUMaHi 3 Ipyroi mpoou)

Ha puc. 6 HaBeneHi NOPIBHAHHS TOCIIKEHHS IBOX PIIMH 13 PI3HUMH B’ A3KOCTAMHU.
p p p p

Puc. 6. [TopiBHSHHS MPOTIKaHHSA ABOX HEBEJIMKUX MPOO PI3HUX PiIHH
(6e3enexTpoIHIM METOIOM — KpuBi l1a Ta KpuBi 2a, €IEKTPOIHAM METOI0M — KpHBi 1b Ta kpuBi 2b)
0JIHAKOBOTO 00’eMy Ha (POHI €TANIOHHOI PIAMHYU i3 MEHIIIOI0 MUTOMOIO €JIEKTPOIPOBITHICTIO

HocmimxenHs nposeaeHi Ha ¢oHI AucTHiIbOBaHOi BoaW. Ilpw mporikaHHI HEBEMMKOI MPOOHM JOCIiLKYyBaHOT
piAMHM Ha TpaHWILI PiAMH BinOyBAa€THCS B3a€EMOJIS, BHACIIIOK YOTO KOHIEHTpALls JOMILIOK, a BiIHOBIAHO i
€JICKTPOIIPOBIIHICTh TUCTHIILOBAHOT BOJM, 3pOCTAa€ 13 YacoM, MpO MO CBIYUTH 3pPOCTAHHA CTPYMy B
€JICKTPOJJHOMY METO/I, @ HaXWJI KPUBUX CTPYMY XapakTepusye epeKTHBHUH KoediieHT mudy3ii qomimok yepes

TPAHHMIIO JIBOX PifMH. 3 KPUBHX 0€3€]EeKTPOJHOro METOAY BHIHO, IIO Jpyra pillMHa Mae OLIbLIYy B’S3KIiCTH
MOPIBHSHO 13 MEPIIOO.
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Puc. 7. IlopiBHSHHS MPOTIKaHHS JBOX HEBEIHUKHX MPOO Pi3HUX PiguH
(6e3erexTpOHIM METOIOM — KpHBi 1a Ta KpHBi 2a, eNEKTPOJHAM METOIOM — KpHBi 1D Ta xpuBi 2b)
OJTHAKOBOTO 00’eMy Ha ()OHI €TATIOHHOI PIIMHM i3 OLIBIIOI TUTOMOIO ENEKTPOIIPOBITHICTIO

Pi3Huii yac BUXOAy HEBETMKUX OJHAKOBHX 32 00’ €MOM MPOO PI3HUX PIAMH i3 KAy OB’ SI3aHUH 13 Pi3HOIO X
B’SI3KICTIO, IO MO’KHA BHKOPHCTATH ISl BU3HAYCHHS B’S3KOCTI PiIUH BITHOCHHM criocoOoM. Pi3Ha B’s3KicTh
PIAMH TIPU TOCIIPKEHHIX 03EICKTPOIHUM CITIOCOOOM TaKOX OB’ sI3aHa 3 BiIHOCHUM 3CYBOM ITiKiB TOOPOTHOCTI
Ha YaCOBHX 3aJIE)KHOCTSIX, 10 JJO3BOJISIE i1IeHTH(IKYBATH HEBEIHUKI IPOOH PiIHH.

BUCHOBOK

BukopucTaHHs TpbOX BapiaHTIB HOCIIIKCHHS MPOTIKAHHS PIAWH y Kamisapax 0e3eIeKTPOIHNAM Ta eISKTPOIHIM
METOJaMH JTO3BOJIIOTH OJepKaTH HiHHY iH(QOpPMAIIiIO: PO eNeKTPo(di3HIHI Ta PEOJIOTIUHI BIACTUBOCTI BOJHHUX
PO3YHHIB €JICKTPOIITIB Ta OIOMOTIYHUX PigUH; PO MTUQPY3iF0 JOMIMIOK Yepe3 TPAHUII0 IBOX PIIHH; PO BIUIHB
IOATHBOTO Ta BiJ’€MHOTO THUCKY Ha TPAHUIl TBOX PiJMH HA KiHEMaTHYHI BIACTHBOCTI PIAWH; PO B3aEMOIIIO
piauH i3 MarepiajloM CTiHOK Kamiasipy. Jlpyruil BapiaHT eneKTpoJHOro Meroiay y KoHgirypauii 1/1 = f(t)
JIO3BOJISIE BU3HAYaTH MUTTEBY €(EKTHBHY B’SI3KICTh PIAMH y LIMPOKOMY IHTEpBajJi pyXy TpaHULi piIuH Yy
Kanusipi (Bix mouaTky 10 75% 3amoOBHEHHS Kamiisapy APYror piguHOoI0). TpeTiii BapiaHT O€3elIeKTPOIHOro
METOJy KpiM IHTOMOI €JICKTPOMPOBITHOCTI Ta B’S3KOCTI J03BOJIIE ONCPKATHU XapaKTEPHY IH(POPMAIIi0 MPO
B3a€EMOJIII0 PiVH SIK Ha 1X TPAaHUI, TaK 1 31 CTIHKaMH KaIiJIsipy.
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VJIK 519.172

TPACCUPOBKA NOJAKTIOYAIOLIEI IIIACTHHBI
MHOTI'030HJ0BOI'O YCTPOMCTBA KOHTPO.IS
BGA-KOMIIOHEHTOB

1>KapI/IKOBa . B., acnupaHT, 2KypaHOB C. B,, k. ¢.-M. H., JIOIIEHT, "Hesmogos M. 111, 1. T. H., mpoceccop,
YManaruu B. A., K. T. H., IoLIeHT, ~Pa3zymoB-®pusiok E. A., k. T. H., IOTIEHT, Yeyens B. C., acnupaHT

1 . .
XapbKO@CKuu HAYUOHAIbHbBIU YHUBEpCUmMEM paduoaﬂekmpommu
2 o .~
3an0p09fcc1<uu HAYUOHANbHBIU YHUBEpCUmMEm

Pabora mocsmeHa coOBpeMEHHBIM pa3pabOTKaM B OOJAaCTH MHKPORJICKTPOMEXaHHUYECKHX YCTPOMCTB
TECTHPOBAHUS, KOTOPbIE MOTYT OBITh HCIOJNB30BAaHBI B IIPOM3BOJCTBE PAAMONICKTPOHHBIX aNmaparoB. Peds
UIeT O IpuMepe pa3padOTaHHOTO MHOTO30HIOBOTO COEIWHHTEIBHOTO YCTPOMCTBAa HJISI TECTHPOBAHUS
9neKTpoHHBIX BGA-kommnoHeHT. [IpemnokeH MeTon rMOKOi TPacCHpOBKH COEAWHHUTEIBHON IUIAaT(OPMBL
Pa3paboTaHHOE COEAMHUTENBHOE YCTPOWCTBO 00ECIEUMBACT BBICOKYIO HAJIEKHOCTh M TOYHOCTH IIpOLEcca
TECTUPOBAHUSA U 3HAUUTEIIbHOE CHIYKEHUE CTOUMOCTH YCTPOMUCTB U BpeMsl ONBITHON 3KCILTyaTalluu.
Kuouesvie cnosa: epag, mpaccuposka, kopnyc BGA, makpoouckpem, Konmaxm, niowaoka KOMROHEHMO8, CIOU.

1)KapI/IKOBa I. B, 2KypanoB C. B., Heemonos L. 111, Manaria B. A., 1Pa3yM013—(I>pi3}0K E. A., *Yeuens B. C.

TPACYBAHHS IMIIKITIOYAIOYOT TINTACTUHHA BATATO30HOBOI'O TIPMCTPOIO KOHTPOJIIO BGA-

KOMITOHEHTIB / *XapkiBchkuii HAIiOHATBHIH YHIBEPCHTET PagioeNeKTPOHIKH, 23amopi3sbKiii HaIiOHATBHHIT

yHiBepcuTeT, YKpaina
PoGoTa npucBsiueHa cy4acHUM PO3poOKaM B 00JIaCTi MIKpOEIEKTPOMEXaHIYHUX MPUCTPOIB TECTYBaHH, 110
MOXYTh OyTH BHKOPHCTAHI y BHPOOHHMUTBI paJiOENEKTPOHHMX amapatiB. MgeThcs Hpo IPHKIA
po3po0iieHOro  0araTo30HIOBOTO  3’€IHYBAIBHOTO MPHUCTPOIO A TECTYBaHHS eNeKTpOHHHX BGA-
KOMIIOHEHT. 3alpONOHOBAaHO METOJ THYYKOTO TpacyBaHHS croiy4yHoi miatgopmu. Po3pobienuit
3’€IHYBaJbHUI NPHUCTPIiii 3a0e31edye BUCOKY HaiHHICTh 1 TOYHICTh MPOLIECY TECTYBAHHS i 3HAUHE 3HMKEHHS
BapTOCTI MPHUCTPOIB i 9ac MOCTITHOT eKCIUTyaTaii.

Knrwouosi cnosa: epag, mpacysanns, kopnyc BGA, makpooickpem, KOHMAKm, noie KOMNOHEHMIs, wap.

YZharikova 1. V., Kurapov S. V., Nevlyudov I. S., 1Palagin V. A., 'Razumov-Frizyuk E. A., 2Chechenia V. S.

TRACING of CONNECTING PLATE of MULTIPROBE DEVICE of CONTROL of BGA-COMPONENTS /

Kharkov National University of Radio Electronics, 2Zaporizhzhya National University, Ukraine
The paper is devoted to development and modeling of microelectromechanical devices test components in
BGA/CSP-frames. A fundamentally new multipoint connect devices for input and function control
microcircuits with the ability to verify the connection is proposed. Developed coupling device provides for
high reliability and accuracy of the testing process and significantly reduce the cost of devices and the trial
operation time. Multipoint connect device not only provides a connection to the EC but also contains
information on the availability of contact. Furthermore multipoint connect devices provides redundancy
connection to the object of control, which improves the test reliability and control results accuracy of EC with
matrix conclusions. A new approach to the process of tracing the pressing plate is also proposed in the article.
As one of the options, was considered the possibility of developing a trace mathematical model based on
graph theory. Mathematical model of the connections is a set of symmetrically spaced lines, which are called
levels and denoted with Latin letters a, b, ¢, d, e, f, ..., the amount of which is determined by the number of
rows of the matrix-arranged contacts. Each band consists of macro-discrete. Macro-discrete is a square, in the
corners of which there are four contacts. Based on the structural and technological requirements, calculated
the maximum number of connections and the number of layers in macro-discrete. Mathematical method of
connections consists in the formation of a connections tuple location. A method for distribution of the
compounds in layers depending on the structural and technological constraints is proposed. This method is
based on the application of graph theory, reduces the complexity and time topology design flexible loop
MMD, and can be used to develop topologies of microelectromechanical structures for various purposes.

Key words: graph, tracing, body BGA, macro-discrete, contact, playground components, layer.
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BBEJIEHUE

OguuM W3 Hambonee TEpPCHCKTHBHBIX HAINPABICHUNA KOPIYCHUPOBAHHS IMOBEPXHOCTHO-MOHTHUPYEMBIX
HMHTETPANbHBIX MHUKPOCXEM, C yYETOM TEHICHIMH YCIOXKHEHUS KOHCTPYKLUMU SJIEKTPOHHBIX KOMIIOHEHTOB,
YMEHBIIEHUS Pa3MEPOB M YBEJIUUEHHS KOJMYECTBA BBIBOJOB, MOYKHO CUMTaTh TexHOJI0THI0O BGA (0T anrm. ball
grid array — maccuB mapukoB). Mukpocxemsl B kopiryce BGA 0THOCHTENBHO HEJOPOTH M OTIIMYAIOTCS MaIbIMK
pazmepamu [1].

B 10 ke BpeMs ¢ yBETUUCHUEM KOJIMYECTBA BEIBOJIOB MUKPOCXEMBI CHUXKAETCS €€ HAJC)KHOCTh, YTO MPUBOIUT K
HEOOXOJANMOCTH JIOTIOJHHUTENBHBIX OMEPAIfii BXOJHOT0, (YHKIIMOHAILHOTO KOHTPOJIS MPH HCIOJIb30BAaHUU B
MIPOU3BOJICTBE MHKpocxeM B Kopmycax BGA. OcHOBHBIE CIOXHOCTH IIpu KOHTpolie BGA-KOMITIOHEHTOB
CBSI3aHBI C KX KOHCTPYKTHBHO-TEXHOJOTHYECKHMH OCOOCHHOCTAMHU. CyIIECTBYIOUIME METOIbl KOHTPOJIS
(HampuMep, WTONBYATBI METON) OTJIMYAIOTCA JHOO BBICOKOH CTOMMOCTBIO, JHOO HEOOXOIMMOCTEHIO
JIOTIOJTHUTEJIBHBIX PYYHBIX TIPOBEPOK.

OIIMCAHUE KOHCTPYKIIMH YQTPOﬁCTBA U TOIIOJIOI'nn
IMPAKNUMAIOIIEN ITVTACTUHBI

MUKpPO3TIEKTPOMEXaHIIECKOE MHOTO30H/IOBOE IOAKIoUaromee ycrpoiicteo (MIIY) mnpemgnasnaueno mis
TOJIKJIIOYEHHS AJIEKTPOHHBIX KoMIoHeHTOB (JK) ¢ MarpuuHbIMU BbIBoamu IiapukoBoro tumna (BGA/CSP) Ha
ornepanrgax BXOJHOTO U (byHKI_[I/IOHaJ'II)HOFO KOHTPOJIA K aBTOMAaTU3UPOBAHHBIM KOHTPOJHPYIOIIUM KOMIIJICKCaAM
WM CIENUANTU3UPOBAaHHBIM IyJIbTaM KOHTpoJisa mepen mnojaded DK Ha mocneayroniue omepanuud cOOpKH
PaaMO3TICKTPOHHBIX CpeacTB (0J10KOB, Moayeil) [2].

B kauectBe oObekTa KOHTposisi Obula BbIOpaHa Mukpocxema FG-320, xapakTepu3yromascst CleAyrLMMU
mapameTpami (puc. 1):

— KommdecTBO BBIBOIOB 320 (18%18, Ge3 4eThIpex BHIBOJIOB B IICHTPE);

— LIar pa3MelleHus BEIBOJIOB — 1 MM;

— JuaMeTp IIapuKoBOTro BeIBojA — 600 MKM.
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Puc. 1. Bug mukpocxemsr FG-320 Puc. 2. YcTpoiicTBO KOHTpOIIS

W3-3a OonbmIOro KOJMYECTBA W BBICOKOW IIOTHOCTH PACIIOJIOKEHUS INAPUKOBBIX BBIBOIOB CIIOXKHO
OCYIIECTBUTh KOHTPOJIb TAKOW MHUKPOCXEMBI C IIOMOIIBIO CTaHAAPTHBIX METOAOB KOHTpous. Iloakmrouaromast
wiactuHa 1 (puc. 2), pacnosnoxeHHas B KOpIyce 2 MeX/y YIUIOTHHTEIbHBIMHU MIPOKJIaAKaMu 4, oj feficTBHEM
CKaTOro BO3/yXa MPWKHAMAeTCss K KOHTpoilupyemMoMmMy o0bekTty 6. MIIY wumeer naBe 30HBL 30HY
KOHTAKTHPOBAaHMUS C PACHOJOKEHHBIMH Ha HEH IUIOMmAAKaMM 5 M 30HY IOAKIIOYEHHS K O00OPYIOBaHHIO
KoHTpOJs. DK MO3MIMOHNPYETCS HAaIPaBISTFOIIUMHE YIEMEHTaMHU B KOPITyCce U QUKCUPYETCs KPBIIIKOH 3.

[MoaxmroueHne K W3MEPHUTEIHLHOMY OOOpPYIOBAaHUIO OCYIIECTBIISAETCS CTaHIAPTHBIMU TUTOCKuMHU  ZIF-
coemuHUTENsIMH (Z€r0 insertion force — myneBoe ycunue BCTaBKH).

Puc. 3. ITmomanka 3oH1a
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B MIIY xaxnaprii 30HA COCTOMT U3 ABYX yacTedl. OT KaXIOW YacTH 30HIAa HAa BHEUIHWH COCIMHHTENb HACT
OTIENbHBIN MpoBOMHUK. Ha puc. 3 mpencraBieH BHJ IUIOMIAAKU-30HAA IS HOIKITIOYCHHUS K OJHOMY BBIBOIY
OK.

[Ipn KOHTaKTHPOBAaHMH Pa3bEIMHEHHBIX YacTel 30Ha C IApPUKOBEIMHU BhIBOJaMU DK 3TH 4acTh 3NeKTPUUECKH
COGIMHSIOTCS. MEXIy COOOH, YTO MOXET PErHCTPHPOBATHCSA BHEUIIHMM AaBTOMATHYECKUM IIPHOOPOM TIpH
MPOBEICHNN CAaMOTECTHPOBAHUS CHCTEMBl KOHTpoisi. Takum o6pazom, MIIY He TOmBKO oOOecmeunBaeT
noakimodeHne k DK, HO u conepxut mHdpopmanuio o Hanmuuuu KoHTakrta. Kpome toro MIIY obecneunBaer
NyONMpOBaHWE NOAKIIOUEHHS K OOBEKTY KOHTPOJIS, 4YTO TIOBBIIAET HAJSKHOCTh TECTUPOBAHUS U
JIOCTOBEPHOCTh pe3ysibTaToB KoHTposss DK ¢ maTpuuHbIMH BbIBOogamu. [lnomasnka-30HA uMeer rabapuTHbIC
pasmepsr 400%400 mxM. [lupruHa IPOBOJHUKOB — 75 MKM, MUHUMAJIBHOE PACCTOSHUE MEXKIY MPOBOJTHUKAMH —
75 mxM. ['ubkast rmaTa msrorasnuBaercs U3 (ojabrupoBaHHoro nonuumuaa mapku G/IM-A-50 Ha IBYX ClosX.
Me:xciIoiHbIE COEAMHEHUs BBINOJHSIOTCS YIBTPAa3BYKOBOM CBAapKOM, pa3Mephl TEXHOJOTHUYECKUX OKOH B
TMONMAMUAC JUII MEXCIOWHOW cBapku cocTaBisAioT 150%150 mxm. CoenmHEHHE CIOEB  BBITOIHACTCS
CKJICUBAHUEM TTOJIMMMUIHBIM KIICEM.

Ha puc. 4 mpuBenena Tomoorus nprkuMaromei miactuasl MITY.

i

Puc. 4. Tononorus nprmwKuMaromei miacTHHbI

HecMOTpss Ha OTHOCHUTENBHYIO MPOCTOTY HM3TOTOBJICHHS M DKCIUTyaTallMH, HAuOoJIee TPYJOCMKUM SBIISCTCS
mpoIecC Pa3pabOTKH TOMOJOTHH NPHUKUMAIOIICH IJIACTHHBI, OCOOCHHO 3TO OTHOCHUTCS K TOIIOJIOTHUSIM
OPWKUMAIONIMX TUIacTHH i1 BGA-koMnoHeHTOB ¢ OosbinmuM kosuuecTBoM (200 u Gojee) M BBICOKOM
TUIOTHOCTBIO PACTIONIONKEHUSI IIAPUKOBBIX BHIBOJIOB.

K coxanenuro, COBpeMEHHBIE NPOrPaMMBI-TPACCHPOBIINKA HE B COCTOSIHUM CIPABUTCS C MOCTABICHHOMN
3ajadeld, CIOKHOCTH BO3HMKAIOT M3-3a OOJIBIIOTO KOJHMYECTBA CIOEB M TPACCHPYEMbIX 3JIEMEHTOB, MabIX
3HA4YEHUH TOJIIMHBI TPOBOAHMUKOB M PACCTOSHUN MEXTy HAMH, CHEIU(PHUKH MEXCIOHHBIX COCTUHEHNH (cBapKa
(hoIBrUpPOBAaHHOTO TIOJIMMMU/IA) U Psifia IPYTUX (pakTopoB.

Puc. 5. ®parmeHT Kopyca Ha 36 BEIBOJIOB U Puc. 6. Tononoruueckas Moaenb Kopiyca Ha 36
IIPOBEACHUE COETUHEHUI BBIBOJIOB U NIPOBEJICHUE COEANHEHUN
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st perieHusi MOJOOHBIX 3a7ad HEOOXOAWMM MPUHIMIHMAIGHO HOBBIM MOJXOJ K MPOLECCY TPacCUpoBKH. B
Ka4yecTBe OJHOTO W3 BAapHAaHTOB ObUIA PACCMOTPEHa BO3MOXKHOCTh pa3pabOTKH MaTeMaTHYECKOH MOJeNn
TPacCHPOBKH Ha OCHOBE TeopuHu rpados [3-4].

MATEMATHYECKASI MOJEJIb TPACCUPOBKH MATPUYHBIX CTPYKTYP

[Ipy co3maHMM MaTeMaTHYeCKOH MOJIENH PacIONOKEHHE KOHTAKTOB Ha IOBEPXHOCTH MOXKHO INIPEACTABUTH B
BHJIC TOYEK (BEPIIMH), PACTIOIIOKEHHBIX HA KOHIIEHTPUUCCKUX OKPYKHOCTSX (CM. puc. 5-6).

U Torma Matematuueckask MOJEb MPOBEACHUS COCTUHCHUMN MPECTABISACT COOOU COBOKYITHOCThH MPOBEIACHHBIX
JIUHANA OTHOCHUTEIEHO CHMMETPUYHO PACIIOI0KCHHBIX OBEPXHOCTEH, HA3BIBAEMBIX YPOBHSIMH M 0003HAYACMBIX
JaTHHCKUME OykBamu @, b, C, d, e, f,..., KomHuecTBO KOTOPBIX ONpeneNseTcss KOJHIECTBOM PSJIOB MAaTPUUHO-
PAacIoIOKEHHBIX KOHTAKTOB (CM. puc.7).

Takoe pacnosio’keHHe KOHTAKTOB OINpenenseT CUMMETPHUIO OTHOCHUTEIbHO LIEHTpa U oceil koopAuHaT. JlaHHOE
00CTOSITEILCTBO TMO3BOJISIET paccMaTpuBaTh INPOBEACHHE COCIMHEHHMH [UII KOPIYyCOB C YETHBIM YHCIIOM
KOHTAaKTOB B DALY, TOJIBKO B OJHOIM YETBEPTH MAaTEMAaTHYECKOH MOJETH KOpIyca, CHMMETPHUYHO OTOOpakas
PHCYHOK B OCTalbHBIX YETBEPTAX. PaccMOTpHM MaTeMaTHUECKyl0 MOJENb IS Kopiyca ¢ 324 MaTpudHO-
PAacIoI0KEHHBIMH KOHTAKTaMH, KOTOPBIE TIPE/ICTABICHBI B 18-TH rOPU30HTAIBHBIX M BEPTHKANBHBIX psifax (CM.
puc. 7, 1eBasi BEpXHASA YETBEPTBH).

16

14 15
JlyaronamsHL 13 Maxpommckper
maxpoguckper 12 15 j BHIIIE
1 1384 maroxamt
1.
M 9 " 1 g
AKPOTICKpeT 1
ke s 9 10} fg
IEar oHaIH 9
7 5 3 ef
7 , 8
6 de
] 6 7
4 5 cd
4
3 3 be
2
L I ab
4 1 1

T T

hi | gh|fg |ef |de|cd |pe |ap | =Tomam™

Puc. 7. Matemarudeckast MOJENb JUIsl IPOBEICHUS COCIUHEHUIT

B cBoro ouepens, 00pa3yroTCs MOJIOCH], KaK YacTh MPOCTPAHCTBA, OTPAHUYCHHOTO JUHHUSIMHU YpOBHs. [loyrochk
Oymem 0003Ha4aTh AByMs OykBamu, Hampumep, de — 3To mojoca, orpaHuYeHHas TuHKENd ypoBHsS O W TUHHEH
ypoBHs € (cMm. puc. 7). Kaxmast momoca COCTOMT M3 MaKpOIHMCKPETOB. MaKpOJUCKPET Mpe/CTaBiisieT co00i
YETBIPEXYTOJbHUK, B yIJIaX KOTOPOTO PACIOJOXKEHBI YeThipe KOHTakTa (CM. puc. 5). Ilo pacmoioxeHHio B
MOJIOCE CYIIECTBYIOT JHArOHAJIBbHBIE MAKPOJUCKPEThI, MAKPOAUCKPETHI HIDKE JMATOHAIM W MAaKPOJUCKPETHI
BBIIIIE JIMATOHAITH.

Hcxons w3 KOHCTPYKTUBHO-TEXHOJOTHMYCCKHX TpPEOOBAHUHA, pACCUUTHIBACTCS MaKCHMAIBHOE KOJHMYECTBO
COCTMHEHUI ¥ KOJHYECTBO CIIOCB B MakKpoAWCKpeTe. MaTeMaTHYeCKH METOJ] TPOBEICHHS COCIUHCHHN
3aKIouaeTcss B POPMUPOBAHUH KOPTEXKA pacloyiokeHus coenquHeHnii M. HaunnaeM npoBOAUTE COSIUHEHHUS C
CaMOTO HIDKHEro MpaBoro KoHTakTa al. 3mech MpoOBeACHHE COSAUHEHHMH aCCOLUMUPYETCS C BBEIACHHUEM U
MePEeCTaHOBKON KOHTAKTOB B KOPTEXKE.

Paccmorpum mpumep mpoBeneHust coeauHenuit (cv/ hbe/ 7). HaumHaem npoBOAWTH COENMHEHHS C Camoro
HIDKHETO MpaBoro KoHTakTa al.

IlepBoHauaIbHO KOPTEK COCTOUT U3 OJTHON TOUKHU
M;=<al>.

3arem MOCJICAOBATCIIBHO B KOPTEIKE paclIpeAC/sIEM KOHTAKTBI CEKTOpa b, Ha4vuWHasg CJICBa, CTPEMSICH K 3aﬂaHHOﬁ
KOHCprKTI/IBHO-TeXHOHOFH‘leCKOﬁ 3arpy3ke MEKy KOHTAKTaMU:

MS =< m: Qi all b_3>-

3arem pacopenensaeM KOHTAKThI CEKTOpa C, CTPEMSICh K 3aﬂaHHOﬁ KOHCprKTI/IBHO'T€XHOJ’IOFH‘IGCKOI>1 3arpyske
MEKIAY KOHTAaKTaMu:

MS = <C_1, Q! bll ﬁl b2 lall b31 %l 05 >
3atem pacrpesesnseM KOHTaKThI cekropa d:

MS =< d_ly Claiy C21 d_3| bly C31 d_41 b21 aly b31 d_51 C41 d_61 051 d_7 >,
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3arem pacmpezmemnsieM KOHTAKTBI CEKTOpa €, CTPeMSCh K 3aJaHHOW KOHCTPYKTHBHO-TEXHOJIOTHUECKOW 3arpys3ke
MEXIy KOHTaKTaMH U, YIUTBIBAs, 9TO KOJIMIECTBO COSTMHEHUI OKOJIO AMArOHAIN TOJDKHO OBITH MAKCHMAIIBHO:

Ms=<el, d1, e2, cl, d2, 3, c2, e4, d3, bl, €5, c3, d4, b2, 6, al, b3, d5, ¢4, e7, db, c5, e8, d7, e9 >.

PacnipenensieM KOHTaKTHl cekTopa f, cTpeMsch K 3aJaHHOW KOHCTPYKTHBHO-TEXHOJIOTHYECKOH 3arpy3Ke MexIy
KOHTAaKTaMH U, YIUTHIBAs, YTO KOJIMYECTBO COEANHEHUH OKOJIO IUArOHANHN JTOKHO OBITh MAKCHMAIIBHO!

M, =< fl,el, 2, d1, e2, c1, d2, f3, e3, c2, f4, e4, d3, b1, 5, 5, c3, 16, d4, b2, {7, 6, al, {8, b3, d5, c4, e7, f9, d6,
c5, €8, d7, f10, €9, f11 >.

3arem pacmpenensseM KOHTAKThl CEKTOpa (, CTpEMsCh K 3aJJaHHOM KOHCprKTI/IBHO-TeXHOJ’IOFH‘IeCKOﬁ 3arpyske
MCKIY KOHTaKTaMH1 U YUYUTBIBasA, 4YTO KOJIUYCCTBO COCIUHEHUM OKOJIO IMArOHAaIHN JOIKHO OBITH MAKCUMAJILHO:

M= < gl f1, el, f2, g2, d1, e2, c1, d2, g3, f3, e3, c2, g4, f4, ed, g5, d3, b1, 15, g6, €5, c3, g7, 16, d4, g8, b2, 7,
€6, 99, al, f8, b3, d5, 910, c4, e7, f9, g11, d6, c5, e8, d7, g12, f10, €9, f11, g13 >.

3arem pacrnpeacisgseM KOHTAaKTbhl CEKTOpa h, CTPEMSACH K 3aJJaHHOM KOHCprKTI/IBHO-TeXHOJ’IOFH‘IeCKOﬁ 3arpyske
MEXAY KOHTAKTaMH1 U YIUTBIBAsA, 9YTO KOJIMIECTBO COC,HI/IHGHI/If/i OKOJIO mruaroHajIvd JOJIKHO OBITH MAKCUMAJILHO:

M, = < g1, h, f1, e1, 2, g2, h2, €2, c1, d2, h3, g3, f3, €3, c2, h4, g4, f4, e4, h5, g5, d3, b1, 5, h6, g6, €5, ¢3, h7,
7,16, d4, g8, h8, h9, b2, f7, h10, e6, g9, al, h1l, 18, b3, d5, g10, h12, c4, €7, f9, g11, h13, d6, c5, 8, d7, h14,
12, 110, e9, f11, hi5, g13 >.

HaKOHeH, pacnpeacisicM KOHTAKTblI CCKTOpa i, CTpEMSICh K Sa,Z[aHHOﬁ KOHCprKTI/IBHO'TGXHOJ’IOFH‘IGCKOﬁ
3arpy3ke MeEKAYy KOHTAKTaMHW W YYWUTBIBAA, YTO KOJHUYICCTBO COG,Z[I/IHGHI/Iﬁ OKOJIO AuaroHajiu I0JI2KHO OBITH
MaKCHUMAJIbHO:

Ms=<g1, hl,il,fl, el, 12,92, h2,i2, €2, c1, d2, i3, h3, g3, f3, €3, €2, i4, h4, g4, f4, e4, i5, h5, g5, d3, bl, 15, i6,
h6, g6, e5, 3, i7, h7, g7, 16, d4, g8, i8, h8, h9, b2, i9, f7, 110, h10, i11, €6, g9, i12, al, h1l, f8, i13, b3, d5, g10,
h12,i14, c4, e7, 9, g11, h13, i15, d6, c5, €8, d7, i16, h14, g12, f10, 9, f11, i17, h15, g13 >.

ITocTpoeHHBIN TakuM 00pa3oM KOPTEX BIpenb OyaeM Ha3bIBaTh KOPTEIKEM COCAMHCHHH M 0003HadaTh M.
[MokaxxeM, 4TO KOPTEX COCAUHECHUI OTPEeNAeT U KOJMIESCTBO MPOBEACHHBIX COSTUHEHHUI B MAKPOUCKPETAX
MX B3aMMHOE PACIOI0KEHHE.

[ocme TpOBENEHUST COEMMHEHHH ONpeiessieM 3arpy3ky MAakKpOJWCKPETOB ¥ B3aHMHOE PACIIONOKCHHUE
coemuHeHn. Tak Kak MaKpOMUCKPETHl HAXOMATCA MEKIY JHHUSIMH YPOBHs, TO WX HaWMEHOBaHWE OyIeT
JBOMHBIM, Hampumep, ih2 ompenensier 2-oif Makpoauckper mosiocsl ih ¢ Bepumuamu [i2, i3, h2, h3]. Jnsa
JaHHOTO Makpojuckpera [i2, i3, h2, h3] mpoBenenne coemuneHuii mo cropoHe Makpojauckpera [i3, h3]
OMpeJIesIETCST U3 PACCMOTPEHHUS MOCIENOBATENbHOCTH ...d2, 12, €2, ¢1,d2,i3,... cekropa ih2, u ompemenser
NPOBEJEHUE COETUHEHHMM OT KOHTAKTOB €2, ¢/, d2, pacrhoioeHHbIX MeXIy KOHTakToM i2 u i3 (cM. puc. 8).
IIpoBeneHne COeNMHEHUM MO CTOpOoHE Makpoauckpera [i3, h3] Taxke ompenensercss U3 PacCMOTPEHHS
nocnenoarenbHoctn  ...d2, i3, h3,93,... ypoBHs i, rme HeT mnpoxoAdmMX coeauHeHui. IIpoBeneHue
coeIMHEHui 110 cTopore Makpoauckpera [h2, h3] taxke ompesesnsieTcst U3 paCCMOTPEHHs TTOCIIEI0BATEIBHOCTH
...02,h2,e2,cl1,d2, h3,g3... ypoBus h, u ompenenser npoBeJeHUE COEAMHEHHH OT KOHTAKTOB €2, Cl, d2,
pacronoKeHHbIX Mexay kontakromM h2 u h3 yposus h (cMm. puc.8). Hakonen, npoBeneHue coeanHEHHWH TI0
cropoHe  Makpoauckpera [h2,i2] Takke omnpenmenseTrcs W3 PAacCMOTPEHHs  IOCIENOBATENHHOCTH
...02,h2,i2,e2,... ypoBus i (cm. puc. 8). Ilpuuem, o00si3aTenbHO TpeOyeTCs BBHIMOIHEHUsI NpaBHiIa: HPH
OTIpENIENICHANH COEIMHEHHH, MPOXOMAIIMX MO pedpaM MaKpOJHUCKPETa, YYMTHIBAIOTCS TOJBKO COETMHEHHS
HUBIIHNX PAHTOB.

OnpenenuM XapakTep NPOBEAEHUS COEAMHEHUH B 3-€M MaKpOIMCKpeTe MoJIochl Cd. BepIunHbl MakpoauCcKpeTa
[d3, d4, 65, c3] 1 maHHbI MAKPOIUCKPET THATOHATBHOTO THIIA.

OmnpenensieM coeqUHEHUsT MKy KoHTaktamu (3, d4, Haxomsmmxcs Ha ypoBHe d, M3 IIENOYKHM KOpTEkKa
...C2,d3, b1, c3, d4, b2,... D10 coequnenus bl, c3.

OmnpenensieM coequHEHHsT MEXAy KoHTaktamu 04, d5, Haxomsmuxcs Ha ypoBHe O, M3 ILIENOYKHM KOpPTEKA
...C3,d4, b2, al, b3, d5, c4,... D10 coequnenus b2, al, b3.

OmnpenensieM coequHeHusT MexAy KoHTaktamu 03, d4, Haxomsamuxcs Ha ypoBHe O, M3 HENOYKHM KOpPTEKA
...d3, b1, c3,d4..., sto coequnenne bl, c3.

OmnpejnensieM COeIUHEHHUsST MEXIy KOHTakTamu c¢3, d5, Haxomsmmxcs Ha ypoBHe O, M3 LEMOYKH KOpPTE)Ka
...b1, c3,d4,b2,al, b3, d5, c4,... Oto coenunenus d4, b2, al, b3. Coenunenue d4 crexyer ynaiuTh u3
paccMoTpeHusi, Kak uMmeroliee 6osee BeICOKUi nmpuoputet. MTak, coeauHenus, mpoxoasiue no pebpy [c3, d5],
970 b2, al, b3 B cooTBeTCTBYIOIEM MOPsIAKE (CM. pHC. 9).
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Tis hsT a4 2< a1<\b3 Q

Q“G\

2 £2 3 b3

NN

cl cl o \\ \\al\?

e2 e2 C \ N

2 h2 a3 1 \W
° A

Puc. 8. [IpoBenenune coeAMHEHNH B MaKPOJUCKPETE Puc. 9. [IpoBeneHne coeAMHEHUH B MAaKPOJUCKPETE
[i2, i3, h2, h3] [d3, d4, d5, c3]

IMocTpoeHre coeANHEHNI HAYNHAETCS C OTIPEICIICHAS] MECTOTIONOKEHHUS COeTMHEHUH B Tostoce ab (em. puc. 10),
TJIe TIPOBOAUTCS OJTHO COeANHEHNMe. J[aee paccMaTpUBAIOTCS COSMHHEHHUS B TIosioce be (em. puc.11).

cd c5
b2 . . b3 3@ L
AN\
\ \\ \\ \_\
N \ N\ L

\ 2@ \ \\.bS

\ \ \
\ \

bl @ \ al ol @ \\ \\. al

bl
Puc. 10. IlpoBeaeHne coequHEHU B MaKpOAUCKPETE Puc. 11. IIpoBeaeHue coequneHnii B mojoce bc
[bl, b2, b3, al]

Hanee npoBoasaTcs coeqnHeHuA B mosoce Cd (cM. puc. 12) OTHOCUTEIIBHO KOPTEXa COSTUHCHUI
Ms = <d1, cl, d2, c2, d3, bl, c3, d4, b2, al, b3, d5, c4, d6, c5, d7 >.

Eciy, MCX0/is M3 KOHCTPYKTUBHO-TEXHOJOTMYECKUX OTPAHUYEHHMI KOJIMUECTBO COEIMHEHHN B MaKPOIUCKPETE
[d3, d4, d5, c3] mpeBsbImaeT A0MycTEMOE 3HAYECHHE, TO MPOHM3BOJMM MEPETPYIIUPOBKY KOHTAKTOB cekropa d
(cm. puc. 13).

M, = <d1, cl, d2, c2, d3, bl, c3, d4, b2, al, d5, b3, c4, d6, c5, d7 >.

Hanee mpousBoautcs GOpMUPOBAHKUE KOPTEkKa coenuHeHUN Mg OTHOCHTENIFHO HOBOM CHCTEMbI COCTHHCHUIA.

ds d6 ds ds
d4 @ [ ] ] ®d7 @ ® ] @ d7
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¢ ~e al ) e N N
dl cl di el b1
Puc. 12. TIpoesenue coequueHnii B mojoce cd Puc. 13. Tlepepacnpenenenre coeIMHEHUH B TIOJI0CE
cd
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TIpoBenenue Bcex coeAMHEHUM ISl CIEIYIOMIETO KOPTEkKa COCTUHEHHUI

Ms=<gl, hl, i1, fl, el, f2, g2, h2,i2, d1, e2, c1, d2, i3, h3, g3, f3, €3, c2, i4, h4, g4, f4, e4, i5, h5, g5, d3, b1,
f5, i6, h6, g6, e5, ¢3, i7, h7, g7, 16, d4, {7, i8, h8, h9, b2, i9, 16, i10, h10, i11, €6, g9, i12, al, h11, f8, i13, b3, d5,
g10, h12,i14, 7, c4, 9, g11, h13, i15, d6, c5, €8, d7, i16, h14, g12, f10, €9, f11, i17, h15, g13 >

IIpeCcTaBIeHO Ha puc. 13.

[IpoBeneHne COENMHEHUH B LEHTPE C YYETOM CHMMETPHUH A BCErO KOPITyca 3JIEMEHTa C KOHTAKTaMH
MpeCTaBICHO Ha puc. 14.

=M

= N

Puc. 14. TIpoBenenue coeTuHEHMIA

CrneayromuM dSTarioM pelieHHs SBISETCs] paclpeielieHue COEIWHEHW MO0 CIIOSIM, TPEANOJIOKHAM, 4YTO B
3aBUCUMOCTH OT KOHCTPYKTHBHO-TEXHOJOTHYECKMX OTPAHMUYEHUN HYKHO TPOBOJMTH B MAaKPOIUCKPETE JBa
COEJITHEHUS B [IEPBOM CJIO€ M TPU COSAMHEHHS BO BTOPOM CIIO€.

@ﬂlﬂlﬂlﬂﬁﬁ@l@l@.@

Qﬁﬁ..ﬂ.ﬂﬂ@ﬁﬂ.ﬁﬂﬁ

Puc.15. IIpoBeneHre CUMMETPUYHBIX COSMHEHUI B LIEHTPE
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[Toydyenne oOmIEr0 pUCYHKAa COCIWHEHWH SBISETCS WMCXOMHOW WHQOpMAIMEed g pelieHus 3ajadu
pacripeneneHus coequHeHui mo ciosiM. C Ienpio HATIISAHOTO MPECTaBICHUS COeAWHEHHs |-ro cios Oyaem
n300pakaTh CIDIOMIHBIMH JIMHHSMH, a COCIWHEHHS 2-TO CJOS — IMyHKTHPHBIMH JHHUSAMH. B Hamem ciydae
3aJada pacclIOeHHS COenuHeHWH (opMymupyercs CIeIyomuM o0pa3oM: Al 3aJaHHOTO pHCYHKa BCe
MHOXKECTBO COEAMHEHHH HE0oOXOAMMO pa30NTh Ha IBa HEMEPEeCeKaoNMXCs IOAMHOXXECTBA COCIWHEHHH,
XapaKTePU3YIOMIUX CIIOH, IPHYEM TaK, YTOOBI B KaXJIOM MaKpPOAHMCKPETE KOJIMUECTBO COCNNHEHHUH 1-TO cios u
KOJIMYECTBO COEAMHEHUMN 2-CII0s HE PEBOCXOAMIIO 3aIaHHOTO KOJIMYEeCTBa.

B 06H16M Cllyd4a€ JaHHasd 3aJada pacCIOCHHA SBJISICTCA CIIO>KHOM KOM6HHaTOpHOI71 3aJa4dcii. HJ'IH peuieHus
JJaHHOM 3aJayd MOIKHO MNPpUMCHATH KaK MCTOJblI MOCJICAOBATCIILHOIO aHall3a BAapUAaHTOB, TaK WU APYTUC

METadBPUCTUYCCKUC aAJITOPUTMbI L[HCerTHOﬁ OIITUMHU3AIINH [4], npeanojarast, 4To COCAWHCHUSA B CJIOAX
Pa3JIMIHO pacKpaliCHbI.

B kadecTBe mpuMepa paccMOTPHUM METO/| TIOCIIEI0BAaTEIbHOrO aHai3a BapHAHTOB JUIsl PUCYHKa COEAMHEHUH,
mpencTaBieHHOro Ha puc. 14. [lepBoHavanbHas packpacka B JaHHOM CiIydae IpelcTaBlieHa Ha puc. 16. 3xecsk
COETMHEHMS BTOPOTO CJIOS TIPOBOATCS OTHOCHTEIBHO cekTopoB b, d, f, h.
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Puc. 16. IlepBonauanbHOE pacnpeaeneHue coenunenud  Puc.17. OkoHuarenbHOE pacrpeaeneHue coeIMHEHUI
IO CIIOSAM O 2-M CJIOSIM.

Jasnee mocienoBaTe bHO POCMATPHUBas 3arpy3Ky MaKpOIMCKPETOB ONPENENSIOTCS COSANHEHHUS, MAaKCUMAIIbHO
HU3MEHSIOIINE AJUTUBHYI0 CyMMY OTKJIOHGHHS TPHU MEPEKPACKH coeauHeHui. [Iporiecc mpomomkaercs 1o
MIOJIHOTO YJIOBJIETBOPEHUS YCIOBUS paCIpeIeIICHHUs COeIMHEHUH 10 cliosiM (cM. puc.17).
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Puc.18. OproronanpHOe ITpOBEACHNE COCTUHEHNI Puc. 19. OproronansHOe POBEICHIE COSAMHEHUH
1-ro cnost 2-T0 cI10s
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ITocne aTama pacrpeneneHus COSAMHEHWH IO CIOSIM MOXKHO OCYIECTBHUTh OPTOTOHAIBHOE IPOBEICHUE
coequHeHU#. [T MEepBOro Ciiosi OPTOrOHAJBHOE MPOBEACHHE COCAWHCHHMH IIPEACTaBIIcHO Ha pwuc. 18, a
OpPTOTOHAIILHOE MPOBEICHNE COSTUHEHHM IS BTOPOTO CJIOS TIPECTABJICHO Ha pHC. 19.

BbIBO/IbI

UcnonszoBanne  MIIY  noBblllaeT  HAaAEKHOCTh  MOJAKIIOYEHHS ~ KOHTPOJHMPYEMBIX — M3JCIHA K
AaBTOMATH3MPOBAHHOW ammapaType KoHTponsi. C ydueToM YBETHYEHHUS CIOKHOCTH KOHTPOIHPYEMBIX
SJEKTPOHHBIX KOMIIOHEHTOB BO3HHKAeT HEOOXOAMMOCTh TIOWCKAa HOBBIX IIOOXOIOB K TPacCHpOBKE
MHOTOCJIONHBIX NoAKIoYaronux miactud MITY. IlpenioxkeHHbIi MeTol, OCHOBaHHBIM HA NPUMEHEHUU TEOPUU
rpa)oB, MO3BOJIIET CHU3UTH TPYAOSMKOCTh M BPEMs IPOCKTHPOBAHHS TOIMOJOTHH THOKoro nureiipa MITY, a
TAaKKEe MOXET OBITh HCHOIB30BAaH IJIsI Pa3pabOTKH TOMONOTHH MHKPOIIEKTPOMEXAaHMUECKUX CTPYKTYP
Pa3IMIHOTO HA3HAYCHUS.
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MNOCTPOEHUE MATEMATHUYECKOHN MOJIEJIA
MOBEJIEHUS COITUAJIBHOM I'PYIIIIBI
HA OCHOBE MEJUKO-BUOJIOTTYECKOM SIR-MOJEJIN
PACITPOCTPAHEHUA SJIIUAEMHUHN

3unoBees U. B., k. ¢.-M. H., Manbko H. U.-B., ct. npenogasarens, *Crouna U. A., ctyneHT
3anopooicckuii HAYUOHANLHYLIL YHUGEPCUmMEN
*3anopoarcckutl 20cy0apcmeeHHblil MeOUYUHCKUU yHugepcumem

B cratee Ha ocHoBe SIR-momenn Kepmaka-MakkeHIpHKa MPEIOKEH TOAXOA K MOJECIHPOBAHUIO H
HCCIIEJOBAaHUIO TUHAMHUYECKOTO Pa3BUTHUA CTPYKTYphl 3aMKHYTOW COLMANbHOM TIpyMIIbl, HaXOZSLIEHcs IHOX
MHPOPMAIMOHHEIM Bo3aelcTBreM. ChopMyTupoBaHa TUNOTE3a O IapaMeTpax MpPeAoKeHHOH MOIENH, MpH
KOTOPBIX CTAHOBUTCSI BOBMOKEH «COLMAIBHEII B3PBIB» HA YPOBHE TPYIIITBL.

Kniouesvie cnosa: coyuanvnas epynna, SIR-mopmenbs Kepmaka-MakkeHIpHKa, WHOOPMAIIMOHHOE 3apa)KeHHE,
mamemamuyeckas Mooeb, YUCICHHOE PElICHUE, TPOrHO3UPOBAHUE, COILIMAIBHBIN B3PbIB.
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3inosees 1. B., Manbko H. L.-B., *Cruug 1. O. TIOBYJOBA MATEMATHUYHOI MOJIEJII MTOBEJIIHKU
COLITAJIBHOI TPYTIM HA OCHOBI MEJIMKO-BIOJIOT'TYHOT SIR — MOJEJII TIOIIMPEHHS EMIJIEMIT /
3anopi3bKuii HalllOHANIBHUN YHIBEPCUTET, *3aM0opi3bKuil AepKaBHUI MEANYHHUI YHIBEPCHUTET, YKpaiHa
VY crarri Ha ocHOBI SIR-momeni Kepmakxa-MakkeHapika 3alpoIOHOBaHHH MiAXiJ OO MOJEIIOBAaHHS 1
JOCTI/KEHHSI AWHAMIYHOTO DPO3BUTKY CTPYKTYpHU 3aMKHEHOI COLIajgbHOI TPYIH, L0 3HAXOJUTHCS I
inpopmauiitnum BrmmBoM. ChopMynaboBaHa rimoTe3a Mpo MapaMeTpH 3almpONOHOBAHOI MOJENI, HPH SKUX
CTa€ MOXKIIMBUM «COLiaIbHUN BHOYX» Ha PiBHI IPYyIH.
Kmiouoei  cnosa: coyianvna epyna, SIR-moodenv Kepmaxa-Makkenopika, ingopmayitine  3apasicenms,
Mamemamuita Mooeb, YUCEIbHUL PO38 30K, NPOCHO3Y8AHHS, COYIANbHULL GUOYX.

Zinoveyev . V., Manko N. I.-V., *Spitsa I. O. CONSTRUCTION of MATHEMATIC MODEL of BEHAVIOR
of SOCIAL GROUP ON THE BASIS of MEDICAL-BIOLOGICAL SIR - MODEL of EPIDEMIC
DISTRIBUTION / Zaporizhzhya National University, *Zaporozhye State Medical University, Ukraine
In the article is offered approach to the modeling and research of dynamic transformation of the closed social
group structure, being under informative impact on the basis of Kermack-McKendrick SIR-model.
It is considered a closed social group. The number of group members does not change in time. The group is
under the influence of some information system, which promotes a certain idea. Each member of the group at
a time can be in one of three different states: the first state — member can be prone to won't infect some new
idea; the second state — member is «infected» by idea and its distributor (vector data); the third state —
member ceased to be a supporter of the ideas or being neutral to informational idea. All members of the
group, which at this time are in the first state is denoted S(t), which are in the second state is denoted I(t) and
which are in the third state is denoted R(t). The typical evolution of a member of a social group can be
described by the diagram S — I — R or S — I. Believe that the process, which is considered, described by
the S — [ — R diagram.
A mathematical model of the considered problem represents a system of ordinary differential equations,
supplemented by an algebraic equation of the condition of a constant social group. To solve the resulting
system applied numerical scheme of Euler's method for solving the Cauchy problem. Submitted by the
numerical scheme numerical calculations were made, on the basis of which formulated the hypothesis on
offered model parameters, under which is possible within a group a «social explosion».
Keywords: social group, Kermack-McKendrick SIR-model, informative infection, mathematical model, numeral
solution, prognostication, social explosion.

IHOCTAHOBKA ITPOBJIEMbI

3a mocmemame 10-15 mer B MHpe mpom3onuIa MexuapeBONIONU. [losBUIIOCE OONBIIOE KOJIHYECTBO
Mpo(eCCHOHANBHBIX  PaIuo-, WHTEPHET- W TCICBU3WOHHBIX  KaHAIOB, «H3TOTABIMBAOIIIX)
cymeprnpo(eccHoHaTbHYI0 M0 KadecTBY MPOAYKIIMIO MHPOBOTO YpOBHSA. Bo Bcex cTpaHax rocymapcTBEHHBIE
CpeICcTBa MacCcOBOH WH(POPMAINU HAXOIATCS MO TOCYIapCTBCHHBIM KOHTPOJIEM, YTO BIOJHE €CTSCTBEHHO.
OmHako OIS TOCYAAapCTBEHHBIX CPEICTB MAaccoBOW WH(GOpMAIMH BO BCEM MEAHANPOCTPAHCTBE BCE
YMCHBIIACTCS W Ha TNEpBHIA IUIAH BBIXOAAT «CBOOOIHBIC» HWCTOYHHKHA WH(GOPMAINH, BBIPAKAIOIIAE U
PacIpOCTpaHSIONINE B3TIIABI, OMpeeNsieMble MOJUTUKONW CBOMX YIPABISIOMIUX OpraHoB. [losBIeHHE Takoro
CBOOOJTHOTO MCTOYHHMKA WH(POPMAIMKM HUMEET OTPOMHOE 3HaueHue. «37ech ABOiHas Beulb. C OJHOW CTOPOHBI,
MEIUAPEBONIONMS  KaK TOSBIEHHE MACCMEIUHHBIX  PETHMOHANBHBIX  JIMJEPOB, BBICOKOKIACCHBIX U
mpoeCCHOHABHBIX... A Ipyras CTOpOHa — 3TO KOIJIa TPAaHCIATOPAMH B OTHX MEJHa OKAa3bIBAIOTCS JIIOOBIC
nmoany. MHbopMaIHio «MOXKET IPUHHUMATE JIF000H YeI0BEK, MPOCTO C COTOBOTO TeinedoHa, — MOITOMY JIFo0ast
uH(pOPMALIUS CTAHOBUTCS JOCTYITHON U €0 JISTKO OOMEHUBAIOTCS Yepe3 3TH OOJIbIINE MeIna, a He TOJIbKO Yepe3
¢doaiicOykm» [1].

B Vkpanne konmyecTBo aOOHEHTOB cOTOBOH cBsi3u 3a | kBaptan 2013 r. mo cpaBrenuto ¢ [V kBaptanom 2012 r.
BbIpociio Ha 3,8% — 1o 59 muH. 619 ThIC. 325 (KOonmmuecTBO SIM-KapT), TOBOPUTCS B aHAJIMTHYECKOM OTYETE
KoHcanTHHTOBOM KoMmanun Advanced Communications & Media (AC&M). YpoBeHb IPOHUKHOBEHHUS COTOBOM
CBSI3M Ha YKpaHHe [0 COCTOSHUIO Ha KoHel MapTta 2013 r. coctaBun 130,9% mpotus 126,1% na xonen 2012 r.
JlugepoM mO KOJMYECTBY HHTEpHET-TIONb30BaTenel ocraercs KueB — 60,1% ot obmiero kommdecTBa
nosib3oBaresiei. [lonp3oBaTenu W3 JPYruX KPYIHBIX TOPOJOB U peruoHoB (JlHempomeTpoBck, JloHEIK,
3anopoxse, JIbBoB, Onecca, XapbkoB, Kpbim) coctaBunu 28,3%, u3 octanbHbBIX pernoHoB — 11,6%. Menbie
BCETo TOCeTHTeNel HHTepHeTa B anpeie 0su10 u3 JKurtomupcekoit obmactu — 0,25% u n3 YepHOBUIIKOH 00nacTei
—0,26% [2]. TTo onenkam iKS-Consulting, B Yxpaune Ha 31 mapta 2012 roga obmiee KoaudecTBO aOOHEHTOB
IIMPOKOMOIOCHOTO IOCTYyTA (JaCTHBIX M KOPIIOPATHBHBIX) COCTABUIIO TOYTH 6,3 MiH. [3].

AHAJIN3 TOCJEJIHUX UCCJEJTOBAHUN U MYBJINKAIIUA

Jaxxe kpaTkuii aHaaW3 pa3BUTHS MEAMANPOCTPAHCTBA YKpPaWHBI JaeT BO3MOXKHOCTH CJIIENaTh BBIBOJ O
BO3pacTaromeil JMHaMUKE MPOHUKHOBEHHS B HAI'y JKU3Hb, KU3Hb O0IIECTBA KOMMYHHUKAIIMOHHBIX U HHTEPHET-
TEXHOJIOTHH, a COOTBETCTBEHHO M YBEIMYEHHUE MX BIHMIHUSA, KaK HA MMOBEJICHUE KaXKIOT0 OTACIHFHOTO HHANBUAA,
TaKk W TOBEACHHE OMpEICNICHHBIX TPYMI HAaceJIeHUs (COIMAIbHBIX, BO3PACTHBIX, MPO()ECCHOHANBHBIX U T.I.).
Takum o0OpazoM, W3ydeHHE, MOJEIMPOBAHUE W MPOTHO3UPOBAHHE IIOBEJCHUS COLMAIBHBIX TPYII HACEICHUS
SIBIIIETCA aKTyaJdbHOM M BaxkHOH 3amauedl. OJHUM U3 Ba)KHBIX aCHEKTOB U3YyU€HHsI MOBEJEHUs IPYII SBISIETCS
U3y4eHHE €€ 3aKOHOB IOBEACHUS, IMPOTHO3MPOBAHUS Pa3BUTUS U BO3MOMKHOTO BIMSHHS HAa 3TO MOBEACHUE,
BIJIOTh JIO MPEBPAIIECHUS HTOM IPYyNNbl B YIPaBIIEMYI0 WIM HEYNPaBIAEMYIO «TOJIMYy» WIH «Maccy». Psan
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npuMepoB 3P HEeKTHBHOTO BO3ACHCTBUS «YMHBIX TOJII», HOJBUIAIOUIMX OOIIECTBO K COLHATIBHBIM PEBOJIIOLHUSIM,
MpUBEICHO B padote [4].

Co3garersiMn MaTeMaTHIECKOH AMHUASMHUOIOTHH 110 TipaBy cumrtaioTcst Anderson Gray McKendrick, 1876-1943
n William Ogilvy Kermack, 1898-1970 m3BecTHBIE MIOTIAaHACKHE OMOXUMEKH W SIHISMHOIIOTH, KOTOPHIE B
rmepBoii mojoBuHe XX CTONETHS MPEIIOKHIA MAaTeMaTHYECKYH MOZCNIb [5], ONMUCHIBAIOIIYI0 OUHAMUKY
pactipocTpaHeHdsT WHGEKIMH B 3aMKHYTOW TIOMYNANWH, ¥ TO3BOJLSIIONIYI0 NPOAHAIM3HPOBATH U
CIPOTHO3HMPOBATH NATbHEHINICE PA3BUTHE WH(PCKIIHH.

[Ipeanonoxum, 4To 0COOM MOMYJISIIMA MOTYT HaXOJUTHCS B TPEX PAa3IMYHBIX COCTOSHHAX: 3JJ0POBBIE 0COOM —
HaxoAATCSl B TPYNIlE PUCKAa M MOTYT OBITh MOJBEP)KEHbl MHQHUIUPOBAHWIO; 3apa3UBIIMECS — MEPEHOCUUKH
0oJie3HH, M Te, KTO BBI3/IOPOBEI U MEPECTal pacupoCTPaHATh 00Je3Hb (B 3Ty KaTETOPUIO OTHOCAT, HAIPUMED,
NPUOOPETIINX UMMYHUTET WM Jaxke yMmepmux). O003HAUYUM 3TH TPYIIIEI S(t), I(t), R(t). CTOUT OTMETHUTS,
YTO MPOBEACH DAL THIOTE3 W YIPOIICHWH, TaKUX KaK: BCE KOHTaKTHl PAaBHOBO3MOXKHBI M HpHOOpeTeHHE
MHQEKIUH U BceX 0COOCH IOIyIISALUH PaBHOBEPOSTHO; KOIMYECTBO O0COOCH MOIMYIAUN [TOCTOSHHO U HMEeT
pasmep N ; 3apaxxeHue MH(peEKUMEH NpH KOHTaKTe MMeeT BeposTHOCTh 100%; MpoMekXyTOK BpeMeHH, Korja
3a00JIEBIINIT OCTAETCS OMACHBIM ISl OKPYIKAIOLIMX, PACTIPEEIICH 10 SKCIIOHEHIIHAIbHOMY 3aKOHY.

INOCTPOEHUE MATEMATHYECKOMN MOJEJIA INOBEJEHMAA
COIIMAJIBHOMU I'PYIIIIBI HA OCHOBE MATEMATHYECKOU MOJEJIN
PACITPOCTPAHEHMUS JITUAEMUHN

[TycTh paccMaTpuBaeTCs 3aMKHYTasl COLMajIbHas rpymnma (B TPyIIy He J00aBISIFOTCS HOBBIE WICHBI IPYIIIBI U U3
Hee He BBIXOAAT), OOMNii COCTaB KOTOPOH HE U3MEHSETCS B TEUCHHE PACCMATPUBAEMOT0 ITPOMEXKYTKA BPEMEHH
W HAaXOAWTCS B IIOJIC BJIWSHHUSA HEKOTOPOI MHGOPMAIMOHHON cHcTeMbl (MH(pOpMannoHHOE II0JIe, HHTEPHET-
MPOCTPAHCTBO, MOOMIIbHASL CBSI3b, TENEBHICHHUE). [IpEarmonoknuM, 9T0 KaXKIBIH M3 WICHOB paccMaTpHBAacMOH
TPyINBl B KOHKPETHBIH MOMEHT BPEMEHHM MOJMKET HAXOIUTHCS B OJHOM M3 TPEX Pa3lNUYHBIX COCTOSHHM:
«3II0OPOBOM», «MH(HUINPOBAHHOMY, KAMMYHHUTETHOM». «37J0POBOE» COCTOSIHUE — YEJIOBEK HAXOAWUTCS B IPYIIE
pHCKa W MOXKET OBbITh MOJBEpKeH «UHOOPMALMOHHON HHpEKIHN» («3apa3uThCs» HEKOTOPOW ujeei).
«VlHpHUIMpPOBaHHOE» COCTOSIHUE — YENIOBEK, WM B CHIIy YOSXKICHHWH, WM B pe3yibTare MH(OPMALMOHHOTO
BO3JICHCTBHH, SBIISIETCS CTOPOHHHKOM M pPAacHpOCTPAaHMUTENEM OTOH wHaeu (NepeHOCUUKH HH(POPMAIHN).
«VIMMYHHUTEHTHOE» COCTOSHUE — UEJIOBEK MepecTal ObITh IMPUBEPKEHIIEM HIEH WIX CTall K HeH HeHTpaleH, T.e.
nepecTai pacipoCTpaHsiTh HHGopManuio (B 3Ty KaTeropuio OyneM OTHOCHTb M T€X, KTO UMEEeT «UMMYHUTET» K
pacnpoctpanseMoii nHpopManuu). OG03HAUYUM 3TH TPYIIIBI S(t), I(t) u R(t), COOTBETCTBEHHO. THUMHYHAS
9BOJIOLMS YJIE€HA COIMAIBHON TPYIIIBI, MOJBEPKEHHOTO HAEE, PACIpPOCTPAaHAEMOH HH(POPMAIIOHHO, MOXET
ObITh OnMcana auarpammoit S -1 — R.

Beenem B paccmoTpenue QyHKIHMIO HHPOPMAMOHHON HHPEKTUBHOCTH A(r) (anasor pyHKIMY HHPEKTUBHOCTH
MPY SMHIEMHOIOTHISCKOM 3apPaXKSHUH ), KOTOpasi BKIIIOUAeT B ce0s1 MHPOPMAIIHIO 00 YpOBHE HH(POPMAITHOHHON
3apakeHHOCTH HHIUBHAyyMa, KOTOPBIA OBIT «3apaXeH» ¢ eAMHUI] BpeMeHH Ha3aja (T.e. O BEpOATHOCTH
nepenayd MHGOpMaLMKU NPU KOHTAKTE) U O KOJIMUECTBE KOHTAKTOB 33 BCE BPEMsl, II0Ka 3TOT MHAMBUAYYM ObLI
«MH()OPMAIMOHHO 3apakeHHbIM». DopMarbHO A(r) — 9T0 cpenHss HWH(EKTHBHOCTh WHAWBHIYYMa,
3apaXEHHOT0 7 €JWHHII BPEMEHH Ha3aJl, 10 OTHOIIECHWIO K YEeJIOBEKY, KOTOPBIH HE BiajeeT WH(popManuei B
COLIMAJILHOMW TpyIIIe, T.€. He MOJBEPTHYT MH(POPMAIIMOHHOMY «3apakeHuto». Hamnpumep, eciu npeosiokKuTh,
YTO BEPOSITHOCTH MOJYYUTh WH(POPMAIMIO IPY KOHTAKTE ITOCTOSHHA M paBHa [), CpellHEe YNCIIO0 KOHTaKTOB B
€/IMHMILy BPEMEHHU IOCTOSHHO W PaBHO ¢ WM MHIMBHIYYM SIBISIETCS pacHpOCTpaHHUTeNeM HH(OPMAalMOHHOTO
«BHpYCa» B IPOMEXKYTKE BpeMeHH OT T; 10 T,, TO

Cp, ecu t€ [Tl; T2],

A®) = 0, ecmw TﬁE[Tl;Tz].

1)

ITycts i(t) — YHCJIO HOBBIX JIIOACH, MONYYMBINMX HHpOpMalHi0 B MOMEHT BpemeHun [. OueBHAHO, YTO

CIIpaBEJIMBO PaBE€HCTBO i =— 31E€Ch IIpeaAIiojIaracTcs, 4ro couuajibHast III1a 3aMKHYyTa, YUCJIICHHOCTb
it Sit , ,

KJacca S He MoXxeT pacTi). Kpome Toro, yauTsIiBas onpeieneHue A(r) [6], momyanm

)=S0 [ Alek e~ c)ae. @

N

3aMeTI/IM, YTO HUHTETpal, CTOHIIII/Iﬁ B npaBoﬁ YacCTHU, OMNHCBIBACT CPCAHEEC KOJMNYCCTBO «yHadYHBIX» (T.e.
MMpUBCAIINX K ((pCByJ'IBTaTHBHOfI» nepeagade I/IH(l)OpMaL[I/II/I) KOHTAaKTOB BCEMHU I/IH(bOpMaIII/IOHHO
I/IH(bI/ILII/IpOBaHHBIMI/I 1 BCC €IIC 3apasHbBIMHU B MOMEHT BPEMECHHU t. qu/ITI:-IBaf{, YTO KOHTAKThI CHy‘IaﬁHBI, TOJIBKO
S(t)/N 4aCTb U3 HHUX 6y,Z[€T CO «3A0POBBIMW» WHAWUBUIAAMU W B PE3YJIbTATC OTO JAACT 0611166 YHUCJIIO HOBBIX

cirydaeB B MOMeHT BpeMmenn . VpaBHenwue (2) mepenuiiem B BHIE
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. t) p> .
S(t):% [ A0S -o)ar. @)
0
VYpasrenue (3) HazpiBaeTcs Monenbio Kepmaka-Makkenapuka [7].
IIpeacraBum A(r) B BUJIE A(r)= PNe™7". 3nech BenmunHa AN yKa3bIBAET HA YMCIIO KOHTAKTOB B €IMHHUILY

BpEMCHHA (OTMCTI/IM, YTO OHa pacTCT KakK JIMHEMHAs (l)yHKIII/Iﬂ MOCTOAHHOI'O padMepa I'pynIibl N , 4TO OYCHb

yO0OHO [UIsl aHAIN3a ypaBHEHMUIA, HO HE COBCEM BEPHO OTPa)kaeT JCHCTBHUTENBHOCTB), @ € /° yKa3bpIBaeT HA TOT
(aKkT, 4TO NPOMEKYTOK BPEMEHH, KOrja <«MH(GOPMALMOHHO 3apa)KEHHBIH» MOXET «3apasuTb» JIPYrux
HH/MBHIYYMOB, pacIipefielieH SKCIOHSHIINAIBHO €O cpeaHum 1/y .

BBoxas o0o3HaueHns

1(t)=—-2 wA(T)S(t_T)dT:_% [ At-)s()dr

5
n muddepeHnupys nocieaHee paBeHCTBO, MOCIe MPEe0Opa30BaHUN TOTYYHM:
S=-4l,
=451 -4, 4
R=4,

1€ MbI Z[O6aBI/IJ'II/I TPCThE YpPABHCHHUC ISl «BBI3AOPOBCBIINX)» HWHAHWBHUIAYYMOB. Yr1oObI 3aMKHYTH HOJYUYCHHYIO
CUCTEMY, JOIIOJHUM €€ yCJIOBUCM MMOCTOAHCTBA COCTaBa CcomuaIbHOU TpyIIbl

S+I+R=0 = S(t)+1(t)+R(t)=N.

K cucreme ypaBHeHMi (4) MOXHO MPHHTH U APYTHUM crocoboMm. OTIpaBHOW TOUYKOH OyAyT clemyromiie
MIPEIIOI0KEHU: TPyINa 3aMKHYTa M IOCTOSHHOTO pasmepa N ; IPOMEXYTOK BpeMEHH, KOTJAa HOCHUTEINb
OCTaeTCs «OMaceH» ULl OKPYHKAIOIIMX, PACHPEAeTIeH I0 SKCIOHCHIMAJIbHOMY 3aKOHY cO cpeaHum 1/y,

KOHTAaKTBI CJ'Iy‘IaﬁHLI 1 paBHOBO3MOKHbI (OI[HOpOZ[Hoe HCpeMeH.II/IBaHI/Ie). TOFI[a

S=-1S8,
| =A1—yl, (5)
R=9yI,
roe A — 9T0 cwia «MH(EKIUW», KOTOpas B JAaHHOM Cllydae paBHA NPOU3BEICHHIO KOJMYECTBA KOHTAKTOB B

€IVHUIYy BPEMEHH, CICIAHHBIX OJHUM <«3IOPOBBIM» (0003HAUMM 3TO KOJIUUECTBO Kak CN ), BEpOATHOCTH
pacIpocTpaHuTh MHPOPMAIMIO NMPU KOHTAKTE [ W BEPOSTHOCTH BCTPETHTh «HH(UIIMPOBAHHOTO) I(t)/ N.

O0o03Ha4uuB f = cp , HonyduM (4).

Paccmotpum cucremy nuddepeHnuanbHeIX ypaBHEHHH (4), ¢ 3aJaHHBIMH HadaJbHBIMU YCIIOBUSIMH S(O): Sy
1(0)=1,, R(0)=Ry, Sg+lg+Rg=N.

Pasnenum BTOpoe ypaBHeHue U3 (4) Ha nepBoe. B pesynbraTe momydnm

A /S -y g N
S —=p8l -p/SI -S| £S cp S cp-N S
-1 1
Paccmorpum Bennanny K = pr N =(CN ) p-— — xoaddumnueHT u3 nociaenHero cooTHomeHus. Kaxapiit
: I

MHOXKHTEJb, BXOISIINN B 9TOT KO3 PHUIIMEHT, nMeeT onpeneneHHbIid cMbIc: CN — cpellHee YiCio KOHTAKTOB B
€IMHUILY BPEMEHH, CACaHHBIX OJJHUM WICHOM COIMAILHOU TPYIIIIHI, (CN ) P — KOJIMYECTBO TIOJIBEPTAIOIIUXCSI

N 1
“H(POPMAMOHHOMY BO3IEHCTBHIO-«3aPAKCHHIO» B SIUHUILY BpEMEHH, (CN ) p-— — cpeaHee YKCIIO YCHEIIHBIX
v

KOHTAKTOB B €UHHILY BPEMEHH, YMHOXCHHOE Ha CPEIHIO0 MPOJOKUTEIBHOCTD «00Ie3HI (TI0ABEPKEHHOCTh
pacmupocTpaHsieMOl WM HaBsi3piBaeMod wmjiee). B nmanHOM koddduimente BenmuumHBl N, y  SBISIOTCS

KOHCTAaHTaMH, a BC€JIIMYMHBI C, [P MOXHO pacCMaTpuBaTh KakK YHCJIOBBIC IapaMETPhI (MOl"yT U3MCHATHCA B
3aBUCUMOCTHU OT YCHOBHﬁ, B KOTOPBIX CYHICCTBYCT COLHAJIbHAsd rpyr[na), TAaKHUE, YTO BE€IMYMHA CP MOXKET

MIPUHUMATH JF000€ 3HAYSHHE U3 MMPOMEKYTKA (O,l).
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Jliist pemeHust MoJIy9eHHO# cucTeMbl (4) mpUMeHeHa YUCIIeHHas cxeMa MeToa Diepa pemenus 3amnadu Komm
[8]. Tlycts 3amaua paccMaTpWBacTCs Ha KOHEYHOM BpPEMEHHOM TIPOMEKYTKE [0, T]. PazbuBaem sTOT

IPOMEKYTOK Ha PaBHBEIC YaCTH [O,tl], [tl,tz], [tz,tg], e [tmfl,tm], t, =0, t, =T . llar pas6buenus paseH
ti,a—ti=At, i=0,1,2,...,m—-1. 3HaueHHus NPOU3BOJHBIX B TOYKaxX t; 3aMEHsAEM BBIPAKEHUAMH [UI
MPUOMKEHHOTO UX BBIYUCICHHUS y(ti ) = % .

B cucreme (4) 3aMeHMM B JIEBBIX YacCTAX KaKJOrO M3 ypaBHEHUM CHCTEMbI NPOM3BOJIHbIE S(ti), I(ti), R(ti)

COOTBETCTBYIONMMH MPHGIMKEHHBIMU BhIpakeHusmMu S(t; ) ~ % I(t;)~ I'%t_l' , R(t;)~ R'%IR' B
pe3ynpTaTe MONy4aeM CHCTEMY JIMHEHHBIX anreOpandecKuX ypaBHEHHUIL:

St =Si(=f-1;-At+1),

lio=1(8-S,-At—y-At+1), i=0,...m-1,

Ria=7-1-At+R;,
OTHOCHTENLHO HEM3BECTHBIX 3HAUEHHH DYHKIHI S(t), I(t), R(t) B TOYKax pasoueHus t;, i=0,....m—1.

[To npencraBieHHOM YHMCIEHHOH cXeMe OBUIM MPOM3BEJCHBI PsiJl YHCICHHBIX pacyeToB. B kauecTBe MCXOIHBIX
JaHHBIX Ui pacdyeroB Obim B3sTHI 3HadeHus N =1000, y =1, y =5, y»=10, cp=0,05j, j=0,1,2,...,

R, € {0, 10, 50, 100, 200, 400, 500}, I, e {ZL 10, 20, 50, 100}. I'paduxu pacueToB 1IsI HEKOTOPHIX CIIy4acB
MIPUBEACHBI HA PUCYHKaX 1, 2.

{ 1. 400000000, "beta*™ zama'}

{ 1600000000, "bem*N zama"}

800
700

Y — 400
300 —— 300
200 f/// 200
100 — — — 7~ 100
o 20 40 &0 80 100 o 20 40 60 80 100
Puc. 1. Bpemennas auHamuka usmenenus rpymn S(t) ————, 1(t) ——, R(t) -+ , 1<k <2

[IpoBeeHHbIl aHANU3 MOJYYCHHBIX pPE3YJIbTAaTOB MO3BOJSET CHOPMYIHPOBATH CICAYIOIIYIO THIIOTE3Y:

Ilycmb npoyecc «UHPOPMAYUOHHOLO 3APANCEHUA» 6 3AMKHYMOU cpynne ORUCHIBAeNC MAmeMamuiecKoll

mooenvio (4). Toeda ounamuxa pocma (0au3KAA K IKCHOHEHYUATLHOLL) «UHDOPMAYUOHHO 3APAICEHHOU» YACMU 8

9moil epynne (RPouUCXooum «COYUANbHBIL G3DPbI8» HA YPOGHE ZPYRNbL) NPOUCXOOUN MO020d, K020d BeIuyuHd
-1

k 4

1
= o N —(CN)- p-— o6onvwe o0syx. B npomusnom ciyuae, 3aHeCeHHAs 6 2pYnNy unpopmayus He
) /4

cozoaem ((COl'ﬂ/laJlebll/Vl 83pble» U 6bzcmp0 ucueszaem.

{2.000000000, "bem*N /gama'}

{3 333333333, "berm* N /zama''}

300+
TO0—
600
500+
400+
3004
200+
100

60 ) 100

. "beta®™N/gama'}
900
200
700
600
500
400
300
200
100

60 30 100
# 3

60 80 100

Puc. 2. Bpemennas aunamuka usmenenus rpymn S(t) ————, () ——, R(t) -+ , k>2
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OTMeTHM, 9TO TIOJydeHHBIC PE3YJIbTAThI COTJIACYIOTCS C pe3yibTaTamu pabdot YepHssckoro A.Jl. [9] u moryT
OBITh HCIIOJIb30BaHBI HA MAaKpPOYPOBHE [UIsi MIPOTHO3UPOBAHHS YPOBHS pacrpocTpaHeHus: MH(GOPMAIHOHHOTO
BO3/ICICTBUSI HA 3aMKHYTbhIC COLUAIbHBIC TPYIIIBI.
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ANSWERING CONJUNCTIVE QUERIES
OVER A TEMPORALLY-ORDERED FINITE SEQUENCE
OF ABOXES SHARING ONE TBOX

Keberle N. G., Ph.D., docent

Zaporizhzhya National University

Ontology-based data access (OBDA) assumes that data in a database are mediated with a conceptual layer,
available for clients and hiding data storage details. Ontologies are good candidates for such a conceptual
layer presentation, whereas databases are good for huge data storage.

The benefits from combination of databases and knowledge bases are as follows:

— database management is the mature field of research, there is a lot of commercially and freely available
DBMSs, showing good-to-excellent performance on large datasets. It is an obvious place to store the
assertional part of some knowledge base, i.e. an ABox;

— a TBox often requires a reasoning support to deduce additional assertions, axioms and to check the
consistency of a knowledge base.

At the same time, employing such an approach is rather challenging due to significant differences between
relational database systems and ontology languages, based on Description Logics, such as OWL. At first,
relational databases adopt a closed-world semantics, i.e. all facts that are not explicitly stated to be true are
assumed to be false. In contrast, OWL is based on an open world semantics which does not require one to fix
the truth value of every fact and is more similar to an incomplete database. Second, relational databases are
unaware of the intensional part of a knowledge base (called a TBox).

Research has been done so far in the OBDA field considers only one ABox stored in a data source, that is an
actual set of assertions on individuals and their pairs. However, real applications show that ABox is changing
over time. The examples of such dynamic systems can be easily found in practice: environmental conditions,
air traffic load, computer system load and performance, health control for the people suffering from serious
diseases. Therefore, in some applications of situation awareness, there is a need to store an archive of
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ABoxes, keeping ABoxes actual at different time points. Temporal logics are often used as the means to
formulate constraints a dynamic system should obey during its work.
The objective of the research presented in this paper is twofold: at first, to elaborate a language of unions of
temporal conjunctive queries, which allows evaluating atemporal unions of conjunctive queries at different
time points; and at second, to propose an algorithm of answering a union of temporal conjunctive queries,
possessing termination, soundness and completeness properties.

Keywords: ontology-based data access, temporal conjunctive query language, description logic knowledge base.

KeGepne H. I'. BBIUMCJIEHUE OTBETA HA KOHBIOHKTHBHBIN 3AIPOC HAJ[ KOHEYHOM

MMOCJIEJOBATEJIBHOCTBIO YIIOPAJOYEHHBIX BO BPEMEHU ABOX, UCIIOJb3YIOIINX OJANH

TBOX / 3anopocKuii HAIMOHABHBIN YHUBEPCUTET, Y KpanHa
Hoctyn k naHHbiM Ha ocHoBanuu ouTonoruii (OBDA) mpeamonaraer, 4to maHHble B 0a3e JaHHBIX
CONPOBOKJAIOTCS HEKOTOPHIM KOHLENTYaJIbHBIM yPOBHEM, KOTOPBIH CKpHIBAa€T OT KJIHMEHTOB JETalH
XpaHEeHMs! JAHHBIX, M MPEJCTAaBIACT UX CEMaHTUKy. OHTOJOIMH SBIAIOTCS XOPOLIMM KaHIMAATOM Ha
peanu3anuio 3TOro KOHLENTYaJIbHOTO YpPOBHS, TOT/A KaK CHCTEMBI YIpaBJieHHs 0a3aMH TaHHBIX ITOIXOJST
JUSL XpaHEeHHs! 3HAYUTENBbHBIX 00BEMOB JaHHbIX. OIHMM H3 HHTepecHbIX mHpmioxkeHunit OBDA sBiusercs
IpOBepKa KOHEYHOTO MHOKECTBAa OTPaHUYCHUH, 3aJaHHBIX Ha HEKOTOPOM SI3bIKE Haj YHOPSIOYCHHOH BO
BPEMCHH IOCIIEI0BATENIbHOCTBIO 0a3 (hakToB (ABOX), HCHOMB3YIOIINX OMHY U Ty e 0a3y 3HaHuit (TBOX),
IJe KakJI0e OrpaHMYCHHE SBISCTCS KOHBIOHKTHBHBIM 3ampocoM. IIpe/UloKeH airopur™M OTBETa Ha
KOHBIOHKTHUBHBIl 3alpOC B 5TOM f3bIKE, JOKa3aHbl KOHEYHOCTb, HENPOTUBOPEYMBOCTH M IOJIHOTA 3TOTO
ANrOpUTMA.

Knrwouesvie cnosa: docmyn K OAHHLIM HA OCHOBAHUU OHMOAO2UU, A3LIK MEMNOPAIbHBIX KOHBIOHKMUBHBIX

3anpocos, 6asa 3Hanuil 6 popmanusme 102uUK 0eCKPUNYUi.

KeGepne H. T. OBUYMCJIEHHS BIJIIOBIJI HA KOH’IOHKTHMBHMIA 3AIIUT HAJI CKIHYEHHOIO

IMOCJIIAOBHICTIO BIIOPAJIKOBAHNX 3A YACOM ABOX, IIIO BUKOPUCTOBYIOTh OJIMH TBOX /

3anopi3bKuii HaI[lOHATEHUN YHIBEpCHTET, YKpaiHa
Hoctyn no nanux Ha ocHOBi oHTONOTiIH (OBDA) mepenbadae, mo nani B 0a3i JaHHX CYNPOBOKYIOTHCS
JIeSIKMM KOHLETITYaJJbHUM PIBHEM, SIKHI TIPUXOBYE BiJ KII€HTIB JeTani 30epeKeHHS JaHHX, Ta MPEACTaBIIE iX
ceMaHTHKy. OHTOJIOTII € TapHUM KaHAMAATOM Ha pEaji3alil0 TaKOro KOHIENTYaJbHOTO PiBHS, TOZI SK
CHCTEMH YIPaBITiHHA 0a3aMH JaHUX MiOXOMATH IS 30epekeHHA 3HaYHUX 00°eMiB nanuxX. OJHAM 3 IiKaBHX
3actocyBaib OBDA € mepeBipka CKiHYCHHOI MHOKMHH OOMEKEHb, 3aJaHUX Ha TEBHI MOBI Hax
BIIOPSIIKOBAHOKO 33 YacOM IOCIiOBHICTIO 0a3 ¢akrTiB (ABoX), m0 BHKOPHCTOBYIOTH OJHY 0a3y 3HaHb
(TBox), me KoXHE OOMEKECHHS € KOH IOHKTHBHHM 3aIllUTOM. 3allpONOHOBAHUH aJrOPUTM OOYHMCIICHHS
BIJIMIOBI/Ii HA KOH FOHKTUBHHM 3allUT Y Iiii MOBi, JOBEJCHI CKiHUYCHHICTh, HECYNCPCWINBICTh Ta MOBHOTA
[[OTO AITOPHUTMY.

Knrouoei cnosa: docmyn 00 0aHux HA OCHO8I OHMOOZIN, MOBA MEMNOPANLHUX KOH TOHKIMUBHUX 3aNnumis, 6asa

3HAMb Y popmanizmi 102iK decKpunyii.

INTRODUCTION

Ontology-based data access (OBDA) [1] assumes that data in a database are mediated with a conceptual layer,
available for clients and hiding data storage details. Ontologies are good candidates for such a conceptual layer
presentation, whereas databases are good for huge data storage.

The benefits from combination of databases and knowledge bases are as follows:

— database management is the mature field of research, there is a lot of commercially and freely available
DBMSs, showing good-to-excellent performance on large datasets. It is an obvious place to store the assertional
part of some knowledge base, i.e. an ABox;

—a TBox often requires a reasoning support to deduce additional assertions, axioms and to check the consistency
of a knowledge base.

At the same time, employing such an approach is rather challenging due to significant differences between
relational database systems and ontology languages, based on Description Logics, such as OWL. At first,
relational databases adopt a closed-world semantics, i.e. all facts that are not explicitly stated to be true are
assumed to be false. In contrast, OWL is based on an open world semantics which does not require one to fix the
truth value of every fact and is more similar to an incomplete database. Second, relational databases are unaware
of the intensional part of a knowledge base (called a TBox).

Research has been done so far in the OBDA field considers only one ABox stored in a data source, that is an
actual set of assertions on individuals and their pairs. However, real applications show that ABox is changing
over time. The examples of such dynamic systems can be easily found in practice: environmental conditions, air
traffic load, computer system load and performance, health control for the people suffering from serious
diseases. Therefore, in some applications of situation awareness [2], there is a need to store an archive of
ABoxes, keeping ABoxes actual at different time points. Temporal logics are often used as the means to
formulate constraints a dynamic system should obey during its work.

The objective of the research presented in this paper is twofold: at first, to elaborate a language of unions of
temporal conjunctive queries, which allows evaluating atemporal unions of conjunctive queries at different time
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points; and at second, to propose an algorithm of answering a union of temporal conjunctive queries, possessing
termination, soundness and completeness properties.

The paper is organized as follows: in the next section a language of unions of temporal conjunctive queries is
introduced and the definitions of main reasoning tasks available for such a query language are presented. In the
section 3 the algorithm of answering temporal unions of conjunctive queries is presented and illustrated in
examples. The section 4 is dedicated to the proofs of logical properties of the algorithm. The section 5 discusses
the related work in the field of conjunctive queries answering.

RESEARCH ON CONJUNCTIVE QUERIES

Conjunctive queries over a knowledge base described in the description logic formalism [3] were introduced in
[4] and investigated further in [5-7].

Assume there is a knowledge base K = (A, T), where T is a set of concept axioms (a TBox), A is a set of
assertional axioms (an ABox). Fix a language of a knowledge base to ALC [3]. An interpretation of K, named I,
is a pair (I , A), where A is a domain of individuals, obeying unique name assumption (UNA) and el is an
interpretation function, which assigns every concept C a set C' < A, every atomic role R a binary relation
R' = AxA and every individual name a an individual a' € A. Assertional axioms are C(a) — concept assertion and
R(a, b) — role assertion.

Query answering is the extension of a well known task of instance checking: given a knowledge base K and an
assertion a.. Check whether this assertion is entailed by an ABox of K.

Let Vars(Q) be a set of all distinguished and non-distinguished variables which appear in a query Q, let Inds(Q)
to denote the set of all individual names which appear in query Q and Terms(Q) to denote the set of all terms in

Q, i.e. Vars(Q) u Inds(Q).

Let us formally define conjunctive queries and Boolean conjunctive queries for a well-elaborated language ALC
[3].

Definition 1 (Conjunctive query, Union of conjunctive queries). Let x, y, ¢ are respectively tuples of
distinguished variables (answer variables), of non-distinguished variables and of individual names, and t, t;, t,
are terms in Terms(Q). A conjunctive query (CQ) is an expression of the form

conj(x, ) = 3Ay.q; A... AQm,
where
di == C(t) | r(ty, to).
A Boolean conjunctive query is a CQ without answer variables.
A union of conjunctive queries (UCQ) is a disjunction of conjunctive queries (CQs) of the form
Q) = {x | conjy(x, €) v ... v conju(X, C)}.
Example 1. The example of a query asking about all students that attend some courses and take some exams
could be as follows:
Q(x) = {x| 3Ty.takeCourse(x, y) A takeExam(x, y)}.
This query can be modified to a Boolean query by substitution of x with an individual name:
Q(x) = {x| 3Jy.takeCourse(“Eldora”, y) A takeExam(“Eldora”, y)}.

We use |Q| to denote the size of Q — the number of symbols required to build the query. The arity of a query will
be the number of answer variables in the query. If all terms in Q are individual names, we say Q is ground. We
write Q(c) for a query whose answer variables x are substituted by c, Q(x) for a conjunctive query and simply Q
for a Boolean conjunctive query. Sometimes we write Xy,..., X, instead of x, and similarly for y and c.

Given an ALC-knowledge base K = (T, A), an interpretation | satisfies a query Q(x) iff the interpretation
function can be extended to the variables in Q(x) in such a way that | satisfies every term in Q(x). A query Q(x)
is true w.r.t. K (written K |= Q) iff every interpretation that satisfies K also satisfies Q.

Definition 2 (Query answering, query entailment). Given a query Q(x) with a tuple of answer variables x, and
a knowledge base K, a tuple of individuals ¢ with the same arity of x is an answer for Q in K if I |= Q(c) for
every model | in K.

Given a Boolean conjunctive query Q, and a KB K, query entailment is a task to decide whether K |= Q if I |= Q
for every model | of K.

Given a conjunctive query Q(x), a tuple of individuals a, and a KB K, query answering is a task to decide
whether a is an answer for Q(x) in K.
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Known are several algorithms for answering unions of conjunctive queries over knowledge bases with static
TBox and ABox, for example works of Ortiz [5], Glimm [6], Tessaris [4], Motik [7] should be mentioned. Any
of those algorithms could serve as a basis for finding answers to atemporal CQs at particular time points,
whereas possible extensions of those algorithms for the application to a sequence of ABoxes is an open question.

However, the aforementioned works are either focused on static ABox and TBox environment, thus having
limited applicability in an evolving environment, or temporal languages proposed are unidirectional, and do not
allow for queries asking both future and past time moments.

A language of temporal conjunctive queries with negation, together with the research on its computational and
combined computational complexity is introduced in [8].

Transition graphs for a temporal query language answering over a finite set of versions of a database were
investigated in [9]. The expressivity of a temporal query language presented is however restricted either to past
[10], or to future [9], [11] direction of time.

TEMPORAL CONJUNCTIVE QUERIES

Let K = (T, (Ao < i <n) be a knowledge base with a sequence of ABoxes sharing one TBox. Let’s describe a
query language extending the language of conjunctions of positive existential formulae built from query atoms.
Having in mind linear temporal logic LTL (see e.g. [12]), this language allows for the following temporal
operators: O (next), O™ (previous), U (until), S (since).

Definition 3. Temporal conjunctive query (TCQ) is an expression
tconj(x, ¢) =3y.qy A... A Qm,
where
ai=el ¥
@ 1= C(t) [ r(ty, to),
V=gl ivB|OP|O Y| MRS B U P
and C is a concept description, r is a role name, t, t, t, are terms in Terms(Q).

Derived temporal modalities like 0" (sometimes in the past), ~ (always in the past), ¢, (1 can be defined in a usual
way (see, e.g. [12]).

Example 2. A query asking about students who had defended their thesis some time ago and had been ex-
matriculated since then is expressed as follows:

Q(x) ={x| Ty. 0 Student(x) A exMatriculated (x) S hasDefended(x, y)}.
The semantics of the TCQ is defined as follows.

Definition 4. A total function = : Terms(¥) — A is a binding for a query ¥ in an interpretation I, if = () = a
for all individuals aedom(x), and the validity I, = |= @ for atemporal CQ ¢ is defined inductively:

Ln|=C(t) iff  I|=C(n(t),
l, |: r(tl, tz) iff | |: r(n(tl)! Tf(tz)),
|,TC|:(01/\(P2 iff ||:¢)1 and ||: M,

I,mj=3ye iff  3JeeA:nw =nlyle]and |, o' |= ¢

where the notation =[y/e] represents a binding r extended with r (y) = e if y is not in the domain of =, otherwise
the original value for y is replaced by e.

The validity fora TCQ ¥ and a KB K= (T, (Ai)o<i<n) isextended as follows:
K i,n|=¢ iff Vi=rALlL =g
Ki,t|=#%Aw Iiff Kii,n|= ¥ and K, i, T |= %,
K i[Oy iff i<nandK,i+l, n|=%
K.ii,n|=0"% iff i>0 and K,i-1,n]=%,
Kii,t|=#U % iff  3ki<k<n:Kkn|=% andVj,i<j<k:K,j, n|=%#,
Kii,t|=#%S % iff 3k 0<k<l:K kn|=% and Vj,k<j<i:K,j,n|=%.
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For a binding =, if, for every i, V I |=1 Ai. I, © |= K, this implies | |= ¥. If such evaluation exists, we write K |= ¥
and we say = is a match for ¥in K. For a tuple of individuals cj,..., ¢, mapped to a tuple of answer variables
X1,...,Xn WE Say Cy,..., Cy IS a certain answer for ¥in K, iff K |=¥ X4,...,%, / Cy,..., C;]. We denote a set of certain
answers for ¥ as Ans(¥).

Definition 5. A union of temporal conjunctive queries (UTCQ) Q(x) is a disjunction of temporal conjunctive
queries (see Definition 3):

Q(x) = {x | tconjy(x, ¢) v ... v tconju(x, C)}.

ANSWERING A UNION OF TEMPORAL CONJUNCTIVE QUERIES OVER A
SEQUENCE OF ABOXES

Algorithm answering a union of temporal conjunctive queries

The idea of answering a UTCQ against a set of ABoxes is to use temporal operators as the means of detection of
time points at which atemporal CQs should be evaluated. Due to the recursive nature of such temporal operators
as S, U we have to store all the ABoxes and the values of particular CQs depending on the operator. Intuitively,
given ¥=Ogat a time point i, ¢ is evaluated at the time i+1, and so on.

To be able to combine certain answers obtained from different CQs of one TCQ, let’s take a closer look at the
nature of certain answers.

A certain answer to a CQ ¢ is a binding = of each x; € x (distinguished variables) to some individual name that
appeared in the KB K, such that in all models of K, K |= ¢ (= (X)). There could be more than one certain answer
for a CQ ¢, so further we shall consider a set of certain answers for a query ¢ (x). A correspondent set of matches
for ¢ actually produces some k-ary relation, where k is the arity of a CQ ¢.

A certain answer to a UCQ @ is a combination of answers of CQs in @, i.e. ¢; U...U ¢, where n is a number of
CQs in @. For such a combination there are two possible situations: (i) disjuncts @, ¢, in UCQ @ use pair wise
disjoint sets of distinguished variables (i.e. there are no common distinguished variables in two arbitrary
disjuncts of @); (ii) some disjuncts can share (some) distinguished variables of each other. To deal with sets of
certain answers (that are actually relations) we adopt two operators of relational algebra, namely, x — a cross-
product, and < —a natural join.

Cross-product operator x [13] is used for the case (i).

Definition 6. Given two bindings m; @ (X¢, ..., X0) > A, ©1 : (Y1, ..., Ym) = A, their cross-product, ©; x m, isa
binding = : X — A where X, y are free variables that do not have any variables in common, and X = (X, ..., Xn, Y1,
vees Yim)-

Join operator =< [13] is used for the case (ii) to join two bindings w.r.t. common variables in both bindings are
mapped to same constant.

Definition 7. Given two bindings 7y : (X1, ..., X0, 2) = A, m1 & (Y1, ..., Ym» Z) = A, their join, 1; >< m is a
binding = : X — A where X, y, z are free variables and X = (X4, ..., Xp, Y1, ..., ¥Ym, 2), iff every common variable z
must be mapped to same constant ¢ € A.

A correspondent binding for @ will be: for (i) © =1y x ... x w4, and for (i) T =ny >< ... >< Ty,
The following theorems show applications of x and >< for bindings.

Theorem 1. Given a formula @ = ¢ A ¢, where ¢, ¢, are CQ formulas, a binding & = ©; >< 7, is a match for
@ iff bindings w1, m, are matches for wty, 7.

Proof. It is true based on the definition of the join operator.

Theorem 2. Given a formula @ = ¢, v ¢, where ¢, ¢, are CQ formulas, a binding & = n; x m, is a match for @
iff the binding 7r; is a match for ¢ or the binding =, is a match for ¢,.

Proof. The = direction is trivial.

For « direction, assume m; : (X, ..., Xn, Z) > A, 71 0 (Y1, ..., Ym Z) = A, and they are matches for ¢, and ¢,.
From the nature of disjunction, we know that formula @ is satisfiable if either ¢, or ¢, is satisfiable. That means
there is a match for either ¢ or ¢. If z appears in both of the CQs, renaming z in one of the CQs does not change
the validity. Therefore, we have that 7t : (X, ..., X, Z, Y1, ..., Ym, 2’ )— A Which is obtained from n; x 7, is indeed
a match for @.

Now, consider a structure of a certain answer to a union of temporal CQs (UTCQ). It is a combination of
answers to a (set of) TCQ obtained at proper time points, referred by temporal operators used in a UTCQ.
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One more thing to be explicitly addressed is that known algorithms for conjunctive query answering, such as
[6].[7], are focused on query entailment, that is, a Boolean conjunctive query answering. This means that the task
of answering an atemporal CQ requires a preprocessing step, and considers a Boolean conjunctive query
answering algorithm as a black box. Namely, at the preprocessing step a candidate match (a tuple of variables,
substituted via some binding = with a tuple of individuals c) is submitted to a Boolean conjunctive query
answering engine, and that engine decides if such a candidate match is a certain answer.

Now, present the algorithm informally.

Eliminate temporal operators in a UTCQ. The important step in our algorithm is to get a normal form where
the temporal operators are used to decide at which time point each CQ should be evaluated. This is done by
iterative application of the expansion rules Table 1. For every O and O™ operator, we just shift one point forward
and backward. By doing these, we obtain a query that is in normal form whose atoms are UCQs, except some
recursion atom which is a TCQ.

Replace the Boolean operators with relational operators. Every conjunction is replaced with join and every
disjunction — with cross-product.

Retrieve an answer. Use an arbitrary query answering algorithm [4-7] as a black-box approach to compute a set
of answers for a given UCQ. If the original UTCQ contains U, S, 07, , ¢, 0, the normal form of the transformed
query might contain a recursion. In such case, if the time point i < 0 or i > n, then return @, else evaluate CQs
with leading O or O™ for U, S and for derived modalities (if any).

Algorithm 1. Decide Q

Input:

K= (T, (A)o<i<n) : a knowledge base, consists of a TBox and a sequence of ABoxes at a time point i, 0<i<n
Q:aUTCQ

Output: Ans(Q, i) - a set of certain answers to Q at time point i

Ans(Q,i)=0
repeat
Ans’ = Ans(Q, i)

if Q=TCQ; v TCQ, then

Ans(Q, i) = Ans(TCQq, i) x Ans(TCQy, i)
end if
ifQ=TCQ; A TCQ, then

ANns(Q, i) = Ans(TCQq, i) >< Ans(TCQ, i)

end if
if Q=0 TCQ then
if i=1 then
Ans(Q, ) =0
else
Ans(Q, i) = Ans(TCQ, i - 1)
end if
end if
if Q =0 TCQ then
if i=n then
Ans(Q, ) =0
else

Ans(Q, i) = Ans(TCQ, i + 1)
end if
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end if
ifQ=TCQ; U TCQ, then
if i=n then
Ans(Q, i) = Ans(TCQ,, i)
else
Ans(Q, i) = Ans(TCQs,, i) x (Ans(TCQy, i) >< Ans(Q, i + 1))
end if
end if
if Q=TCQ,; S TCQ, then
if i=1 then
Ans(Q, i) = Ans(TCQ, i)
else
Ans(Q, i) = Ans(TCQ,, i) x (Ans(TCQy, i) >< Ans(Q, i-1))
end if
end if

until Ans’ = Ans(Q, i)
return Ans(Q, i)
In Table 1, presented are some equivalence rules in LTL, used in Algorithm 1.

Table 1 — Equivalence rules of LTL for future operators. Taken from [12]

idempotentrule | OW=00%, 0¥=0%, HLU(HU B =¥HUY (HLUHU%B=HUY
commutativity rule O0O¥Y=00Y 00¥P=00%, O(1U ¥%)=0%"U 0%

distributivity rule (A=A O(PLvE) =0 v, O(LAP) =0 A0%
O(1vi) =0 vO, (MAP)U H=(1U ) A(F2U P),

P U(Fv ) =(1U ) v (AU )
temporal recursion rule O¥=YAOUY, O0P=PvOO¥, YU W¥=%vO(H AW

absorption rule O0Y=10Y, 0U¥Y=00Y

For the illustration of Algorithm 1 consider some examples, assuming that Algorithm 1 returns a set Ans of
answers to ¥ at the time point i.

Example 3. Givena TCQ query ¥ = O (@, U &,) ata point i.
Ans(% i) = Ans(O™ (&, U @))
= Ans((& U @), i-1) /*move back one point by O~
=Ans(@,v (DL AOW),i-1) /* expansion rule for U
= Ans(@,, i-1) x Ans(@d, A O %, i-1) [* transforming v
= Ans(@,, i-1) x (Ans(@y, i-1) >< Ans(O %, i-1)) [* transforming A
= Ans(@,, i-1) x (Ans(@y, i-1) =< Ans(¥,i)) /* move forward one point by O
If i =0 in Ans(@,,i-1) and Ans(@y,i-1), then the evaluation of ¥ is the empty set.
A more complex example is given below.
Example 4. Givena TCQ query ¥=90" (&, U @) at a point i.
Ans(Zi)= Ans(¢” (&, U @)
= Ans((@&, U @) v O ¥ i) /* expansion rule for ¢~
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= Ans(@, U @,, i) x Ans(O™ ¥, i) /* transforming v
= Ans(@, U @, i) x Ans( ¥, i-1) /* move back one point by O~
= Ans(@D, v (D A O¥), 1) x Ans( ¥, i-1) /* We substitute @, U @, with ¥”and apply the expansion rule for U
= Ans(@,, i) x Ans(@y A O ¥ i) x Ans( %, i-1)  /* transforming v
= Ans(@,, i) x (Ans(@y, i) >< Ans(O ¥ 1)) x Ans( ¥, i-1) /* transforming A
= Ans(@,, i) x (Ans(@y, i) >< Ans( ¥, i+1)) x Ans( ¥, i-1)  /* move forward one point by O
Ifi=ninAns(¥, i+1), then Ans( ¥, i+1) is evaluated to the empty set.

There is one thing we have to ensure that in the intersection of two sets of answers for conjunction of CQs a
certain answer is obtained, i.e. there is a common answer for both CQs, otherwise an empty set. One way to do
this is to retrieve all answers for each CQ and then to intersect them to get some common answers. Another way
is first to retrieve an answer of a UCQ and then to decide if this answer is also the answer for the other CQs in
the conjunction, otherwise keep retrieving and deciding until there is no more answer obtained. The former way
is preferred since it offers more practical solution. It means that we can deal with it using relational algebra
operators or database language operators.

Termination, soundness, completeness of the algorithm

Definition 8. (UTCQ closure). Given a temporal union of conjunctive queries Q, its closure set, CI(Q) is a set of
query atoms closed under the following rules

if ge Q then g € CI(Q),
if O q € Qthenqg € CI(Q),
if O g e Qthenq € CI(Q),
if 41 A g2 then qq, g, € CI(Q),
if g1 v g, then g1, g, € CI(Q),
if g U g, then gy, g2, O(a; U g2) € CI(Q),
if q; S g2then gy, g2, O (91 S g,) € CI(Q).
Since a closure set for a UTCQ is finite, Algorithm 1 terminates after a finite number of steps.

Theorem 3. (Local) termination. Given a UTCQ Q and a knowledge base K = (T, (Ao < i <n)- Algorithm 1
always terminates.

Proof. We can show the local termination inductively.

Base case. Any query is also contained in the closure set of itself.

Inductive case.

C(a), r(as, a,) If we have a query Q which is atomic, then the closure set contains C(a) or r(as, a,).

(O™ TCQ) For such query CI(Q) = {TCQ, O TCQY}, i.e. evaluated are two elements, and in case of i = 0 the
value of O” TCQ is known to be @, so Algorithm 1 stops after two evaluations.

(TCQ; U TCQ,) For such query CI(Q) = {TCQ,, TCQ,, TCQ; U TCQ,, O(TCQ,; U TCQ,)}.
(TCQ, S TCQ,) For such query CI(Q) = {TCQ,, TCQy, TCQ; STCQ,, O(TCQ; STCQ2)}.

Theorem 4. Soundness. If for UTCQ Q its answer set Ans(Q(X), i), obtained with Algorithm 1, is not empty,
then Q has at least those certain answers that are in Ans(Q, i).

Proof. We prove by induction. We start with evaluating non-temporal query, i.e. a query containing no temporal
operator.

Base case. If we have an atomic query in the form of C(a), then using any approach of CQ answering we obtain
all the answers for the query Q entailment over K = (T, (Aj)o < i<n)- If K|= C(a) and ac Ans(Q(x), i), the function
returns a and this value is stored in Ans(Q(x); i). By Definition 4, this result tells us that the individual a is a
certain answer to the query C(x) w.r.t. the match n(x) = a. The same result is obtained if we have atomic query in
the form of r(a, b).

Inductive case can be obtained by Definition 4.
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Theorem 5. Completeness. If a UTCQ Q has a certain answer ans, then Algorithm 1 shows that this answer is
in Ans(Q, i).

Proof. By contradiction. Assume that (i) Q(x) has a certain answer ans w.r.t , (ii) Ans(Q, i) - is a set of certain
answers obtained by Algorithm 1, and (iii) ans ¢ Ans(Q, i). By (i), we know that K |= Q(ans) and that for all
time points 0 <'i <n in all models I, such that I |= K, I |= Q(ans). By (ii), for Algorithm 1 to return Ans(Q, i)
such that ans ¢ Ans(Q, i) there are several reasons for it.

Q is atomic. If Q is atomic, i.e. in the form C(x) or r(x, y), then we know that Ans(Q, i) does not contain ans.
This means that there is a model | of a knowledge base K which does not entail Q(ans). But this is a
contradiction to our assumption (i).

(TCQy A TCQy). If Ans(Q, i) does not contain ans, according to Algorithm 1 it means that
ans ¢ Ans(TCQy, i) < Ans(TCQq, i). This, in turn, leads to the existence of a model I of a knowledge base K
such that | |= TCQ4(ans) and | |= TCQ,(ans) or vice versa, that contradicts to (i).

(TCQ; v TCQp). If Ans(Q, i) does not contain ans, according to Algorithm 1 it means that
ans ¢ Ans(TCQq, i) x Ans(TCQ,, i). This, in turn, leads to the existence of a model | of a knowledge base K
such that either I | TCQq(ans) or | |# TCQy(ans), that contradicts to (i).

(O” TCQ). If Ans(Q, i) does not contain ans, according to Algorithm 1 it means that ans ¢ Ans(Q, i-1). This, in
turn, leads to the existence of a model I of a knowledge base K such that I, i-1]# Q(ans), that contradicts to (i).

(TCQ; U TCQ,). If Ans(Q, i) does not contain ans, according to Algorithm 1 it means that ans ¢ Ans(TCQ)y, i) x
(Ans(TCQqy, i) =< Ans(Q, i+1)). This, in turn, leads to the existence of a model | of a knowledge base K such
that either I, i [#TCQy(ans) or I, i [#TCQ(ans) and I, i+1}= Q, that contradicts to (i).

(TCQ; STCQ,). If Ans(Q, i) does not contain ans, according to Algorithm 1 it means that ans ¢ Ans(TCQ,, i) x
(Ans(TCQqy, i) >< Ans(Q, i-1)). This, in turn, leads to the existence of a model | of a knowledge base K such
that either I, i [#TCQy(ans) or I, i [#TCQ(ans) and 1, i-1}= Q, that contradicts to (i).

The proof for the temporal operator O acting in the direction of future can be completed in the same manner.
CONCLUSIONS

Obtaining benefits from keeping a large evolving ABox of a knowledge base in a database and applying TBox of
that knowledge base to obtain missing assertional axioms is one of the ways of dealing with complex evolving
domains. It is interesting, due to high computational complexity of temporal conjunctive query answering in
general, to find a balance between the expressivity of a query language and its practical applicability.

The main results of the paper are:

— for the point-based linear finite time structure elaborated is the language of unions of temporal conjunctive
queries, which allows to evaluate atemporal unions of conjunctive queries at different time points. The language
could serve as a simple yet expressive means to query a sequence of ABoxes sharing one TBox;

— proposed is an algorithm of answering a union of temporal conjunctive queries for the proposed language,
which harnesses set-theoretic operations on atomic queries answer sets. Proved are its termination, soundness
and completeness.
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HOJYONPEAEJEHHOE ITPOI'PAMMMUWPOBAHME J1JIA
PEIIEHUS 3AJIAY KOMBUHATOPHOM ONITUMU3ALIUU

Kocomam A. U., 1. ¢.-m. 1., mpodeccop, [Tepersteko A. C., acmpaHT
Ykpaunckuii cocyoapcmeennbvlii XuMuko-mexHon02U4ecKull yHueepcumem

B pabore 3amaun KOMOMHATOPHOW ONTHMHU3AIMH MPEOOpPa3yrOTCs K KBaJPAaTHYHBIM. 3aTe€M HCHOJB3YeTCs
MONyONpeieieHHasl  pejlakcanust Uil 1peoOpa3oBaHWsl  KBAaApaTHMYHBIX  3a4ad K  JIMHEHWHBIM
MOJTYOTIPEICIEHHBIM 33/1auaM, B KOTOPBIX MCKOMOMW SBJISETCS MOJNyonpereieHHas Marpuna. s pemenus
3aJa4M IIOJyONPENeNICHHOT0 MPOrpPaMMHPOBAHUS HCIIONB3YETCsS HOBBIH IIOJIyOIIPE/ICICHHBIN CHUMILIEKC-
MeroJ. HaiineHHoe pemieHue yTOUHSETCS C IIOMOLIBIO MPSMO-JIBOMCTBEHHOTO METO/a BHYTPEHHEH TOYKH.
TIpoBeJeHHBIE YHCICHHBIE KCHEPUMEHTHI MOATBEPXKIAT 3()(HEKTHBHOCTh PACCMOTPEHHBIX METOIOB IS
pelIeHuss KOMOWHATOPHBIX 33724 ONTHMH3AINH.

Knwouegvie cnosa: KOMOUHAMOPHAS — OnMUMU3AYUs, KEAOPAMUYHASL  ONMUMUBAYUS, — NOJYONPeOeleHHAs

penakcayus, NoIyonpedereHHoe NPOSPAMMUPOBAHUE, NOTYONPEOENeHHbIN CUMNIEKC-MENO00, Menmoo0 6HYMpeHHell

MOYKU.

Koconan A. I., Ilepersateko A. C. HAIIIBBUSHAUEHE ITPOTPAMYBAHHSA IS PO3BA3KY 3AJIAY
KOMBIHATOPHOI OIITUMI3ALIII / Ykpainchkuii 1epskaBHHil XiMiKO-TEXHOJNOT YHHIl YHiBepCcHTeT, YKpaina
VY po6oti 3aga4i KOMOIHATOPHOT ONTUMI3ALIiT MEPETBOPIOIOTHCS 10 KBaApaTUUHKX. [I0TiM BUKOPUCTOBYETHCS
HaIliBBH3HAUeHA peliaKcallis JUTsl epeTBOPEHHS KBaJpaTHUHHX 3a/1a4 JI0 JTiHIHHUX HaliBBU3HAUYCHUX 337134, Y
SKAX 3HAXOIUTHCS HAMiBBU3HAUCHA MaTpHIlL. [ po3B’si3aHHA 3a/ad HaIiBBU3HAYEHOTO HPOTPAMYBaHHS
BUKOPHUCTOBYETHCSI HOBHI HAaNiBBU3HAYCHUI CHMIUIEKC-METOJl. 3HAaWICHUI pO3B’A30K YTOYHIOETHCS 3a
JOTIOMOTOI0  TIPSIMO-ABOICTOTO0 METOAy BHYTpimHBOI Touku. IIpoBeneHi 4dHCENbHI EKCIIEPUMEHTH
MiATBEPKYIOTh €DEKTHBHICTh PO3TIITHYTHX METOMIB IJIsl pO3B’s3aHHS KOMOIHATOPHHX 33724 ONTHMI3aIlii.
Kniouosi cnosa: KkKomOiHamopHa onmumizayis, KeaopamuyHa ONMUMI3ayis, HANIGEUSHAUEHA PeNaKcayis,
HaniggusHayeHe npospamy6anHs, HanieeUHA4e Ul CUMNIIEKC-MEeMo0, Memoo HYMPIUHbOI MOYKU.

Kosolap A. I., Peretiatko A. S. SEMIDEFINITE PROGRAMMING FOR THE SOLUTION THE PROBLEMS
OF COMBINATORIAL OPTIMIZATION / Ukrainian State University of Chemical Technology, Ukraine
The study deals with quadratic optimization problems with Boolean variables. Such problems arise in
economics, management, technology, resource allocation, design, information systems, etc. The difficulty is
that these problems may content lots of local minima and feasible set of these problems can be nonconvex
and discrete. Most of these problems belong to NP-hard problems, and there are only exponential algorithms
for their solving. One of the common approaches for solving this class of problems is semidefinite relaxation.

In this case the quadratic function x" Ax is represented in the form Axx' or Ae X , where A is symmetric

matrix, and X is positive semidefinite matrix of rank one. This transformation allows to reduce the general
quadratic problem to linear semidefinite optimization problem (SDP), in which the unknown variable is the
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semidefinite matrix. However, semidefinite relaxation is an approximate transformation (without the
requirement that the rank of the matrix X is 1).

This study transforms the quadratic optimization problem with Boolean variables to general quadratic
problem, where Boolean constraints are replaced by quadratic xi(xi—1)=0, i=1.,n. Using a

semidefinite relaxation we obtain a semidefinite programming problem where we must find a semidefinite
matrix. The semidefinite programming problem is equivalent to the original problem if the matrix X is
semidefinite matrix with the rank one. However, the condition that the matrix should be of the rank one
cannot be set analytically. Therefore, we solve the problem without this condition. Then the solution of the
semidefinite programming problem defines a lower bound for the solution of the original problem. The

solution of the semidefinite programming problem X~ determines the exact solution of the original problem

if X" is semidefinite one-rank matrix.
Obtained semidefinite programming problem are solved by the new semidefinite simplex method. Unlike the
usual simplex method, in semidefinite simplex method we solve a sequence of the problems of linear

programming, using the property of semidefinite matrices X :Zjanj (it means that any semidefinite
matrix can be represented as the sum of one-rank matrices). At each iteration we define a new column of the
constraints matrix from the solution of simple quadratic optimization problem m'n{xTQx||| x||2:1}. We

solve this problem using the new method of conjugate directions: at first we modify the matrix Q into
semidefinite, then linearize the objective function and solve the resulting problem using Lagrange multiplier

method. If X is the solution of the resulting problem then the matrix Q is positive semidefinite if

XTQX >0. In this case the semidefinite programming problem is solved; otherwise the search for the

solution of SDP problem by the simplex method will be continued.
Software for the proposed method was developed and numerical experiments were performed for well-known
test knapsack problems. The numerical experiments have confirmed the efficiency of the given methods for
solving combinatorial optimization problems. They show that this method often can find the point of global
minimum of the original problem if we use solution of the semidefinite problem as a starting point for the
original problem.
Keywords: combinatorial optimization, quadratic optimization, semidefinite relaxation, semidefinite
programming, semidefinite simplex method, interior point method.

BBEJIEHUE

MHorue 3agayu M3 pa3IU4YHBIX oOJyacTeil 3HaHWH TpeOyrOT BHIOOpPa OJHOM M3 MHOXECTBa BO3MOXKHBIX
anpTepHaTHB. TakWe 3aJaydl BO3HUKAIOT B 3KOHOMHKE, YIIPaBJICHHH, TCXHHMKE, PaclpelielieHHd PecypcoB, B
MPOEKTUPOBAaHUM, MH(POPMAIMOHHBIX CHUCTEMax M T.NM. [IpM MaTeMaTH4ecKOM MOJCIMPOBAHMU OTH 3aJaduH
npeoOpa3yoTcss K JIMHEWHBIM WM KBaJPaTHYHBIM 3a/layaM ONTHMHU3AIMU C OYJIEBHIMH II€PEMEHHBIMH.
BonbIMHCTBO TakMX 3agad OTHOCATCS K Kiaccy NP-CIOXHBIX, IUII KOTOPBIX pPa3pabOTaHbBl TOJBKO
9KCTIOHEHIIMANILHBIE alITOPUTMBL. DTH AJITOPUTMBI 3((EKTUBHBI Ul PEIICHUS 3a7ad MaJlod pa3MEpPHOCTH, HO
ONITHMU3AIIMOHHBIC 33/1a4M YacTO COZAEPXAT THICAYM M JaKe COTHH THICAY NMEpEeMEHHbIX. J[JI1 penieHus: Takux
3aaq HeoOX0aMMO pa3paboTaTh HOBBIE, Oosee 3P PEKTUBHBIC METOIBI.

B nocnennune roap! anst pemeHnst MHOTHX NP-CIIOKHBIX 3a7ad MCHOJIB3YeTCs TOIyOIpeeNICHHas peslaKkcanus
[1], mo3Bossifomas cBeCTH MX K BBIMYKIBIM 3a7adaM II0JIyOTIPEENICHHOTO INporpaMmupoBanus. s 3amad
MOJIYONPE/ICIEHHOTO TIPOrpaMMHUpOBaHusl paspadoranbl d(dektuBHbie anroputmbl [2-3]. OnxHako, B o0uiem
cilydyae, MOJIyoNpe/ielieHHas pelaKkcalys IM03BOJAET HAXOAMUTh TOJIBKO HMIKHIOIO OIEHKY PELIEHUs MCXOJHOH
3a1auu (U4 3aa4 Ha MUHUMYM U BEpXHIOIO OIICHKY JJIS 33124 Ha MakCUMyM). Takast orjeHKa SBIsSeTCS TOYHOH,
€CIIM MCKOMasi MaTpHIla MOJIYOIpeIeIeHHOTO MPOrpaMMHUPOBAHUS UMEET PaHr eJUHMIA. B MpoTHBHOM ciyuae,
HEOOXOIMMO YTOUHSTH ATY HIKHIOIO OIEHKY. JIydIIMM METOROM Ul 3TOr0 SBJSETCS NMPSMO-IBOWCTBEHHBIN
METOJ BHYyTpeHHeH Touku [4]. OrtoT e Meron paspaboTaH W I 3a7ad  IOJYOIPEAEICHHOTO
IporpaMMHpoBaHust [2], oJHAaKO Iy 3TOTO Kiacca 3amad OH MeHee 3(dexTHBHBIH, 4YTO CBsi3aHO ¢ Oosee
CJIO)KHOHM TeopHed ABOWCTBEHHOCTH M IUIOXOH OOYCIIOBJIEHHOCTBIO MOJYOIpEAETIeHHbIX Marpull. [lostomy
nouck Oosee 3(PPEKTUBHBIX METOAOB MOJIYONPEAEICHHOTO IPOrpaMMHUpPOBaHMs NpojoinkaeTcs. B pabote
UCIIONIb30BAaH HOBBIM, Oonee 3(QeKTHBHBIA MOTyONpeAeIeHHbIH cuUMIUIeKc-MeTo [5]. OH pemaer TOJBKO
IPSMYIO 3a/1ady ¥ HaXOJUT PElICHHE B BUIE IMHEHHON KOMOMHAIIMN MaTPUIl PaHTa eMHUIA.

IHOCTAHOBKA 3AJIAYY U METO/IbI EE PEHIEHUSA

Paccmotpum 3aauy GyieBoll KOMOMHATOPHON ONTHMH3AIMH
min{ch|Ax§b,x:0vLXGE”}, (1)

rae ¢ — n-MepHbli BekTop, A — Marpuia pasmepa (MXN), X — N -MepHbBINA BEKTOp ¢ KommnoHenTamu 0 wim 1,

E" — N -MEPHOE E€BKJIMIOBOE IIPOCTPAHCTBO. HpeanaraeMaﬂ METOAMKA pPCHICHUA KOM6I/IHaT0pHBIX 3aga4y
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IprMEHNMa U U1 Oosee OOIIeH 3ajayd KBagpaTHYHOW ONTHUMH3AINMU C KBaIPAaTUIHBIMH OTPAaHMYCHMSIMHA U
OyJeBbEIMH TIEpEMEHHBIMHA

min{xTQox+qu|xTQix+qiszri,i :L...,m,x:OVl,XGE”}, (2)

rae Bce Q;— cuMMeTpuueckwe Marpulbl pasMmepa (Nxn), (;, X— n-MepHble Bekropa. bonee oOmue

MOJIMHOMHUAJIBHBIC 3aJadll MOTYT OBITH IIpeoOpa3oBaHbl K KBAaIpaTHIHBIM (2) IIOCIEIOBATEIBHON 3aMEHOM
2 5 4

Z; = X{ . Hanpumep, NOMMHOMHUANIEHOE OTPAaHHYCHHE X XyX3 — X[ X, — X3 <1 mpeobpasyercst K IKBUBAICHTHBIM

KBaJ{PaTHIHBIM OTPaHMYCHHAM

2 2 2

3ameHuM B 3agadax (1-2) OysieBbl epeMeHHbIE KBaAPaTHYHBIM ycioBueM X; (X —1) =0, i=1,...,n Tae Temnepsb
IEepPEMEHHbIE X; MOTYT NPHMHUMATh IIPOM3BOJIbHBIE 3HAUEHUs. ECTECTBEHHO, YTO JOIMYCTUMBIMHU OyIyT TONBKO
3HaueHus 0 win 1.

Takum 06pa3om, koMOUHATOpHBIE 3amau (1-2) mpeobpasyroTes K oOle# KBagpaTuuHoOi 3amaye
min{xTQ0x+qu| X'Qx+q x<r,i=1..m x"Qx+q x=r,i=m+1,...,p, xe E"}. ©)
Vcrione3yeM UIs ee PelleH s OMyONpeeIeHHYI0 pelakcaluio. YunTsisas, uto X' Qx=Qexx' =Qe X , rae
n_n
QeX = Zzaiixii
i=1 j=1
€CTh CKaJISIPHOE MIPOU3BEACHNE MaTpHll, peobpasyem 3a1auy (3) K moayornpeaeIeHHON
min{Aye X | A X=0, i=1,..m, AeX=0i=m+1..,p, X0}, &)
rie

1\1) (1 X

x: = y
X))\ X X X<
T T
9 L 9
X QX+0 X—TF = 2 |e = 2 leXx=AeX, i=01..,p
i i i g y xxT o , L...,p.
?' Qi ?' Q

IIpeoOpa3oBanHas 3amgaua (4) Oynmer SKBUBaJeHTHOW 3amaue (3), eciu pemieHueM 3axaun (4) Oymer

TOJIyOnpe/ie/ieHHast MaTpuia X = paHra eIuHHIA. Bce MATpHIIbI paHTra eIMHHIA MPEICTABHMBI B BHAC XX .
Beectu B orpanndenus 3anadu (4) yciaoBHe, YTO paHr MaTpuibl X paBeH €IMHULA HEBO3MOMKHO, TaK KakK 3TO
yCIIOBHE IpOBepseTcs anroputMudecku. IloaTomy naHHOE ycinoBue B 3agade (4) OIyCKaroT, OCTABIISISI TONBKO
HOJIOKHUTENLHYIO TIOJTyONpPENeIeHHOCTh MaTpullbl X . ECTeCTBEeHHO, Takoe OcialbieHue OrpaHAYeHHN MOKET
MPHUBOJUTH K YMEHBIICHHIO [IEIEBOH (PYHKIINH U K HEJOIMyCTUMOMY PEIICHHIO, ECIIN PelIeHNe THHSWHOW 3a1aqu
(4) mocturaeTcs He B KpaifHeM JIyde KOHyCa MOIyOTPEICICHHBIX MAaTPHII.

M3BecTHBIN (BakT, 4TO 1002t MOJOKUTENLHO TOTYONpPEIe/ICHHAsS MaTpulia X IIPEACTaBUMa B BUJIE JIMHEHHON
KOMOWHAIIMK MaTPHII paHTa eanHUIA [6]

roe X i= xIxIT MAaTpHUIBl paHra equHuia, a Bee o) >0, ucnonmbsyem s mpeodpasoBanus 3anauu (4) x

3aga4de JIMHEHHOTO nporpaMMHpOBaHUsA

B 3a1a4c (4) OrpaHNYCHUSA-HECPABCHCTBA npeo6pa3y}0Tc;{ K paBEHCTBAM MOCPECACTBOM BBOJa AOIMOJIHUTCIbHBIX
CBO60HHBIX NEPEMCHHBIX. 3a}1aqy (5) MOIXKHO pelIaTh OOBIYHBIM CUMILIEKC -MC€TOJ0M HJIN HpﬂMO',Z[BOf/'ICTBeHHBIM

METOZIOM BHYTPEHHEH TOYKH, HO JUIA 3TOTO HEOOXOJMMO OIpENeluTh HadalbHBIH HaGop obpasyrommx X i

KOHYCa TIIOJIOKHUTCIIBHO  ITOJYOHIPEACJICHHBIX  MaTpHUL. q)aKTI/ILICCKI/I, BMCECTO KOHYCa IIOJIOKUTCJIBHO
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MTOJTyOTIPE/ICTICHHBIX MaTPHIl MBI OepeM MHOTOTpaHHBIM KoHyc. [locnme pemreHus 3amadm (5) MBI MOXEM
OIIPe/IENIUTh, CYLIECTBYET JIM HOBas oOpasyiomas X, Takasd, yTo 3aMeHa X :z_a jXj Ha
i

NPUBENIET K YMEHBILIEHHIO 1eneBoil GpyHkuuu B 3amaue (5). Jns aToro HEOOXOAMMO PEUINTH MPOCTYIO 3a1ady
KBaJIpaTUYHON ONTUMH3ALUH

min{xTQx|||x||2:1}, (6)

rae
m
Q=cC —ZjC o xx Y bitA;,
j=1

bt i -1
jj  — DJIEMEHTBI 0a3ucHOI MaTpull B~ CHUMIUIEKC-MeTOAa. XOpOLIO M3BECTHO, 4TO 33aa4a (6) apdekTHBHO

paspenmima [7]. O4eBUAHO, UTO pelIeHne 3a1aqu (6) COBIIaNacT C pemeHHEM 3a1a4H
sl T 2
min{ X" Qx+r(| x| ~1)[[|x|P=1}.

*
BeiGepem r >0 Takum, uyToObl Matpuma Q =Q+rl Oblla MOJOKUTENBHO OMpeaeieHHoM. Jlas 3Toro
JIOCTaTOYHO, YTOOBI

* * .
di > Dl |, i,
i)
* *
rae Oj — smementsl Matpuupl Q . Takum 06pasom, pemienne 3a1aun (6) CBOAMTCA K MOUCKY COGCTBEHHOTO

*
BEKTOpa MaTpuilbl Q , COOTBETCTBYIOIIEMY €€ MHHHUMAJIbHOMY COOCTBEHHOMY 3HAYCHHUIO. DTO PAaBHOCHIBHO
PELICHHUIO 331291

min{x"Q"x |[|x|P=1]
WU 3a1a4YUn

max{||x||2| xTQ*x:l}. M

IIpu HagmexaiieM BbIOOpE HAYaIBHOTO 3HAYECHUS x°, k-e mpuONMXKeHne pemeHus 3agad (7) MoXXeT OBITh
HaiileHo B ABHOM Buje (WCIONB3Ys METOA MHOXHTened Jlarpamxka i1 TNOCIEZOBAaTEIbHOCTH 33134

max{(xk)Tx| X Q'x=1 } k=0,1,...)

*
IMycte X — pemenue 3amaum (7), Torna marpuia Q — MOJIOKHUTENBHO IOJYOIpeAeieHHas NpH YCIOBUU

*T *
X Qx =0. B arom ciyvae 3amaua (4) perieHa, B IPOTUBHOM CIIydae MOUCK PEIICHUs 3amadu (4) CUMILIeKC-
METO/I0M OyJeT IPOJOIIKEH.

3anumeM 3a1a4dy (1-2) mim noJMHOMHUANBHYIO 3aJa4y B 00IIEeM BHIE
min{ fo ()| () <0,i=1....p,x e E"}, ®)

T BCC fi (X) IIOJIMHOMHAJIbHBIC (1)yHKIII/II/I (OrpaHI/I‘{CHI/ISI-paBCHCTBa MOXXHO 3aMCHUTH ABYMS OI'paHUYCHUAMU

HepaBeHcTBamu). HalimenHoe pemieHue 3amadu (4) UCTHOIb3yeM B KadecTBe HAYATBHOW TOYKH JJISI PEIICHHUS
3amaun (1-2) npsiMo-IBOMCTBEHHBIM MeTOZOM BHyTpeHHEH Touku [4]. [Ipeobpasyem orpanndenus 3agadu (8) K
paBeHCTBaAM

min fo(x)—yzplln(ziﬂ fi(X)+z=0,i=1....p;,
i=1

TOoTraa (byHKIII/IH J'Iarpacha 3TOM 3aJa4n 6yH€T HMETH BUJ|
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p

L(c2)= fo- ) 0 ) D (1) ),

i=1
ycCi10BUA MUHUMYMa KOTOpOﬁ PpaBHbI
Vi (x)-VE (x)' y =0,
fi(x)+z=0i=1..,p,
—uZ e +y=0.

Meron HeroToHa A1 3TON HEIMHEWHON CUCTEMBI ypaBHEHUHN Ha Ka)XI0H UTEPALMU PELIAET JIMHEHHYIO CUCTEMY
YpaBHEHUH

G(x,y) AT(x) O[Ax] |-Vfy(x)—AT(X)y

A(X) 0 Z|Ay|= -f(x)-z , 9)
A(X) -1 Y| Az ue—2Ye

rie G(x, y) — reccuan (ynkuuu Jlarpamxa, A(X): \%i (X), Y = diag(yl,...,yp), Z= diag(zl,...,zp),
f(x): (fl(x),...,fp(x)), | — enuununas marpuna, a e = (1,...,1) . Pemenue nuneiinoi cuctemsl (9) ucnonb3yem
JUTS TIEPEX0/1a B CICAYIOILYIO TOUKY

X = XK g AXK,
k+1 k k
y =Y Ay,

2 = 72X 4 g AZ¥,

Ha kaxno¥i utepauuu 3HaueHHe MapameTrpa 4 YObIBaeT mo ¢opmyne 4 = x'z/n. [TapameTp « BBIOHpaeTCs

Tak, 4to6bl z¥** > 0. [TokasaHo, YTO JAHHBIA METOJ [IOGATBHO CXOLUTCS K TOUKE JOKAIBHOTO MUHIMYMa 3a
MOJIMHOMUAJIbHOE BpeMs [8].

YUCJEHHBIE DKCIIEPUMEHTbI

Jnst pacCMOTPEHHOTO TOMYONPEIeTICHHOT0 CHMIUIEKC-METO/[a pa3paboTaHO MpOrpaMMHOE OOECTeueHHe |
MPOBE/ICHBI YUCIICHHBIE IKCIIEPHUMEHTBI.

PaCCMOTpI/IM HEKOTOPBIC TCCTOBLIC 3aa4U, IPUBEACHHLIC B [9] JJIA peIICHU 3a/1avu O paHIIC
max{pTx|aszb,x:0vl}. (10)

Bepx#sis oneHka pelieHus x° 510i1 3a1aun (1t 3a1a9M MUHMMHM3AIUH 3TO OyJIeT HIDKHSAS OLIEHKA), OJTydeHHAs
MOJIyOIIPENENEHHBIM CUMILIEKC METOIOM, YTOUHSIACH IIOCPEICTBOM PELICHUS CIENYIOIEN 3a1a4n

min{]|x—x° |f|a"x=b, (% ~1) =0, i=1....n| (11)
IPSIMO-ABOUCTBEHHBIM METOAOM BHYTPEHHEN TOUKHU.

Pe3ynpTaThl YNCICHHBIX SKCIIEPUMEHTOB MIPUBECHHI B Tabi. 1, rae BuamuM, uto peureHue 3aaaqu (11) copnagaer
C ONTUMANIBHBIM perieHueM 3aaaqu (10).

Tabmuna 1 — Pe3ynbTaThl YMCIEHHBIX SKCIIEPUMEHTOB HaJ 3a7auaMu u3 [9]

3amaga (10) | PasmepHocts | TlomydeHHast BepxHsis onieHka | [lomydeHHast HIOKHSS onleHka | OnTuManbHOE
B [9] 3a1a49m (3amaua (4)) (3agada (11)) pernieHne
1 2 3 4 5
2.1 8 294,988 280 280
2.2 7 107,5393 107 107
2.3 6 159,997 150 150
2.4 7 127,0274 127 127
25 8 1189,51 900 900

BBIBO/IbI 1 HATIPABJIEHUS JAJBHEHIIINX UCCJIEJOBAHUN

3amaun KOMOWHATOPHOW ONTHMM3AIMKM TMPeoOpa3oBaHbl K OOIMM KBaJpaTHYHBIM 3aJadaM Ui PeIleHUs
KOTOPBIX MpPHUMEHSETCs MOJyolpeneneHHas penakcarus. HaiimeHHoe pelreHue 3ajadd HOJIyOTIPEeIEHHOTO
MPOrPaMMHUPOBAHHUS HOBBIM TOJYOIPENEICHHBIM CUMIUIEKC-METOJOM HCIIOJIb3YeTCsS B KadecTBE HAaYaIbHON
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TOYKH U TIPSIMO-BOMCTBEHHOI'O METOJa BHYTpEHHeH Touku. Kak moKa3aay dYHCIIeHHBIE SKCHEPHUMEHTHI,
pellIeHne, HalIeHHOe METOJIOM BHYTPEHHEH TOYKH, COBITAJAET C TOYHBIM PEIIeHUE MCXOIHOW KOMOMHATOPHON
3amaun. Bo3moxxHa Moau(uKamus MOIYONPeNeIeHHOTO CHMIUIEKC-METOAA, MMO3BOJISIONIAs HAaXOAUTh PEIICHHE
3a[auM TOIYOIPEeNICHHOTO IPOTPaMMHUPOBAHHUS B BUJIE MaTPHUIIHl paHTa eANHUIIA.
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VJIK 517.982

3B’A30K MI’K YACJIOBUM PAATYCOM TA HAIIIBHOPMOIO
MOPE OITEPATOPIB, 3AJAHUX HA ITPOCTOPAX L, IPU1 <p <

Kpacikosa I. B., k. ¢b.-m. H.
3anopizvkuii HayioHanbHUull yHigepcumem

VY po06oTi AOCTIKYIOTECS JIBI YHMCIIOBI XapaKTEPUCTUKH JiHIHUX HENepepBHUX OINeparopiB, 3aJaHUX Ha
npoctopax L, mpu 1 < p < co — HanieHopma Mope Ta umcioBuil paziyc omeparopa. ITOHATTS YMCIOBOTO
00pa3y Ta YMCIOBOTO pajiyca omeparopa BHHUKIO y 70-X poKax MHHYJOrO CTOMITTA. YmcioBmid oOpa3
NiHiliHOTO HemepepBHOTO omeparopa T, 3amaHoro Ha GaHaxoBoMy mpoctopi X, BusHauaetbest sk V(T) =
{f(Tx):f € Sy~,x € Sy, f(x) =1}, ne Sx — omunmuna chepa npocropy X. 3rigHo 3 Teopemoro ['ana-
Banaxa, s KOXKHOTO X € Sy icHye niHifiHMN HernepepBHuil QyHkuioHan f € Sy«, mia sxoro f(x) = 1.
OTxe, YHCIOBHUIA 00pa3 JiHITHOTO HEMEPEPBHOTO OIEepaTopa € HEMOPOKHBOI0 MHOXKHHOIO YHCell. 30KpeMa,
icuye cynpemym wmoxyns uucnoBoro obpasa v(T) = sup{|f(Tx)|:f € Sx+, x € Sy, f(x) = 1}, sxuii
HA3UBAETHhCS YMCIIOBUM pajaiycom omepatopa T. UucioBuit paziyc JiHIHHOrO HemepepBHOro omeparopa T
sanoBosbHsie yMoBy 0 < v(T) < ||T||. TloustTs HaniBHopMu Mope 6yiio BBenene y po6oti [1]. V uiit poGori
OyB OmMCAaHWH HOBHH Kiac JiHIMHMX HemepepBHHX omepatopiB Ha mpocrtopax L, = L,([0;1],B,1) mpu
1 < p < oo (tyr B — OopemiBchbka g-anredpa, a A — mipa Jlebera) — omeparopu Mope, siKki MOKHa pO3TIISAIaTH
SIK y3araJlbHEeHHs KOMIaKTHUX ONepaTopis Ha mpocTopax Ly. Llei kimac onepaTopiB BUHKK TIPH ONPaIOBaHHi
TeXHIKM  JIOBelleHHs  Bigomoi  Teopemu Enpno mpo  mpumapmicts  mpoctopy L, mpm
1 < p < oo, sxe Oyno 3ampornonoBane b. Mope. [l K0XHOTO JiHIHHOTO HemepepBHOTO oreparopa T Ha
GopeniBebkiii o-anredpi B 3amatorbest ABI GyHKUii My, mp, SKi € MipaMH MHOXHMHH 1 Ha3HUBalOTHCS
BEPXHBOIO Ta HIKHBOIO Mipamu Mope omepatopa T, Biamosiano. OGHABI 11i MipH MarTh MoXiaHi Pamgona-
Hikonuma Fr, fr € Lo, sIKi HOCATH Ha3BM BEepXHbOI Ta HIKHBOI NoxinHOi Mope omeparopa T. Bepxus ta
HWKHA ToXinHi Mope 3amoBonbHsoth HepiBHICTh ||Frlle < [T, Ilfrlle < IT]l. Hamisaopmoro Mope
ITly omepatopa T € L(L,) mpu usoMy HasHBaeThcs Haiibinpma 3 BemudauH ||Fr|le, ||f7lleo. HamiBHOpMa
Mope oneparopa T nilicho € HamiBHOpMOro Ha mpocTopi L(L,) i NMpu 1bOMY 3aJI0BOJILHSAE HEPIBHICTH
TNy < ITIl. Y poGoti noBoautses, mio mae micue kpama ouinka ||T|y < v(T), ne v(T) — uucnosuii
paniyc oneparopa T.
Kmiouosi cnosa: ninitinuii nenepepenuii onepamop, npocmip Ly, éepxus i nuoicns nopmu Mope onepamopa, eepxnsi
i HudicHs noxioni Mope onepamopa, nanisnopma Mope onepamopa, wuciosuil padiyc onepamopa.
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Kpacuxosa 1. B. CBSI3b MEX/IY UHMCJIOBBIM PAJIIYCOM M IIOJIYHOPMOI MOPE OIIEPATOPOB,

3AJAHHBIX HA TIPOCTPAHCTBAX L, TP 1 <p < o / 3anopoxCKuii HalMOHAILHBIA yHUBEPCHTET,

VYkpauna
B crarbe n3y4aroTcs IBe YHCIIOBBIE XapaKTEPHUCTHUKH JMHEHHBIX HENPEPHIBHBIX ONEpaTOpOB, 3aJaHHBIX Ha
npocTpancTBax Ly mpu 1 < p < oo — nonyHopma Mope u 4ncnioBoit paauyc onepartopa. [loHsTHE YHCI0BOTO
obpa3a M YHCIOBOTO pajauyca olepaTopa BO3HHKIO B 70-X rogax mpouuioro Beka. UucioBoit oOpa3
JMHEHHOTO HeNpephIBHOTO omeparopa T, 3aJaHHOTO Ha OAaHAXOBOM IIPOCTPAHCTBE X, OHpenersieTcs Kak
V(T) ={f(Tx): f € S+, x € Sy, f(x) =1}, rne Sy - enunuunas cdepa npocrpancrea X. CoriacHo
TeopeMbl Xana-BaHaxa, IUsl KakIoro x € Sy cymecTByeT GyHKuuoHan f € Sy, mit kotoporo f(x) = 1.
3HAuNT, YUCIOBON 00pa3 NTMHEHHOTO HENPEPHIBHOTO OMEPaTOpa ABISETCS HEMYCTHIM MHOXKECTBOM 4dncenl. B
YaCTHOCTH, CYIIECTBYeT cympemyM Monyis umcioBoro obpasa v(T) = sup{|f(Tx)|:f € Sx-, x € Sy,
f(x) =1}, xoropslii Ha3BIBaeTCS YHCIOBBIM pamuycoM omeparopa T. UHCIOBOH pamuyc JHMHEHHOTO
HenpepbiBHOTO oreparopa T ymonerBopsier yenosuio 0 < v(T) < ||T||. oustre nmoxyHopMBel Mope ObLUTO
BBezieHO B pabote [1]. B 3T0it paGoTe ObLI OmMcaH HOBBIM Kiacc JIMHEHHBIX HENPEPBIBHBIX ONEPAaTOPOB HA
npoctpanctsax L, = L,([0;1], B, 1) npu 1 < p < oo (tyT B — Gopenepckas -anredpa, a A — mepa JleGera)
— omeparopsl Mope, KOTOpBIE MOXHO paccMaTpHBaTh Kak OO0OOIIEHHME KOMITaKTHBIX OIEpaTopoB Ha
TPOCTPaHCTBaxX L,. DTOT KIacc ONepaTopoB BO3HMK TPH H3YYCHHH TEXHHUKHU JIOKA3aTeNlbCTBA M3BECTHOM
TeopeMbl DH(IIO O MPU3PAYHOCTH IPOCTPAHCTBA Ly npu 1 < p < 00, KoTOpoe ObuI0 npemoxkeno b. Mope.
Jlnst kaXkIoro JIMHEWHOTo HempepbiBHOTO oneparopa T Ha OopeseBckoil -anredpe B 3amatoTcs qBe QpyHKIHN
My, mp, KOTOpBIE MPEACTABIAIOT CO00I MEpbl MHOXECTB U HA3BIBAIOTCA BepXHEW W HIDKHEH Mepamu Mope
omeparopa T, coorBerctBeHHO. OOe 3TH Mepbl MMeOT mnpousBoaHble PamoHa-Hukomuma Fr, fr € Lo,
Ha3bIBAIOIMECS] BEPXHEW M HWKHEH npou3BoaHbIMU Mope oneparopa T. BepxHsisi U HUKHAS NPOU3BOJIHBIE
Mope ynosnersopsior HepasenctBaM [|Fr|le < ITIl, |Ifrlleo < [IT||. Homynopmoii Mope || Ty omneparopa
T € L(L,) npu 5TOM Has3biBacTcs Haubonpmas u3 BemnurH || Fr|lo, ||f7leo. ITomynopma Mope omeparopa T
TEHCTBUTENBHO ABJISAETCS MOJTYHOPMOH Ha mpocTpaHcTBe L(L,) ¥ IpH 3TOM yHOBJIETBOPSET HEPABEHCTBY
[ITIlp < |IT]l. B macrosieit pabore mokasbiBaeTcsi, uTo MMeeT MecTo Jydmas onenka ||T|[, < v(T), rae
v(T) — uncnoBoii pagnyc oneparopa T.

Kniouesvie cnosa: nuneiinvlii HenpepoléHblil onepamop, npocmpancmeo Ly, eepxusa u nudicnss nopmvr Mope

onepamopa, 6epxHs U HUICHAA npoussoonvie Mope onepamopa, nonynopma Mope onepamopa, uucnosoi paouyc

onepamopa.

Krasikova I. V. A RELATION BETWEEN THE NUMERICAL RADIUS AND THE MAUREY SEMINORM

OF OPERATORS ON L,-SPACES FOR 1 < p < oo / Zaporizhzhye National University, Ukraine
In the paper we investigate two numerical characteristics of continuous linear operators acting on L,,-spaces
for1 < p < oo — the Maurey seminorm and the numerical radius of operators. Notions of a numerical image
and a numerical radius of operators were introduced in the 70th of the past century. A numerical range of the
continuous linear operator T on a Banach space X, is defined as V(T) = {f(Tx): f € Sx-, x € Sx, f(x) =
1}, where Sy is the unit sphere of X. According to the Hahn-Banach theorem, for each x € Sy there is a
continuous linear functional f € Sy-, for which f(x) = 1. Hence, the numerical image of a continuous linear
operator is a non-empty set of numbers. In particular, there is a supremum of the modulus numerical image
v(T) = sup{|f (Tx)|: f € Sx+, x € Sy, f(x) = 1}, which is called the numerical radius of the operator T.
The numerical range of a continuous linear operator T  satisfies the condition
0 < v(T) < |IT||. The notion of the Maurey seminorm was introduced in [1]. In this paper we described a
new class of continuous linear operators onL, = L,([0;1],B,4) for 1 <p < o (here B is the Borel o-
algebra, and A is the Lebesgue measure) — Maurey operators which can be considered as a generalization of
the notion of compact operators on L,-spaces. Using a techinque of B. Marey which he had proposed for the
proof of the famous Enflo theorem on primarity of the space L,1 < p < oo, we introduced this class of
operators. For an arbitrary continuous linear operator T on the Borel o-algebra B we defined two functions
My, my which are measures of a set. They are called the upper and lower Maurey measures of the operator T,
respectively. Both these measures have the Radon-Nikodym derivatives Fr, fr € Ly, Which are called the
upper and lower Maurey derivatives of the operator T. The upper and lower Maurey derivatives satisfy the
inequalities ||Frllew < ITIl, lIfrlle < ITIl. Then the greatest of the values ||Frl|le, |lf7lle is called the
Maurey seminorm [|T||), of an operator T € L(Ly). It is indeed a seminorm on the space L(L,) and it
satisfies the inequality ||T|[,; < |IT]l. In this paper we prove that there is a better estimate ||T|[y < v(T),
where v(T) is the numerical radius of the operator T.

Keywords: continuous linear operator, L,-space, the upper and lower Maurey measures of the operator, the

upper and lower Maurey derivatives of the operator, Maurey’s seminorm of the operator, the numerical radius of

the operator.

VY 70-x pokax MHHYJIOTO CTOJITTS 3’ SIBUITHCS NOHATTS YUCIOBOrO 00pa3y Ta YMCIOBOTO pajiyca omeparopa, sKi
AKTHBHO BUBYAIOTHCS JI0 CHOTO/IHI (OIS CydacHHX pe3ybTariB auB. y [2]).

Hexait X — 6anaxis npoctip i T € L(X) — niniiinuii HenlepepBHuii oneparop Ha X. 3rimuHo 3 [3], uucrosuit odpas
oreparopa T BU3HAYAETHCS TaK:

V(T) = {f(Tx): f € Sy, x € Sx, f(x) = 1},
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ne Sy — ommHm4yHa cepa mpoctopy X. 3rigHo 3 Teopemoto ['ana-banaxa, i KOXHOTOo X € Sy iCHYyeE
byukuionan f € Sy, mus skoro f(x) = 1. Omxe, yncinoBuil 00pa3 JiHIHHOIO HEMEPEPBHOIO ONEpaTopa €
HETIOPOKHBOIO YUCIIOBOIO MHOKHHOI0. 30KpeMa, iCHy€e CYIIpeMyM MOy YHCIOBOTO 00pa3y

v(T) = sup{|f(Tx)|: f € Sx+,x € Sy, f(x) = 1},
KU Ha3UBAETHCA uucao6um padiycom oneparopa T.

OueBHIHO, [I0 4YUCIOBWIT paxaiyc omneparopa 3agoBoibHse HepiBHicTh 0 < v(T) < ||T||. Kpim toro,
Bimobpaxenus v: X — [0; +00) € HamiBHOpMOIO Ha X

Hapermri, yucrosuii indexc 6anaxoBoro mpocTopy X YBOIUTHCS TAKUM YHHOM:
n(X) = inf{v(T): T € LX), |IT|| = 1}.

Hagenemo nesiki BiJJoMOCTi PO YKMCIOBHH iHIEKC OAaHAXOBOTO IPOCTOPY. 3ayBaXkuMo, 10 HepiHicTs n(X) > 0
o3Hauae, mo HamiBHOpMa V() Ha mpoctopi L(X) € exBiBaneHTHOMO 10 omeparopHoi Hopmu ||-||. Teopis
YHCJIOBOTO 1HIEKCY pi3Ha JUIs JIMCHUX 1 KOMIUIEKCHHX INPOCTOpIiB. Y IIHCHOMY BHIIAIKy YHCIIOBHUH IHIEKC
3HAaXOJMTHCs Ha BiApi3ky [0; 1], mpuyoMy npuiimMae yci 3HaUCHHS 3 LBOTO Bijipi3ka. Y KOMILUIEKCHOMY BHIIAIKY

. . N 1 . o -
BINOBITHUN BiAPI3OK 3HAUCHb — IIC [;; 1], ne e — uncino Einepa. UuclioBmWid iHAEKC NESKNX KIACHIHUX

GaHaxoBuX MmpocTopi o6unciaeno Touno. Hampukman, n(L,(¢)) = 1 mis goBinbHOI o-ckindeHHoi Mipu f. Kpim
toro, n(C(K)) = 1 mis nosineHoro komnakra K. Sxmo H — riap0epTiB mMpocTip, po3MipHICTh AKOTO GinbIia 3a

. - . 1
omunuio, Tomi n(H) = 0 y npilichomy Bumanky i n(H) = 5 Y KOMIICKCHOMY BHIIaJIKy. TouHe 3HAYCHHS
YHCIIOBOTO iHJEKCY 6aHaxoBOro MpocTopy Ly, (u) MoKH mo He 3Haknene nmpu 1 < p < oo, p # 2, npoTe BiIOMO
[4], mo Bci HeCKiIHYEHHOBUMIPHI TIPOCTOPH Ly, () MarOTh OJIMH i TOM caMuii YUCITOBUH iHIEKC, SKHHA 30iracThes 3
iHQIMyMOM 4YHCIOBHMX iHIEKCIB CKIHYEHHOBMMIpHHX IIpOcTOpiB lp' 3a BciMa m = 2 [5]. Hemonasro Oysio
IoBeIIeHO [6], 10 KOXKHUH NiACHUNA TIPOCTIp L, (¢) Mae momaTHUI YNCIIOBHH 1HACKC IPU P # 2.

Mu JOCHiKyeEMO YHUCIOBUE paliyc JHIMHUX HENepepBHUX OIEpaTOpiB, 33JaHMX Ha JIHCHUX OaHaXOBHX
npocropax L, = L,([0;1], B, ) mpu 1 <p < . Tyr B — Gopeniscbka o-anrebpa, a A — mipa JleGera.
OCHOBHHI pe3yJbTar II0B’s3y€ MK COO0I0 YHCIIOBHH paiyc Ta HaliBHOPMY Mope Takux orepatopis.

Haranmaemo, mo noHsTTs «omepatopa Mope» Oyno yBeneHO B poOoti [1] y pe3ynbTaTi ompaioBaHHs CTarTTi
Mope [7]. Onepatopu Mope y3arajibHIOIOTH MOHITTSA KOMIIAKTHUX OMEPAaTOPIB HA IMX MPOCTOPAX 1 BiIIrparoTh
POJIb «MAJTHX» OIEPATOPIB.

Hexaii Z — oauHuyHa Kyjst mpoctopy L. 3i crmabkor* Ttomosorietd 0 (Le, Ly). st xoxHOI OOpermiBChKOi
muoxuaK A Ha [0; 1] noxtagemo

Z(A) ={h€Z:h? =1, fhd/1=0,
[0;1]

ne 1, — xapakrepuctuuna ¢ynkuis Muoxuau A € [0;1]. Bymemo posrusmatu Z(A) 3 TOHONOTI€EH,
IHIYKOBaHOMO Z.

Y po6GoTi [7] mst KokHOT MHOKHHU A € B MOCTIJOBHO BU3HAYAIOTHCS JIBI YHCIIOBI XapAKTEPUCTHKH:

Z(A)3h—

Mr(4) = lim ,Sup JhTh da,
[0;1]

n n
M, (A) = inf ZIWT(AR) nEN,A= UAkAk e B!,
k=1 k=1

BusnadyeHa TakuM 4YHHOM (YHKIIS MHOXKHHH M € 37i9eHHO-aIUTHBHOIO Mipoto Ha B Ta mae noxiaHy Pamona-
Hikomnma Fr € Lo, 3 yMOBOIO || Frlloo < ||IT ||, TOOTO Ist KOKHOT MHOKMHH A € B BUKOHYETHCS PiBHICTH

Mp(A) = f Fy dA.

A

Jlema 1. [7] Hexaii T € L(Ly). Toni 11s koxHOro & > 0, K0XHOi MHOXKHHHM A € B Ta KOKHOro oKojy HyJs U B
Z icuye taka ¢yukuis h € Z(A) N U, mo
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M (A) — J. hTh dA| < e.
[0;1]

Bmsnaueny Bumie Mipy My Ha OopemniBChKiil g-anredpi B OymeMo Ha3MBATH 8epxHbor0 Mipoto Mope omepaTopa
T, a pyukuito Fr € L, — 8epxnvoro noxionoro Mope oneparopa T.

AHanorivHoO BH3HAYAETHCS HIWKHA Mipa Mope oneparopa T Ta HWXHS moxigHa Mope. s K0KHOT MHOXHHU
A € B BU3HA4aIOThCS 1Bl XapaKTEPUCTUKU:

Mr(A) = lim inf f hTh dA,
Z(A)3h—-0
[0;1]

n n
myp(A) = SUP{Z mr(A;):n €N,A = ]_[Ak,Ak € B}.
k=1 k=1

Bmsnauena TakuM YHHOM (QYHKIIS My € 3MYCHHO-aIUTUBHOIO MipOI0 Ha B Ta Ha3MBAETBCH HUNHCHBOIO MIPOIHO
Mope oneparopa T. Bona takox mae moxigny Pamona-Hikomuma fr € Lo, 3 ymoBowo ||f7lle < IIT|l, sxy mu
HA3UBAEMO HUMCHBbOIO noxionolo Mope oniepatopa T, TOOTO 17151 KOXKHOT MHOXKUHU A € B BUKOHYETHCS PIBHICTD

me(4) = [ frda
A

Juis HiokHBOT Mipu Mope Mae Mmicie pe3ynnbTaT, aHaJTOTi9HAN Jiemi 1:

Jlema 2. [7] Hexaii T € L(Ly). Toni as kosxHoro & > 0, K03kHOi MHOKHHH A € B Ta KOXHOro okoity HyJis U B
Z icuye taka ¢yukuis h € Z(A) N U, mwo

mr(4) — f hTh dA| < e.
[0;1]

VY po6ori [1, c. 40] BcTaHOBIICHNMIT 3B’ 30K MK BEPXHIMH Ta HIXKHIMH MOXiTHUMH Mope:
Jlema 3. Jlnsa nosinsaux oneparopis T, S € L(L,) BUKOHYETbCS HEPIBHICT:
fs+ fr < fsor < Fsyr < Fs + Fr.
Hns oneparopa T € L(L,) pu 1 < p < 0 yucno
TNy = max{lIFzll, ||f ]}
Ha3BeMo Hanignopmoro Mope oneparopa T.

3ayBakumo, 1o HamiBHOpMa Mope ailicHo € namiBHopmoro Ha L(Ly), npudomy ||T||y < ||T|| n1sa xoxHOrO
T € L(L,). [ificHo, 3 nemu 3 BUIUIMBAE, MO Maiike ckpi3b Ha [0; 1] BuKOHY€eThCS HepiBHICTD

WSl = WTllm < fs + fr < fsar < Four < Fs + Fr < |ISlly + ITlp-
Omxe, ans maiike Beix t € [0; 1]

[fs+r O < USHar + 1T llags 1Fsir O < WSl + T M-

Takum uunoM, ||S + Tl < ISy + [Ty Hepisricts ||aT ||y < |a|||T|ly s kosxHOro @@ € R Ta HepiBHICTH
Tl < IIT|| € oueBumauMu. OfHAK, OCTaHHIO OI[iHKY MOYKHA MOJIIMIIATH. A caMe, Ma€ MiCIleé HACTYITHHM
pe3yibTar:

Teopema. [{na nosinbHoro oneparopa T € L(L,,) Mae miclie oliHKa
v(T) = ITlly-

Josenenns. Jlns ¢ikcoBanoro € > 0 Bubepemo MHOXMHY A € B 10AaTHOT MipH TaKUM YHHOM, 100

E
jﬂdﬂznﬂﬂ—z

A

A4

Ta 3a eMoro 1 Bubepemo ynkuio h € Z(A), mob
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e 1(4)
M (A) — J. hThdl| < ——=
[0;1]

Tomi must dynkwiit x = h/5/A(A) , x* = h/%/A(A) onepxyemo

v(T) = fxTdi —ﬁ thhd/l 2/1(1—/1) fFTd,l ,1(1/1) Mp(A) — thhdA >

[0;1] [0;1] A [0;1]
£ €
> IIFll =5 =5 = IFgll = &.

e o3nauvae, mo v(T) = ||Fr|l.

AmnanoriyHo, Bubepemo tenep MHOXHHY C € B 101aTHOI MipH Tak, 1100

1 f al > €
mc frdA| = |Ifrll 7

Ta 3a 1eMoto 2 Bubepemo ¢yukito h € Z(C), mob

£4(0)
2

mp(C) — thhdl <
[0;1]

Sk i y onepeIHEOMY BHIIAAKY, JUIs GyHKILMH X = h/ p.//l(C ), x*=h/ q.//l(C ) OIEPKY€EMO OILIHKY

v(T) = f x*Tx dA —m f hTh dA _/1(16‘) fFle % my(C) — f hTh dA| =
[0;1] [0;1]
2 Ifell =5 = lifrll -
tooro v(T) = || frll.
O0’enHyI0YN /IBi OJIEpKaHi YMOBH, OTPUMAEMO, IO
v(T) = max{|[Frll, Iz} = [Ty

OTxe, OCHOBHUM pE3yJbTaTOM JOCTIKEHHS € BCTAHOBJICHHS 3B 3Ky MIDK YHCIOBUM paJiycoM Ta
HariBHOPMOIO Mope NiHiHHHX HEMEPEPBHUX ONEPATOPiB, 3a1aHUX Ha MpocTopax L, npu 1 < p < oo,
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BU3YAIMN3BALIUA TUOPEPEHIINAJBHBIX XAPAKTEPUCTHUK
JAUCKPETHBIX JTAHHBIX

Myxun B. B., k. T. H., nouent, Yonopos C. B., k. T. H., IOLIEHT
3anopoorcckuii HayUOHATBHBIU YHUGEpCUMEN

B pabore mnpennararoTcs aIrOPUTMbl BU3YaIN3alMM CBOWCTB CETOYHO-33JaHHBIX OBEPXHOCTCH.
IIpennosxeHHBIe aNrOPUTMEI TTO3BOJITIOT BH3YaIM3HUPOBATh TaKHe CBOWCTBA IOBEpXHOCTEH Kak ¢opma u
(POHT BOJIHBI 32 Majlo€ MAIIMHHOE BPEMsI C MAKCUMAJIBHOM TOYHOCTBIO, YTO JOCTUTAETCs UCHOJIb30BAaHUEM
(dopmy:t unciaenHoro audQepeHnupoBaHusL.

Kniouesvie cnosa: cemxa, pynkyus, oughepenyuanvhas xapakmepucmura, popma, ponm 60.iHbi.

Myxin B. B., Honopos C. B. BI3YAJIIBALIA JUOEPEHUIAJIBHUX XAPAKTEPUCTHK JUCKPETHUX

JAHUX / 3anopi3pkuii HaiOHATBHUH yHIBEpCUTET, YKpaiHa
VY 3anpomnoHoBaHil poOOTI PO3IIANAIOTHCS AJTOPUTMH Bi3yalli3allii BIACTUBOCTEH MOBEPXOHb, L0 3afaHi
CiTKOI0. PO3IIISIHYTI anropuT™Mu 103BOJISIIOTE BU3Yalli3yBaTH TaKi BIACTHBOCTI IIOBEPXOHB sIK (hopMa i GpoHT
XBWJII 33 MaJMH MalIMHHAN 4Yac 3 MaKCHMaJbHOIO TOYHICTIO, IO JIOCSATA€THCS BHUKOPHUCTAHHSIM (HOPMYI
YHUCENBHOTO AU EPEHIIIFOBaHHS.

Kniouosei cnosa: cimka, gpyuryis, ougepenyitina xapaxmepucmuxa, popma, pponm xeui.

Mukhin V. V., Choporov S. V. DIFFERENTIAL PROPERTIES VISUALIZATION OF MESH-DEFINED
DATA / Zaporizhzhya National University, Ukraine
This article describes the problem of computer modeling complex geometrical objects. Authors consider
discrete models (meshes) of geometrical objects and propose new approaches for surface differential
properties visualization. These discrete models can be obtained by topographical or radar scanning of a
surface (e.g., surface of a planet).
Authors propose differential properties called the form and the front of a wave for a mesh-defined surface
visualization in the first section of the article.
The form in same point is an angle between a surface gradient and Ox axe vector. The form property
visualizes a break of a surface. The form is equal zero in extreme points of a surface.
The front of a wave in some point is an angle between normal vector of a surface and Oz axe vector. The
front of a wave visualizes character of surface curvature.
Authors propose algorithm for mesh-defined surfaces differential properties visualization. Described
algorithm based on the form and the front of a wave. It uses halftone images for visualization. Described
algorithms have polynomial complexity.
The last section of the article shows some examples of mesh-defined surface properties visualization. These
examples visualize the form of a surface using R-function values in nodes of a mesh.
Keywords: mesh, function, differential characteristic, the form, the front of the wave.

INOCTAHOBKA IMPOBJIEMbI

B mHacrosimiee BpeMs KOMITBIOTEPHOE MOJAETHPOBAHHE OOBEKTOB M IIPOIIECCOB PEANbHOIO MHpa 3aHUMAaeT
BeylIee MECTO B HAYYHBIX U MHXXCHEPHBIX UcclenoBanusax. OmHOW 3 Hambolee aKTyalbHBIX 371ech MpoodieM
SBIISIETCA MPOOJIeMa OINpeeNIeHUs Pa3IMIHbIX MEXaHHIECKUX XapaKTePUCTUK OOBEKTOB WM KOHCTPYKIUM. [jis
pemeHns BO3HMKAIOUIMX MNpH 3TOM JuddepeHInanbHBIX ypaBHEHHH Ha MPAaKTHKE YacTO MCHOJIB3YIOTCS
pa3IM9YHbIC YHCICHHBIE METOIbI, OCHOBAHHBIC HAa HJIee IMepexoa OT HEMPEPhIBHOTO MPEACTaBICHUS 00BEKTa K
€ro IUCKPETHOU MOJIENH.

IIpu pemeHNM NPUKIATHBIX 3a1a4 MEXaHWKH, TUCTAHIIMOHHOM HCCIIEIOBaHMU IOBEPXHOCTEH, pa3paboTke
reoMH(pOPMAIIOHHBIX CHUCTEM BO3HHMKAeT HEOOXOAMMOCTh BHU3yalu3alliy OOJBIIMX MAacCHBOB JaHHBIX.
I'paduueckrie METOABI HCMOJBL3YIOTCS B 3aJadax KJIACTepU3alUH JUIS BBISBICHHS 3aKOHOMEPHOCTEH,
XapakTepHBIX A MaccuBOB JaHHBIX [1-3]. Ha 6a3e pasmuyHBIX THIIOB TPauKOB NPOU3BOAWTCS aHAIU3
ncuxomsmyecknx [4] u (QuHAHCOBBIX [5] maHHBIX. MeTOABl BU3yalHM3allMd aKTHBHO HCIOJNB3YIOTCS LIS
BBISIBJICHUSI 3aKOHOMEPHOCTEN M aHOMAJIMH B OOJIBIINX 00beMax SKCIepUMEHTAILHON HHpopMaruu [6].

B pabote 11 BU3yaJlbHOTO HCCICAOBAHMS JAHHBIX NPEJIAracTCsl MCIIOJb30BATh TAKHE €€ IMPOSBICHUS, KaK
dbopma u ¢pout BomHbl [7-10]. Anroputmsl, mnpeiokeHHble B paborax [7-10], mpemmomararoT, 4TO
BU3yanu3upyemas (QyHKIHS B OOJIACTH BH3YaJIM3allUH SIBJIICTCS HEMPEPHIBHOM SIBHO 3aJaHHOW (DYHKIHEH.
OfHakoO TNPUMEHEHHE MPEIOKEHHBIX aJIrOPUTMOB JJIsI JUCKPETHBIX JaHHBIX (XapaKTEpHBIX IS
SKCIIEPUMEHTOB) BBI3BIBACT 3aTPYAHCHHE. PEIICHUIO TaHHOM MTPOOJIEMBI MMOCBSIICHA IPEIOKEHHAsT paboTa.

OINIPEAEJIEHUE ®OPMbI U ®POHTA BOJIHbBI

HpI/IBSIBKa rpaganiii TOHAa K HAIPaBJICHUIO IPOCKIUU BEKTOpAa HOpMaJIM Ha IIJIOCKOCTb XOy IIO3BOJISICT

YIPOCTUTH BOCIIPUATHUE HAINPABJICHHA CKJIIOHOB IMOBECPXHOCTH, aKTUBU3HUPYA IPHU OTOM TOYKH, B KOTOPBIX 3TO

Dizuxo-mamemamuyni HayKu



61

HampaBieHne oTcyTcTByeT [7]. TakuMu TOYKaMHU SBIAIOTCS IKCTPEMaJbHBIC TOYKH, B KOTOPBIX KacaTeibHas
IUVIOCKOCTh MapajeibHa TOPU3OHTY, a MPOEKIIHs BEKTOPa HOpMaJK Ha IIockocTh xOy paBHa 0. Takoi moxxon

MO3BOJIACT BBIACIUTL XAapaKTEP HU3JIOMOB IMOBEPXHOCTHU, IMOITOMY OIIPCACIICH KakK «(’popMa» [7] CDopMa

oIpesieNsieTcs YIIIoM MEXIy I'paJueHTOM (YHKLIUM W IOJIOKUTENBHBIM HampaBieHneM ocd OX (yron o Ha
pucyske 1).

R}

nl '~
Y
0 M g
1l ~ - v
¥ oo o~

Pr

i
w
X
Puc. 1. Yrasl, onpenenstonue GopMmy ¥ GPOHT BOJIHBI

Btopoe CcBOMCTBO XapakTepuU3yeT OINPEICICHHUE OTKIOHCHHS HOPMald OT BBIOPAHHOTO HAMpPABICHUS H
aKTHBHU3UPYET BOCIPUSATHE U3MEHEHUsI XapaKkTepa MOBEPXHOCTH, MpeHedperas xapakrepom usnoma [7]. B aTom
cllydae OHO OTPENEICHO KaK «(ppOHT BOJHBD» [7]. DPOHT BOJIHBI OMPEACISICTCS KaK Yrol MEXKIY HOPMAIbIO H
ocbto Oz (yron y Ha pucyske l).

Hopmaits kK TOBEpXHOCTH F(X, 2 z) =0 B TOuke M (xm Y zm) NpeICTaBsIeTCsl ypaBHeHussmu [8]:

X =Xy _Y—ym _Z—zm

= = 1
F | oF W
OX [\ Ny  %Zlum
B wacTHOCTH, €ciM TOBEpXHOCTDH 3a7aHa ypaBHeHHeM Z = f (X, y), TO YpaBHEHHUS HOpMaJId UMEIOT BUJ:
X~Xm Y=Yy Z-1p
p g -1
WIH B TTApaMeTpHIECKON opme:
X = pt+ Xy,
Y =qt+ Yms (2)
Z=(-1t+z,
rae p= i H Q= o
Ox M 8y M
U3 ypaBHEeHUS (2) MOKHO TONYYHTh JITUHEI IPOSKIUI BEKTOpa HOpMaiy mpu t =1 Ha ocH KOOpIUHAT:
oot
o loxly [
of
ny=t—l | 3)
%l
n, =1.

PaCCManI/IBaH Ha puc. 1 COOTBETCTBYIOIIUEC TPEYT'OJIbHUKU, HaﬁﬂeM Yriibl O U Y, YIUTBIBAsA YE€TBEPTHU, B KOTOPBIX
OHU pacnoJiararoTcs.

Yron a. Ilycth a=0 mnpu oHOBpEMEHHOM BBHINONHEHHH paseHcts N, =0 u N, =0 (T.e. HOpMan®b

n Vs
npoenupyetcs B Touky). Takoke Oynem cunrats, uro npu n, =0 u ny #0 arctg = 5
X
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n
1. p>0 u g=>0 (nepBas 4yeTBepTh): & = aArcty .
X

n
2. p<0wu g=0 (BTOpas 4eTBEpPTh): ¢ = —arctgy .
X

n
3. p<0mwu gq<O0 (TpeTps YETBEPTH): o = —7x +arcty <.
nX

n
4. p>0 u q<0 (4eTBepTas 4ETBEPTH): « = —arctg iy
X

Yron Y. KOCI/IHyC Y ABJIAICTCA HAIIPABJIAOIIUM KOCHMHYCOM I BEKTOpa-HOPpMaJin, €ro HalJIeM 110 Q)opMyne:

cosy = = ¥ = arccos (4)

2 2
ny+ny +1

nZ+n2+1
AJIT'OPUTM ONPEJAEJEHUSA JTUPPEPEHIIUAJIBHBIX XAPAKTEPUCTUK

Jns  ompeneneHusT YacTHBIX —INPOM3BOAHBIX — HCIONB3yeM (OPMYNBI  COOTBETCTBYIOLUIMX  Pa3sHOCTHBIX
npon3BoaHbIX. [Tycts pyHkIus f (x, y) 3aJlaHa B CIIEAYIOIIEM BUE:

z; ;= T4, y5),
X =a, +ih,, i=01...n,
yj=a,+jh,, j=01..m, ®)
b, —a
m:i?i,%<m
b, —a
h,=——Y  a, <b,,
y m y y

rae a,, by, ay, by — COOTBETCTBEHHO, OTPaHUYMBAIOT 00J7IaCTh 3aaHusl (YHKIHUH, N — KOJIUIECTBO OTPE3KOB
paszouenus Baoab ocu OX, m — KOIUYECTBO OTPE3KOB pa3dueHus Baoab ocu Oy , h, — mar no ocu OX, hy —

mar mo ocu Oy . Toraa BeIpaKEeHHs YaCTHBIX MPOU3BOAHBIX OyayT umeTh Bu [11]:

_Aaj"hg

zqu — j=0,1,...m, (6)
mmzi%§ikj:mwm, 0
uh:&%iiﬂ,ﬁLaJFszmwm, (8)
) :Z%yzo i=0.1..n, ©)
zwm=ﬂi%ﬂi,hm¢wm (10)
z&Lj:Euig;iti,i=Oqum j=12,..m-1. (11)

y

Y4uTHIBas H3IOXKEHHOE BBIINIC, COCTABAM aJrOPUTMBI TMOCTPOCHUS U PEpEHINAIbHEIX XapaKTEPUCTHK
nosepxHocteii. Ilpeanonoxum, 4o cerounas QyHKUHMs Zjj IOJHOCTHIO ONpEeNieHa coraacHo dopmynam (5).

Torma mms Bu3yadu3alid PAcCCMOTPEHHBIX CBOWCTB TIOBEPXHOCTH MOXKHO HCIIONB30BATh OJIOK-CXEMY,
NPUBEJICHHYIO Ha puc. 2.
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y

[uka i=0, i<n, HET
mar 1
na ¢
IMukn j=0, j<m, HET
mar 1
JAa
. HET . HET —
i=0 » i=n #I Zii=(Zis1,j— Zinj) 1 (2 hy)
JAa pit:]
24i=(21,5— Z0) / Py | | Zi=(Zn,j— Zn1) / x
o 14
-
. HET . HET
j=0 »<_j=m b 1= 2,2/ @h)
aa Jaa
2yi=(2i,1— Zi0) I hy | | 2yi=(Zim— Zim-1) /'y
= 1
OHpe[[eJIHeM yTO.TI o U 'Y (B 3aBUCHUMOCTH OT
BH3YyaJIM3HPYEMOil XapaKTEepHCTHKH),
orpeessieM LBET 151 COOTBETCTBYIOIICH
TOYKHU IKpaHa
]

v
Puc. 2. brok-cxema anropuTMa OomnpesieNeHus XapakTepUCTHK
VHTEHCHBHOCTH OKpAacKU MIOBEPXHOCTH B 3aBUCHMOCTH OT yIJIa ¢¢ OMpeAeNsieM Mo GpopMyIe:

255-«a
—

Color =255- (12)

TakuM o0paszoMm, pacmpeneleHie TpaJaldil TOHA OT OEIoro K YepHOMY I[BETY PAaBHOMEPHO H3MEHSETCS NpH

n3MeHeHnu yriaa o ot 0° mo 180°, 3atem, Haobopot, oT 180° mo 360° rpagycoB MPOUCXOANT MaJCHUE TOHA IO
6emnoro [7] (puc. 3).

Puc. 3. IHTeHCUBHOCTH OKpPACKU IMMOBEPXHOCTHU B 3aBUCUMOCTHU OT yIJla &

Takas opraau3anust OKpacKy MO3BOJISIET UMHTHPOBATH IPUBBIYHOE IS TJ1a3a OCBEIIEHHE TOBEPXHOCTH, HO BHI
MOBEPXHOCTH OTJIMYEH OT OOBIYHOTO, MOCKOJIBKY OTOOpakaeT JIUIb mapamerp Gpopmsl [7].

YroOBb!I OIpesennuTh XapakTep oOpa3a HaKJIOHA HOPMAJIM BOCIOJIB3YEMCSI T€M K€ 3aKOHOM OCBEIIEHHOCTH [7].
®opmyina (12) mpuHUMaeT BU:

Color =|255- 2227 | (13)

2

B 3aBHCHMOCTH OT yrIila HAKJIOHA MOJIYYCHHOTO IPaJHEHTa paclpee/ieHUe rpagaiui ToHa O0y/1eM H3MEHATh PH
3HageHnu ¥ oT 0° mo 90° rpagycoB COOTBETCTBEHHO OT O€J0r0 K YepHOMY LBETY, 3aTeM, Hao0opoT, ot 90° 1o

180° rparycoB IpOUCXOIMT MazieHue ToHa 10 6enoro [7] (pucyHok 4).
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'Y
L4
Puc. 4. IHTEeHCUBHOCTH OKpacKu MOBEPXHOCTH B 3aBUCHUMOCTHU OT yTJia y

[IpemmoxkeHHBI TOAX0 MOXET OBITh HCIOJIB30BAH TaKkKe Ui HECTPYKTYPHPOBAaHHBIX CETOK (IIyTeM
UHTEPIOALMK 3HAYCHHH Ha osyieMeHTe). HekoTopble pe3ynbTaTel NPUMEHEHHS TaKoOro IOAXona s
BU3yalH3allMi (OpMBI JUCKPETHBIX MOJENCH CIIOXKHBIX I€OMETPHYECKHX obylacTel, B y3JlaX KOTOPBIX 3aJaHbI
3HAYCHHUSI COOTBETCTBYIOIIEH aHanuTHIeckod Mopnenu (mpu momomtn R-¢yskumit [12-13]), mpuBenensl Ha
puc. 5.

Puc. 5. HekoTopsle pe3ysibTaThbl IPUMEHEHHUS IPEIIIOKEHHOTO IIOAX01a

BbIBO/IbI

Taxum 06p330M, TOpU30OHTAJIbHAA IIJIOCKOCTH KaCaHHs B TOYKE HCCJ’IG,I[yeMOfI MOBCPXHOCTU MNPHUHUMACT
MAaKCUMAJIbHYIO CBECTOBYKO MHTCHCHUBHOCTb OCBCUICHUS, 4 TIPU BepTHKaJ’IBHOﬁ IINIOCKOCTH KaCaHHMsA HCCJIeZ[yeMOﬁ
MOBEPXHOCTU CBETOBASI MHTCHCUBHOCTD CHUIKACTCA 10 HYJIA.

[IpeanoxkeHHble AITOPUTMBI TO3BOJISIIOT MOCTPOUTH A (depeHInaNbHble XapaKTePUCTUKH MOBEPXHOCTEH
3aJJaHHBIX CETOYHO, YTO IO3BOJISET MX NPUMEHSATH JUIS BH3YalIM3allMU 3a7ad MEXaHUKH M (QHU3UKH. Tak ke
JIOCTOMHCTBO MPEJIOKEHHOTO MOJAX0/1a — ATO HHU3Kas BBIYUCIUTENbHAS CIOXKHOCTH, KOTOpas OYeBHIHO OyzeT
OLICHUBATHCSI IOJIMHOMOM BTOPOM CTENEHHU.

IIpu stBHOM 3amarny QyHKIWH, 3Has pa3Mephl pacTpa n300pakeHHst, MOXKHO ONTHMAaJIbHO BEIOPATh KOJIMYECTBO
OTPE3KOB Pa3OMEHMsT BIOJIb COOTBETCTBYIOLIMX OCEH M MONYYHTh, TAKHM 00pa3oM, MakCHMAaJbHO MOAPOGHOE
N300paKeHHE.

HC,Z[OCTE[TKOM HpeﬂﬂO)KCHHOﬁ CXCEMBbI ABJIACTCSA HAJIWMYKUEC NOIPCHIHOCTU MPU €€ UCIIOJIb30BAHUU. HOFpeIIIHOCTL
MOCTPOCHUSA 6y[leT OKBUBAJICHTHA IIOTPCHIHOCTU PA3HOCHBIX CXEM, MHCHOJIb30BAHHBIX IIPU OHPEACICHUN

3HAYCHHUI YaCTHBIX MPOM3BOAHBIX. [TorperHocTs pasHoCTHBIX Gopmyi (6)-(11) cocraBmser O(hz) [5].
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NHOOPMALIMOHHAA TEXHOJIOI'US BU3YAJIN3ALIUAN
MOBEPXHOCTH ®YHKIIAM JBYX MEPEMEHHBIX

Haymenko . A., 6akanasp, KonapatseBa H. A., k. §.-M. H., gotient, Myxun B. B., k. T. H., TOLIEHT,
Jleontsena B. B., k. ¢.-M. H., TOLIeHT

3anopooicckuti HayUOHATbHLIL YHUSEPCUMEm

B cratbe mpuBenéH croco0 opraHm3anuu rpaduueckoil MHGOpPMALUM, KOTOPBIH [TaéT BO3MOXKHOCTDH
BBIICNIUTH 0COOBIC TOUKH M JIMHUH M3rHOOB MOBEPXHOCTH. Pa3paboTaHa peann3aust aaropurMa yTOYHEHHS
paccMaTprBaeMoii 001acTH /IS HCCIeJOBaHMS TOBEPXHOCTH.
Kniouesvie cnosa: ghynxyus 08yx nepemennvix, epaguuecxas ungpopmayus, npoepamma na C++, ocobvie mouxu
NOBEPXHOCMU, TUHUU U32UO08 NOBEPXHOCIU.

Haymenko [I. A., Konmpar’esa H. A., Myxin B. B., Jleontbea B. B. IHOOPMALIMMHA TEXHOJIOI'LA
BI3YAJII3ALIl TIOBEPXHI ®YHKIIII IBOX 3MIHHMX / 3anopisbKuii HaLliOHANbHUI yHiBepCHTET, YKpaina
VY crarti HaBeneHo croci6 opranizamii rpadiuHOl iHpOpMAaIil, KUK A€ MOXJIMBICTH BUALINTH OCOOIHBI
TOYKH Ta JiHIil BUTHHIB TIOBepXHi. Po3pobeHa peanizaiisi anropuTMy YTOUHEHHS PO3IIISIHYTOI o0nacTi s

JOCIIiJUKEHHSI TOBEPXHi.
Kniouosi cnosa: ¢pynxyis 06ox sminnux, epagiuna ingopmayis, npoepama na C++, ocobausi mouku noeepxHi,
JIHIT 8USUHIB NOBEPXHI.

Bicnux 3anopizvkozo nayionanvnozo ynisepcumemy Ne2, 2013



66

Naumenko D. A., Kondratyeva N. A., Mukhin V. V., Leontieva V. V. INFORMATION TECHNOLOGY

RENDER THE SURFACE OF A FUNCTIONS OF TWO VARIABLES / Zaporizhzhya National University,

Ukraine
In this paper, proposed a new way of organizing information graphics, which allows to allocate specific
points and lines bends surface of the object, as well as to provide a reliable and fair graphical representation
of geometric objects, that is especially important in the design of complex engineering structures. The
proposed method is based on the recursive refinement of the area under consideration for studying the surface
of a geometric object. It is considered recursive algorithm for visualization differential properties of functions
of two variables. The proposed algorithm allows to visualize the properties of surfaces such as the form and
wave front with maximum precision and is associated with a dynamic process. It gives the possibility of
operational interference in the processing in each level in the hierarchy of recursion, in turn, permits variation
of the methods of investigation in local areas of considered area. The advantage of the proposed algorithm is
the possibility of visual evaluation of the image still in the early stage of processing the graphic information.
Implemented in the algorithm binding gradation of tone to the direction of projection of the normal vector to
the plane XOY can greatly simplify the perception of the direction of the surface slope, while intensifying the
points in which this line is missing. Such points in this case are the extreme points at which the tangent plane
is parallel to the horizon. This approach allows to allocate character of breaks investigated surface and
therefore defined as «formyx. In this approach, the concept of Form determined by the angle between the
projection of the gradient on the plane OXY and the positive direction of the axis OX.
The second property, under consideration, characterizes the deviation of the normal to the selected direction
and activates perception changing nature of the surface, ignoring the nature of the fracture. In this case,
decided to determine it as the «wavefront». At the same time, introduced the concept of Wavefront is defined
as the angle between the gradient and the axis OZ.
The proposed information visualization technology, allows to extend the class of problems for the visual
analysis in different applications of mathematics.

Key words: the function of two variables, graphics, program in C++, singular points of surfaces, lines of curved

surfaces.

BBEJIEHHUE

B Hame BpeMs OYe€Hb WHTEHCHUBHO pa3BHBaeTcsi INporpammHoe obecneuyenue [1-3]. OmHuM M3 cambIxX
MOMYJISIPHBIX HAIPaBICHUHN SBJISETCS pa3paboTKa HOBBIX TEXHOJOTMH M METOAOB BH3YyalHM3allUd Pe3yJIbTaTOB
paboThl MporpaMM, TO €CTh TaKOW HX IOJayd, B KOTOPOHl OHM Haubojee aJeKBaTHO BOCHPUHUMAIOTCS
yenoBekoM [1, 2].

INornmanue rpaduieckoro odpasza Kak rpapudeckoil nHGOpPMaANKH SBISIETCS aKTyalbHOW mpobieMoi. s ee
pemieHuss HeoOXoAMMO pa3paboTaTth HOBbIE NPUHOUNBL. OHM JODKHBI TTO3BOJSITH  aKTHBU3MPOBATH
nHpopmanuio, KoTopas Oblla MHTEPECHOW, 3a CUET HCIIOJIBb30BAHMS Pa3lIMUHBIX H300pasHTENLHBIX CPEICTB
[1,3,5].

BmsyanbHelid ananm3 pabotaer ¢ zpagpuueckoii ungpopmayueii, KoTopas MPeINCTaBISLCT COOOH BHU3YyaTbHBIN
00pa3 reoMeTpu4ecKoro 00beKTa M CBOAUTCS K 3PUTEIBHOMY BBILAEJICHHIO OCHOBHBIX CBOMCTB NOBEPXHOCTH
[1, 2]. TpaauuoHHble W300paXKeHHsT MOBEPXHOCTH HE BCETra IO3BOJISIIOT OJHO3HAYHO OIMPENEITHTh 0COOBIE
TOYKM W JIMHMM H3rM00B (opmbl moBepxHocTH. HeoOxoauma NOMONHUTENbHAs OlIEHKAa C NPUMEHEHHEM
3pUTENHHON UHTEPIOJSAILNHN IJIsl OTIpeIeTIeHUs dJIEMEHTOB MOA00HOTO poja [1].

Pemenuro 310l nmpoOieMbl MOCBSAIIEHA MpeaiaraeMas padoTa, B KOTOPOI U3JI0KEH HOBBIN CITOCOO OpraHU3aIiu
rpadudeckoit mHGopMarmu. OH JaeT BO3MOXHOCT OTOOPaKAaTh XapaKTePUCTUKU IpadUIecKoi HHPOPMAIHU U
OCHOBaH Ha PEKYPCHBHOM YTOYHCHHHM pacCMaTpPHBAaeMOW 00JacTH Ml WCCICNOBAaHUSA IOBEPXHOCTH
TeOMEeTpUIECKOoro 00BeKkTa. IlporpaMMHas peanmu3amys BBHIIONHEHAa Ha s3bIke TporpamMmupoBanms C++ ¢
ncrnoiib3oBanueM oubarotek WinForms.

PEAJIM3ALIUA PEKYPCUBHOI'O PASBBUEHUA

B anroputMe pekypcHBHOTO pa30WeHHsI NpAMOYTOJIbHAs OOJIacTh, 3aJaHHas IOJB30BATENIEM, HAa KOTOPOH
uccneayercs GyHKOHSA, pa3OMBaeTCs Ha YYaCTKH B BHJAE MPABWIBHBIX # -yTOJIBHHUKOB. [IpaBMIIBHOCTE ydacTKa
00yCIIOBIIEHA HCIIOJIB30BAHUEM PaAMAIbHOTO NPUHIMIIA pa30HeHHs 00JacTH Ha 1oJ00acTH.

OnHo#it w3 mpoOieM, BO3ZHHMKAIOMIMX TNpH paboTe MOZOOHOTO AIrOpuTMa, SBISETCS OINpEIEIeHHEe MecTa
PacTIONIOKEHHS n -yTOJBHUKA OTHOCUTEIBHO 3aJaHHOW oOnactu umccnenoBanus ¢yHkmun [1-4]. B manvOi#
pabote aTa mpobiema permaercss peKypCHBHBIM 00pa3oM, CYIIHOCTH KOTOPOTO COCTOMT B cieayromeM. Ha
IIEpBOM LIare peKypcuu onpeensiercs paguyc R u koopauHatel X, Y, LEHTpa OKPYKHOCTH, OXBaThIBAFOIIEH

NPSMOYTOJNIEHYIO OO0JIACTh HCCIIEJOBaHUS (YHKIUU C BIMCAHHBIM B HEE INPABIIBHBIM # -yrOJbHHKOM. Ha
KaXJIOM CIEAYIOIIEM IIare PEeKypCHH YYacTOK B BHUJE MPABWIBHOTO 1 -yrOJNbHUKA pa3OMBacTCs Ha n
OJIMHAKOBBIX CEKTOPOB. IIpr 3TOM paccMaTpuBarOTCs HAKJIOHHBIE MIOCKOCTH, KOTOPBIE 00pa3yIOTCsl y4ac TKaMH
nojobnacTeil BHYTpU 00JacTH Kak MPHOIMKEHHBIE KacaTelbHbIe IIOCKOCTH B OKpecTHocTH Toukk P . Cama
touka P mnpu momo0HOM paccMOTPEHNH TPHUOJIMKEHHON KacaTeIbHON INIOCKOCTH He MMEET, YTO MOTPeOoBao
YCOBEpPIICHCTBOBATh AJNTOPUTM, A00aBHB B pabOTy anropuTMa IOMOJHHUTEIbHYIO IOJ00TacTh TOW ke
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KOHQHUTypanuy, 9YTO W OCTaJbHBIC, HO PACIONOKEHHYI0O B LEHTpe MmomoOmacTi. TakuM o0pa3zoM, peKypCHs
MIPOJOIDKAETCS 10 TEX MOP, MOKa TO JINO0 HEOOXOIMMO HCCIIEOBATEIIO, INOO0 10 MUKCEIFHOTO YPOBHSI.

Bpewms, 3aTpaunBaeMoe Ha IoIydeHUe Ipaddeckoro oopasa ¢ IMOMOIIBI0 PEKyPCUBHOIO arOPUTMa, 3aBUCHT OT
IBYX IIapaMeTpPOB: KOJNYECTBA CEKTOPOB IOBOPOTA n W CTEIICHHM PEKYPCHBHOI BiokeHHOCTH k . IIpomemypa

COPTUPOBKH Ha OYEPEIHOM INAre PeKypCHH BBINOJHICTCS He Ooiee, 4eM (nk —1)/(n—1)—1 pa3, Toe n —

KOJIMYECTBO CEKTOPOB, a k — riryOuHa peKypCcu.

CrexyeT OTMETHTH, YTO JAHHBI IOIXOJ MHO3BOJISET IOJNYYUTh H3MEHEHHOE IPEICTaBICHHE HCCIETYyEeMOTO
rpadudeckoro odpaza yXe Ha HEepBBIX IIaraXx peKypcuu. DTOT (pakT HaeT BO3MOXKHOCTh COKPATHTH BpEMs
peaKLuK McCIeNoBaTeNss Ha MOKCK PA3IM4HOI0 poJia OIIMOOK, BOSHUKAIONIIMX IPH ONMUCAHUM HCCIETYeMOTO
o0ObekTa.

Ha si3p1xke mporpammupoBanus C++ AaHHBIN anTrOpUTM BBITISAUT CIeAyIoIuM o0pa3om (cM. puc.l):
void RectangleDraw(double Current,double Count,double R,double Xc,double Yc,double m){
Form1->StatusBarl->Panels->Items[5]->Text=R;

if (Current==Count)

if((Xc - R>= X1) &&( Xc + R <=X2)&& (Yc-R>=Y1) && (Yc + R<=Y2))
{
/! OnpenencHue 3HaUCHUH (QYHKIMA B 33IaHHBIX Y3JIOBBIX TOUKAX paccMaTpUBAcMOil mo1001acTi
// I Hy)KHOH 3a1a9n
TPoint A[100];
double angle=0;
int ii;

for (ii=0;ii<=m;ii++)

{
Alii].x=int(Xc+rl*cos((angle*M_P1/180+M_P1/m)));
A[ii].y=int(Yc+rl*sin((angle*M_P1/180+M_PI/m)));
angle=angle+360/m;
}
for (ii=0;ii<=m;ii++) Forml->Imagel->Canvas->Polygon(A,m);
return;
¥
}
else { return; }
}
else
{
for (inti =0;i <m; i++)
RectangleDraw (Current+1,Count, R/2.,Xc + R/2.*cos(i*2*M_PI1/m), Yc +R/2.*sin(i*2*M_PIl/m),m);
RectangleDraw (Current+1,Count, R/2.,Xc, Yc , m);
}
return;
}

Bicnux 3anopizvkozo nayionanvnozo ynisepcumemy Ne2, 2013



68

Bxon B moxmporpammy

RectangleDraw(Current, Count, R, X, Y¢, m)
[ Hauano ]
v
l HET
Current=Count
Beox Xy, Yi, Xp, Ya, N, M l
=0
Ie
2 2 r
R=v/(X2-X1)? +( Y2-Y1) RectangleDraw(Current
X=X+ (Xo-X1)/2 +1, Count, R/2, X-RX, VX AR <X,
Yo=Y+ (Yo-Y1)/2 X +Rcos(27/m)/2, Y-RSY VY +R<Y,
1 Y +Rsin(27/m)/2, m)
| =1 | I
. | i=i+1 |
. aa
RectangleDraw(1, j, R,
Xe Ye, M) Onpenenenune 3HaueHui (GyHKIMY]
B 3a/1aHHBIX  Y3JIOBBIX  TOYKax
l aa HeT [paccMaTpuBaeMoi 1o00macTi
| =i+ |
RectangleDraw(Current
+1, Count, R/2, X, Y,
0 m)
HeT |
[ Koney ] Beixon 13 nognporpammsr RectangleDraw

Puc. 1. briok-cxema peKypCUBHOTO aJIropuTMa

IHOCTPOEHHME BU3YAJIBHOI'O OBPA3A TPEX XAPAKTEPUCTHUK
ITOBEPXHOCTH

B nanHOW crathe B KadecTBE NpHMeEpa peaM3allii PEKypCHBHOTO DPa3OMEHUs] IPHUBEICHO HCCIICAOBAHUC
rpaduka GyHKIUH JBYX IEPEMEHHBIX U ONPEAETICHNE €ro CBONCTB, TAKUX KaK gpopma, pponm 6onunsl M nunuu
ypoeusa. OCTaHOBUMCS Ha IAHHBIX CBOMCTBAX OoJee mopoGHo.

[puBs3ka rpajalMd TOHA K HANPABJICHHIO MPOEKIMH BekTopa HOopMmanu Ha miockocts XOY mo3soser
YIPOCTUTHh BOCIPHUITHAE HAMPABICHHUS CKJIOHOB MOBEPXHOCTH, AKTHBH3HPYS MPU 3TOM TOYKH, B KOTOPBIX 3TO
HANpaBJeHUe OTCYTCTBYeT. TakvMMHU TOYKAMH SIBISIFOTCS JKCTPEMalbHbIe TOYKH, B KOTOPBIX KacaTeibHast
IUIOCKOCTh TapajuielibHa rOpu30HTY. Takoil Mmoaxoj MO3BOJIET BBIICIUTH XapaKTep H3JI0MOB MOBEPXHOCTH,
MOATOMY OmpejiesieH Kak «gopmay. Ilpu 3toMm hopma ompenesnsieTcst yriaoM Mexy MpOeKIUel rpajneHra Ha
wiockocTh OXY U MONOKUTENBHBIM HarpasieHneM ocu OX .

Btopoe CBONCTBO XapakTepusyeT OIpeneieHre OTKJIOHEHHS HOPMald OT BBIOPAHHOTO HANpaBlICHUA H
AKTUBU3UPYET BOCHPHUSATHE H3MCHEHHS XapaKTepa NMOBEPXHOCTH, NpeHeOperas xapakTepoM H3jioMa. B sTom
ciIydae perIeHo ONpeAeTUTh ero Kak «gponm 6o1nbty. IIpu 3TOM QPOHT BOIHEI ONPEIEIIACTCS KaK YTOI MEKIY
rpagueHToM U ocbio OZ .

Ecnu nox zpadueumom B TOYKEC IMOBEPXHOCTU NOHHUMATHL BECKTOP HOpMAJIHU KacaTeJIbHOU IIJIOCKOCTH B 3TOM
TOYKEC, TO HCO6XOI[I/IMO ONpPCACIIUTD!:

- CpemHHUH yroi MeXAy HallpaBJIeHHEM MPOeKINH rpaguenTa Ha mwiockoctb OXY uockio OX (puc. 2 a));

- CpemHHil yroi Mexay rpagueHToM U ockto OZ (puc. 2 0)).

a) 0)
Puc. 2: a) 6 — xapakrepusyet hopMy MOBEPXHOCTH; 0) ¥ — XapaKTepu3yeT (GpOHT BOIHBI
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IIpu aToM Moz cpednum yznom GyaeM IOHMMATh CpefHeapU()METHIECKOe 3HAUYEHHE COOTBETCTBYIOIINX YTIIOB
0 w y mia AABC u AAB,C; (puc. 2), kotopbie 0003HauuM Gy 1 ¥y -

Taxknm 00pa3oM, 3a1a4a CBOAUTCS K ONPEIETEHHIO ABYX YIJIOB Oy M 7 -

Jnst Kaxaoro TpeyrojibHHKA 3aluchiBalOTCS Kodbduumentsl a, b, ¢, d ypaBHenus ax+by+cz=d

IUIOCKOCTH, B KOTOPOH PacIoyioxKeH TPeyroibHUK. B obmem ciydae koapduuuenTts! a, b, ¢, d BBUHCIAIOTCSA
10 KOOpPAMHATaM BEPIIMH TPEYTONbHUKA.

AJNTOPUTM ONpeNeNeHUs. «@opmbly» CIEAYIOUINN:

1. Briuucnsem koopaunatel Bepmiud AABC (cwm. puc. 3):
25—
Xg = X¢ + R'cos(—( > 3p)”j,

Ys =Y. +R -sin[—(zs_gp)ﬂj,

rme p=0 min AABC, s=0,1,2, R — paguyc okpy:KHOCTH, ONIMCAHHON BOKPYT PACCMATPUBAEMOT0 y4acTKa B

M

BUJIE NPABUJILHOTO N -YTONBHHMKA, X., Y, — KOODJMHATHI LIEHTPa, ONpPEAECNAIOLIME NapaMeTp IOJI0KEHHUs

HCCIEAYEMOI'0 y4acCTKa.

C, | A

C AL
Puc. 3. Cxema PaCIOJI0KEHHUS TPCYT'OJIbHUKOB Ha paCCMATPUBACMOM YHACTKE NOBCPXHOCTHU
2. BeruucisieM 3HaueHHsT Z UCChaeayeMoil QyHKIUY B BUJIE
zo=f(xsYs), 5=01,2, 2
TIe X, Ys — KOOPAMHATHI BEPIINH TPEYTONBHIUKA.
3. Ecanm
(0q=%0)-(Y2 = Yo)— (2 =% )- (1 = o) =V , 3)

e (Xo,Yo ) (%, Y1) (Xp,Y,) — KOOPIHHATEI BEPUINH MOTYYEHHOTO TPEYTONBHHKA, HE PABHO HYITIO, T.€. TPH

TOYKH HE JIE)KAT Ha OJJHOM MPSAMOM, TO MEPEXOIMM K CIIEAYIOLIEMY IIary ajJropurMma; uaave, miockocts AABC
napaiensHa ocu OZ u npoekuus HopMaiu ¢ ocblo OX coctasinsier yron € =0 u B 3TOM ciydae HEOOXOAUMO
OCYIIECTBUTH MEPEXOJ K miary 7.

4. Beruncisiem ko3¢ ¢unuentsr a, b, ¢ miockoctu AABC B Buze:
a=yA(zB-zC)-yB(zA—zC)+ yC(zA-zB) ;
b =—(xA(zB — z2C)— xB(zA - zC)+ xC(zA - zB)); 4
¢ =xA(YB — yC)— xB(yA— yC )+ xC(yA - yB).

5. BerancnsieM yrost 6§ Mexay npoeknueit Hopmanu u ocsto OX .

Ecnu onHO U3 ycioBuit

a)

b
=0u v =0, To mepexoauM K mary 8;

<|w

6) 2=0,10 =2,
2

<|lo

5 250022010 0-0:
Y; Y
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b
r) E<o un—=0,10 O=11;
Vv \Y
BBITIONTHSICTCS, TO ITEPEXOIUM K II1ary 7.

Wnaue, BeraucisieM yron € corsiacHo ¢popmyiie
b
0 =arctg—. (5)
a
6. Bo3MOXHEI cliemyromue cIyyan yCIoBuil:

b
3>01/1—<0,T0 0=-0;
\% \%

2 0ul20100=1+0:
Vv v

- E<O I/I£<0,TO O=rn-06.
\% \%

7. Yron Mexny npoekuueii Hopmanu k miockoctd AABC na mnockocts OXY 1 ockio OX pasen 0, =6 .

8. Beramcisiem koopaunate! Bepmma AA B C; (cM. puc. 3) g p =1.
ITocnenoBarenbHO BBINOAHSAEM € 1 — 7 Iark anropurMa i II0CKOCTH AAlBlcl.

9. OnpenenﬂeM CpeaHueC yrijbl 11 HOpMaJIn K CpeZ[I/IHHOﬁ IIJIOCKOCTHU B BUJIC
HpeI[CTaBI/IM HpOFpaMMHLIﬁ KO pcajin3alli U3JI0KEHHOI'O BBIILIC AJITOPUTMA.
double forma(double Xc1,double Ycl,double R1){
double x01,x02,x03,y01,y02,y03,x11,x12,x13,y11,y12,y13;
double z01,2z02,z03,z11,212,213,;
double v,a,b,c,0,01,02;
Xcl=Xcl*Kx+Xmin;
Ycl=Ycl*Ky+Ymin;
R1=R1*KX;
x01=Xc1+R1*cos(((2*0-0)*M_PN)/3);
y01=Yc1+R1*sin(((2*0-0)*M_PI)/3);
x02=Xc1+R1*cos(((2*1-0)*M_PI1)/3);
y02=Ycl1+R1*sin(((2*1-0)*M_PI)/3);
X03=Xc1+R1*cos(((2*2-0)*M_PI)/3);
y03=Yc1+R1*sin(((2*2-0)*M_PI)/3);
z01=fun(x01/Kx,y01/Ky);
202=fun(x02/Kx,y02/Ky);
z03=fun(x03/Kx,y03/Ky);
v=(x02-x01)*(y03-y01)-(x03-x01)*(y02-y01);
01=0;
if (v!=0) {
a=y01*(z02-z03)-y02*(z01-z03)+y03*(z01-z02);
b=-(x01*(z02-z03)-x02*(z01-203)+x03*(z01-z02));
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C=X01*(y02-y03)-x02*(y01-y03)+X03*(y01-y02);
if (a==0)&&(b==0))

if (a==0) {01=M_PI/2;}

if ((a/v)>0)&&(b==0)) {01=0;}

if ((a/v)<0)&&(b==0)) {o1=M_PI;}

if (((a/v)>0)&&((b/v)<0)) {o1=-01;}

if (((a/v)<0)&&((b/v)>0)) {ol=01+M_PI;}

if (((@/v)<0)&&((b/V)<0)) {01=M_PI-01;}

if (a!=0) { ol=atan(b/a); }

x11=Xc1+R1*cos(((2*0-1)*M_P1)/3);
y11=Yc1+R1*sin(((2*0-1)*M_P1)/3);
x12=Xc1+R1*cos(((2*1-1)*M_PI)/3);
y12=Yc1+R1*sin(((2*1-1)*M_PI)/3);
x13=Xc1+R1*cos(((2*2-1)*M_PI)/3);
y13=Yc1+R1*sin(((2*2-1)*M_PI)/3);
z11=fun(x11,y1l1);
z12=fun(x12,y12);
z13=fun(x13,y13);
v=(x12-x11)*(y13-y11)-(x13-x11)*(y12-y11);
02=0;
if (v1=0) {
a=y11*(z12-z13)-y12*(z11-z13)+y13*(z11-z12);
b=-(x11*(z12-z13)-x12*(z11-213)+x13*(z11-212));
c=x11*(y12-y13)-x12*(y11-y13)+x13*(y11-y12);
if ((a==0)&&(b==0))
if (a==0) {02=M_PI/2;}
if ((a/v)>0)&&(b==0)) {02=0;}
if ((a/v)<0)&&(b==0)) {02=M_PI;}
if (((a/v)>0)&&((b/v)<0)) {02=-02;}
if ((a/v)<0)&&((b/v)>0)) {02=01+M_PI;}
if (((a/v)<0)&&((b/v)<0)) {02=M_PI-02;}
if (a'=0) {o2=atan(b/a); }
}
0=(01+02)/2;
return o;
}
AJ'IFOpI/ITM OIIMCaH.
ANropuT™ ONpeneneHus «@pporm 6011 CIENYOINI:

1. Berancisiem koopaunatel BepuinH AABC o ¢popmyne (1).

2. Beraucisiem ¢ noMomisio (2) 3HaueHHsl Z HccieyeMoi (QyHKINH.
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3. Ecnm ycnoBue (3) He paBHO HYJIO, TO TIEPEXOIUM K CIIEIYIONIeMY IIIary ajiropurMa; nHaue, Iiockoctb AABC
napawiensHa ocu OZ u npoekius HopManu ¢ ocblo OZ cocTaBisfer yroi, y =0 U HepexoJuM K mary 7.

4. BeruucisieM ¢ moMoIisio Gopmy (4) kosbduimentst a, b, ¢ miockoctu AABC .
5. Beraucnsiem yron 6.

Ecnu onHO U3 ycnoBuii

=2 0ul0,1006=0:
v v

- E:0,T0 0==;
Y >

BBIMOJTHACTCS, TO IIEPEX0IuM K mary 6. MHaue, BeruuciseM yroi € coryacHo gopmye (5).

6. Yron mexnay HopManbio k iockoctd AABC u ocsto OZ ompenensercs B BUIE

Vo= arctg(vi : cos(0)+vg -sin(e)j.
7. Beraucisiem koopauHatel BepminH AAB,C; (cM. puc. 3) nna p =1.
IocnenosarenbHO BoIONHAEM € 1 — 6 marn anroput™a s muockoctu AA B,C, .
8. OnpenenﬂeM CpeaAHUC yIJbl U1 HOpMaJn K CpeZ[PIHHOﬁ IIJIOCKOCTHU B BUJIC
HpeI[CTaBI/IM HpOl"paMMHHﬁ KO pcajin3all U3JI0KECHHOI'O BBIILIC aJITOpUTMA.
double volna(double Xc1,double Ycl,double R1){
double x01,x02,x03,y01,y02,y03,x11,x12,x13,y11,y12,y13;
double z01,z02,203,z11,212,213;
double v,a,b,c,0,01,02,ygol,ygol1,ygol2;
Xcl=Xcl*Kx+Xmin;
Ycl=Ycl*Ky+Ymin;
R1=R1*KX;
x01=Xc1+R1*cos(((2*0-0)*M_PI)/3);
y01=Ycl+R1*sin(((2*0-0)*M_P1)/3);
x02=Xc1+R1*cos(((2*1-0)*M_PI)/3);
y02=Yc1+R1*sin(((2*1-0)*M_P1)/3);
x03=Xc1+R1*cos(((2*2-0)*M_PI)/3);
y03=Ycl+R1*sin(((2*2-0)*M_P1)/3);
201=fun(x01/Kx,y01/Ky);
202=fun(x02/Kx,y02/Ky);
z03=fun(x03/Kx,y03/Ky);
v=(x02-x01)*(y03-y01)-(x03-x01)*(y02-y01);
ygol1=0;
if (v1=0) {
a=y01*(z02-z03)-y02*(z01-z03)+y03*(z01-z02);
b=-(x01*(z02-z03)-x02*(z01-z03)+x03*(z01-z02));
c=x01*(y02-y03)-x02*(y01-y03)+x03*(y01-y02);
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if (a'=0) {ol=atan(b/a); }

if (a==0)&&(b==0)) { 01=0;}

if (@==0) { o1=M_P1/2; }
ygoll=atan((a/v)*cos(ol)+(b/v)+sin(ol));

x11=Xcl1+R1*cos(((2*0-1)*M_PI1)/3);
y11=Ycl+R1*sin(((2*0-1)*M_PI)/3);
x12=Xc1+R1*cos(((2*1-1)*M_P1)/3);
y12=Ycl+R1*sin(((2*1-1)*M_PI)/3);
x13=Xcl1+R1*cos(((2*2-1)*M_P1)/3);
y13=Ycl+R1*sin(((2*2-1)*M_PI)/3);
z11=fun(x11,y11);
z12=fun(x12,y12);
z13=fun(x13,y13);
v=(x12-x11)*(y13-y11)-(x13-x11)*(y12-y11);
ygol2=0;
if (v1=0) {
a=y11*(z12-z13)-y12*(z11-z13)+y13*(z11-212);
b=-(x11*(z12-z13)-x12*(z11-z13)+x13*(z11-212));
c=x11*(y12-y13)-x12*(y11-y13)+x13*(y11-y12);

if (al=0) {o2=atan(b/a); }
if (a==0)&&(b==0)) { 01=0;}
if (@==0) { o1=M_P1/2; }
ygol2=atan((a/v)*cos(02)+(b/v)+sin(02));
}
ygol=(ygol1l+ygol2)/2;
return ygol;

}

AJNTOPUTM OTMHCAH.

PE3YJIbTATBI

IIpennosxeHHbIE aNTOPUTMBI MO3BOJSIOT TOCTPOUTH UG EepeHIMaIbHbIe XapaKTePUCTUKN TTOBEPXHOCTEH,
3a/laHHBIX AaHAJIUTUYECKHU.

[Tpu sTOM IS peanu3anul NPEVIOKEHHBIX B pabOTe alrOpPUTMOB HCIONB30BaNICH KommmisTop Borland C++
Builder 6.0 ¢ BbicTaBiIeHHOI OIIIMEN ONTUMH3AIMN KOIa.

Pesynpratel paboThl peaqM30BaHHBIX aNTOPUTMOB CBEJEHBI B TAaONHUIBI PE3yNBTATOB IO COOTBETCTBYIOIIEH
HCCIeAyeMOH (yHKITUH.

ﬂJ’IH OPOBCACHUSA CPABHUTCIBHOI'O0 aHajM3a IMOJYYCHHBIX B XOJAC MPOBOAMMOI'O HUCCICAOBAHUA PE3YyJIbTATOB,
paccCMOTpUM CJICAYOIMINE NPUMEPBI MPUMEHEHHNA TOCTPOCHHLIX aJITOPUTMOB.

1. Tloctpoum rpaduku cBOHCTB Ut GYHKIMN BHIA

F(x,y):ésinxcos y—gcos( n

S(x=af +(y==f ]e((x”)wyﬂ)z)

Ha 00J1acTH IPUMEHEHHs X € (O, 27[) yye (O, 27[).
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IIpu momomu maremarndeckoro nakera Mathcad mosryaum a1 cpaBHEHUs TPEXMEpHBIN Trpaduk (QyHKIHH
F(x,y) (puc.4).

Puc. 4

2 2
Hus uccnenyemoit ¢yukumu F (X, y) = %Si nXxcosy— g 008[7 (X - 71') Z(y - 71') Je((xﬁ)Z +(y—7r)2) npuBexeM B

TaOJIUIHOM BUAC PE3YJIbTATHI BBIIIOJIHCHUA OMMUCAHHBIX AJITOPUTMOB (Ta6J’I. 1 )

Tabnuua 1 — Pe3ynbTaThl BHIIOIHEHUS AITOPUTMOB JUIS (DYHKIHA F(X, y)

JIunum ypoBHs ®opma OpOHT BOJIHBI

Koi-Bo
yrinos=4
Kon-Bo
uTepanuin==8

Koin-Bo
yrioB=8
Komn-Bo
uTepanun=2

Koxa-Bo
yriaoB=8
Koxa-Bo
urepauuii=4
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2. IToctpouM rpaduku CBOUCTB Al QyHKIUH BUIA

G(x,y)=x+ ercos(x2 +y2)

Ha 00JIaCTH NPUMCHEHUS X € (O, 27r) yye (0, 27r).

IIpu momomm Maremarudeckoro makera Mathcad mosyunm juisi cpaBHeHHs TPEXMEPHBIH rpaduK yKa3aHHON
dynxman G(x,y) (puc. 5).

Puc.5

Jus uccnenyemoit  QyHKunu G(x, y)= X+ y+cos(x2 + yZ) NpUBEIeM B TaONUYHOM BHAE peE3yJbTaThl

BBITIOJTHEHHS OTIMCAHHBIX AITOPUTMOB (Tadu. 2.).

Tabmuna 2 — Pe3ynbTaThl BHIIOIHEHNS aJTOPUTMOB JUI (GYHKIMN G(X, y)

Koxa-Bo

yrioB=4

Koi-Bo
urepauui==y

Komn-Bo
yriaoB=12

Komn-Bo
uTepanuii=4

Koui-Bo
yriaos=12
Koin-Bo

uTepanun=>5

JIunuu ypoBHs
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CpaBHHMBas TIOyYeHHBIE W300pak€HUsT [JII  PACCMOTPEHHBIX COOTBETCTBYIOIIMX (YHKOHWH  BHOA

2 2
F(x,y)= %sin X COS y—gcos 7 (x-7) Z(y_”) e‘((x‘”)2+(y‘”)2) u G(x,y)=x+ y+cos(x2 + y2) (cMm. Tabu. 1,

2 COOTBeTCTBeHHO), BUJHO, 4YTO <(O6H11/II71» BU rpaqn/uca CBOMCTBa MOBEPXHOCTU MOKHO 3aMCTUTh YXKC Ha
TMCPBLIX UTCpAlUAX.

Busyanuzanus cBoiictBa @opma HarisigHO OTOOpaXkaeT BCe IKCTpEMaJlbHbIE TOYKH HE3aBUCHMO OT 3HA4YCHUS
(YHKIMH B 9THX TOYKaX, [TOCKOJBbKY M300paK€HHE MCKIIOYAET TaKUE XapaKTePUCTUKU MMOBEPXHOCTH KaK yroJ
MeXIy TpamueHToM u ocblo OZ . DTo TO3BONsAEeT HAOMIOJATh 3a Pa3BHTHEM BOJHOBBIX JedopMannit
MIOBEPXHOCTH.

CaoiictBO @ponm 6oaHbl OTPAKaeT OTHOCUTENbHYI0 KPYTH3HY pacHpOCTPaHSAEMBIX BOJIH, OIMycKas IpPU 3TOM
XapaKTepUCTUKY (hOopMa IIOBEPXHOCTH.
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MOJIEJIOBAHHS MAMKE KOHCEPBATUBHOI CUCTEMH
3A 1OITOMOTI'OIO 3BOPOTHOTI'O 3B’A3KY

"Hosumpkwuii B. B., 1. ¢.-M. 1., npodecop, ‘Konomiitayk O. IL., k. d.-M. H., 2Cstoseus I. .
Yn-m mamemamuru HAH Ykpainu
25’anopi3bl<a 0epaKcasHa iHAHCeHePHA aKademisl

IIporonyeThCS OMH 3 MOKIIMBHX MiIXO0/IiB BU3HAYESHHS yMOB MOOYIOBH Maike KOHCEPBAaTHBHOI CHCTEMH 3a
JIOTIOMOTOI0 3BOPOTHOTO 3B’s13Ky. HaBOISTHCS MpUKIamM 3HAXOMKEHHS KepyBaHHS U IMOOYHOBH Maiike
KOHCEpBAaTHUBHOI CUCTEMHU.

Kntouosgi cnosa: maiidice koncepeamuena cucmemd, 360pOomHull 36’5130k, 6eKmMop Kepyeas.

Hosuukuit B. B., Konomuituyk O. II., Ceatoseny 1. ®. MOJAEJIMPOBAHME I1OYTU KOHCEPBATUBHOMN
CUCTEMBI C TIOMOILbIO OBPATHOM CBSI3U / Wn-r maremarnkn HAH VYkpausbl, 3anopoxckas
rocy/lapCcTBeHHasl MH)KEHepHas akajieMus, YKpauHa
IIpemnaraercs oMH U3 BO3MOXKHBIX MOJXOJIOB ONPENEICHHs YCIOBUI MOCTPOCHUS TTOYTH KOHCEPBATUBHOM
CHCTEMBI C MOMOIIBI0 00paTHO# CBs3u. [IpUBOAATCS TMpUMEpBl HAXOKACHHS YIPABICHHUS A MOCTPOCHUS
MOYTH KOHCEPBATUBHOU CHCTEMBI.
Knrouesvie crosa: noumu koncepeamuenas cucmema, 0OPamHast Cés3b, eKMop YNpAasieHus.

Novitsky V. V., Kolomiychuk O. P., Svyatovets I. F. MODELING THE ALMOST CONSERVATIVE SYSTEM
USING FEEDBACK / In-t of Mathematics of NAS of Ukraine, Zaporizhzhya State Engineering Academy,
Ukraine
This article examines the controlled linear stationary system even order. Matrix of coefficients of the variable
has the form (R, +¢F, ) where ¢ is a small parameter. The system is not almost conservative, i.e. condition

of skew and nonsingularity is not satisfied. We solve the problem to formation almost conservative system
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from the given controlled system by using feedback. The feedback is formed so that the conditions of skew
and nonsingularity are satisfied for the obtained closed system. We obtained the matrix equation whose
solution matrix K, takes part in the formation of a skew matrix, and as a result, in the constructing almost

conservative system. To solve the equation we use the method the addition of the sum of some skew matrix
and its transpose to one of the sides of the equation. This matrix is used to equalize the ranks of the left and
right sides of the equation if structure certain other given matrices allows it.

We show how the Kronecker product of matrices can be applying to the task of constructing almost
conservative system. The necessary and sufficient condition for the existence of solutions of the system with
respect to the system under consideration is shown.

The examples of finding the control vector to construct almost conservative system. In the first example we

use two approaches to find the unknown matrix 1) direct solution of the equation for finding K, and 2) the

use of Kronecker product. In the second example, in addition to these two approaches we suggested finding
the best approximation according to the method of least squares. To calculate K, we deal with the

pseudoinverse. It is shown that the solutions obtained in various ways are the same. Theoretical results agree
with the examples.
Keywords: almost conservative system, feedback, control vector.

YMOBHU NOBY OB MAMKE KOHCEPBATUBHOI CUCTEMU
3A JTOIHOMOI'OI10 3BOPOTHOTI'O 3B’SAA3KY

[TpoananizyBaBIIH Psi TIPOCKOMIYHHUX CHUCTEM, I BUCHOBKY, IO Cepel] HUX YacTo 3yCTPiYaloThesl Maibke
koHcepBaTuBHi [1-3]. Jlist Maiike KOHCEPBATUBHHUX CHCTEM PO3POOIICHO METOAM 1X MOCHIPKSHHS HA CTIiHKiCTB,
Ta 3HANIICHO ANTOPUTMHU MOOYAOBH ONTHMAIBHOTO KepyBaHHS. [[ns eeKTHBHOro iX BUKOPHCTaHHS BUHHKJIA
3aja4a TMOOYAOBM KEpyBaHHS sl 3BEJCHHS CHUCTEM, sIKI HE € Maibke KOHCEpPBATHBHUMH [0 Maibke
KOHCEpBaTHBHHX Mojeneii [4].

PosrisnaeTbest kepoBaHa JiHiiHA cTalioHapHa cucTeMa

%= (Fy + &M )x+Gu, 1)
e X=X, Xp,...Xon || — 2N -BUMipHHif BeKTOpP CTaHy, U = [U;,U,,... Uy, || — M -BUMipHuUil BeKTOp KepyBaHb, & —
Mmanuii mapametp; Fy, B € Rynons G € Rypyem - LI cucTeMa He € Maibke KoHcepBaTHBHOIO [5], T0OTO He

BHKOHYETBCSI YMOBA KOCOCHMETPHYHOCTI UM HEBHPOKEHOCTI Marpuii Fj : FOT #—F, abo det(F,)=0.

Heo0xinHo 3HaiiTH yMOBH 100yn0BH 3 (1) Maike KOHCEpBAaTUBHOI CHCTEMH 3a JOTIOMOTOI0 3BOPOTHOTO 3B’ SI3KY
BUTIIIITY

u=—(Kq +&K)x, )
ne Ky, Ky € Rpson -
To06T0, Maif)ke KOHCEpPBAaTHBHOIO TOBHHHA CTAaTH 3aMKHeHa cuctema (1), (2)
% = (Fy —GK, + &(F, —GKy))x. ®)
3 yMOB Maiike KOHCepBaTUBHOCTI [5] Maemo
Fo —GKo =—(Fy —GK,)', det(Fy —GK,q)#0. 4)
3BiJICH IPUXOJMUMO 10 PIBHSHHS
GKo+KgG' =Fy+Fy | (5)

pO3B’sA30K siKoro, a came Marpuus K,, Oepe ydacTb y (opMyBaHHI KococuMeTpuuHoi Mmarpuui (4), a sk
HACJIJIOK — Maike KOHCEpBaTUBHOI CUCTEMH.

3HaiieMo yMOBHM iCHyBaHHS pO3B’s3Ky piBHSHHSA (5). logamMo 10 mpaBoi 4acTHHH PiBHSHHS (5) cyMy JesKoi
HEBIZIOMOi KococuMeTpuuHoi Matpulli Q, Ta ii TpancnonoBaHoi [6]. OTpumaemMo

GKo+KeGT =Fy+Fy +Q,+Q) (6)
qu
(GKo ~Fy - Qo)+ (kI GT - FJ ~Qf )=o0. @)
3Biacu
GKy—Fy—Q, =0 ©))
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abo
GKy =Fy+Qp- )
Iosichumo posnp MaTpuui Q,. 3po3yMmino, 1O HEOOXiZHOIO YMOBOIO iCHYBaHHS pO3B’s3Ky piBHAHHA (9) €

PIBHICTb paHIiB NpaBoi 1 JiBOoI yacTHH. Matpunsg Q, ciyrye Juid 3piBHIOBAaHHS PaHIIB y BHUIAJKaX, KOIH L€
JI03BOJISIE 3pOOUTH CTPYKTYpa IHIIMX 3aJlaHUX MaTPHIb.

IIpoinrocTpy€eMo cKazaHe Ha MPUKIIAII.

Hexait GeRyq, KyeRy,, Fy,Qp € Ryyo . Tomi piBHAHES (9) B MATPHYHOMY BHIJIAJ 3aIUIICTHCS TaK

011 f11 fio+ %2}
ki; kinl= . 10
{gzj [ H 12] {fm — 0Oz f2 (10
3 Bigomoi HepiBHOCTI [3]
rang(AB) < min{rang(A) rang(B)} (11)

BUIUIMBAE, IO PaHT JiBoi wacTHHU piBHOCTI (10) He OLMBIINIA 32 OOWHUINO, a TPaBOoi He OLIBIINI 3a IBIHKY.
BusnaunMo yMoBH, 3a SKUX MOXUIUBO MiJiOpaTé 3HAUCHHS elIeMeHTa (j, Tak, 1100 JiiBa Ta mpaa yacTuHH (10)

MaJii OJMHWYHI paHry. J[yist IiBOi YacTHHM 1€ YMOBH BiIMIiHHOCTI Bil Hyist @y, a00 §yy Ta Ky abo Ky,. s
IPaBOi YACTHHHU IIi YMOBH 3HaHIEMO, OOUHCIIHBIIY i IPUPIBHABIIH 0 HYIS ii BU3HATHHK

Oz + o fro = Fop)+ Foofyy— fiofpy =0 (12)

Ta, pO3B’SA3aBILHU

fo,—f 1
G2 :%iz\/fé + 21,y + T =450 . (13)

. F . .
3 OCTaHHBOTO BUIIIIUBAE, MO CJICMCHTHU MaTpHIIl 0 moBuHHI 6yTI/I OB’ sI3aH1 YMOBOIO

(fio+ fo1)* =415, >0. (14)
Hexaii, nanpuknag, f1 1 =0. Tomi
fo— f 1
thp =222+ = (fip + fy). (15)
2 2
To6ro ;5 = f,q, a60 Oy =—T;5. 3HaunTe Marpuis npasoi yactunu piBHOCTI (10) MOKE MATH OJMH 3 JBOX
BUTJIAIIB
0 fo+ 1y 0 0
(v k=] (R | a9
0 f22 fiot+far fa

Crpobyemo po3B’sizaté piBHAHHA (10) 31 3HAHACHUME MaTPHUISIMHU MIPAaBOl YaCTHHH. Y BHIIAJKY, SKIIO TIpaBa
YacTHHA MA€ BUTIIA] (FO +Qp )1, OTPHUMA€EMO CHCTEMY PiBHIHB

O11K11 =0, Gyikip = fio+ foy,

17)
U21K11 =0, Up1Ki2 = 2o,
sIKa HE Ma€ PO3B’sI3KY.
S0 npaBa yaCTMHA Ma€ BUTIISA] (FO +Q )2 , CUCTeMa JUIs IIOUIYKY HEBIIOMMX KOMIIOHEHT MaTpuli K,
ki; =0, ki, =0,
011511 O11K12 (18)
RS I PYI o CPTRNN PYLCPI PV
Mae po3B 30K
foo+ f f
I(11 = u: k12 =22 (19)
921 921

3a ymoBH, AKio Gy, =0, g,;#0.

3 ananizy orpuManux pesyinbrariB (17), (19) BummBae, mo ymoBa piBHOCTI paHTiB mpaBoi i JIiBOi 4acTHH
piBHOCTI (9) € HEOOXiHOIO, aJle HE JOCTATHHOIO.
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IToxaxxemo, sK y TocTaBlieHiH 3amadi (GopMyBaHHS Maibke KOHCEPBATHBHOI CHCTEMH MOXHA 3aCTOCYBaTH
KpOHEKEPIBChKUN MO0OYyTOK MaTpuilh. JIJIS IMBOTO CKOPUCTAEMOCS Pe3ysIbTaTaMH, BUKIAJACHUMH B [7]. 3 HHUX
BHILIUBAE, IO PIBHAHHSA (9) €KBIBAJICHTHO PIBHIHHIO

Gky = fy+0p, (20)
e
G=G®lI, 1)
| € Ry — ONMHUYHA MATPHIIA, Ge Ry 2om -
K] Fo +QpL
K3. Fp. +QJ.
ko =| “# |, fprap=| T, (22)
KrL* FZTn* + Q-Zrﬂ*
Kix, R, +Q;, — 1 -Hif psIoK BiATOBITHOT MaTPHIIL.

ko < R2mn><ll fo +q0 S R4n2><1.

Cucrtema (20) mae 4n? piBHSAHB 3 2Mn HeBimoMumu At Matpuui K, Ta 3 2n? —n HeBiZOMHMHU I MaTpHIIi

Qp. 3 ixmoro 6oky, Ko (5) po3B’sA3yBaTH 0€3MOCEPEAHBO, YHUCIO PIBHSAHb JUIS 3HAXOKCHHS KOMIIOHEHT
Mmatpuni K, Oyzne 2n? +N B CHJIy CHMETPHYHOCTI NPABOi Ta JiBOi YacThH piBHOCTI. OTKE, y BUNAAKY, KOIH
2mn > 2n° +n , MO>KHA 2mn —(2!’12 + n) KOMIIOHEHT 3aJaTu caMocTiiiHo. Tozl 3arajibHa KigbKiCTh HEBIIOMHX

s Ky ta Q, Oyze nopiBHIOBaTH 2n% +n+2n? —n =4n?, wo criBnazae 3 KiIbKicTIO PIBHSHB.

Jlnst piBHsiHHS, 3anucanoro y Burisiai (20), Ai0Th BigoMi yMOBH icHyBaHHsI po3B’si3ky [3]. A came: HeoOXinHOKO
1 TOCTaTHROIO YMOBOIO ICHYBaHHS PO3B’S3Ky CHUCTEMH DPIBHSHb € PIBHICTh PaHTy MATpHIl, SKa CTOITH IPH
HEBIJIOMUX, Ta PaHry PO3IUPEHOT MaTpHLi. Y HAIOMY BHIQJIKY 15l yMOBA 3alIMIIETHCS y BUTIIAL

rang(é): rang(é/( fo+ 0o )) (23)
ne G/(fy +0g) — posimpena MaTpULLA CHCTEMH, OTPUMAHA 10/IABAHHAM CTOBILSA Ty + (g 0 MaTpHiti G .
Cropucrasumcsk popmysomo [3] rang(A® B)=rang(A)rang(B), Gynemo matu
rang(é): rang(G)rang(1)=2n-rang(G). (24)
Orxe, HEOGXiZIHA | IOCTATHS YMOBA ICHYBAHHS PO’ M3y piBHAHHA (20) M BHTIA
rang(é/( fo+0o )): 2n-rang(G). (25)

ITPUKJIAIA 3BHAXO/UKEHHSI BEKTOPA KEPYBAHHS V151 IIOBY TOBU
MAMWXE KOHCEPBATUBHOI CUCTEMUA

Ipuknao 1. 3anana cuctema (1) mpu 2n=2, m=2, FOT # —F, . 3naifTu MaTpumro kepyBanHa K, Taky, o
Fo —GKq =—~(Fy —GK,)' -

Jlnst nporo BUIaAKy y 3aranpbHoMy Burisiai Matpuni Fy, G, K, 3amumyrtscs Tak:

E o { fi1 f12j| G= {911 912} K. — |:kll k12:| (26)
0 — 1 - ) 0~ .
for f 921 922 Kop Koo

3acrocyemo naBa migxoau go momyky Kg: 1) OesnocepenHe posB’s3aHHS PiBHAHHS (5); 2) BUKOPUCTaHHS
KPOHEKEPIBCHKOTO JT00YTKY.

1) IIpu GesnocepenHpoMy po3B’si3Ky (5), B CHIIy CHMETPUYHOCTI IpaBoi Ta JIiBOI YaCTUH PIBHOCTI, MAaEMO
CHCTEMY TPbOX PIBHSHb JJIs 3HAXOKEHHS HEB1IOMHUX KOMIIOHEHT MaTpuii K,
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O11K11 + 910Kpy — f11=0,
O11Ke2 + 912Kop + Gp1Kyq + Gpokoy — Fro — f5, =0, 27
U21K12 + g2oKap — f2, =0.

Slkio nokactu Ky, =0, 0TpEMaeMo HacTyIMHI 3HAYCHHS NIYKAHHX €TEMEHTIB

Ky = —012921 12 — 912951 F21 + 912011 F20 + 921925 F1a
921(011925 — 921012)

f
kyp = —22 (28)
021

Ky, = — 051 f11+ 921011 1o + 921011 For — 91 oo .
021(911922 — 921912)

2) IIpu BUKOpHCTaHHI APYTOro MiAX0AY 3a4aMO KOCOCHMETPHUYHY MATPHIIIO

0 o
Q= { . (29)
°T - 4, O
Y posropayromMy BUrIIiAl piBHAHHA (20) 3aMUIIETHCS HACTYITHUM YHHOM
92 0 g O Ki1 f11
0 9u 0 ogp ) K2 _ f1o+ 02 . (30)
U920 0 09 O ka1 f21— 0y
0 91 0 9y [kao f22
‘YMmoBa (23) BUKOHY€ETBCS, a came
rang(G): rang(G/( fo + qo))= 4, (31)

a 3HAYUTH ICHYE PO3B’A30K PIBHAHHS. 3HaijeMo HOro, ajge CHoYaTKy 3rajaeMo, M0 KiIbKiCTh KOMIIOHEHT
Matpuii K, AKi MOJKHA 3HAalTH 3 CHCTEMH, TOPiBHIOE 2n’+n=3,a ws MaTpui Q, — 2n? —n=1. 3azxamo,

SK i B IOTEPEHEOMY PO3B 513Ky, Ky, =0, Ta 0OTpUMaeMo 3HAYEHHS HEBIIOMHUX €JIEMEHTIB

Ky = —012921f12 — 912951 F21 + 912011 F20 + 921925 F1a
921(911922 ~921012)

f
k12:£7

021

Kyy = — 051 f11+ 921011 12 + 921011 fo1 — 91 oo
021(011922 — 9219:>)
_Oufn—Onfs

921

Sk 6aunMo, 3HaUeHHS KOMIOHEHT Matpuii K, 3 (32) ta (28) NOBHICTIO CHIBIAJIAIOTh.

; (32)

012

Ilpuxnao 2. Hexait juia cucremu (1) 2n =2, m=1. Toai 3aransuuit Buraag martpuus Fy, G, K, HacTynHuii

f f
Fo 2{]:11 flz} , G 2{911} v Ko = [kll klZ]' (33)
21 T2 021

3actocyemo Tpu migxomau: 1) OesmocepenHe po3B’s3aHHA PiBHAHHA (5); 2) BUKOPHCTaHHS pPE3yJbTaTiB, IO
ojepkadi B 1); 3) 3HaX0KEHHS HAMKPANIOTo HAOIMKEHHS 3T1THO 3 METOJJOM HaMEHIITNX KBaIPaTiB.

1) Ipu Ge3mocepeqHHOMY PO3B’A3KY PIBHSIHHS (5) OTpUMAEMO IEpeBU3HAUCHY CUCTEMY TPHOX PIBHSHB 3 JBOMA
HEBIJJOMUMH, a came
O11ki1 — f11 =0,
O11K12 + Pa1kyg — f1p = £, =0, (34)
U21kip — f2, =0.
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Po3B’s130K 11i€i cucTeMHU iCHY€E TUIbKM NIPU HAKJAJIEHHI 01aTKOBUX YMOB Ha ejleMeHTH Matpullb Fy, G, To0T0 ¥y
YaCTKOBOMY BHITQJIKY.

2) Jlns 3acrocyBaHHs Apyroro miaxoay oduncaumo G 3rigHo 3 (21)

93 O
~ 0
G- 911 ' (35)
91 O
0 ogn
Ta 3aIHIIEMO PO3MHUPEHY MaTPHUIIIO G / ( fo + qo) 3 ypaxyBaHHAM, 10 Q, Mae Burisxn (29)
91 O f1
~ 0 flo+
G/( £y +o)= 911 T2+ (36)

921 0 fy—thp|
0 9 f2

Sk OaumMo, 1O y 3araJibHOMY BHIJIIII paHrM LUX MaTpUlb HE CHIBNAAalTh, a came rang (é ):
= rang(G)rang(I )=1~ 2=2,a rang(é/( fo + 0o )): 3, To6T0 yMoBa (23) He BUKOHAHA.

Posrisnemo oxpemi Bunaaku. Hexait

0 f 0
o ) e2)
for 021
Toi
0 0 0 0 0
~ 0 0 ~ 0 0 f
G= . G/(fo+0)= 12+ iz | (38)
921 U1 0 fy—ap
0 gxn 0 9y f2o

Slkuio Gy, =— T, , panru Matpuus GyayTh 0fHaKOBI, a piBHsAHHS (20) y po3ropHyTiit GopMi 3annIIeThCs TaK

0 0 0
0 0 k 0
{ 11} = , (39)
9, O P fort+ fio
0 g9x f2,
3BIJIKU
fo, + f f
kip = -z ki = 2. (40)
21 921

Taki 5k pe3yJbTaTH MaTUMEMO, SIKIIO Oe3rocepe Hbo po3B’ skeMo piBHAHHSA (5) 3a ymosu f;, =0, =0.
11 11

3) PosrisiHeMO mie OOWH CHOCIO 3HAXOIKCHHS PO3B’s3Ky piBHAHHA (9). 3rimHO 3 METOIOM HalMEHIINX
KBajlpatiB, HaliKpalle HabIMKEHHs PO3B’ 3Ky JUIs PiBHAHHS (9) BU3HaYaeThes hopmyrnoro [8]

Kg=G"-(Fy+Qy), (41)
ne G* — ncesnoo6epuena marpuus s G .
3[8]
6 =c*.B* =c*(cc’) (e8] "B, (42)
ne G=C:B - ckenernuii posknan marpuii.

OO6uucmuBimm 3a Gopmynoro (41) 3HaUYCHHS Kg i miacTaBuBIM ¥Horo B (9), 3HaiieMO 3HAYEHHS CJICMCHTIB
Mmarpuli Q,, 3a AKUX OTpUMaHa CHUCTEMa € TOTOXHICTIO, a00 J10BeIeMo, IO MpH 3aJaHux MaTpuisix Fyi G

pitenns K, He icHye.

OT1xe, cuctema (9) Mae BUTIIA
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911} [ fi1 f1o+ 0,
[kig klZ]:|: : (43)
{921 fo1— 02 f2
3a hopmymoto (42)
G+ _ gll ng :| (44)
|:9121+g§1 g121+g§1
[TincraBmnsroun itoro B (41), orprMaemo
f fy— f,+ f
K? :|: gll 112 n 921(2 21 312) 911(2 12 ;112)Jr 9221 222 } (45)
G111+ 921 0111921 01170921 011t 0921

Jlnist HOpiBHSHHS BiAMOBiAel OKnageMo, K i B mpukiaai 3 nepuoro nyukry, fj; =0, Ta mincraBumo 3uaiineHe

Kg B piBHAHHS (43). OTpUMa€EMO HACTYIHY CHCTEMY

911921( for - Chz) 0

9121"‘ 951 ’
9121( fio+ Q12)+ 9119212
2 2 = f12 + qu ) (46)
011102
2
£l
921( 21 Chz) .

2 2
011+ 0921

911921(Fiz + tho)+ 951 oo = f,,

2 2

O11t+t921
Po3B’5130K iCHY€E y JTBOX BHITAIKaX
1)  sxwo gy; =0, Tomi Oy, =—TFp i kjy= Tt Ty , ko= % , 0 TOBHICTIO cmiBmazae 3 (19) ta (40);

21 21

-0 . _f P -0 K 1y
2)  saxmo gy =0, 1omi G, =fy, =01k, =0, =T
11
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REDUCING THE m-PARAMETER N-MODEL UNCERTAINTY
TO APROBABILISTIC DISTRIBUTION OVER MODELS
THROUGH HAVING UNIFIED MODEL OUTPUTS

Romanuke V. V., associate professor, c. t. s., associate professor
Khmelnitskiy National University

The study concerns the problem of selecting the single model for working and processing on an object data
certainly, what is needed when the object is described or identified in more than one mathematical model.
Any pattern is regarded unavailable, occurring widely on the prime stage of the object investigation. Thus the
being concerned problem cannot be resolved as a classical optimization. And then the only way to optimize
and to select the optimal model is to determine a probabilistic measure over the set of the mathematical
models. Without preliminary object identification the most non-contradictory method of the plain definition
of that probabilistic measure is the minimax principle, giving the second player optimal strategy as such
measure. The target of the study is to state a probabilistic distribution over those models, considering them
equi-output-parametrized. For that there is the job of unifying all the parameters of each model into a
parametrical unit, whereupon this unit is going to be associated with the appropriate probability from the
probabilistic distribution in the second player optimal strategy, generated by the minimax principle. On this
ground there has been suggested a method of reducing the uncertainty in modeling mathematically the object
with m parameters, when there are N models for fulfilling this and the pattern data are unavailable.
Uncertainty reduction is made through determining the minimax probabilistic distribution over those models
by unifying all the parameters of each model into a parametrical unit with its probability. There have been
stated three ways of such unification, restated explicitly for the cases when the number of mathematical
models equals to three or four.
Key words: uncertainty, mathematical model, minimax probabilistic distribution, minimaxed expectation value.

Pomaniok B. B. CYXEHME HEOIIPEJIEJJEHHOCTU N MOJEJNEA C m IIAPAMETPAMH K

BEPOSITHOCTHOMY PACIIPEAEJIEHUIO HA MOJIEJAX TIIOCPEACTBOM OBBEAMHEHUSA

MOJIEJIbHBIX BbIXO/IOB / XMenbHUIKHA HATMOHATBHBIH YHUBEPCUTET, YKpanHa
B wuccienoBannu paccMaTpuBaetrcs mpobieMa BbIOOpa €AMHCTBEHHOH MOJENH Ui EeTEPMHUHUPOBAHHON
paboTbl ¢ OOBEKTHHIMH JaHHBIMH, YTO HEOOXOAMMO B CiIydasX, Korja OOBEKT ONHCHIBACTCS WIIH
uaeHTHduUIEpyeTcs Oosee YeM OTHON MaTeMaTuyeckoi Mozenbio. [Ipu 3ToM HuKakoro oOpasia B HATMYUH
HE MMEETCsl, YTO CIy4aeTcsl IOBCEMECTHO HA HAYaJbHOW CTaguH HccienoBaHUs oO0bekTa. COOTBETCTBEHHO,
paccMatpuBaeMasl mpooJaeMa He MOXKET ObITh pa3pellieHa Ha OCHOBE KiacCHUeCKod omTumusarmu. M torma
€JIMHCTBEHHBIM CITIOCOOOM ONTHUMHU3WPOBATh M BBHIOUPATH ONMTHMAIBHYIO MOJETb SIBISICTCS OMNpEeTCHUE
BEPOSTHOCTHON Mephbl Ha MHOXKECTBE MaTEMAaTHUCCKHX Mojeiei. be3 mpenBapuTeNbHON HICHTH(DUKAIUH
00BbeKTa HanbOJICe HEMTPOTUBOPEUMBBIM METOJOM MPOCTOTO 3aJaHHUS TOM BEPOSTHOCTHON MEphl SBISIETCS
MIPUHIAIT MUHUMAKCa, MPEJIOCTABIIIONINN ONTUMAJbHYIO CTPATETHIO BTOPOTO WTPOKAa B KA4eCTBE TAaKOH
Mepsl. Llenms uccaenoBaHus COCTONT B OMHMCAaHWU BEPOSITHOCTHOTO pAaclpeleNieHHs] Ha MOAETSIX, IpUHUMAs
TO, YTO Y HUX PaBHOE KOJMYECTBO BBIXOJHBIX MapaMeTpoB. [[yisi 5TOro cieayer oObeNuHSTh BCe MapaMeTphl
KaXIOW MOJENN B HEKYIO MapaMeTPUYEcKyl0 eIUHHITY, ITOCIE Yero 3Ta eIUHHIa OyIeT acCOIMUpOBaHA C
COOTBETCTBYIOIEH BEPOSTHOCTBIO U3 BEPOSATHOCTHOI'O PACHPEACICHHS B ONTHMAIBLHON CTPATErdd BTOPOTO
WTPOKa, TMONy4aeMOW IO MPUHIMIY MHHUMakca. Ha 3ToH OCHOBE NPEATOKEH METOJ CYXCHUS
HEOMpEACIEHHOCTH B MAaTEeMaTHYeCKOM MOJACIMPOBAaHUKM O0BEKTA ¢ M MapamMeTpaMH, KOraa st
BBITTOJTHEHUS 3TOro mMeercss N Mopeneid, a omopHble NaHHBIE HeAocTymHB. CyXeHue HeonpenenéHHOCTH
OCYIIECTBISACTCSI C TOMOIIBI ONMPEACICHUS MHHHMAKCHOTO BEPOSTHOCTHOTO PACHpEACICHHS Ha J3THX
MOJIENIIX TP OOBEAMHCHUH BCEX MapaMEeTPOB KaKIOH MOJEIM B HEKYIO MapaMETPHUUCCKYIO SIAUHHILY CO
CBOEH BepOATHOCTHIO. M37105%k€HO TpH criocoba Takoro 00beIUHEHHSI, KOTOPBIC BHITIHCAHBI SIBHO JIJIS CTy4acB,
KOTI'/Ia YUCJI0 MaTeMaTHUECKUX MOJIETeH paBHIETCS TPEM HITU YETBIPEM.

Kniouesvie  cnosa:  HeompedenéHmocmv,  MAmMeMAMuyecKdas — MOOenb,  MUHUMAKCHOE  8EPOAMHOCHIHOE

pacnpedenerue, oxrcudaemoe 3HaveHue o MUHUMAKCY.

Pomaniok B. B. 3BYXXEHHS HEBU3HAYEHOCTI N MO)],EHEP] 3 m ITIAPAMETPAMU ][O

MUMOBIPHICHOTO PO3IIOALTY HA MOJEJAX YEPE3 OB’€IHAHHSA MOJEJBHUX BHUXOIIB /

XMenbHUIBKUI HalliOHAIBHUI yHIBepcuTeT, Ykpaina
VY mocnmimKeHHI po3risiIaeThesl MpodiremMa BUOOPY €AMHOT MOIENi AT JeTepMiHOBaHOI poO0TH 3 00’ €KTHUMH
JAHUMH, [I0 HEOOXiJHO y BHUMAIKaX, KOJMH 00’€KT OMHCYeThCs abo imeHTH(DIKYyeThCS OUTBII HiX OIHIEIO
MaTeMaTHIHOIO0 MOAEIUTIO. IIpH 1[bOMY HISIKOTO 3pa3Ka B HassBHOCTI HEMAE, IO TPAIUIIETHCS MOBCAKIACHO HA
MMOYaTKOBii cTamii mocmimkeHHs 00’ekra. BiamoBimHO po3risHyTa mpoOiema He Moke OyTH BHUpIlIeHa Ha
OCHOBI KJIaCHYHOT onTuMi3alii. | Toxi eaHUM cocoOOM ONTUMI3YyBaTH i BUOMPATH ONTHMAIbHY MOJEIb €
BU3HAUYCHHS IMOBIPHICHOI MipH Ha MHOXXHHI MaTeMaTHYHHX Mojeied. be3 momepennnoi imeHTHbIKaIil
00’eKkTa HAWOIIBII HECYNepewIMBUM METOJOM MNPOCTOTO 3aBAaHHS Ii€i IMOBIPHICHOI MipH € TPHHIMI
MiHIMaKCy, L0 HajJa€ ONTHMAJbHY CTpATeTil0 IPYroro rpasilsl y SKOCTI Takoi Mipu. Mera JOCHTiIKEeHHS
MOJISITAE B OTHCI IMOBIPHICHOTO PO3IIOALTY Ha MOJETISIX, IPUUMAIOYH T€, 0 Y HAX PiBHA KUIBKICTh BUXITHUX
mapametpiB. st 1bOro ciif 00’ €qHyBaTH BCi TAPAMETPH KOXKHOI MOJIENI Y AEsAKy MMapaMeTpUIHy OJUHUIIIO,
MCJI YOTO I OAWHUIA Oyne acolmiiioBaHa 3 BiAMOBITHOI IMOBIPHICTIO 3 IMOBIPHICHOTO PO3MOALTY B
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ONTHMAaJBHIM cTparerii Apyroro rpaBms, OAEPXKyBaHOI 3a NPUHIUIOM MiHiMakcy. Ha miif ocHOBI
3aIIPONIOHOBAHO METOJ 3BYXKCHHS HEBH3HAUCHOCTI y MATeMAaTHYHOMY MOJEIIIOBaHHI 00’ekTa 3 m
nmapaMerpamMy, KOJIM Ui BHKOHAaHHSA Iboro € N Mopenei, a ONOpHI AaHi HENOCTYNHI. 3BYKCHHS
HEBU3HAYEHOCT] 3A1MCHIOETHCS 3a TOTMIOMOTOI0 BU3HAYECHHS MiHIMAKCHOTO MMOBIPHICHOTO PO3MOJALTY Ha IHX
MOJENSX MpH 00’€IHaHHI BCIX MapaMeTpiB KOXHOI MOJeNi y AeAKy HapaMeTpU4Hy OIMHUIIO 31 CBOEIO
IMOBIipHicTIO. BUKIIazeHo Tpu cnocodu Takoro 00’ €JHaHHS, KOTPi BUNHUCAHI SBHO I BUIAIKiB, KOJIH YUCIIO
MaTeMaTUYHUX MOAEJel TOPiBHIOE TPEOM 200 YOTHPHOM.

Knouosi crosa: HegusHaueuicmv, MameMamuyHa MOOeNb, MIHIMAKCHUL IMOSIPHICHUL PO3NOOIL, OYIKY8aHe

3HAYEHHS 30 MIHIMAKCOM.

PREAMBLING THE PROBLEM

When an object of investigation is described or identified in more than one mathematical model, then the
investigator collides with the problem of selecting the single model for working and processing on the object
data certainly [1, 2]. However, this problem cannot be resolved as a classical optimization for the case neither of
differently classified models, nor of equal precision (error rate) models. Therefore in every watch moment or
sample the arising model uncertainty should be reduced into some unifying model [3, 4].

SURVEYING THE PROBLEM RESOLUTION WAYS

The classical optimization resolves the model uncertainty problem just if there are pattern values of the object
parameters, that could help in getting the models classified, comparing also their outputs to the pattern ones [2,
3, 5, 6]. But if there is no pattern at all, what occurs widely on the prime stage of the object investigation [7, 8],
then the only way to optimize and to select the optimal model is to determine or to define a probabilistic measure
over the set of the mathematical models [9, 10]. Nevertheless, determining such measure requires at least some
pattern data, might be obtained during the initial process of watching or identifying the object. So without
preliminary object identification there is an open discussion about defining a probabilistic measure over the set
of the object models. And the most non-contradictory method of the plain definition of that probabilistic measure
is the minimax principle [11, 12], giving the second player optimal strategy (SPOS) as such measure. This
method had been implemented for cases with three and four mathematical models [13, 14], though they were
pre-stated to produce just the single output parameter [2, 3, 9, 10, 15, 16].

TARGET AND JOB

May there be N non-identified mathematical models, each of which gives the same number of output
parameters. The target of the initiated investigation is to state a probabilistic distribution over these models,
considering them equi-output-parametrized [17, 18]. For that there is the job of unifying all the parameters of
each model into a parametrical unit, whereupon this unit is going to be associated with the appropriate
probability from the probabilistic distribution in SPOS, generated by the minimax principle [11, 12, 19, 20].

UNCERTAINTY REDUCTION
In common generality, say that the j-th mathematical model has its m output parameters, me N, and

j =1 N by Ne N\{l, 2} . The case N =2 under condition of the pattern data unavailability is resolved only

into equiprobable distribution E ﬂ because there cannot be verified or refuted any nonobservational

hypothesis on the two-element distribution.

As every mathematical model has the same number of output parameters, then the models may be separated by
those parameters. This means that for the k -th parameter there should be found a probabilistic distribution over

its N output values {V§k>}§1’ where v§k> is the fixed value of the k -th parameter of the j-th mathematical
J=

model. Due to the pattern data unavailability, such a probabilistic distribution for N e{3, 4} and m=1 was
determined [13, 14] in SPOS of the 3x3 and 4x4 games with the matrix

le(hi<j1>) for hi§1>=‘vi<1>—v<jl>‘ at i=L,N and j=1, N. 1)
NxN

In essence, the matrix H, there [13, 14] had appeared the function of two [13] and three [14] variables, which
are the distances

(2,12} and fn,n, n) ®

correspondingly. Consequently, three-element and four-element SPOS were the functions of the distances (2),
although there was the continuum of SPOS in both cases, and the single SPOS was determined as the nearest

probabilistic distribution to the equiprobable distribution: some R*-point [qf” q§1> qéﬂ was nearest to
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1 11 . 1 1 1 1 .
= = Zlandsome R*-point |[g¥ g ¥ g | wasnearestto {— - = —} correspondingly by the
‘:3 3 3:| p |:Q1 ;" 0 q4:| 4 4 4 1 p gly by
least-squares method.
Up to now the set of SPOS in the game with the matrix (1), being the function of variables {hflflj}N , is not
j=
generally found for the integer N > 4. But suppose that the k -th matrix
He=(n)  for =9 —vi| at i=1N and j=1N by k=1'm @3)
NxN

N
is constructed for the k -th parameter of N models with its values {vﬁ”} , being the function of the variables
=1

{h<k>

N
j_lj}_ , And suppose that the set of SPOS in the game with the matrix (3) is already found and narrowed to a
j=

probabilistic distribution {qf”}Nl, being the nearest to the equiprobable distribution {N’l}ﬁl, where d§k> is the
i= =

N
probability of selecting the value v§k> of the k -th parameter from the j-th mathematical model, qu” =1,
j=1

Ne N\{l, 2} . Then it remains only to unify the probabilities along each model through its parameters, what lets

to state as an R" -point the probabilistic distribution {GJ}L over N models, where g is the probability of

selecting the j -th mathematical model with its values {vﬁ”}m

The probabilities {q§k>}km_l along the j -th model may be unified only through summing them up or putting them

into product. The influence of parameters is unknown, so their unification into the parametrical unit cannot be
accomplished with appropriate weights, unless they all are equal, where minimax approach is ignored as the
problem might have been ultra-minimaxed. Thus in summing,

AN, N
gy =—> 4 for j=1N )

and in multiplying,
j=—"7— for j=LN. ®)

Clearly, that (5) can be generalized to

q; = - for j=LN (6)
N m m
>{ITo
i=1 k=1
and (6) is generalized finally to
1
m ¥
q=—r*—<— by y>0 for j=LN. (7)
N m ;
>
i=1 k=1

The summation in (4) can be generalized in two ways:
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m v
q=—"*—~— by y>o0 for j=L N (8)
N m 7
S50
i=1 k=1
and
m n ¥
(o) -
q=—t——— by y>0 for j=LN. 9)
(a")
i=1 k=1

N
Anyone can ensure oneself that for any of (4) — (9) here is that qu =1.

j=1
Surely, for N =3 and N =4 the statements (7) — (9) are restated explicitly due to [13, 14] and denotations
h1<§> =8, hé? =b, h§§> =G

Essentially, for N =3 there are

d<k> _ 2a’ +ab, +b} d<k> _ & +2ab, +b} q<k> _ a +ab, +20 (10)
1 2 W2 12 2 K2 s 2 K2
4(ak +by +akbk) 4(ak +by +akbk) 4(ak +by +akbk)
by k=1, m and
1 1 1
m v m y m Y
Y {H(Zaf +a.h, +b§)J +[H(a§ +2ah, +b;)J +[H(a§ +ah, +2bk2)J , (11)
k=1 k=1 k=1

1
m

1 1
q :é[H(Zaf +ab, +bk2)jy . 0, :ﬁu_[(af +2a.b, +bk2)J A :E%[H(af +ah, + Zbkz)Jy (12)

= |~

k=1 k=1

as (7),
1 1 1
m v m v m v
e :(Z(zaf +ab, +bk2)J +[Z(a§ +2a.h, +b§)} +[Z(a§ +al, +2b )J , (13)
k=1 k=1 k=1
1 1 1
o 1(x A - L A N Y
q, = W[Z(Zaj +ab, + bkz)J Gy = W[Z(aﬁ +2a,b, +bk2)J ;O3 = W[Z(aﬁ +ab, + ZbE)J (14)
d3 k=1 d3 k=1 d3 k=1
as (8),
df¥ = (2af +ab, +b?) + > (al +2ab, +b?) + > (al +ah +207) (15)
k=1 k=1 k=1
u_lm 2 2\" u_lm 2 2\" u_im 2 2\Y
q, _@;(Zak +a.b, +bk) ., 0, _@;(ak +2a.b, +bk) , O = d§9> ,Z:l:(ak +a.b, +2bk) (16)
as (9); and for N =4 there are
o = 3a’ + 20 + ¢/ +3a.b, +b.c, 4 = a; +2b? +c2 +3ab, +b.c, +2a.c,
" 2(4b7 +387 +3c +4ab, +Abc, +2a,c, ) 2(4bf+3al+3c +4akb, +4bc, +2aC,)’
w0 ai+2bf+ci+ab +30c +2a,0, ) a +2b? +3c¢ +a.b, +3b.c,

- ¥ = 17
o 2(40? +3a7 +3c] +4ab +4bc +2ac, )  2(4b7+3a7 +3c] +4ab, +4bc, +2a,, ) an

by k=1 m and
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1

m v m v
di = (H(&a\f +2b2 +c2+3ab, +b.c, )J J{H(af +2b2 +c2 +3ab, +b.c +2a.c, )J +

k=1 k=1
1 1
m Y m Y
{H(akz +2b2 +¢? +ab, +3b,C, +2a,C, )J +(H(a§ +2b2 +3c? +ab, +30,C, )J : (18)
k=1 k=1
1 1

m v m ¥

G = ﬁ[H(Saﬁ +2b? +¢Z +3a.b, +b.c, )j . Oy = ﬁ[H(aﬁ +2b? +¢? +3ah, +b,c +2a.c, )] ,
4 k=1 4 k=1

m

1
=~ _ 1 = 2 2 2 Y N5 l 2 2 2 !
a5 ——(lk__l[(ak +2b2 +¢? +ah, +3b.c, +2a,C, )} . d, _W(H(a“ +2b7 +3c? +ab, +3bkck)] (19)

dz<17> 4 ka
as (7),
1 1
d = (Zm:(?,akz +2b2 +c2 +3ab, +b.c, )JY +{Zm:(ak2 +2b2 +¢2 +3ab, +bc, +2a.c, )]Y +
k=1 k=1
1 1
+(Zm:(af +2b2 +¢? +ah, +3b.c, +2a.C, )JY +(Zm:(af +2b2 +3c? +a.b, +3bc, )J/ , (20)
k=1 k=1

1 1
m v m v
Z:(3ak2 +2h2 +c2 +3a.h, +b.e, )J , 0, = ﬁ[Z(aﬁ +2b2 +c2+3ab, +b.c, +2a.c, )] ,
4 Uk
1 1

1 (X (L 0
qsz—[Z(af+2bk2+cf+akbk +3bkck+2akck)J , q4=W[Z(ak2+2bf+3cf+akbk+3bkck)J (1)
4 k=1

m m
df¥ = Z(3a§ +207 +¢7 +3ab, +bc, ) + Z(af +2b? +¢ +3ab, +b,c, +2a,c,) +
k=1 k=1
+> (a2 +207 +c? +ab +30,6 +2a,G ) + Y (af+207 +3¢7 +ah +30c ), (22)
k=1 k=1
1
dy?

m m

Z(a,f +2b% +¢ +3ab, +b.c, +2ac, )y :

k=1

g 1 Y )
q, =WZ(3af +2b7 +¢7 +3a.b, +bkck) v O =

4 k=1
AR T '
Q= 3 (a2 + 207 + ¢ +ab, + 36, +2a,) q4=WZ(af+2bf+Scf+akbk+3bkck) (23)

d4 k=1 4 k=1
as (9).
And for many cases of m-parameter model uncertainties the statements (11) — (16) and (18) — (23) are

sufficient, inasmuch as five and more mathematical models of the object identification or description is an
uncommon rarity.

INFERENCE

The reduced m -parameter N -model uncertainty with the fixed data {vﬁ”}i1 into the probabilistic distribution
{GJ}L of (7) — (9) may be applied strictly in using the j -th mathematical model with probability ¢; every
time, when there are the fixed data {vﬁ”}’; on the object event or its watch moment. This particularly is very
hard, and investigator can apply the distribution of probabilities {qj}?:l nonstrictly, calculating either the

minimaxed expectation values
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N
7= v vk=1m
=1

after parametric unification or the minimaxed expectation values

=

N
v = Zq§k>v§k> vk=1 (24)
=1

For (24) with N =3 and N =4 the statements (10) and (17) are valid. In advancing the process of watching the

object there will be acquired the nonnegative weights {{W§k>}N } which help to determine the k-th
j=1

k=1

N
probabilistic measure from probabilities {u§k>} over the set of N mathematical models, where
j=

And then the probability u<jk> should be used in the same way as the probability d<k>.

10.

11.

12.

13.

Lo _ _
Wl =—~2— for j=1L N by k=L m.

S

i=1

j
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VK 519.17

PO ®PUBOHAYYU I'PAIIMO3HOCTD
I'PA®OB [IUKJINYECKOUN CTPYKTYPBI

1 2
Cemenrora M. @., x. ¢.-M. H., noueHT, ‘Tletpentok . A., k. ¢.-M. H.
1
Kupoeozpadckas nemuasn akademus HAYUOHATLHOLO ABUAYUOHHO20 YHUBEPCUMEemA
2
Hucmumym xubepuemuru umenu B.M. I'nyuuxosa HAH Vkpaunwei

B crathe mpoBeneHO uccienoBaHHME CTPYKTYpbl rpados, He nomyckaronmx OuOOHAYYHM TPALHO3HYIO
pa3meTky. Jloka3aHa Teopema, HCKIIIOYAIOLIasl OIpeNeNeHHbIH Kkiacc rpadoB, u3 crnucka dubonauun
rpanuno3HbIx rpados. Ilonyuensl pe3ynbTathl oTHOCUTENEHO PHOOHAUuH rpanuosHocTy rpadga nC ) .

Knwouesvie cnosa: pasmemra epagpa, Qubonauuu epayuosnas pazmemra, Qubonauuu epayuo3nviii cpag.

'Cemenrora M. ®@., lerpentok [I. A. IIPO ®IBOHAYUI TPALIIO3HICTb T'PA®IB IIMKJIIYHOI
CTPYKTYPU / KipoBorpaachka NhOTHA akaeMis HALIOHANBEHOTO aBialiifHOro yHiBepCHTETY, 2IHCTHTYT
kibepuetuku imeni B.M. I'mymikoBa HAH VYkpainu, Ykpaina

B craTTi npoBeneHo NOCIiPKEHHs CTPYKTYpHu Tpadis, mo He nomyckaioTh DiboHaYUi rpaiio3Hy po3MiTKy.
JoBeneHa TeopeMa, sIka BUKJIIOUYa€ TIeBHUH Kitac rpagis 3i cricky Pibonaudi rpamiosnux rpadis. OxepxaHo
pesynbratu BiiHocHO Pi6oHauyi rpaniosHocti rpada nC,, .

Kniouoei cnosa: posmimxa epagha, @ibonayuyi epayiosna posmimka, Qibonayyi epayiosnuii epag.

Semenyuta M., “Petreniuk D. ON FIBONACCI GRACEFULNESS OF GRAPHS / 'Kirovograd Flight Academy
of National Aviation University, 2Institute of Cybernetics named V.M. Glushkov of national Academy of Sciences
of Ukraine

Relevancy of the subject is indicated in the paper, and some special cases of the general Fibonacci graceful
graphs characterization problem are considered. In 1967 Alexander Rosa introduced p-labeling (which was
later called gracious labeling) in connection with graph decomposition theory. The case when edge labeling
of graph is a bijection from the edge set to the first g numbers of an arbitrary progression {a,}, is a natural

development of the graph gracefulness concept. The first instance when Fibonacci numbers were used as
{a;} progression took place in 1983, but the papers showing the main results on the subject have been

published in recent 8 years. In the present study unsolved problems are indicated by analyzing the papers. The
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purpose of this study is to investigate the structure of graphs that do not admit Fibonacci graceful labeling,
and also to study Fibonacci gracefulness of graphs that contain cycles of certain length.

Finite undirected graphs without loops and multiple edges are considered. The notions of composition,
Cartesian product, and n -dimensional cube are used according to F. Harary. Function f is called Fibonacci

graceful labeling of graph G=(v,E) with q edges, if f is injection from V(G) to the set
{0,1, 2,3,4,.., Fq}, where F, is the q-th Fibonacci number in the progression F =1, F,=1, F;=2,

F,=3, ... F,=F,,+F,,, and the edge labeling f"(u,v)=| f(u)-f(v)| induced by f, is a bijection
from E(G) to {Fl, F Fq}. Some theoretical results obtained by Bange D. W. and Barkauskas A. E. are

used.
The structure of graphs that restrict the class of Fibonacci graceful graphs is studied. It’s proved that if every
edge of graph G =(v,E) belongs to any two simple cycles of length more than 2 which do not have any

other common elements besides this edge, than the graph G is not Fibonacci graceful. It is also proved that
for any natural numbers m>3 and n>3 the graphs C xC,, Cm[Cn], P, [Pn], Cm[Pn], Pm[Cn], and n -
Dimensional cube Q, are not Fibonacci graceful.

The problem of Fibonacci gracefulness is solved for some cyclical constructions, namely for the graph
obtained by connecting vertices of C, to a vertex of C,, using a path B, ; We consider this problem for

graphs nC,, and prove the following: 1) graph nC, is a Fibonacci graceful graph for any natural n; 2)
graphs nC, (for any natural n) and nC, (for any natural n>2) do not admit Fibonacci graceful labeling.

For nC, and nC, the proof is obtained using the rule of contraries. To prove Fibonacci gracefulness of nC,

an algorithm has been designed to construct the corresponding labeling. Using of the algorithm is illustrated
for 4C, and 5C,.

Classes of graphs that do not admit Fibonacci graceful labeling are found in the study. A method is proposed
to construct Fibonacci graceful labeling for graph nCs, which can be used in further theoretical studies as well
as in development of Fibonacci graceful labeling constructive enumeration algorithms for certain classes of
graphs.

Key words: graph labeling, Fibonacci graceful labeling, Fibonacci graceful graph.

BBEJIEHUE. IOCTAHOBKA ITPOBJIEMBbI

B 1967 rogy B cBs3M ¢ HCCIIeOBaHHSIMH B TEOpHU paslioxkeHuil rpadoB Anekcanap Poca Bnepsbie BBel
HOHATHE [3 -pa3METKH, KOTopas Mo3[Hee ObUla Ha3BaHA IpalldO3HOM pa3MeTkoil. B nmanpHelimeM oHa Hamga

MNPUMEHCHUC IIPU KOAUPOBAHUU PAJAPHBIX UMITYJIbCOB U KOJUPOBAHUU IIPU HABCACHHUH PAKET; B peHTFCHOBCKOﬁ
KpI/ICTaJ'IJ'IOI"pa(bI/II/I; CO3/1aHNU MAKETOB AHTCHH B PAJMOACTPOHOMUH; B THAPOJJIOKALHUH. 3az[aq1/1 MNPOCKTUPOBAHUA
KOMMYHUKAIIMOHHBIX cereu u Apyrue NpakTUICeCKUe 3aaavdu, CBA3aHHbIC C rpaunozﬁoﬁ paBMeTKOﬁ, TIPUBCICHBI

B[1].

Ilycte rpadp G = (V, E) SIBIICTCSI KOHEYHBIM, HEOPUCHTUPOBAHHEIM TpaoM 0e3 KpaTHHIX pedep W IeTenb, U
UMeeT MHOXKECTBO BEPIIIHH V(G) U MHOXECTBO pebep E(G). Ecimm He ykazaHa MOITHOCTH 3THX MHOXECTB, TO
OyzeM cuuTarth |V(G)| =p, | E(G)| =(.Ipap G= (V, E) SIBIISICTCS TPAIIMO3HBIM, €CIIH CYIIECTBYET pa3MeTKa
f ero BepmIMH Pa3IUYHBIMU LIETBIMUA YUCJIAMU M3 MHOKECTBa {O,l, 2,...,q}, MOPOKIAIONIasl Pa3METKy pedep
f*(u,v):| f(u)— f(v)|, roe u, v — BepuHbel rpada G, mpu 3TOM - Ooueknus w3 E Ha {1,2,...,q}.
EctecTBeHHBIM MPOIOIDKECHUEM UIEH TPao3HOCTH rpada G = (V, E) MpeICTaBISIeTCS CITydaii, Koraa pa3MeTKa
pebep — 9T0 OMEKIMs U3 MHOXKECTBa pedep B MEpBbIe (] YHCEN MPOHM3BOJILHOM MOCIEA0BATEIHLHOCTH {ai}. B

ctatbe [2] mOCIEeT0BAaTENbHOCTD {ai} coctouT u3 uucen PubOoHauuu. MBI HUCHONB3yeM OIpeJeIeHUe

®uboHauyn Tpanmo3Hoi pasmeTkw, naHHoe B [3]. [Ipobmema xapakTepucTHKH BceX DUOOHAYYM TpaIlO3HBIX
rpadoB, chopMyIHpoBaHHAs B cTaThe [3], ocTaeTcsi OTKPHITOI B 001ieM Buze. B mocnenyrommx myOiuKkanmsax
WCCIIeIOBaHMS TPOBOJWINCH JUIsl YacTHBIX ciydaeB. Hampumep, aBTopamu crathi [4] 3amaua duboHaudm
TPAIMO3HOCTH pemaiach A rpadoB, COAEpKAINX IUKINYECKHe KOHCTpyKiuu. OHM mOKa3ayid, 4to rpad,
TIOJy4EHHBIN cOeMHEHNEM BepmMHbl nukna C,, ¥ BepmuHsl nukia Cy, memso P, a Takke IpOHU3BOIBHOE

nenHoe oObequHeHHe K kommil mmkina C,,, pomyckaror PuboHawuwm rpannosHylo pasMetky. CyxeHnem

obJiacTh 3HaYeHWI METOK BepLIMH omnpeneneHa cyrnep @uboHayuu rpaunosnas pasmerka [5]. Takum obpaszom,
rpad, obmamatomuii cynep PuOOHAYYM TpAMO3HON pa3MeTKoH, sBisieTcss duboHau4yM rpanno3HbiM. B [4]
MPECTaBICHBI CICIYIONINE Pe3yabTATHI, Kacaromuecs cynep @PnboHayqIH Tpano3HON pa3METKH: OJHOTOYEYHOE
obvenuHeHne nByx mukiaoB C,, u Cy,, a Takke oJHOTOYewHOe oObemuHenme K mukiaoB C, (rme

n= O(mod 3)) ABIAIOTCS cynep PnboHAYYM Iparlo3HBIM TpadamMu. ABTOPaMH CTAaThH [6] JOKa3aHO, 9TO Tpadsl

Fi®Kiy, Co®P,, Kin0K,, F®R,, C, @K, momyckaior cynep ®ubGoHAYYH TPAIHO3HYIO Pa3METKY.
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OtH ke aBTOpbI B [7] gokazanu cyrnep OuOOHAYYM TPAIMO3HOCTh TAKUX CIIEIHATIBHBIX KIIACCOB rpadoB, KaKk Fnt
— ogHOTOUECYHOE oOBequHeHHe { Kommif BeepoB F, mpn n>2; C,t] — onHOTOUYEYHOE 00BbeauHenue { komuii
LUKJIOB IJUHBL N MpU N = O(mod 3); S,tn , — OaHOToude4Hoe obbeauHenue t xomnwii rpados Sy, ,, rae Sy, , 310

3Be3/la C M JIydaMHu, BJISIOIUMUCS HEISIMH JUIMHBL N, IPU N El(mod 3); K, mpu n<3.

Iens nmaHHO# pabOTHI: MPOAOKUTH Hayatoe B [3] HcclemoBaHHWE CTPYKTYphl rpad)oB, HE IOMYCKAFOIIUX
®uboHAYYN TPAIMO3HYI0 Pa3METKy, M H3yueHue DuOOHAYYM TpalMO3HOCTH TPagoB, COMCPKANIMX ITUKIBI
ONPENEIICHHON UIMHBI.

INPEABAPUTEJIBHBIE CBEJIEHUA

Cpe,HI/I PasMETOK Fpa(l)OB BBIACTAKOT BCPUIIMHHBIC, pe6epHLIe U ToTanbHble. IloHsATHE BepHIPIHHOﬁ PasMETKn
BKJIIOYACT TPHU BaXHbBIC COCTABJIAIOMIME: MHOKECTBO, COJACPIKAIICC MCTKH BCPUIMH; IPAaBUJIO, IO KOTOPOMY
MIPUCBAUBAIOTCA 3HAYCHUSA MCTOK KaKIOMY pe6py " YCJIOBUA, KOTOPBIM 3THU 3HAYCHUA NOJIKHBI YAOBJICTBOPATD.
dubonauun Tpaliio3Has pasMeTKa rpaq)a OTHOCHUTCA K BEPIIUHHBIM Pa3METKaM.

Omnpenenenne 1.1. [3] @yakuuro f HaspBaoT PuOOHAYYN rpanuo3Hoil pasmeTkoil rpada G ¢ ¢ pebpamu,

eciii f — MHBEKLIUA U3 V(G) B MHOKECTBO {0,1, 2,3, 4,...,Fq}, rue Fq — 910 ( -Toe uucio duboHaYun B
nocnenopatenbioctu k=1, F, =1, FR=2, F, =3, ..., Fy=F, ,+F,;, a unnyuupyemas eto pebepnas
pasmerka f (u,v)=| f(u)- f(v)| sBnsercs Guexumeii s E(G) na MHOXKeCTBO . Fa, Py j.

B 2006 roay aBTopamu paboTh [5] MpeaioKeHO aHAIOTHYHOE onpeaeicHne PuboHauIM rpario3HON pa3MeTKH,
C TeM JHuIb oTIH4HMeM, 4To Fy — 5710 ( -Toe uncno Gubonayuu B nocnenosarenshoctu F =1, F, =2, F; =3,

F, =5, ..., Fy =Fy_, + F;_1. D10 onpenenenne ncnonpsyeres B crathsx [4-7].

I'pad, obnanaromuii PuboHauYH rpario3HON Pa3METKOM, Ha3biBacTcss OPHOOHAYYH TPAIIHO3HBIM rpad)oM.
Ouesnnro, ans Gubonayuu rpauuosHoro rpada pasmepa ( pebpo ¢ metkoil F; MOMKHO GBITh MHLMIEHTHO
BepuuHam ¢ meTkamu 0 u Fy . Kpome Toro, Bepiunna, cMeskHas ¢ BepuIMHOH, umerouteil MeTky 0, 1omkHa ObiTh

IIOMCYCHA YUCIIOM q)I/I6OHa‘I‘II/I, a OCTAJIbHBIC BCPIIWHBI NOJYYAOT PA3JIAYHBIC MCTKHU YUCIaMH MCIKAY Ou Fq .

Hnsa rpados G, :(Vl, El) n G, :(VZ, E2) BBEJIEM TOHATHA KOMIO3MUMHU (WIIH, JPYTUMH CIOBAMH, TOHATHE
JIEKCHKOTpa(uuecKoro MPOU3BEICHH)S) U IEKapTOBOTO MPOU3BEICHHS, UCIIONB3YsI TEPMUHOIIOTHIO XapapH.

I'padp G= Gl[Gz] HasbIBaeTcs komnosuyueli rpadgoB G; u G, IpH yCIOBUH, YTO OH UMEET MHOXKECTBO BEPILHH

V =V, xV,, a MHO)kecTBO pebep E(G) OTIpeIeNIAeTCSl CIEAYIOIUM 00pa3oM: BEPIIHUHBI u=(ul,u2) "

v=(v,V,) cMexus B G TorMa 1 ToNbKO TOr/a, Korxa win (U )€ By, wmn Uy =v; 1 (Uyv, )€ E, .

I'padp G =G, xG, Ha3bIBaeTcs dexapmosvim npouzsedenuem rpagos G; u G, mpu ycIOBHH, YTO OH MMEET
MHOXeCTBO BepliuH V =V, xV,, a MHOXeCTBO pebep E(G) OTpeIeISIeTCs CIEAYIONMM 00pa3oM: BEPIIHHBI
u :(ul,uz) u v:(vl,vz) OynyT cMexHbBIME B G TOrJa M TOINBKO TOrna, KOraa U, =V, (uzvz)e E,, mm
U, =Vy, (Uv)ek.

n -Mepnuvim (Oynesvim) kybom Q, HasbBaeTcs rpad, y KOTOPOr0 MHOKECTBO BEPIIHH — 3TO MHOXECTBO BCEX N -

KOMITOHCHTHBIX 6I/IHaprIX BCEKTOPOB, U ABE BCPIIMHBI CUUTAIOTCA CMCKHBIMU TOrJa W TOJIBKO TOrJa, Korjaa
COOTBETCTBYIOIIME WM BCKTOPbI OTIIUYAIOTCA TOJBKO B OHHOﬁ KOMIIOHCHTC. n-MCpHHﬁ Ky6 Qn MOXHO

onpeaenuts pekypcusHo: Q =K, u Q, =K, xQ,_;.

Ecrm G — cBsubIN rpad, To mog NG moapasymeBaercs rpad ¢ N KOMIOHEHTaMH, KaxJas U3 KOTODPBIX
n3zomopdua G .

PaccMoTpuM H3BECTHBIE TEOPETUYECKUE PE3YIIbTATHI, HALLEIINE IPUMEHEHNUE B PEILIEHUHU IIOCTABIEHHBIX IIEpe]
HaMHU 3a1a4.

Teopema 1.1. [3] ITycts rpadp G = (V, E) obnanaer @uOOHAYUN IPalMO3HOM pa3sMeTKoH, U mycTh C; — LUK

k .
el K B G . Torga cyiiecTByeT Takas MOCIe0BaTEIbHOCTD {5” }ji1 ¢ §j=+1, wii Beex j=12,...k, uro

k
Zé‘ij Fj=0,rne {Fij }Ll — yncna Gudonayuu 11 MeTok pedep B C; .
j=1
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Caencrsue 1.1. [3] Eciu rpay G = (V, E) nmeer GuOOHAYYM IpalMO3HYIO0 pa3METKy, Toraa pedpa ero aro0oro

IUKIa JIMHBL 3 JOMKHEL OBITH 3aHyMEPOBAHBI TPeMs MOCIENOBaTeNbHEIMKM unciamMu PuOoHaudH
(mocnenosarensHocty F, Fy, F, u Fy, F;, F, 5KBUBaNeHTHEI).

Caeacrue 1.2. [3] Ecnmu rpad G = (V, E) nmeeT PUOOHATYM TPaNMO3HYIO Pa3METKyY, TOTAa pebpa ero moboro

IMKJIA AJMHBL 4 TOJKHBI OBITH 3aHYMEPOBaHBI NOCNIE0BAaTENbHOCTRIO BUA F, F,q, F,3, F4.

Caencrue 1.3. [3] Eciu rpay G = (V, E) nmeeT GuOOHAYYM TPalMO3HYIO Pa3METKY, TOTJa pedpa ero Jro0oro

IMKJIA JUIMHBL 5 TOJDKHBL OBITh 3aHYMEpPOBaHbI IIOCIEI0BAaTeNbHOCTRIO BUAa F, F.q, F,3, F

i i i+57 I:'+6 nin Fl’
FZ' I:i’ I:i+l’ I:i+2'

Teopema 1.2. [3] Huxn C, sBiagercs ®uboHau4n rpanuo3HbM rpadoM TOrga M TOJNBKO TOrZa, KOraa
n=0(mod3) nm n=2(mod3).

O4eBUHO, TPUBEIACHHBIE BHIIIE TEOPEMbl U CIEACTBHUS BEpHbI B ciaydae TepmuHojoruu [5]. Ilpu stom
YUYMTBIBaEM, 4TO mocneposarensHoctu F, Ky, F, u F,, F;, F, He okBuBanentHel, u B cieactsuu 1.3

UCKJII0YaeTCcs nocnenosarensocts B, F, K, Fq, F,.

HEKOTOPBIE KJIACCBI TPA®OB IIUKJIUYECKOM CTPYKTYPHI,
HE JOIIYCKAIOIIUE ®PUBOHAYYU I'PAITMO3HOU PASMETKH

OnuH U3 BO3MOXHBIX CHOCOOOB OXapakTepu3oBaTh PUOOHAYYHM Ipalyio3HBIC Tpadbl — HAWTH IIOJHBIA CIUCOK
rpadoB Takoit, uto rpadp G Obu1 O OUOOHAYYHM TPALMO3HBIM TOJIBKO TPH YCIOBHH, €CIH OH HE COICPKHUT
noarpada, u3oMophHOro OAHOMY M3 Trpad)oB CIHCKA. DTOT MOAXOA MPEACTABISICTCS CIOXKHBIM, TaK Kak
IPao3HOCTb — 3TO MIOOATBHOE, a He YacTHOE CBOicTBO. TeM He MeHee, CIeyIoNIas TeopeMa U CICACTBUS U3
Hee, OrpaHNYMBaOT Kiacc @UOOHAaYYH rpallio3HbIX rpados.

Teopema 2.1. Ecnu kaxmoe pedpo rpada G =(V, E) MPUHAJIEKUT JTFOOBIM JIBYM TPOCTBIM ITUKJIAM JITHHBI

Oonpmie IBYX, HE MMEIOMIMX KpPOMe 3TOT0 pebpa oOmux sneMeHTOB, TO Tpadp G He sBisieTcs PuboHauqn
IpaLMO3HBIM.

Hoxazamenvcmeo. Tlpeamnonoxum, uto rpad G:(V,E) noryckaeT PuOOHAYUM TPAIMO3HYIO Pa3METKy H
|E | =(. Kaxnoe pedbpo nanHoro rpada BXOAUT B JBa NMPOCTHIX LUKJIA, KAXKIBIH M3 KOTOPBIX UMEET JUIMHY
oonpmie aByx. Ilycte pebpo (Xk yk) NpUHAUISKUT KTy C; :(Vi,Ei) u mukny  C; :(\/J- ,E j), rae
VinV; = {Xk, yk}, EinE;= {(Xk Y )} He napywas o6mmocty, Gynem cuurars, uto Fy — meTka pebpa (% Yk )-
Omna sBnsercs HaubonbLiei it C; u C - Cormacao nemme 1 [3], pebpo ¢ MeTkoH Fq_l JIOJIKHO COJIEPIKaThCs B
KaXIOM M3 yKa3aHHBIX LUKJIOB, YTO HEBO3MOXXHO B cumiy omnpeaeneHus 1.1. Ilpumum kK mpoTHBOpedurio.
CrenoBarenbHo, rpad G He sBisiercs Dubonauun rpanuo3ssiM. Teopema nokazaHa.

Cunencreue 2.1. Jlist moGbix HaTypambHbix wncen M>3 u n>3 rpadsi C,,xCp,, Crl[Chl, PulP], CulPu],

P [Cn] He sABJA0TCs PUOOHAYYH IPallMO3HBIMU.

Joxasamenscmeo. Kaxnoe pebpo ykasaunbix rpados Cp, xC,, Cu[Ch], Pu[P.], CulPa], PulC.] Bxomur ne

MCHCC 4Y€M B JBa IUKIIA, JJIMHBI KOTOPbIX Oouble 2. CJ'IG,Z[OBaTeJ'IBHO, o TeopemMe 2.1 atn I‘pa(l)bl HEC ABJIAIOTCA
duboHauyn rpalliO3HbIMU.

CuencrBue 2.2. n-MepHsiii Ky6 Q, He sBistercad @uboHayuy rpanuo3HbIM IpadoM JUIs JIF0O0ro HaTypaIbHOTO
nx=3.

I[OKaSaTeJ'ILCTBO BBITCKACT HCIOCPEACTBEHHO U3 TCOPEMbI 2.1.

OPUBOHAYYU I'PAIIMO3HOCTDb I'PA®OB nCy,

Astopsl [3] u3ydanu cBoiicTBa rpados, momyckanomux DPUOOHAYYH TPANMO3HYIO Pa3METKy M COJAepIKalluX
UKIIBI oTpeeNieHHoON niuHbl. B pabote [4] 3amaya ®uboHaUYM Tpanro3HOCTH TpadoB pemiangach sl TaKUX
KOHCTPYKLMH, Kak rpad), monyueHHbIH coeJMHEHUEM Lienblo B, Bepumubl nukina Cg,, ¢ BepmuHoi mukia Cy,

a TaKXKe JUIi MPOMU3BOJIHOTO LIEMHOT0 00beauHeHus rpagos G, G,, ..., G, . MBI paccMOTpUM 3Ty 3a1a4dy Ui

rpados nC,, .

Teopema 3.1. I'pad NC; aBmsiercst ®uboHAYYHN IrpaliMO3HBIM Tpadom 11t 1F000r0 HaTYPaIbHOTO N .

Dizuxo-mamemamuyni HayKu
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Jokazamenscmso. Tlycts j=1,2,...,n, obosnaunm V; , V), vl — Bepummbi j -oit kommonentsr CJ B rpade
NC,. 3amanuM pasMeTKy BepmuH [ ciegyrommm  o6pasoM: f(v”)z 0, f(vQ): Fan_1, f(vQ): Fan s
f(vf‘1)=n+1, f(v§‘1)=n+1+ Fan_a» f(v§‘1)=n+1+ Fan_3; f(vn 2)—n, f(vn 2)—n+ Fan_7,

tVa2)=n+Fy e (2)=2, 102)=axr, t02)=a+F; f(d)=1, t(4)=2, t{v})=3 (puc.1).

4+Fs nt+Fa, g nt1+Fa, 4 Fan
/\ /\F‘s Fi, g ‘Fsu—:r Fa s .-’ j Fanz Fana
4+Fg H+F3u—6 ntl1+Fa, 3 Fan 0
st Cs " 3t Ca"
Puc. 1. ®ubonayuu rpanuo3Has pazmerka rpada nCs
CnenoBatenpbHo, f — UWHBEKTUBHAas (QYHKIMS U3 MHOXECTBA BEPIIMH B MHOXKECTBO Pa3MYHBIX
TONOKUTENBHBIX ebix uncen 0, 1,2, 3, ..., Fy 5, Fanq, Fs,. [lycts B C§ BXoauT BepuuHa ¢ MeTKoii 0,

TOIJa OJIHA M3 CMEXHBIX €i BepIIMH OyJeT UMeTb METKY Fg,, a BTOpas, cornacHo cieacTsuro 1.1 — MeTky

Fsn_1 - PeOpa Cg nomyuar metku: Fy,, Fy,_;, Fsn_p. IIpu pasmetke Bepummn f , pacmpenenenne MeTok pebep
n-1 ~n-2 ~n-3 2 1 .

B mukmax C; -, C37°, G377, ..., C5, C3 Oymer coorBercTBeHHO ciemyromee: Fyn s, Fsn_4, Fanls: Fang.

Fano7v Fansy Fancey Feniior Fano11s -5 Fey Fsy Fys B, Fy, B (puc.l). CornacHo ompenenenuto 1.1

pasmerka f sBnserca GuboHaudn rpanmosHoit o rpada nNC;, rae N — MPOM3BONBHOE HATYPANbHOE YHCTIO.

TeopeMa JOKa3aHa.

Jns rpagos 4C; u 5C; mpUMEHHM QJITOPUTM NOCTPOCHUS Pa3METKU BEPIIMH, M3JI0KEHHBIH B Teopeme 3.1,

TOra METKH pedep 00pa3yloT COOTBETCTBYIOUIYIO IIOCIEAOBAaTeNbHOCTh umcen Pubonawyun. PesynmbpraTsl
IIpeJCTaBICHbI HA PUCYHKaX 2, 3.

> 4+Fs S5+Fg Fn
Fa Fa Fy Fs FT." Fg -F].D' Fll
Fs Fﬁ F]_:
3 1 4+Fg 4 S+Fg 5 Fiz o
4
st Por s C3

Puc. 2. dubonayuu rpanuosHas pazmerka rpada 4C,

4+Fs 5+Fs 6+Fy
1 4+Fg 5+Fy 5 6+F2 0
4 5
Cal Ccy oty & C3

Puc. 3. ®ubonayuu rpanuo3Has pasmerka rpada 5C,
Teopema 3.2. I'padp nNC, He aBiserca PuboHaquy rpao3HbIM rpadoM Uit 10000 HaTypalbHOIO N .

Hoxazamenvcmeo. Paccmorpum ciydait n=1. CormacHo teopeme 1.2, rpap C, He spmercs dubonaudn
rpanuo3eiM. Ilycts n>1. Ilpennonoxum, uro nC, — ®ubonauun rpaunuosselii rpad. Torma nuxn C,,
cozepxaluii BepmHy ¢ MeTkoil 0, Oyzner mmerb MeTku pebep Fu,, Fan_is Fan_gy Fan_g. Uucio Fyn_s

JIOJDKHO OBITH METKOH pedpa M000ro Apyroro IMKIa. B 3ToM ciydae He CymIeCTBYeT MOCIECIOBATEIBHOCTH
qHCel, YAOBJIETBOPAIOMUX yciaoBuro cineacteus 1.2. Ipumm k npotuBopeunto. CienosarensHo, rpadp NC, He

sisietcss PuboHauyn T'palfluO3HbIM l"pa(l)OM JUIA 100010 HaTypajJbHOTO N . TeopeMa JIOKa3aHa.

Teopema 3.3. I'pap NC; ne siBisiercst PrOOHAYYHN rPAIIMO3HBIM IpadoM [Jist TF000T0 HATYpalIbHOrO N> 2.

Bicnux 3anopizvkozo nayionanvnozo ynisepcumemy Ne2, 2013
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Hokazamenvcmeo. llpeanonoxum, uto NCgy — dubonauun rparmosusiit rpad. Toraa mukn Cy, coaepxamiuit
BepIIMHY ¢ MeTkol 0, Oyzner umers Metku pedep Fs,, Fs,_1, Fsn_3+ Fgn_5s Fgn_g- HHCIO Fy_, MOMKHO OBITH
METKOH pebpa mroboro apyroro mukia. B 3ToM cioydae He CymecTBYeT IOCIEIOBATEIbHOCTH YHCET,
YIOBJIETBOPSAIOIUX ycinoButo caeactsus 1.3. Ilpumim k nporuBopeurto. CnenosarensHo, rpadp nCg He

apisiercs @uOOHaYUH rpano3HbIM TpadoM AJIst 1000ro HaTypasibHOTO N > 2. Teopema jokasaHa.

BbIBO/IbI

Jns moBeIeHust ObICTPOTHI M AP (QEKTUBHOCTH NONY4YEHHsS] PE3YJIbTaTOB IO KIacCy 3a/ad, UCIOJb3YIOMINX
®ubonayun rpanro3HocTs rpados, Tpedyercs pa3paboTka anropuTMoB. Hamu mpeiokeHbl TeOpeTHYecKue
OCHOBBI Ha TYTH K CO3/JaHMI0 TOAOOHBIX anroputMmoB. [Ipu wuccienoBaHum CTPYKTYphl TpadoB, He
Jonyckaronx d@uUOOHaYYM TpalMO3HYI0 Pa3METKy, JOKa3aHa TeopeMa, HCKIFOYAIoIMmas ONpeleNIeHHbIH Kiacc
rpacoB u3 crricka PruOOHAYIN TPaO3HBIX TPadoB.

ITomyuennast B naHHOH paboTe MeToquKa mocTpoeHuss OuboHauydn rpanuo3Hoit pasmeTku rpaga nC; Moxer

OBITH WCTIONB30BaHA B JAJBHEHIINX TEOPETHYECKUX HCCIECIOBAHMUAX, a TAKKE NPH CO3AaHHU AJITOPUTMOB
KOHCTPYKTHUBHOTO NepeunciacHuss PruOOHaYIN rpaliio3HbIX pa3METOK ONPECTIEHHBIX KIacCoB IpagoB.
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IHPOI'PAMHA PEAJII3ALIA PO3B’A3AHHSA PO3PIIKEHUX
CUCTEM JIIHIMHUX AJITEBPATUYHUX PIBHSIHb

Cemunmus JI. M., k.p.-M.H

YopmKiecoKuil HA8YAILHO-HAYKOBUL IHCIMUMYM NIONPUEMHUYMBA i Oi3Hecy,
Tepnoninbcvkuii HAYIOHATLHUL eKOHOMIYHUL YHIGEpCUmMem

3anponoHOBaHO HOBHUH MiIXiZ OO PO3B’SI3yBaHHS PO3PIMKEHUX CHUCTEM JIHIHHUX anreOpaidHUX piBHAHB i3
ONMOYHMMH  €JIEMEHTaMH, a TaKOXXK METOA pO3B’SI3yBaHHS PO3PIIPKCHUX CHCTEM i3 JISIKUMH
HalXapaKTepHIIMMH crloco0aMu 3amoBHEHHs. Po3KkilafieHo HeBifoMi X; 1€l po3pimkeHol cucTeMH JiHIHHNX

areOpaivHUX PIBHSAHB y CKiHUSHI MaTPHUYHI JIaHIIOTOBI pobu. [IpoBeaeHo migpaxyHOK KinbKOCTEH 3amuciB
Ta omepauiii mpH YHCeNbHIN peasi3auii alropuTMy MHOXEHHS MaTpuib. OXapakTepH30BaHO CKJIAJHICTh
ITOPUTMY 3 TOUYKH 30py KOMI '[oTepHOi anredpu. [IpoBeeHo MOPIBHAHHS 3alIPOIIOHOBAHOTO AITOPUTMY Ta
6104HOTO MeToAy HporoHKH. OOGUMCIEHO KIBKICTh 3alMCIiB IS METORY NMPOTOoHKH. OIHcaHmil anropuTM
3aCTOCOBAHHH 1 y BHITAKy CHCTEM i3 IPOPIIPKEHUMH TPHOX/iarOHATEHIMH MaTPUIISIMH.
IIporecroBaHO anropuTMH pO3B’SA3aHHSA JESIKHX THIIB PO3PIDKEHHX YHCIOBUX CHCTEM JiHIHHMX
anreOpaiyHuX piBHSAHB. PO3B’S3aHO TPHOXIIarOHANBHI CHCTEMH JIHIHHUX anreOpaiyHuX PIBHSHb METOJIOM
JIAHIIOTOBHX APOOiB. Y poOoTi MoKazaHO e(eKTHUBHICTD 3aPOIIOHOBAHOTO AJITOPUTMY.
Kurouosi cnoea: po3piosiceni cucmemu, 1aHylo208i Opobu, CKIHYEHHI CYMU, KIIbKICMb 3anucie, CKIAOHICMb
aneopummy, KoMn romepua aneedopa, mecmyeaHHs aneopummis.

Dizuxo-mamemamuyni HayKu
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Cemunrnn JI. M. [IPOTPAMMHAS PEAJIM3AITNS PEIIIEHMS PASPEXKEHHBIX CUCTEM JIMHEMHBIX
AJITEBPAVYECKUX YPABHEHMW / UeprkoBckumii yueGHO-HaydHBII MHCTUTYT MPEATPHHHMATENLCTBA M
ousHeca, TepHONoNIbCKUI HALIMOHAIBHBIA IKOHOMUYECKUH YHUBEPCUTET, Y KpauHa
[IpennoxeH HOBBIH MOXOA K peuieHuto Pa3peKCHHBIX CHUCTEM JIMHEHHBIX anreOpanvyeckux YpaBHEHUH ¢
OJIOYHBIMH 3JIEMEHTaMH, a TAKKE€ METOJ PELICHUS PAa3PEKEHHBIX CHCTEM C HEKOTOPBIMH XapaKTEPHBIMH

cnocobamMu  3amonHeHus. PasnokeHbl HEM3BECTHBIE X; JAHHOM pPa3peKEHHOH CHCTEMBbl JIMHEHHBIX

anreOpanueckux ypaBHEHHI B KOHeuHble MAaTPUUHBIE LenHbIe ApoOu. [IpoBeieH MoACYeT KOIMYECTB 3anuceit
U onepayuti npu YACICHHON pealn3alliy arOpPUTMa YMHOXXEHHS Marpull. OXapaKkTepru3oBaHa CI0KHOCTh
aIrOpUTMa C TOYKU 3pEHHsT KOMIBIOTEPHOH anreOpsl. [IpoBeieHO cpaBHEHHE TPEITI0KEHHOTO aITOPUTMA U
OJIOYHOTO METOJAa TPOTOHKH. BBIYMCICHO KOJNWYECTBO 3amuceid s MeToaa NporoHKH. OMucaHHBIN
aITOPHUTM MPUMEHEH H B CIIY9a¢ CHCTEM C NPOPENHCEHHbIMU TPEXTUArOHATbHBIMA MaTPUIIAMHU.
IIpoTecTHPOBaHBI ANTOPUTMBI PEUICHHS HEKOTOPHIX THIOB Pa3pEKEHHBIX YHCIOBBIX CHUCTEM JHHEWHBIX
anreOpanydeckux ypaBHeHHit. [IpoBeieHO pelieHus TPeXAWAroHaJIbHBIX CHCTEM JIMHEHHBIX ancefpauieckux
ypaBHEHUI METOIOM IETIHBIX Apodeil. B pabore nmokazana 3pPpeKTUBHOCTD MPEAT0KEHHOTO aITOPUTMA.
Knioueswie crosa: paspesicennvie cucmemsl, yentvle Opodu, KOHEeUHble CYMMbl, KOAUYECMBO 3aNUCell, CLONCHOCTb
aneopumma, KomMnvlomepHas aneedpa, mecmuposamue aneopummos.

Semchyshyn L. M. PROGRAM REALIZATION OF THE RAREFIED SYSTEMS LINEAR ALGEBRAIC
EQUATIONS SOLUTION / Chortkiv scientific educational Institute of enterprise and business, Ternopil National
Economic University, Ukraine
New approach to the linear algebraic equations rarefied systems with block elements solution and the method
of rarefied systems with the specific ways of filling solution is suggested in the article. Minor denotation,
which lies on the intersection of the block tapes and block columns is introduced. In the suggested work the
Cramer’s generalized rule is used, and Leonard Eiler equality, which ties chain fractions with lines and finite

sums is applied. The variables of the x; rarefied system of the linear algebraic equations into the finite matrix

chain fractions are decomposed. Statement for the algorithm complexity estimation in terms of computer
algebra is used. Calculation of the records number and operations under the numerical realization of the
matrix multiplication algorithm is conducted. The algorithm complication from the point of view of computer
algebra is characterized. Comparison of the suggested algorithm and the block tridiagonal matrix algorithm is
carried out. The number of records for the tridiagonal matrix algorithm is calculated. The suggested algorithm
significantly dominates the classical tridiagonal matrix algorithm. It can be realized both in the analytical and
numerical aspect. The described algorithm is used in the case of systems with the rarefied three-diagonal
matrix. Matrix can be framed from one side as well as from both sides.
Algorithms of some types rarefied numerical systems of the linear algebraic equations are tested. Three-
diagonal systems of the linear algebraic equations solution by the method of chain fractions. The high
accuracy of the suggested solution is shown.
Function ESSELS is written and tested for the linear algebraic equations with numerical elements solution
systems in the MatLab medium. This function implements the algorithm of the linear algebraic equations
solution using the method of cut-off systems. This algorithm allows to solve equation systems in two ways: —
in the case of symmetrical filling (the quantity of under-diagonals equals the quantity of above-diagonals),
and when the quantity of matrix under-diagonals and the quantity of above-diagonals are different. For the
comparison of the MatLab package with regular programs a small program MatLabFC_Three_Diag_Sys was
written. The system of equations for testing of the threediagonal linear algebraic equations algorithm using
the method of chain fractions was used. It’s asymmetric system of equations without a diagonal dominance
and with the average meaning of spectrum number conditionality.
FC_Three_Diag_Sys function realizes the procedure of the linear algebraic equations tape systems by means
of MatLab. Suggested the simplification of possible usage the text with the block forming of the linear
algebraic equations, with the described matrix.
The results of both systems comparison are carried out in the chart. A simple test shows the high accuracy of
the suggested method of threediagonal systems solving by the method of chain fractions. Algorithms for the
given test system of the average dimension have a considerable advantages in comparison with the standard
functions of the MatLab package. Efficiency of the suggested algorithm is shown in the article. Theoretical
and methodological basis of investigation comprise methods of optimization and mathematic modeling. The
given algorithm can be effectively used in computer algebra systems and for the engineering and applied in
analytical and numerical problems solution.

Key words: rarefied systems, chain fractions, finite sums, quantity of records, algorithm difficulty, computer

algebra, algorithm testing.

BCTYII

IMocranoBka mpodjeMu. AKTyaJbHOIO 3aJadero OOYMCIIIOBAIFHOI MAaTeMaTHKH € PpO3B’S3YBaHHS CHUCTEM
JHIHHUX anreOpaidHuX piBHAHBb. OOYHCIIOBAaNIbHA MaTEMaTHKa BUBUAE YHCEIIbHI METOAN PO3B’SI3yBaHHS PI3HUX
MaTeMaTHYHUX 3a1a4, TOOTO METOnIH, SKi IPYHTYIOTBCS Ha MOOYJIOBI CKiHUEHHO! ITOCTIOBHOCTI Aii Haj
CKIHYEHHOI0O MHOXHMHOIO dnces. OOUHCIIIOBaIbHI METOIM € OZHMUMH 3 0a30BHX IHCTPYMEHTIB MaTeMaTHIHOTO
MOJICITIOBAHHS 1 BAKJIMBOIO YaCTHHOIO MTPOTPAMHOTO 3a0e3MeUeHHs IS KOMII FOTEPiB YCiX IOKOJiHb. 32 YMOBH
BUKOPHUCTAHHS TaKHUX OOYHCIIOBAIBHHUX METOJIB 3aCTOCOBYIOTH MaT€MaTHYHE MOJEIIOBAHHS 1O DPO3B 3Ky
MaTeMaTHuHOi 3amaui. Toxi PO3B’S30K ONEPIKYEThCSA Yy BHIIIAAI YHCIOBOIO pe3yibTary. Moro edexTmBHiCTH
BH3HAYAEThCS NpOAYKTHBHICTEO EOM Ta sKICTIO OOYHCIIOBAJIBHUX QITOPUTMIB 1 TIporpam, IO
BUKOPUCTOBYIOTBCSI.
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TToOynoBa epeKTUBHUX METOJIB BU3HAYCHHS HEBIIOMHUX IJIS TaKWX CHUCTEM — TOTPiOHA 1 JTOCHUTHh HETMpPOCTa
3ajava.

AHaJi3 ocTaHHIX AocaikeHs i my6Jikaniii. barato BiZoMIX BITYM3HSIHMX 1 3aKOPIOHHUX BUCHUX 3aiiMaimcs
npobjeMaMu PO3B’sS3YBaHHS CHCTEM JiHIHHUX anreOpaivamx piBHAHb. Cepen Hux: B. Boesomin [1, 2],
B. Boeogin, 0. Ky3nenos [3], €. Tuptummnikos [4], [x. YinkidcoH [5] ta iH. Po3B’sa3yBaHHIO PO3pimKEHHX
CHUCTEM JIHIHHUX anreOpaidyHuX pIBHAHD 13 OJIOYHMMH eJIeMEeHTaMH TpHcBsueHi pobotu B. BoeBomina [6],
®. 'antmaxepa [7]. OqHak aeski npoOJieMH HE MalOTh OJHO3HAYHOT'O PO3B’s3aHHSI 1 TOTPEOYIOTh YTOUHEHHS. Y
po6oti M. HenamkoBcbkoro i O. KoBanbuyk [8] po3misiHyTo KOMIT'IOTEpHI aJrOPUTMH A CHCTEM JIHIHHUX
anreOpaiuHux piBHsAHB. Oco0nnBa yBara npuaisiacs MeTolaM aHaji3y OOYHCIIOBaIbHOI CTIHKOCTI aIrOpUTMIB
y mpansix Takux BYeHHX, sik: C. Aumvanos [9], B. Bamsax [10], . desennoprt, 1. Cupe, E. Typube [11].

Meta podoru. Jlocmiguty HOBHMH MiAXiA 10 PO3B’S3yBaHHA PO3PIIPKEHUX CHCTEM JIIHIMHUX aireOpaiyHux
PIBHSIHB 13 OJIOYHMMH ejeMeHTaMHU. [IpoBecTH mipaxyHOK KiJIbKOCTEH 3aluCiB Ta Omepaiiil mpu YucebHii
peamizamii aarOpUTMy MHOKEHHS MAaTpHulb. [IOpiBHATH 3amporOHOBAaHWHA AalrOpUTM Ta OJOYHHH MeTOon
nporoHkH. OOYHCIUTH KINBKICTh 3alACiB [UII METOAY MNpPOTOHKH. [IpoTecTyBaTH anropuTMU pPO3B’SI3aHHS
JESKUX THITIB PO3PIMKCHUX YHCIOBUX CHUCTEM JIHIMHMX anreOpaidHux piBHAHB. [lokazaTh e(peKTHBHICTH
3aMpOMOHOBAHUX AITOPUTMIB.

TeopeTndHy Ta METOMNOJIOTIYHY OCHOBY IOCTIKCHHS CKJIQAAI0OTh METONU ONTHMIi3amii Ta MaTeMaTHJIHe
MOJIEJTFOBAHHS.

Jocaimxennsi 3aga4di Ta OOIPYHTYBaHHS OTPHMAHMX HAYKOBHX pe3yJabTaTiB. Y 3HauyHIH KiIbKOCTI
MPUKJIAJIHUX 33/1a4 BUHUKAE HEOOXIHICTh PO3B’SI3aHHS PO3PIIPKEHUX YHCIOBHX CUCTEM JIIHIHHUX anreOpaiuHux
PIBHSIHB i3 Oj04HMMH eneMeHTamH [1, 2]. Po3rinsHeMo MeToJ po3B’si3yBaHHS PO3PIIHKEHHX CHUCTEM i3 JIESIKUMHU
HalXapaKTepHIIUMHU CII0CO0aMH 3allOBHEHHSI.

OCHOBHA YACTHUHA

PosrnsiHeMo cucteMy NiHIHEX anreOpaidHuX PiBHIHB

Ar A, 0 .. 0 0 0 X Ans
Ar Ay Mg 0 0 0 Xy Ao ni
0 A, Ao 0 0 0 X3 _ Agni1 (1)
0 0 0 o ALz Acinar Avan | Xaa A i
0 0 0 0 An,n—l An,n Xq An,n+l
PR PR P

enemenTH sKkoi A — ue 610ku posmipHocTi mxm . [Tosnaunmo uepes Al . MIHOD, PO3MILICHUI

b2k

Ha IIepeTuHi OJOYHUX CTPIUOK iy, ip,..., [y Ta OJOYHUX CTOBHLIB ji, jy,...,J . 338 y3araJbHEHUM IIPaBHIIOM
Kpamepa [2]

Ar Pg o A 0

Ar Ao o A 0

AS,Z A3,n+1
0 .o Avin
X = 0 0 An,n+1 An,n
Ay A, 0 - 0

Por Pop Py o 0
0 A, Agg 0

An_in
0 0 0 - An
Po3knanaroum 4uceNbHUK 32 MIHOpaMH, MOKHA 3aITHCATH
-1
1 2 n n : 1 2 i—1] & k+1 n
X_: cee _1|+k cee . e cee ) 2
U2 . kzzll( I Al 5 i SI:IMAS’S” K+l ... .. n @
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Beenemo mo3HadueHHS
12 ... i-1] & k+l ... ... n —
oy = . ,i,kz n.
i AL 2 . i—J SEIHAS’S“ kel o o n} -

Toxi a1 BU3HAYEHHS HEBIIOMOT X; MA€MO CITiBBiAHOIIECHHS

(3 ]) B ®

k=1
Jlns xoMITakTHOCTI 3amucy Hajali Oy1eMo O3HAaYaTH pe3ysIbTaT BUKOHAHHS Olepallii MHOKEHHS Ha O0epHEeHY
. R . - -1
Matpuiyo 37iBa y Buryismi C D = D/C . Toxi Bupas D, /(C, + D,/C,) o3nauatnme (Cl + C21D2) -Dy.

Sxmo no cniBBinHowmeHHs (3) 3acTocyBatH Binomy piBHicTh Jleonapna Efnepa [4], sika MoB’s13y€ JIaHIIOTOBI
JIpoOu 3 pAaMH Ta CKIHUCHHUMH CyMaMH, TO A X; OJEPKHUMO

/{2 3 .. n}
-1
12 ...n 4 K 2 3 ...n
XF[AL 2 .. nD 2V A=
1 2 n
x Aiv"*} . (4)
E.+ Ao naa@ ol At
_ Ao na o + Asnacz! Ao
A na Agnns -
, < E-—/——q
Ao n10n 2
., + A1,n+1al,n/An—1,n+la1,n—l
E— An,n+la1,n
A0 01

Tym i oani E — osnauae oounuuny mampuyto.

Bupas oy ta ‘o (k =12, ...) TaKo) MOXHA PO3KIACTH B JIAHIOTOBI 1podH [11]

Al .k
ay ALk _
ol 1 ..k 1 .. k-1]
Lkt Ak+1,k+1Al:1 k}_A‘”LkAL k—l}
1 ...k
) S P—— -
1 ..k 1 .. k-1]
Ak+l,k+1 1 .k _Ak+1,kAk,k+lA_1 k=1
f— E -
= 1o k=1] 41 k]
Ak~ Atk Ak 1 .. k__‘]__A 1 ...k
E

T
A A At kTATl o k-1
+1,k+1 +1L,k M k+1 1 ... k 1 ... k-1
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E _
S Ak+l,kAk,k+l , k—lv . (5)
Ak+l,k+1_ Ak Ak
Ay — Lk k-1
Ak
A2Poa
- Au

B noxi6Hwmit criocid

12 .. n| J23 ol [34 ..
12 .. n| AimAafy A {2 3 .. n} {3 4 ... n}

PosPy2
Aa- _ Po3hAs2

Az,

 AnAus
T A

3a aHaAJIOTIYHOK CXEMOIO 3HaX0AUMO pCUITY HCBiZ[OMI/IX Xj

-1 i-1 n
X; =(A{1 2 nD (Ai’nﬂ i+ (—1)i+k A niik +%ai,i + Z(—l)”k Ak,n+1ai,ka

12 ...n 2 — S

= [(—1)2i_l A/ e+ (—1)2i A +(—1)2i+1 A 1iC% i/ % ]>1 x

1 1
*Ai,n+1 *Aﬁ,m—l
x[ 2 T - 2 — 1
E-— 2(Ai,n+1ai,iy Aﬁ—l,m—lai,i—l E_ 2(Ai,n+105i,i) Ai+1,r1-¢—105i,i-¢-l
E. 2&_1’n+1ai’i_1 . E 4+ 2Ai+1,n+1ai,i+l .
Ai'n+1ai’i ' Ai,n+1ai,i
A’l,n+1ai,1 An,n+lai,n
o Pona@ip o Ana@®ina
E+ A1,n+lafi,1 E+ An,n+1ai,n
Ao nsai2 An_1naina
A U1l KOXHOTO BIIHOINCHHS % | /@ 41 B CBOKO YePry MOKHA 3aIIHCATH:
12 ... i-1s k+l ... ... n k+l ... ... n
A1 2 i 11_[A“+l k+1 A
Qj k _ e 1= s=itl + cee oo N _ k+1 ... ... n _
& ki1 12 ... i1 k+2 ... ... n k+1 ... ... n
' A
L 2 .. i—Jsl__i[HAs'S*l k+2 ... ..n e P
_ Ak+l,k+l _ Ak+1,k+2Ak+2,k+1 _

-
Ak A At k+3 ... nTAT k+2 ... n
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_ _ Ak+l,k+l _ Ak+l,k+2Ak+2,k+1/Ak,k+l
Ak,k+l Ak+3,k+2Ak+2,k+3
Ak+2,k+2 -
Ak Ak+3,k+4Ak+4,k+3
+3,k+3
Ak+4,k+4 .
o An—l,nALn—l

A

Otxe, 0JIep>)KyeEMO aHaTiTUYHE PO3BUHEHHS HEBIIOMHUX X; AaHOI pO3PIPKEHOI CUCTEMH JiHIHHMX ajreOpaidHux

PIBHSIHB Y CKiHUY€HI MaTPHYHi JaHIFOTOBI poOu.

OBYUCJIOBAJIBHI XAPAKTEPUCTUKHU AJITOPUTMY

Tenep mimpaxyemMo HEOOXiZHY KUIBKICTB 3allMCiB TPH CHMBOJBHOMY pO3B’S3YBaHHI 3ajgadi Ta KiNBKICTh
omepaliii M/l yac YUCENbHOT Peaizallii aIropuTMy MHOKEHHS MaTpulb Ay - Ay .

Teepooicenns [8]. Hexaii nesika oO4nciioBabHa 331a4a 3 BXiIHUMU TaHUMHU {A, } po3B’sa3yeTrbed Ha EOM 3a
amroputmom ¥ (A, Ay,...,A,) i ckmanaetbes 3 K kpokis v (] =1,k ). SIKIO Ha KOXKHOMY KpOLLi alTOPHTMY
(//(A) peanisyeTbest Xo4a O OZMH 3aIuC BURY Y ji, (A) Yii, (A) , IKHI BUKOPHCTOBYE Pe3yJIbTAT MOIEPEIHBOTO
KPOKY, TO 3arajibHa CKJIajHicTs Q,, 3anaui Oyne He MEHLION 2% .m?, ane me 6insmoo H* samucis, xe H —
HalOLIpIIA NIUPUHA ANTOPUTMY Ha K KpoOKax.

BukopucTaeMo 11e TBepIXKCHHS JJIs1 OLIHKU CKJIQJHOCTI ITOPUTMY 3 TOYKH 30py KOMIT I0TepHOT anredpu [11].

Jlnst ancen X; (i =1,n) Ha ogHOMY moBepci peatizallis alrOPUTMy BUMArae ojiHe OI0YHe MHOXKEHHS, O/THE

OJ04He JiIeHHs, OlHEe OJIOYHE J10JjaBaHHs, a ISl N HOBEepXiB — 3N omepariid, ToOTO Mo n OJOYHMX MHOXEHb,
NJIEHD Ta JOJABaHb.

OGUHCIICHHS TOKA3yI0Th, IO AV BU3HAYCHHS BCiX A | / A 41 notpi6Ho 5K 3amucis, skmo K <i, i 5(n - k),
ko K >i. Tak HeoOXiIHO BUKOHATH

i n S\ . . 2
53 k453 k=g Lo jag) Cnn=id)] g 0”0
k=1 k=i 2 2 2

2

OT)KG, 3arajibHa CK.]'IaI[HiCTB METOAY CTAHOBUTH

n 2
2 n° n .| b
5 E i+—+——ni =—(n3 +n).
. 2 2 2
i=1
Bigomo [7, 10], mio anroputM mporoHKH peaji3yeThesl CIiBBIIHOMICHHIMHU

Qi1 i T & i
Xi =X+ Py Gin=—"—, Pia=—"—""—"—
Qi 8 8

ii
JUISL IPSIMOTO Ta 3BOPOTHOTO XOY.
[TpoBeneMo NOpiBHSHHS 3aIIPONOHOBAHOTO AJITOPUTMY Ta OJIOYHOTO METOJY MPOTroHKU. KinbKicTh 3anuciB 1ist

METOJly IIPOTOHKH, SIKHH pealli3yeThCsl CIiBBIIHOILECHHIMA

a » A ni1
X=X+ B, Ay =—=, [p=—"—

l 2 i
ay apy
a3 s ni1
Xo=a3Xg+f5, ag=—"—, Py=—"T"—,
Ayp —dy, A —dy,
an—l n an—l n+1
Xn—lzanxn"'ﬂn! an = ﬁn =

y y
an—l,n—l - an—l,n—2 an—l,n—l - an—l,l

Oyle OLiHIOBaTUCA BIAIOBIOHO A0 meepodicenHs. Po3paxyHKu cBimdaTh, WO JuIl OOYUCIEHHA o, Ta [
HEOOXI1THO 3aMUCaTH 0 | oIeparliii GJIOYHOTrO J0JAaBaHHS, OJOYHOTO MHOKEHHS Ta GJIOYHOTO JiJICHHS.
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i
Toni 1t 00UMCIEHHS KOKHOTO X, Tpeba 3amucaTu Z k = (1+ i)i /2 3amuciB, a U1t OGYMCICHHS BCIX X
k=1

i =1,_n oTpiGHO (n3 +n%+ 2n)/4 3aIUCIB.

OT1xe, i3 TOYKH 30pY KOMII'IOTEpHOI anreOpH 3ampoNOHOBAHMH aJTOPUTM CYTTEBO IEPEBAXKAE KIACHUHHUH
ITOPUTM NPOTOHKH. BiH Moxe OyTH peanizoBaHWil SIK B aHAIITHYHOMY, TaK 1 B YMCIOBOMY BHIJIsiai. Jlis
pealizarii 3arpornoHOBAHOTO AITOPUTMY MOTPiOHO MO 6N GIOYHMX IONaBaHb i OJOYHMX IineHb i 4N OIOYHHX
MHOYCHb, OCKIIBKH B IEOMY BHIAJIKYy Pe3yJbTaTH OOUHCICHb MPOMDKHHUX APO0iB MOXKYTh BUKOPHUCTOBYBATHUCS
GaraTopasoBo.

BinazHaunmo, o onucaHuii aIrOPUTM MOYKHA TaKOK 3aCTOCOBYBATH 1 Y BHIIQJIKY CUCTEM i3 NPOPIKEHIMHU
TPbOX/1iarOHAILHUMHU MaTPULISIMU HACTYITHOTO BHUTJISLY

Al 0 0 A 0
L S 0
0 0 0
Ai .0 0 L AL,
0 A, - o0

0 0 0 0
0 0 0 Annx 0 A,

Martpuili MOXKXyTh TaKOXK OyTH i 0OpaMJICHUMH 3 OfHi€i a00 ABOX cTOpiH. CHCTEMH 3 MOMIOHUM 3aIOBHCHHSIM
posnanarTbes Ha K cucrem Burisigy (1), KokHa 3 SIKHX MaTUMe TOpsiiok n/kK .

TecTyBaHHS aNrOpUTMIB PO3B’SI3aHHS ACSAKUX THIIB PO3PIHKCHUX YUCIOBHX CHCTEM JIIHIHHHX anreOpaidHux
PIiBHSIHB

Onuc tecryBanns ¢pyukuii FC_Three_Diag_Sys
Jlyis mepeBipKy aqrOpUTMY PO3B’sI3aHHS TPHOXAiarOHAIBHUX CHCTEM JIIHIHHUX alreOpaidHuX PiBHSIHb METOIOM
JIAHIIOTOBUX APOOiB OyJia BUKOPUCTAaHA CHCTEMA PIBHSAHb HACTYITHOTO BUTJISLY:

15 1 ... 0 0} x 3

-115 .. 0 0| x 0

0 0 ...15 1| X4 0

0 0 .. -1 15} x, 0
Ile HecuMeTpUYHA CHCTEMa PIBHSIHBb 0€3 JiarOHaIbHOTO JOMIHYBAHHS i3 CEPEeIHIM 3HAUCHHSIM CIECKTPAIHLHOTO
qrcia 00yMOBJICHOCTI.

Jlnst po3B’si3aHHS CHCTEM JIIHIMHUX aireOpaidyHUX pIBHSHB 3 YHMCIOBMMH elleMEHTaMHu B cepeioBuuli MatLab
Harucana 1 nporecroBaHa ¢yHkuis FC Three Diag Sys. Lls ¢yHKuis peainizye alroput™ po3B’si3yBaHHs
CUCTEM JIHIHHUX anreOpaiYHuX PiBHSAHb METOJOM JIAHIIOTOBHX APOOIB i HANMCaHa 32 JOIOMOTOI 00’€KTHO-
opienToBanoi MmakpomoBu MatLab.

Jdnst crponieHHst i MOXJIMBOTO BHKOPHCTAaHHS IOJAaHHH TEKCT pa3oM 3 OJOKOM (OPMYBaHHSIM CHCTEMH
TMHIHHIX anreOpaiyHuX piBHSAHB, K4 MA€ OMHCAHY MATPHIIIO.

function [] =FC_Three_Diag_Sys()

% Po3B’s3yBaHHS TPHOXIiarOHAILHUX CHCTEM JIHIHHHUX anreOpaiyHuX pPiBHSHb
% Ax=b
% 3a JOMOMOTOI0 MaTPUYHUX JIAHIFOTOBUX JIPOOiB

clc

n=25;
% GdopMyBaHHS TECTOBOI CUCTEMHU JIIHIHHUX PiBHSHb

fori=1:n

forj=1:n
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A(i))=0;
if (i==]) A(i,j)=1.5; end
if(i==j+1) A(i,j)=-1; end
if(j==i+1) A(i,j)=1; end
end
b(i)=0;
end;
b(1)=3;
%, obumciennst X(1) i pemrtu HeBimOMUX
D(n)=A(n,n);
i=n;
while (i>1);
i=i-1;
D()=A(i,i)-A>i+1,i)*A(i,i+1)/D(i+1);
end;
X(1)=b(1)/D(2);
i=1;
while (i<n)
i=i+1;
x(i)=-A(i,i-1)*x(i-1)/D(i);
end
X
end

Pesymsratt TecryBanus ¢ynkuii FC_Three_Diag_Sys ams n=25 ckomiiioBani 3 Bikna MatlLab i momani y
TaOIHI:

3Ha4yeHHd N 3HaveHHs HEBITOMHX X;

25 1.5000 0.7500 0.3750 0.1875 0.0938 0.0469 0.0234 0.0117 0.0059 0.0029
0.0015 0.0007 0.0004 0.0002 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000

Heckmagna mepeBipka moka3ye BHCOKY TOYHICTH 3alpOIIOHOBAHOTO METOIY PO3B’SI3aHHS TPHOXIiarOHATBHUX
CHCTEM METOJIOM JIaHIIOTOBUX IpO0iB.

Onuc tecryBanns ¢ynkuii ESSELS

Tyr MoBa mijge Npo po3B’A3yBaHHSA CHCTEM 3i CTPIUYKOBMM 3alOBHEHHsAM. Ilo3HauuMo uepe3 L — KinbKicTsh
HajamiaroHasei, a uepes M — kinbKicTb migiaronanel KOHKPETHOT CUCTEMH JTiHIMHUX aireOpaiyHuX piBHAHb. Y
TaKoOMY pa3i 00UHCICHHsI MOXHA BECTH, 3BUUANHO, 1 32 popmynamu (2) Ta (3). OaHak 3 BpaxXyBaHHIM XapakTepy
3aIMOBHEHHS CTPIYKOBOI MATPHII iX MOYKHA TIPUBECTHU JI0 BUTIISLY

a k —i%,ﬂﬁw
=1 : .
bi,k = , (|=k+1,n),

- M
A~ > 3 Y (6)
j=1

Zlgk):bkﬂ,k' (k:l,n——l); ng):bkﬂvs_ ibivszi(k)' (S:k__l'l)'

i=s+1
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aj —ZL:aiijﬁk‘l)
b = = , (i=k+1,n);

, L
A —Zak,jxgkil) ()
-1

Zlgk) = bk+l,k' (k :m>; ng) = bk+1,s_ ibi,szi(k)l (S = k__l-l)

i=s+1

3a pexypentauMu Gopmynamu (6) Ta (7) Ha geskoMy K -My Kpomli 064HCIIO0ThCS THIe Ti by jl b ji» IS SIKHX
icHye x04a 6 OJMH HEHYJIbOBHI ENEMEHT &; j 0YaTKOBOI MATPHLL.
ANTOpPUTM I03BOJISIE PO3B’S3aTH CHCTEMHU pIBHAHb SIK Yy BUIAAKy CHMETPHYHOTO 3alOBHEHHS (KUIBKICTbH

migniaroHanei qOpiBHIOE KUTBKOCTI HaAMiaroHasuei), Tak i ToAi, KOJIM KiJIbKICTh ImiyTiaroHasIell Ta HaliroHanei
MaTpHLi pi3Ha.

Otxe, 3aNPONOHOBAHHUI aJTOPUTM JUTS JAHOI TECTOBOI CHCTEMH CEPeIHbOI PO3MIPHOCTI Ma€e CYTTEBI IepeBard y
MOPIBHSAHHI 31 CTAaHJAPTHUMH (YHKIIIMU makeTy MatLab.

BUCHOBKUA

VY craTTi po3TIAHYTO HOBUH MiAXiX IO pO3B’S3YBaHHS PO3PIIKEHIX CUCTEM JIIHIMHHUX anreOpaldHuX piBHSAHB i3
O6nouHuMH eneMeHTamu. [IpoBeleHO MifpaxyHOK KiIBKOCTEW 3aIlMCiB Ta Oomepaliil Mpu YHCEeNbHIH peaizamii
ITOPUTMY MHOXCHHS Marpulb. OXapaKTepU30BaHO CKIAIHICTh aJITOPUTMY 3 TOYKH 30pY KOMII IOTEPHOI
anreopu. IIpoBeneHO MOPIBHAHHS 3alPONOHOBAHOIO AITOPUTMY Ta OJIOYHOTO METOAY HPOrOoHKH. OOYHCIICHO
KIJIbKICTh 3alUCIB Uil METOJY HPOroHKH. [IpoTecToBaHO alropuTMHU pO3B’s3aHHS JESKUX THIIB PO3PIIKEHUX
YHCJIOBHUX CHCTEM JIIHIHNX anreOpaiuHux piBHAHB. [l0ka3aHO €(heKTHBHICTD 3aIPONIOHOBAHOTO AITOPUTMY.

3anpornoHOBaHUN ANTOPUTM MOKHA €()EeKTHBHO BHKOPHCTOBYBAaTH B CHCTEMAaX KOMII IOTEPHOI aireOpu Ta A
AQHAJITUYHO-YUCIIOBOTO PO3B’A3yBaHHS 1H)KEHEPHHX 3324 Ta MIPUKIAIHUX 3a/1a4.
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VIIK 539.3

CPABHEHME PE3YJIBTATOB PEIIEHUSI 3AIAY O 5
BJIABJIMBAHUMU JKECTKOI'O IITAMIIA B TOJTYBECKOHEYHBIN
OPTOTPOIIHBIN KOJIBIIEBON CEKTOP U B ITIOJIYIIOJIOCY

lep6una U. B., x. ¢.-M. H., noueHT, Benosa O. B., k. ¢.-M. H., TOLIEHT
Hayuonanvnas memaniypeudeckas akademust Yxkpaumvl

CcopmynupoBaHa W penieHa HOBas 3ajadya O KOHTaKTHOM B3aMMOJICHCTBHHM OPTOTPOITHON IUIACTHHEI C
LWIMHAPUYECKOW aHU30TpONMeld W KecTKoro mrammna. llodaydeHo pachpenesneHue HamnpsKeHUH MO
HITAMIIOM, a TaKKe HampshHkeHUH B IutacTHHE. [IpoBeneH cpaBHUTENBHBIN aHAIN3 NTOTYUYSHHBIX PE3yIbTaTOB C
HalIGHHBIM paHee pelIeHHueM IT0JOOHOH 3a1a4 Il OPTOTPOITHON MOJTYTIONIOCHL.
Kntouegvie cnoga: memoO 6o3Mywenus, Manviil napamemp, OpMOMPONHAS NAACMUHA, KPUBOIUHENHAS
aHu30mponus, nepeoaid Hazpy3Ku, KOHMAaKMHoe YCunue 83aumooeticimausl.

Ilep6una I. B., binosa O. B. IIOPIBHAHHS PE3YJIbTATIB PO3B’I3AHHS 3AJAY ITPO BTUCKYBAHHS
JKOPCTKOI'O IUTAMIIA B HAMNIBHECKIHYEHHHI OPTOTPOITHMI KUIbLIEBUMI CEKTOP I B
HATIIBCMVYT'Y / HarionansHa MeTanypriiiHa akagemiss YKpaiHu
CdopmynboBaHa 1 po3B’sA3aHa HOBA 3aJadya IPO KOHTAKTHY B3a€MOJII0 OPTOTPOIHOI IUIACTHHU 3
LWITIHAPHYHOIO aHI30TPOIIIEO 1 )KOPCTKOT0 mramiry. OTpUMaHO PO3NOIiT HAPY>KeHb i1 MITaMIIOM, & TAKOX
HaNpyXXeHHs y IacTuHi. [IpoBeeHuii MOpiBHAUIBHUN aHANII3 OTPUMAHUX PEe3yJIbTaTiB 31 3HAWJCHUM paHile
PO3B’sI3KOM MOAIOHOT 3a/1a4i UIsl OPTOTPOITHOI HAIIBCMYTH.
Kniouosi cnosa: memoo 30ypenus, manuil napamemp, OPMOMPONHA NIAACMUHA, KPUBONIHIUHA AHI30MPONIs,
nepeoaya HA8AHMANCEHH s, KOHMAKMHe 3YCUTIA 83AEMOOII.

Scherbina 1., Belova O. COMPARISON OF RESULTS OF DECISION OF TASKS ABOUT PRESSING Of

HARD STAMP IN SEMIENDLESS ORTHOTROPIC CIRCULAR SECTOR AND IN A SEMISTRIPE/ the

National metallurgical academy of Ukraine
Now special interest is called with constructions from modern composite materials. Problems of contact of
bodies of such materials define processes of durability and longevity of buildings. Anisotropy of a material of
constructions leads to serious difficulties of mathematical character. However for a wide class of
constructions of performance of anisotropy of the elastic environment can be used as parameters of
asymptotic integration.
In the given article solved the problem about impression of a hard stamp in orthotropic a plate with
cylindrical anisotropy. Distribution of efforts in a plate and under a stamp is received.
For the decision of a problem he perturbation method offered in operations by L.I. Manevich and
A.V. Pavlenko is used. According to such approach the asymptotic analysis of the equations of the theory of
elasticity for orthotropic bodies is executed with use of the parameters describing anisotropy. At such
approach the intense-deformed condition (VAT) is split on two components, and each of them is at the
sequential decision of boundary value problems of a potential theory. The decision of an initial problem is
defined as superposition of the specified components.
In an environ of an angular point of a stamp character of a tension same, as well as for a half-plane, therefore
for this case in operation is brought result of comparison of the known decision received by an asymptotic
method for a half-plane with L.A. Galin’s decision. Results of comparison of direct stresses under a stamp for
ring semi-infinite sector and orthotropic semi stripe are reduced. For such problem every possible passage to
the limit are lead. In zero approximation the decision of a problem Galin turns out. Influence of abrasion on
pressure under a stamp and on character of feature is considered from the third approximation. It is
established, that suitable near to angular points of a stamp the asymptotic decision coincides with the exact
decision of L.A. Galin spread decomposed in series. The account of first two approximations gives good
approximation of the exact decision and specifies character of feature near to an angular point of a stamp.

Key words: perturbation method, small parameter, orthotropic plate, curvilinear anisotropy, transmission of

loading, contact effort of cooperation.

BBEJIEHUNE

Ha npoTsskeHMM [IIHMTENFHOTO BpPEMEHHM IOWCK TOAXOAOB K PEHNICHWI0 KOHTAKTHBIX 3agad JUId Tel C
KPUBOJIMHEHHON aHU30TPOIHMEH ABIISIETCS aKTyalIbHBIM, TaK KakK MMOI00HBIE 3a1a4l HMEIOT OOMINPHYIO 00JIacTh
NIPUMEHEHUs. AHM30TPONHS YIPYrol cpebl OOBIYHO MPUBOIMT K CYIIECTBEHHBIM TPYIHOCTSIM NP PELICHUH
KpaeBbIX 3a1ad [1]. OgHako I MIMPOKOro Kiacca KOHCTPYKIMH XapaKTePUCTUKH aHU3O0TPONUM YHPYroi
cpeabl MOTYT OBITh MCIIOJIB30BaHbl B KQUECTBE IapaMEeTPOB aCUMIITOTHYECKOTO MHTerpupoBanus [2]. OxHuM
13 HanOosee BXKHBIX M XOPOIIO pa3pabOTaHHBIX K HACTOSIIEMY BPEMEHH Pa3JeNIOB TEOPUH YIPYTOCTH, I
JIOCTHXXEHUsI HayKH OCOOEHHO BEJMKHM, SBISIETCS IUIOCKAas 3aja4a TEOPHM YNPYTOCTH. YCIeX B pa3padoTKe
IUIOCKUX 3aJa4, B YacCTHOCTH, KOHTAKTHBIX, OOBSICHAETCS NPUBJICYCHHEM K HMX PACCMOTPEHHIO TEOPHH
QHATNTHYECKNX (YHKIMHA KOMIUIEKCHOTO TepeMeHHoro. (OCHOBOMONATaloNIfe pe3yabTaThl B 3TOM
HaIpaBJICHWHU TPEJICTaBJICHbI B padote [3].

Meton Manoro mapaMerpa Halieldl IMUPOKOe NPUMEHEHHE B paslUYHBIX pas3jielax MeXaHWuKd, (QU3UKH,
MaTeMaTHKH, a UMEHHO TaKuX, Kak HeOecHas MEXaHWKa, TEOpHUs KOJeOaHWH, yCTOWYHWBOCTH JBHKECHHUSI.

Bicnux 3anopizvkozo nayionanvnozo ynisepcumemy Ne2, 2013



104

OTHOCHUTENBHO HEJAaBHO ATOT METO/I CTaJl MCIOJIb30BATHCS ISl PEIICHUS KpaeBbIX 3a1a4 Ae(hOPMUPYEMBIX Tel
CO CIIOKHBIMH (PH3MKO-MEXaHUIECKHUMH CBOHCTBaMHU [4].

K HenmocraTtkaMm TpagWIMOHHBIX YHCJICHHBIX METOIOB PAacdeTa, UCIIOJIBb3YEMBIX MHOTMMH aBTOPAMH, MOYHO
OTHECTH B OOJBLIMHCTBE CIy4acB OTCYTCTBHE YHHBEPCAJIBLHOIO MOAXOJA NPH PEIICHHH KOHKPETHBIX 3a1ad
(HammpuMep, TIPH HCIIONB30BAHWK MeTOAa KOH(GOPMHBIX OTOOpaKeHHH), OONBIION 00BEeM BBEIYHUCIUTEIHHBIX
ormepannii (pemeHne ¢ IOMOMIBI0 YTOYHEHHBIX TEOpHil W3rubda), OONBIIYI0 pa3MEpHOCTh pa3pellaromeit
CHCTEMBI ypaBHEHHH (METOJ KOHEYHBIX JJIEMEHTOB, METOJ KOHEUHbIX pazHocTei) [5]. IlonbITku mocrpoeHus
OoJiee OOIIMX aNTOPUTMOB PEIICHUSI TAKOTO POAA 331ad MPHUBOJIAT, KaK MPABHJIIO, K HAJIOXKEHHIO JPYyT Ha Apyra
pslla UTEpalMOHHBIX Tpouenyp. B 3ToM ciydae BBIYMCIIUTENbHAs CXeMa 3aJadd CTaHOBUTCS Ype3BbIYAiHO
TPOMO3/IKOM, YTO OTpayKaeTcst Ha CXOJMMOCTH ITPOIIECCa PEIICHUs M 3aTpaTaXx MallMHHOT'O BPEMEHH.

[TosToMy momcK NpocThIX W 3(P(EKTHBHBIX METOJOB PEUICHUS] KOHTAKTHBIX 3a/ad C YYETOM CJIOXHOM
reoMerpuy, (U3NYECKHX CBOMCTB COBPEMEHHBIX MAaTEpUajioB, YCIOBHH HAarpyKeHHss W Xapakrepa
IedopMHIpOBaHMS TO-TIPEXKHEMY OCTAECTCS aKTyalbHOHN 3aJaueii MEXaHUKH Je(h)opMUPYeMOTo TBEPAOTO Tema.

Ilenr npaHHOrO HCCIENOBAaHUS — pEHIEHHE HOBOW IUIOCKOM KOHTaKTHOM 3aladd TEOpHH YIPYTOCTH
AQHATUTHYECKIM METOJIOM M CPaBHEHHE ITOJyYCHHBIX Pe3yJbTaTOB C aHAJOTHYHBIMHU 3amadamMu. OcTaHOBHMCS
Ooee moapoOHO Ha pe3yabTaTax PEIICHHS 3aJa9d O BIABIUBAHHUHA )KECTKOTO IITaMIIa B OPTOTPOITHYIO TUIACTHHY
¢ IWIMHAPUYIECKON aHU30TPOIHUEH.

ITIOCTAHOBKA 3AJIAYA

ITycts ynpyras miaactuna ( Ry <F<oo; —y»<@<y) 3akperieHa mo kpoMkam @ ==y (puc. 1). Ha rpanumy
r =R, meiictByer xectkuii mraMn Ha yyactke —A <6 < 1 ¢ OCHOBaHHEM, COBIANAIOIINM C TpaHumed =Ry .
[Itamn HarpykeH HOpManbHBIM ycuiaueM Py m xacatensHbiM Q. ITpy 3TOM MexIy IITAMIIOM H IUIACTHHOMN

YUUTHIBAETCS TPEHUE, OAUHHSIONIEeCs 3akoHy KyoHa (paccMaTpiBaeTcsi COCTOSIHHE TPENEeTbHOTO PABHOBECHS
mrammna). Ha 6eckoHeuHoCTH (r —o00) mepemerieHus U aedopmanuu paBHbl HyJ0. [lnmactuna TommuHbl {
paboTaeT B yCIOBHUAX 000OIICHHOTO MIIOCKOTO HAMPS)KEHHOTO COCTOSIHUSL.

Marepuai miaacTUHBI SBISETCS OPTOTPONHBIM, TJIaBHbIE HAIIPABICHUS aHU30TPOIHUH COBIAJAIOT C MOJSPHBIMU
KoopauHaTtamu I, 6. Tpebyercs HalTH pacnpeesieHHe HaupsHDKEHUH TT0/L INTAMIIOM M B IIJTACTHHE.

'l!
o Py T\ )
of ,_n
PI/IC. 1
METO/I PELLIEHUS

I[J'IH peuicHnA ObLI IMPUMEHCH ACHMMIITOTHYECKHI METOMH, HOBBOJ’IHIOIIII/Iﬁ CBOUTH KpACBYIO 3aJa4dy TCOpHUU
YIPYToCTH K NOCJIECA0OBATCIbHOCTU KPACBBIX 3a/1a4 TCOPUU MOTCHIHUAJIA [1]

Ecmu BMecTo NOJIIPHBIX KOOpAWHAT I, 0 BBecTH 6e3paSMCpHLI€ KOOPAUHATHI é, 1 COOTHOLICHHUSAMH

r= Roe‘f, 0= 77, TO IIOCTABJICHHA:A 3aJa4a MOXKET OBITH CBC€ICHA K MHTCTPHUPOBAHUIO ypaBHeHI/Ifl PpaBHOBECHUA
TUIACTUHBI B IEPEMEIICHUAX

B, +CGu,, — Bz(v,] + u)+ Gmv,, —Gv, =0,
+Byu, +Gmuy, +G(u,7 —v)= 0

Gv =t Bzvﬂ,]

IIPY CIEAYIOUIMX I'PAHUYHBIX YCIOBUSX:
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oy = &(Roeffl(ug +32(v,7 +u))= 0,

7 =G(Reef [ (U, +v; —v)=0 (£=0, 2<[y<7),
u=v=0 (7=4y),
u=Cy,, t=poy (§=O, |77|</1).

Ha GeckoHEYHOCTH TNEpEeMELICHUs] W HaNnpsKeHUs paBHbI Hymr0. Kpome TOro, MOMKHBI OBITH BBIIOJIHEHBI
yCIIOBUSI pPaBHOBECHUS ILITaMIIa

2 2
.[0'1(0,77)d77+ R =0, IT(O,n)dn+Q0:O.
-2 -2
Bt o _ Ef
-89 7 1-9%

JKCCTKOCTU TJIACTHHBI Ha PACTSKCHUC-CIKATHC, El’ E2 — MOAYJM yHNpyroctu BAOJIb T'IaBHBIX HaHpaBHeHI/Iﬁ;

31ech U=U,, V=Uy — KOMIIOHCHTBI BEKTOpa HepeMeLueHI/H‘/'I TUTACTHUHBI, Bl:

G =Gt — xectkocTh mmactuHbl Ha caBur; G.— Mopmyne caBura; oy, r — HOpManbHOE (B HAIPaBICHUH
KOOpIMHATEl &) M KacaTelbHOE ycuius B Inactue; m=1+%,B,/G=1+3B,/G; ¢, 3, — koshduuuenTs
ITyaccona wmatepuana miactuael (9B, =%,B;), p - kxoadduruent TpeHus (p<1); HHAEKCH &, 77
00o03HayvaroT AU hepeHINPOBAHNE IO COOTBETCTBYIOIUM KOOPIHHATAM.

ONPEAEJIEHUE HAIIPAKEHHO-JE®OPMUPOBAHHOI'O COCTOSAHUSA

OnpezeneHue HaNPSHKCHHOTO COCTOSHUS MEpBOro THUMa (MEAJICHHO U3MEHSIONETOCS B HAIpPaBICHUU
KOOPJIHHATHI & ) B IEPBOM IIPUOIMKEHUH [6] CBOOUTCS K HHTETPUPOBAHUIO YpaBHEHUS

10 10 _
Blue‘-f +Gu7777 =0, @
TIPY CIEYIOIUX IPAHIMYHBIX YCIOBUSIX:
10 _ _
uz" =0 (§—0,/1<|77|<7) ,
10 _ _
u =G, (§—O,|77|<A),
10 _ _
=0 (n=1y). @
Ha 6ecKOHEYHOCTH BBINIONHAIOTCS HyJIeBbIE YCIOBHA 110 IIPOU3BOAHBIM HCKOMOH (yHKIMu. Tak kak npu 7 = +y
KOMITOHEHTa BEKTOpa IepeMelIeHUi U paBHA HYJIO, TO H ugo Opu 7 =+y Takxke OygeT paBHa HYIIO.
Iepememenue V0 | cOOTBETCTBYIOMIEE JAHHOMY HAMPSKEHHOMY COCTOSIHHIO, HAXOAUTCS M3 COOTHOIICHHS:
v,17'0 +ut?=0. 3)
BBezieM HOBBIE HE3aBUCHMBIE IIEPEMEHHBIE X, = (G/ Bl)]/zf , Y1 =71 . Torna xpaesas 3anaua (1), (2) npuHuMaer
BUJT

uyS +upo =0, (4)

X Xy Y11 -
ui’lo =0 (% =0, A<|y| <),
ut®=Cy (% =0, ya| <A,
Uy’ =0 (yp=+7), ®)
Ha OECKOHEYHOCTH TPOU3BOAHBIE OOPAIIAIOTCS B HYJIb.

. 1,0
Takum o0Opa3om, TpeOyeTcss HAWTH aHATUTHUYECKYH B mourymonoce 0< X <oo, |yl|£7/ ¢yHKIMIO U™ 110
3aJaHHBIM T'PaHWYHBIM ycioBusM (5). DTa 3agada pemaercss OTOOpaKEHUEM IOJIYNOJOCH M3 IUIOCKOCTH  Zj

(zy =y, +iX) B BEpXHIOI MOJYIUIOCKOCTh m300paxenuin ¢ (& =m +i&) [7]. YkasanHoe orobGpakeHne

MOXXHO BBIIOJHATH TP ToMoluM npeoOpasoBanms IlIBapua-Kpucropdens. 3amaua o0 onpeneneHnu
AQHAJUTUYECKOM B TIONYIUIOCKOCTH (YHKIMM, KOIJla Ha HEKOTOPBIX HWHTEpBAJaX TIpaHHUIBl H3BECTHA
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JEWCTBUTENbHAS, a HAa JPYTHUX MHAMAs YacTh UCKOMOH (DYHKINH, pemaeTcs: npu nomoinu ¢popmyist Kengpima-
CenoBa. Tax kak u3 ycnoBuil (5) ciexyer, 4TO Ha TpaHMIE HONYIUIOCKOCTH (; B HHTEpBale |771| <l
JEWCTBUTENbHAS JacTh (DYHKIUH qolo paBHa HYJIO, a Ha OCTAJIbHOW YAaCTH T'PAHUIBI MHHMAasl €€ 9acTh paBHA

HYJIO, TO PEIIeHNE AT QYHKINH qolo BO BCEH MOIYNIOCKOCTH UMEET BUJ

0 _ A
) (41)—m1 (6)

rac A - HeﬁCTBHTCHLHaH IIOCTOsIHHAs, BBI6I/IpaeTCH Ta BCTBb KOpHA, KOTOpas TIOJIOKHUTCIIbHA MPpU
TIOJIOKUTEJIBHBIX 3HAYCHUAX apTyMEHTA.

PyRo7

4y,JGB K(L,)’

. T o o
rac Il = S|n2— y K(Il) — HOJIHBIX 3JUIMNTUYCCKUU UHTEIPaJl IICPBOTO poJaa.

A=—

JlaBireHre o MITAMIIOM B TIEPBOM ITPHOJIMKEHNH BBIPaXKaeTcs CIeIyomuM oopasoM [8]:

P
o :_0—7[;7 @
4yK(L) 22

a pyHkuus uil’lo npu & =0, |I]1| > |, Haxonurcs mo Gopmyste

ut® = Al 12

Cocrapmsromas v-° KoMIOHEHTHI BEKTOpa MNEpeMEIECHUH Vo, COOTBETCTBYIOIAs JAHHOMY HamNpsSKEHHOMY
COCTOSIHMIO, B 3TOM INPHOJVDKEHUU OlpeaenseTcs U3 ypaBHeHus (3), npuueMm QYHKIMS u™® Haxomures u3
COOTHOILEHUH 1JIs1 ui’lo u ut’lo COOTBETCTBEHHO NPU |§l| <hu |é’l| >|; ¢ yuerom, uro ipu Y, =1 =1y ut? =0,
B wacrHoct, mpu X =0 (£=0), |y1| = |77| <A1 u®=c, =(2y/7)AIn(l)[cos(zA/2y ). Dra Benmumua
ompezensier ocanky mramna. Ilpu X =0 u, goctatouHo GIM3KMX K YIVIOBOH TOYKE INTAaMIla Ha CBOOOIHOMN

rpanmuie (A < |y1| <y), nepeMenieHue u™® Haxoaures mo thopmyme

; ; 2 12
n{sin(ey 27+ fin(ay /27)F 1
10 _ £y

ur =—A
T Cos(ﬂyl/27) . (8)

I[aBJICHI/IC o ITaMIIOM OHPEACIISICTCA (I)OpMyJ'IOI\/'I (7), a KacCaTeJIbHOC HANPSKEHUE 7 I[0J HUM HMECT BUI

0 0
7 =poy . llpu p=0 mosyyum perreHue AJsl IIAAKOrO IMTamma. Tak Kak u§’0 =0, TO TpaHUYHBIE YCIOBUS

L1 2.1
JUTS OTIpeneNieHus] QyHKIui U™ u v

11

BO BTOpOM HpI/I6J'II/I)K€HI/II/I OKa3bIBArOTCA HYJICBbIMH. COOTBGTCTBCHHO,

HYJIEBBIMHU SIBIISIFOTCS (YHKIMH V™~ U u?t, IlosToMy M pelieHMs SIBISIOTCSL HYJEBBIMHM, TO €CThb BTOpPOE
NpuOIIKeHHEe He BHOCHUT IMOMPaBKH B IEpBOE MPHUONMKEHHE (Pa3lIOKEHHE PEIICHWH BENIeTCS IO LEeNbIM
creneHsM mapamerpa ¢ ) [1,2].

BiusHue TpeHHs Ha AaBieHHWE IO IITaMIIOM CKa3bIBAaeTCS JIMIIb C TPEThETO NMpuOmmkeHus. B aTom cioyuae
BO3HMKAET HEBsA3Ka 110 jiepopmaumu U npu &£=0, | < |771| <1, koTOpasi CHUMAETCsl IPU PEIICHUH YPaBHEHUSI

(1) mns pyHKIHH ub2. T paHUYHBIE YCIOBUS AJIA OIPEICIICHUS uh? opu &=0 Oynyr ué’z

10 1,0
=Us vy
(< |771| <1) u}]’z =0 (|77| <l;). Ha 6eckoreyHocTn Bce (yHKUMH 0OOpaliarotest B Hysb. Tak Kak ué’o =0 mpu
7>, to uf? =—pp® = . (£=0,k <|m|<1). 3necy p=9B,/G=9B,/G u yurena ceszp Mexay vy;°

10
n U™, o0ycioBieHHast paBeHCTBOM (3).

TakuMm 00pa3oM, HEBs3Ka 110 HOPMAJIBHBIM HANpsDKeHHsM o7 mpu £ =0, | <|771| <1 BbI3BaHA JIMIL YYETOM
ko3 dunuenra [Tyaccona.

ITockoabKy B OKPECTHOCTHU YIJIOBOM TOYKM HITaMIla XapaKTep HaNpsDKEHHOTO COCTOSHUS TakKoil ke, Kak U A
HOJIYIUIOCKOCTH, TO B 3TOM CIIy4ae UMEETCs] BO3MOXKHOCTb CPABHUTh U3BECTHOE PELIEHUE IS MOIYIIOCKOCTH C
pemenreM JILA. N'anuna [9] HemocpeACTBEHHO WM, HANPUMEP, CPABHUTH C PEIIEHHEM IOXOXeH 3amauu s
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HOJIYIIOJIOCH, sl KOTOPOM yiKe OBUIM NPOBEICHBI BCEBO3MOXKHBIC MPEACIBHBIC IIEPEXO/BI, IPH KOTOPHIX B
HyJICBOM NPHOJIMXCHUHN MONTyYanoch pemeHne 3agaqn [ aniHa.

Urtak, B Tabmuue | MpHBeNeHBI YHCICHHBIC PACYeThl HOPMAJIBHOTO HAIMPSDKCHHUS MOJ LITAMIOM B IMEPBOM
npubmmkennd npu | =0,5.

Tabmuna 1 — CpaBHeHHME pacHpelelieHUsi HOPMalbHBIX HaNpsDKEHWH TOJA ILITaMIIOM ISl KOJIBLEBOTO
MOJTyOECKOHEYHOT0 CEKTOPa M MOIYIIOJIOCHI
t 0 0,2 0,3 0,5 0,6 0,8 0,99
. 1) 1,09 1,11 1,21 1,33 1,43 2,03 23,26
o 2) 1,186 1,203 1,258 1,369 1,59 2,141 26,536

1) acuMOTOTHYECKOE PEIICHUE AJIsi OPTOTPOMHON MOTYIIOIOCHI;

2) aCHMIITOTHYECKOE PEIICHHE ISl OPTOTPOIHOIO IOJTy0ECKOHEYHOrO KOJIBIEBOTO CEKTOPa ¢ KPUBOIMHEHHON
AHU30TPOIUEH.

BbIBO/IbI

W3 Tabnumel BUAHO, YTO BIMSHUE TPEHHS Ha JaBJICHUE O] IITAMIIOM U Ha XapaKTep OCOOEHHOCTH YUUTHIBACTCS
C TPETHhEro MPUOMIMKEHUs. Y CTAHOBIECHO, YTO HMPUTOJHOE BOJIHM3M YIJIOBBIX TOYEK IITaMIA aCHMITOTHYECKOE
pELICHHE COBNAJAET C PA3JIOKEHHbIM B psald TouHbM pewmeHueM JLLA. I'anmuna [9]. VYduer mepBbIX IBYX
NpUOIMKEHUH JaeT XOPOUIYI0 ammpOKCHMAalWi0 TOYHOTO PEIICHHWS M YKa3blBAeT HA XapaKTep OCOOCHHOCTH

BOJIHM3H Yrii0Boii Touky mrrammna (77, =y ). Dta 0ocobeHHOCTS HMEET BH:

—%+9
c=-Bl1-1|"
I

Jlnst tmagkoro mramna ocoOEHHOCTh coBmajaer ¢ ToyHou. [lomydyeHHoe B ucxomHoM 3amaue pemieHue [10]
MOXET OBITh «IOJNpPABICHO» BOJM3M OCOOBIX TOYEK MPU IOMOIIM «CPAIIMBAHUS» C YKa3aHHBIM OCOOBIM
pCUICHUCM. I/I3BeCTHO, 4YTO ¢ YMCHBIICHUEM 3HAUYCHUSA YTJia V4 TOYKa «CpaliruBaHUs» HpI/I6J'II/I)KaeTCH K rpaHune

00J1aCTH KOHTAKTA.
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VIK ............

BUMOT'H 10 O®OPMJIEHHS CTATEM
Y «BICHUK 3AIIOPI3BBKOI'O HAIIOHAJIBHOTI'O YHIBEPCUTETY»
3A PAXOM «PIBUKO-MATEMATHYHI HAYKW»

IBanenko B. A., n.e.H., mpodecop

3anopizbKuil HAYiOHALHUL YHI8epcUumem
Jo apyky 0yayTh npuiitMaTHCSI JIMIIe HAYKOBi CTATTi, A€ NPUCYTHi Taki HeoOXiIHi eJileMeHTH

(n. 3 ocranoBu npe3uaii BAK Ykpainu Ne 7 — 05/ 1 Bia 15 ciuns 2003 p.):

. IMocTanoBka mpoGJeMH Yy 3aralbHOMY BHIIAI Ta 11 3B’S30K i3 BAaXIMBUMH HAyKOBUMH YH TIPAKTHIYHUMHA
3aBIaHHAMH.

. AHagi3 ocTaHHIX K0CTiKeHb i myOaikaiii, B IKMX 3aI109aTKOBAaHO ITOPYIICHHS AaHOT MPOOIEMH 1 Ha SIKi CITUPA€ETHCS
aBTOP.

. BupisienHs HeBUpilIeHUX paHille YACTHH 3arajibHOI NPO0JIEMH, SKUM IIPUCBAYYETHCS CTaTTS.

. DopmyJIIOBaHHS 1ijeii cTaTTi (MOCTAaHOBKA 3aBJAHHA).

. Bukiaa ocHOBHOTo MaTepiany A0CHiIKeHHs 3 TOBHUM OOTPYHTYBaHHSIM OTPHMaHUX HAYKOBHX PE3YJIbTaTiB.

. BucHOBKH 3 1aHOr0 J0CTiIKeHHsI i MepcrneKTHBH MOJATbIINX PO3BIJOK Y JAHOMY HaNpPSIMKY.

1. MAKET CTOPIHKHA
[y opuriHan-mMakeTa BUKOPUCTOBYETHCS GpopMaT A4 3 TAKUMH MOJSIMH:
3 ycix OOKiB — 2 cM.
Ipu¢pt Habopy — Times New Roman.

V pazi HeoOXigHOCTI A WPU(TOBUX BUIUICHb Y TaOMHILIX I PUCYHKaX HO3BOJISEThCA 3acTocoByBaTH mpudT Courier New
(HampuKIIa, U LTFoCTpallii TeKCTiB mporpaM 1t EOM). s CTHNICTHYHOTO BUIUICHHS ()PArMEHTIB TEKCTY CIIiJT BYKHBATH
Ha4yepTaHHS Kypcus, HANIBKUPHMH, Haniexycupnuii Kypcug 31 30epeKEeHHSIM TapHITYpH, po3Mipy MIpHPTY Ta iHTEpBAITY
ab3aiy.

TapriTypn, po3mipu mpudTiB Ta HaYSPTaHHS:
a) g YIK: Times New Roman, — 14 1, yci JiTepy IIponucHi;
b)  nns 3aronosxy crarri: Times New Roman, — 14 1T, HalliB»KUpHHUIA, yci JIiTepy IPONKCHI;
C) s nmigzarososkis: Times New Roman, — 12 0T, HamiBXUpHUH, yci IITEpH MPOIKCHI;
d) ans npiseu, iHiUiagiB aBTOPIB, aapecy eleKTpoHHOi nomTth: Times New Roman — 12 nr, yci crpouni;
€) s HasB i aapec oprawizauiii: Times New Roman — 12 n0r, Kypcus, yci cTpouHi;
f)  ana amorauiii, BHUHOCOK, TOCKIAHB, NiANHKCIB 0 PUCYHKIB Ta HAAMKUCIB Hax Tabauusamu: Times New Roman — 10 nT;
0) ans xwnodosux cais: Times New Roman — 10 0t, Kypcus;
h) s ocnoBHOrO Tekery: Times New Roman — 12 1T, ik y pedeHHi.
IaTepBan mixk abzanamu — 6 T, MDKPSIKOBUH 1HTEpBAIl — OJMHAPHUIA.
2. TUTIOTPA®CBHKI NOT'OJKEHHSA TA CTHJIT

VYJK BkazyeTbcsi B NEpHIOMY DPSAKY CTOPIHKH 1 BHPIBHIOETBCS 3a JIBHM KpaeM. 3arojoBOK CTAaTTi HAaOMpPaeTbCi B
HacTynHOMY 3a YJIK psiaky i BUPIBHIOETBCS 1O LEHTPY. Y TPETOMY PSIKY 3 BHUPIBHIOBAHHSAM IO LEHTPY 3a3HAYAIOTHCS
Npi3BHILIA, iHIl[iaJdKX aBTOPIB. Y HACTYIMHOMY PSIKY PO3MilLy€eThes iH(opMallis po Ha3By Ta aJpecy opraHisaii, e mparoe
(HaBUa€THCS) ABTOP, SIKA TAKOXK BHPIBHIOETHCS 110 LEHTPY. YeTBepTHil psaoK MICTHUThH aApecy elIeKTPOHHOI MOIITH aBTOPIB,
posminieny no ueHtpy. [ami posramoByerhesi anotauisi (3-5 pedeHsp) i KIIIOYOBI ClIOBa MOBOIO OPHUTiHATy Ta aHOTALIsA
YKpaiHChKOIO 200 POCIChKOI0 MOBaMH (3aJIe)KHO BiJl MOBH OpHTIiHady). 3 HACTYMHOTo ab3ally MOCHIiZOBHO HaOMPAIOTHCS i
BUPIBHIOIOTHCA 110 LEHTPY 3aroJIOBOK CTATTi aHTIIHCHKOI0 MOBOKO, TPAHCIITEPOBAHI IMpi3BHINA, 1HIIIaI aBTOPIB, HA3BH i
aJipecu opraHi3alliii, sKi IIOBHHHI OyTH MMOJIaHi aHTIIHCEKOI0 MOBOIO, 13 3a3HAYEHHAM MICTa 1 KpaiHu, 6e3 Ha3BHM BYIHII, sSKa
MOMAETHCS TPAHCIITEPALli€l0. 3 HACTYITHOTO psiika PO3MIILYETHCS po3mupeHa (00csirom He MeHIe 3,5 THC. 3HaKiB) aHOTAIis
13 KITFOYOBHMH CJIOBAMH aHTIICEKOI0 MOBOIO. [licist aHOTamii 3 a03aIly BUKIIaa€ThC OCHOBHHUI TEKCT CTATTI.

3aroyloBKM HayKOBHX CTarell MOBMHHI OyTH iH)OPMAaTHMBHMMH Ta MICTHTH TibKH 3arajJbHONPUHHATI CKOpOYEHHS. Y
MepEeKIIa/ii 3aroJIOBKIB CTaTell aHIIIIHCHKOI0 MOBOIO HE MOBHHHO OYTH KOJHHMX TpPaHCIITEpalild, OKpiM HelepeKiafHuX Ha3B
BJIACHUX IMEH, MPWIAIB Ta IHIIKX 00’ €KTiB, 10 MAIOTh BJIACHI HAa3BU; TAKOXK HE BUKOPHCTOBYETHCS HEMEPEKIIAHUI CIICHT.
Lle CTOCYEThCS TAKOXK aHOTAIIiH 1 KIIFOYOBUX CIIIB.
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I[ouaTok ad3amy OCHOBHOTO TEKCTY BHUIIISETHCS 301IBIICHAM IHTEPBAIOM MiX a03al[aMy 1 He BUALISIETHCS BiICTYNOM 200
IYCTHM PSIKOM.

Dmoctpanii MatoTe OyTH opHriHaIFHEME pHCyHKaMu abo ¢otorpadismu. GoTorpadii ckaHyroTscs y 256 rpamanisx ciporo.
ImrocTpanii po3MiIIyroThCs Y BiAOBIIHMX MICLIX TEKCTY CTATTi (IO MOKJIMBOCTI Bropi CTOPiHKH) 1 MOBHHHI OyTH MixnucaHi
Ta TOCIIOBHO NPOHyMepoBaHi apaOcbkumu nudpamu: Puc. 1, Puc. 2. Homep pucyHka Ta migmuc po3MILIYIOTHCA
0e3mocepeqHbO MiJ PUCYHKOM. KoXKeH pUCYHOK Ta MIANKCH OO HBOTO BKIIOYAIOTHCS IO TeKCTy mmyOsikarii. CTBOpeHHS
rpadidHuxX 00’€KTIB MOXKe 3aiiicHIoBaTHCS Oyab-sikuM rpadidyHum peaakropom y ¢opmari BMP daiinis. BukonanHs
pucyHkiB 3acobamu Microsoft Word 3nmilicHIOETBCS depe3 BHUKOpHUCTAaHHS KoMmaHA naHenmi «PucoBanme». Iligmmcn
3aiicHIOIOTECsT KoMaH#oro «Hanmuceey. VYci rpadiuHi KOMIIOHEHTH pPHCYHKa 1 IIANHCH 00 €IHYIOTHCS KOMAaHIOIO
«pynmupoBate» (MeHIo «J/leficTBus» Ha maseni «PucoBaHMe») 1 MOJAIOTHCS y BUIVIAI OJHOTO TpagdidHOro 00’€KTa,
IIPUB’3aHOTO JI0 TEKCTY 3 00TiKaHHAM «B TekcTey. [mrocTpanii roTyioTs Ta MacmradyoTh Tak, o0 po3MipH OyKB TEKCTY Ha
1TIOCTPALISIX HE MEPEBUIILYBAITH PO3MIp JTEp OCHOBHOTO TEKCTY CTATTi Oinblue, Hixk Ha 50%.

Dmrocrtparii, Tak caMo SIK 1 MIJNUCH T0 HUX, BUPIBHIOIOTHCS HA CEPEIMHY PsAKa (32 BUKIIIOUCHHSIM HEBEIUKUX PHCYHKIB — HE
0BT 7 €M, SIKi MOXKYTh PO3TAIIOBYBATHCS IO JAEKUIbKA B PSI).

Tabnuii po3MIIIyIOTECS y BIATIOBITHMX MICIUIX TEKCTY CTaTTi (110 MOXKIIMBOCTI BrOpi CTOPIHKM) i TOBUHHI MICTHTH Ha3BY Ta
OyTH IOCTIJOBHO NIPOHYMepoBaHUMH apadchkumu mudpamu: Tadmums 1, TaGmuns 2. Homep Ta HazBa Tabnuii po3MilIyroTh
HaJ{ TaOJIUIIMH.

[Mocunanus Ha JiTEpaTypHi JKepeia IMOCTiOBHO HyMEPYIOThCS apaOChKUMH IM(ppaMA B MOPSIKY MOSBU B TEKCTi CTATTI 1
3a3HAYAIOTHCS Y KBaJAPATHHUX JIY)XKKax, [e BKa3yIOThCs IOPSIKOBHII HOMEp [pKeperna Ta uepe3 KoMy KOHKpEeTHa cTopiHka [8,
¢.16]. Iepeik nmiTepaTypHUX DKepea MOBOIO OpHUTiHATY MOJAETHCS B MOPSAKY IX HyMepallii Miciisi OCHOBHOTO TEKCTY CTaTTi
3 migzaroigoBkoM «JIITEPATYPAy, sxuii BUpiBHIOEThCS MO HEeHTpY. CHHUCOK JiTepaTypd OQOPMIIOEThCA BiAMOBITHO 10
JACTY I'OCT 7.1:2006 «Cucrema cranaaptiB 3 iHpopmarii, 6i0mioTeyHol Ta BugaBHU4Oi cipaBu. bibmiorpadivnuii 3amuc.
Bibmiorpadiunanii onuc. 3aragbHi BUMOTH Ta HpaBIiIa CKIaJaHHS.

3 HactymHoro a03ally MOMAEThCS MEperiK JTepaTypHHX DKepen Jartunuiero 3 migsaroioBkom «REFERENCESy, skwuit
BUPIBHIOETHCS TI0 LICHTPY.

3. CTWIICTUYHI IOT'OKEHHA

e He pomyckaeTbcss 3akiHYEHHS CTOPIHKH OJHHM a0 JEeKiTbKOMa IIyCTUMH pSAKaMH, 32 BHHATKOM BHIAJKiB,
CIOPUYMHEHUX HEOOXiJHICTIO JOTPUMAHHS IMOMEPEAHBOTO IyHKTY (BHCSAYi IiI3aroJIOBKH 1 moyarok abzaiy) Ta KiHIA
CTaTTi.

e  He nmommyckaeTbesi MOYMHATH CTOPIHKY HE3aKIHUCHUM PSAIKOM (TIEPEHOCH B OCTAHHBEOMY PSIIKOBI 3a00pOHEH]).
e  He no3Bosste€ThCA MiAKPECTIOBAHHS B 3arOJIOBKAX, MiAMKCAX 1 HAJIHCAX.

e  Cunixg noTpUMyBaTHCS NpaBWIIa PO MiHIMaJbHI 3MIHM B MIPH(TOBOMY Ta CTHIEOBOMY O(GOPMIICHHI CTOPIHKHU AJIS TOTO,
100 MaKCHUMAJIbHO YHUKHYTH Pi3HOPIIHOCTI MakeTa i 30eperT eIMHNAN CTHIIb 30ipHUKA.

e  He momyckaeThest YyacTe BUKOPHCTAHHS BUHOCOK (BMHOCKA MMOBHHHA PO3IJISAATHCS SIK BUHATOK 1 BJKHUBATUCS TIIBKH Y
BUMAIKY JIHCHOI HEOOXiTHOCTI).

e  Imroctpariii MaroTh OyTH MiArOTOBaHI Ta MAcIITA0OBaHI TAKUM YHHOM, 100 PO3MipHU OYKB TEKCTY Ha ITFOCTpAIlisX HE
TIEPEBUIITYBAITH PO3Mip OYKB OCHOBHOTO TEKCTY CTaTTi Oinbim Hixk Ha 50%.

e  CTOpIHKM TEKCTY CTaTTi CIIiJi IPOHYMEPYBAaTH.

e  Jluck Tpeba mianucaTy, BKa3aBIIH MPi3BUILE, iHIIIadH aBTOpa, iMEHa (aiiiiB.
e  Ha nucky noBuHHO OyTH ABa (aiiim:

v\ mepumii — i3 TEKCTOM CTATTi Ta aHOTAI[I} 3 KIIFOUOBMMH CIIOBAMH,

v\ apyruii — i3 BiIOMOCTAMH TIPO aBTOPIiB (Mpi3BuUIIE, iM 51, IO GATHKOBI; MOCaa; BYUCHHH CTYIIIHb; YYeHe 3BaHHS; MiCIe
poboTu abo HaBYaHHS; afpeca eNeKTPOHHOI MOIITH; JOMAITHS aapeca; HOMEPH KOHTAKTHUX TeNe(OHIB).

4. JUIS1 ONYBJIIKYBAHHSI CTATTI ABTOPY HEOBXIJTHO IMOJIATH
JIO PEAKIII 3BIPHUKA :

1. PosapykoBaHmii TEKCT CTATTI 3 AHOTALIAMH Ta KIIOUOBUMH CIIOBAMH.

2. BigomocTi po aBTOpIB.

3. Buar 3 npotokony 3aciganns kagenpu abo GaxyabTeTy.

4. 3oBHIIHIO peleHsiko.

5. JIWcK i3 TEKCTOM CTaTTi, aHOTAaIlii, KITFIOYOBUMH CIIOBAMM Ta BiJIOMOCTSMH IPO aBTOPIB.

Adpeca pedakuii: Yxpaina, 69600, M. 3anopixoxs, MCII-41, Byn. XykoBcbkoro, 66
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(061) 228-76-28 — gionosidansHuti 3a unyck (mexHiuHutl pedakmop)
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